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Subject Index

A
AAS. See Angle-angle-side (AAS)
Abscissa, 481

see also X-coordinate
Absolute value function, 521
Absolute value piecewise-defined 

function, 528
Accuracy, 47–48
Actual velocity, 382
Acute angle, 4, 26, 30, 36, 348

calculating trigonometric functions, 78–79
calculator, to determine acute angle  

measure, 50–51
evaluation of trigonometric functions for, 

86–98, 94–98
reference angles, 91–94
solving right triangle, given acute angle and 

a side, 48–49
Acute triangle, 342, 345, 348
Addition

complex numbers, 408–409
fractional values in DMS form, 40–41
functions, 551–553
and horizontal shifts, 538
of ordinates, 202–205
sum. See Sum
vector addition, 376, 378–379
and vertical shifts, 538

Algebraic equations, 316
Algebraic signs of the trigonometric functions, 

86–91, 103
Algebraic techniques, 320–321, 328
“All Students Take Calculus,” 87
Alternate exterior angles, 16
Alternate interior angles, 16
Amplitude, 165, 172–174, 211
Angle-angle-side (AAS), 343, 346–347
Angle measures

see also Degrees and degree measure; 
Radians and radian measure

finding, using geometry, 15–17
finding approximate angle measures, given 

trigonometric function values, 98
finding exact angle measures, given 

trigonometric function values, 97–98
45º angle. See 45º angle
60º angle. See 60º angle
special angle measures, 35–38
30º angle. See 30º angle

Angle of depression, 52–53
Angle of elevation, 52
Angle of inclination, 52
Angle of rotation, 631–633
Angle-side-angle (ASA), 343, 346–347
Angle sum of a triangle, 5, 17
Angles, 2

acute angle. See Acute angle
alternate exterior angles, 16
alternate interior angles, 16
angle of depression, 52–53
angle of elevation, 52

angle of inclination, 52
arcs, 18
in the Cartesian plane, 69–74
central angle, 119
complementary angles, 4–5, 6, 30
complete rotation (360º), 3, 121
corresponding angles, 16, 17, 19
coterminal angles, 73–74
and degree measure, 3–5
direction angle, 377–378
with equal measure, 18
evaluating trigonometric function  

values, 98
exterior angles, 16
formation of, 2–3, 70
half rotation (180º), 3
hash marks, 18
initial ray (side), 3, 70
interior angles, 16
interior angles on same side of 

transversal, 16
negative angle, 3, 70, 79
nonacute angles, 26, 79–81, 86–98
obtuse angle, 4, 348–349
1/360 rotation (1º), 3
positive angle, 3, 70
properties, 16
quadrant. See Quadrants
quadrantal angles, 70, 81–83, 89, 95
quarter rotation (90º), 3
reference angle, 86–91, 91–94, 98, 125–126
right angle. See Right angle
in standard position, 69–72
straight angle, 3
supplementary angles, 4–5, 384
terminal ray (side), 3, 70
terminal side, 87–88
triangles, 5
between two vectors, 391
vertex, 2, 70
vertical angles, 15, 16, 17

Angular speed, 141–144
Apparent velocity, 382
Applications

see also Applications Index
arc length, 132–133
composite functions, 557–558
ellipse, 610–611
functions, 512, 557–558
hyperbola, 623–624
Law of Cosines, 362
oblique triangle, 351–352
parabola, 597–598
parametric equations, 455–457
similar triangles, 20–21
sum-to-product identities, 281–282
trigonometric equations, 324, 331

Approximation, 39
Arc length, 130–133
Arcs, 18
Area of a circular sector, 134–135

Area of a triangle
side-angle-side (SAS), 367–368
side-side-side (SSS), 368–370
standard formula, 367

Argument, 417, 506, 507–508
ASA. See Angle-side-angle (ASA)
Average rate of change, 524–527
Axis (axes), 480

axis of symmetry, 589
conjugate axis, 619
imaginary axis, 415
major axis, 603, 605–606
minor axis, 603
polar axis, 436
real axis, 415
reflection about the axes, 542–544
rotation of axes, 627–634
symmetry about the axes, 72, 521
testing for symmetry, 493–496
transverse axis, 616, 619–621
x-axis. See X-axis
y-axis. See Y-axis

Axis of symmetry, 589

C
Calculators

acute angle measure, 50–51
angle of rotation, 632–633
converting from polar to rectangular 

form, 420
evaluating trigonometric (circular) 

functions, 153
evaluating trigonometric values of angles, 98
graphing calculators, 39
inverse sine functions, 297
scientific calculators, 39
solving trigonometric equations using 

inverse functions, 321–324
trigonometric function values, approximate, 

39, 42–43
trigonometric inverse keys, 50

Cardioid, 444, 448
Cartesian coordinate system, 70, 481
Cartesian graph, 168
Cartesian plane, 26, 68, 480–484

angles between two vectors, 392
angles in standard position, 69–72
coterminal angles, 73–74
distance between two points, 481–483
as frame of reference, 70
midpoint of a line segment joining two 

points, 483–484
plotting points in, 481
sinusoidal curve, 451
trigonometric functions, defining, 77–83, 86

Center
ellipse, 603, 605–610
hyperbola, 616

Central angle, 119
Change, average rate of, 524–527
Circadian rhythms, 200–201
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696  SUBJECT  IND EX

Circles
see also Radians and radian measure
arc length, 130–133
area of a circular sector, 134–135
central angle, 119
circular functions, 149–154
even functions, 152, 154
odd functions, 152, 154
polar equations, 441–442, 447
unit circle, 124, 148, 166, 451, 452
unit circle approach, 148–154

Circular functions, 149
common mistake, 153
evaluating trigonometric (circular) functions, 

with a calculator, 153
finding exact trigonometric (circular) 

function values, 150
properties, 151–154
solving equations involving trigonometric 

(circular) functions, 151
Circular sector, 134–135
Cofunction identities, 31, 252
Cofunction relationships, 37
Cofunction theorem, 31
Cofunctions, 30–31
Common factor, 468
Common mistakes

circular functions, 153
converting from rectangular to polar 

form, 419
evaluating functions with variable arguments 

(inputs), 507–508
modulus of a complex number, 416
radians and radian measure, 120–121

Complement, 4
Complementary angles, 4–5, 6, 30
Complex conjugate, 410
Complex nth root, 429
Complex numbers

addition, 408–409
converting between rectangular and polar 

forms, 417–420
De Moivre’s theorem, 428, 429
division, 410–411, 425–427
imaginary unit i, 406–408
modulus, 415–416, 417
multiplication, 409–410, 424–425
polar (trigonometric) form, 417–420
powers, 411–412, 427–428
products, 423–425
quotients, 425–427
raising to integer powers, 411–412, 427–428
in rectangular form, 415–416
roots, 429–432
subtraction, 408–409

Complex plane, 415
Complex product, 424
Complex quotient, 426
Complex roots, 429–432
Composite functions, 554–558
Composition of functions, 553–557
Compressing, 171–174
Conditional equation, 238, 239
“Congruent,” 18
Congruent triangles, 18–19
Conic sections. See Conics
Conics

alternative description of conics, 637–638
basics, 586–588

see also Circles; Ellipse; Hyperbola; 
Parabola

graphing a conic given in polar form, 
640–643

identifying, from its equation, 640
point-plotting, 643
polar equations of conics, 638–643
rotation of axes, 627–634

Conjugate axis, 619
Constant function, 519
Continuous piecewise-defined function, 529
Contradiction, 238, 239
Coordinate notation, 377
Coplanar lines, 15–16
Corresponding angles, 16, 17, 19
Corresponding sides, 19
Cosecant (csc) function, 27, 28

see also Trigonometric function values; 
Trigonometric functions

acute angles, 78–79
algebraic sign, 87
calculating, for right triangle, 28–29
cofunction identities, 31
cofunctions, 30
deriving, 27
domain, 151–152
45º angle, 38
graph of y = A csc (Bx), 219, 220–221
graph of y = csc x, 210–211, 214–215
graph of y = k + A csc (Bx ± C), 224–225
inverse cosecant function, 304–305, 306
inverse cosecant identity, 307
nonacute angles, 79–81
quadrantal angles, 81–83
range, 90–91, 151–152
reciprocal identities, 27, 103
60º angle, 38
of special angle, evaluating exactly, 96–97
30º angle, 37, 38
translation of, 221, 224–225

Cosine (cos) function, 27, 28, 103, 170
see also Trigonometric function values; 

Trigonometric functions
acute angles, 78–79
algebraic sign, 87
calculating, for right triangle, 29–30
cofunction identities, 31, 252
cofunction of sine, 30, 31
cofunction relationships, 37
cubed of theta, 106
difference identity, 248–252
domain, 151–152
double-angle identity, 261
even function, 152
finding exact values, 250–251
45º angle, 38
graphs. See Sinusoidal functions
as guide function to graph secant 

function, 214
inverse cosine function, 305
Law of Cosines, 357–362
nonacute angles, 79–81, 94
periodic with fundamental period 2π, 167
power reduction formulas, 268
product-to-sum identities, 278
Pythagorean identities, 107
quadrantal angles, 81–83
range, 90–91, 151–152
ratio, 27, 38

right triangle, 148
scientific and graphing calculators, 39
60º angle, 38
of special angle, evaluating exactly, 95
special angles, in degrees and radians, 124
square of the cosine function, 268
sum identity, 248–252
sum-to-product identities, 280
sums of cosine functions, 204–205
sums of sine and cosine functions, 203–204
30º angle, 36–37, 38
unit circle, 148–149
writing a sum or difference as a single cosine 

expression, 251–252
Cosine half-angle identity, 269
Cosine-inverse cosine identities, 301
cot. See Cotangent (cot) function
Cotangent (cot) function, 27, 28

see also Trigonometric function values; 
Trigonometric functions

acute angles, 78–79
algebraic sign, 87
angle of rotation, 632–633
cofunction identities, 31
cofunction of tangent, 30, 31
cofunction relationships, 37
deriving, 27
domain, 151–152
45º angle, 38
graph of y = A cot (Bx), 216, 218–219
graph of y = cot x, 210–211, 212–213
inverse cotangent function, 304–305, 305
inverse cotangent identity, 307
nonacute angles, 79–81
Pythagorean identities, 107
quadrantal angles, 81–83
range, 91, 151–152
reciprocal identities, 27, 103
60º angle, 38
30º angle, 37, 38
translation of, 221

Coterminal angles, 73–74
csc. See Cosecant (csc) function
Cube function, 520
Cube-root function, 520
Curves, 451–455
Cycle, 167
Cycloid, 455

D
Damped harmonic motion, 179, 182–183
DD. See Decimal degrees (DD)
De Moivre’s theorem, 428, 429
Decimal degrees (DD), 40, 41

converting from degrees-minutes-seconds 
(DMS), 41–42

converting to degrees-minutes-seconds 
(DMS), 42

Decimals
decimal approximations, 42
decimal place, 42
rounding to certain significant digits, 42

Degrees and degree measure, 3–5
see also Angle measures
arc length, 132
area of a circular sector, 135
complementary angles, 4–5
converting between degrees and radians, 

121–124
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decimal degrees (DD), 40–42
degrees-minutes-seconds (DMS), 40–42
90º (quarter rotation), 3
1º (1/360 rotation), 3
180º (half rotation), 3
partial degrees, 39–43
versus radians, 122
supplementary angles, 4–5
360º (complete rotation), 3, 121

Degrees-minutes-seconds (DMS), 40
addition, 40–41
converting from decimal degrees (DD), 41–42
converting to decimal degrees (DD), 41–42
examples, 40
minute, 40
second, 40
subtraction, 40, 41

Dependent variable, 503
Depression, angle of, 52–53
Difference

see also Subtraction
resultant vector, 376
of two cubes, 470, 472
writing a difference as a single cosine 

expression, 251–252
writing a difference as a single sine 

expression, 254–255
Difference function, 551
Difference identities, 247

cosine function, 248–252
and product-to-sum identities, 278
sine function, 252–255
tangent function, 255–257

Difference of two cubes, 470, 472
Difference of two squares, 410, 470
Difference quotient, 509–510, 526–527
Directed line segment, 375
Direction, 374
Direction angle, 377–378
Directrix, 589, 591, 592, 593, 637
Discontinuous piecewise-defined 

function, 529–530
Discriminant, 633
Distance

distance formula, 249, 483
measurement units, 3
between two points, 481–483

Distributive property, 410
Division

complex conjugate, 410
complex numbers, 410–411,  

425–427
functions, 551–553
quotient. See Quotients

DMS. See Degrees-minutes-seconds (DMS)
Domain, 501, 510–512, 540–541, 552–553, 

555–556
Domain restrictions, 240, 295, 299, 302, 319, 

553, 566
Domains, 151–152
Dot product, 379, 390

angle between two vectors, 391
multiplying two vectors, 390–391
properties, 391
work, 394–396

Double-angle identities, 260–264
applying, 262–264
derivation, 261–262
finding exact values of trigonometric 

functions, 262–263

half-angle identities, deriving, 268
simplifying trigonometric expressions, 264
verifying multiple-angle identities, 264
verifying trigonometric identities, 263

Double cone, 586

E
Eccentricity, 603, 605, 637–638
Elements, 501
Elevation, angle of, 52
Ellipse, 454, 586, 587, 602–611

applications, 610–611
center, 603, 605–610
with center (h, k), 607–610
definition, 603
eccentricity, 603, 605, 638
equation of an ellipse, 603–605,  

608, 633
foci, 603
graphing an ellipse, 605–606, 608–610
with its center at the origin, 605–607
major and minor axis, 603, 605–606
polar equations, 639
rotation, 630
vertices, 603

End-point of the ray, 2
Equal vectors, 375, 378
Equations

see also specific types of equations
of conics, 631–633

see also specific conics
functions defined by, 503–505
general form of second-degree equation in 

two variables, 586
graphing equations. See Graphing  

equations
that do not represent functions of x, 503
that represent functions of x, 503
transforming second-degree equations using 

rotation of axes, 628–633
Equilateral triangle, 6, 18
Equilibrant, 384–385
Errors. See Common mistakes
Evaluation of functions

composite function, 556–557
difference quotient, 509–510
negatives, 508
quotients, 509
by substitution, 506
sums, 508
with variable arguments (inputs), 507–508

Evaluation of trigonometric function values
calculators, 39, 42–43

see also Calculators
circular functions, with a calculator, 153
evaluating exactly, for special angle 

measures, 35–38
for nonacute angles, 86–98, 94–98
quadrantal angles, exactly, 98
radian measure, 125
radian measure, using reference angles, 126
when quadrant of terminal side is 

known, 87–88
when reference angle is special angle, 98

Even functions, 152, 154, 239, 253, 521–522
Even-odd identities, 240
Exact values

inverse cosecant function, 306
inverse cosine function, 300
inverse cotangent function, 305

inverse functions, 296–297, 300, 303, 
305–306, 307–311

inverse secant function, 306
inverse sine function, 296–297
inverse tangent function, 303
sine (sin) function, 253–254
tangent (tan) function, 256–257
using double-angle identities, 262–263
using half-angle identities, 270–272

Explicit domain, 510
Exterior angles, 16

F
Factoring, 468

see also Factoring polynomials
Factoring by grouping, 476–477
Factoring over the integers, 468
Factoring polynomials, 468–478

difference of two cubes, 470, 472
difference of two squares, 470
factored completely, 468
factoring by grouping, 476–477
factoring formulas, 470–472
greatest common factor (GCF),  

468–469
perfect squares, 470, 471
special polynomial forms, 470–472
strategy for, 477–478
sum of two cubes, 470, 472
trinomial as product of two  

binomials, 472–476
Factors, 468, 472
Focus (foci), 637

ellipse, 603
hyperbola, 616, 618–619
parabola, 589, 591, 592, 593

Force, 374, 385
Force vectors, 382–384
45º angle

evaluating trigonometric functions 
exactly, 98

standard position, 71–72
trigonometric functions, 35–36, 37–38

45º-45º-90º triangle, 8
solving, 8–9
special angle measures in, 36

Fractions, sums of, 202–205
Functions, 501

see also specific types of functions
addition, 551–553
applications, 512, 557–558
average rate of change, 524–527
common functions, 518–521
composition of functions, 553–557
constant, 523
decreasing functions, 522–524
defined by equations, 503–505
division, 551–553
domain of a function, 510–512, 552–553, 

555–556
evaluating functions. See Evaluation of 

functions
even functions. See Even functions
expressing a function, 505
finding function values from graph of a 

function, 507
function notation, 505–510
graphs of functions, 518–522
increasing functions, 522–524
intervals, 523
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Functions (continued )
inverse functions. See Inverse functions
multiplication, 551–553
odd functions. See Odd functions
one-to-one function, 562–564
operations on functions, 551–553
piecewise-defined functions, 527–530
relations and functions, 500–502
subtraction, 551–553
vertical line test, 504–505
of x, 503–504

Fundamental period, 166

G
Geometry

“congruent,” use of word, 18
to find angle measures, 15–17
“similar,” use of word, 18

Graphing calculators, 39
see also Calculators

Graphing equations
equation of a line, 489
graph of an equation in two variables, 488
intercepts, 491–492
point-plotting, 488–490
symmetry, 492–496
vertical line test, 504–505

Graphs and graphing
amplitude, 165, 172–174, 211
cardioid, 444, 448
Cartesian graph, 168
circles. See Circles
a conic given in polar form, 640–643
cosecant function, 210–211, 214–215, 219, 

220–221, 224–225
cotangent function, 210–211, 212–213, 216, 

218–219
curve defined by parametric equations, 

452–454
cycle, 167
cycloid, 455
direction, 452
ellipse, 454, 605–606, 608–610
equations. See Graphing equations
functions, 518–522
harmonic motion, 178–183
horizontal shifts, 193–197, 221
hyperbola, 619–621
inverse functions, 567–568
lemniscate, 446, 448
limaçons, 444, 448
line. See Line
ordered pairs, 481
orientation, 452
parabola, 453, 591–592, 594–596
period, 165, 167, 174–175
polar coordinate system, 436–437
polar coordinates, 436–439
polar equations, 439–447
polar graph paper, 436
projectile motion, 456–457
rational functions, 210
rectangular coordinate system, 70
rectangular equations, 441
reflections, 189–190
rose, 443, 448
rotated conic, 633–634
secant function, 210–211, 213–214, 219–220
sine wave, 165

sinusoidal functions. See Sinusoidal 
functions

slope of the secant line, 525–526
spiral, 448
sums of cosine functions, 204–205
sums of fractions, 202–205
sums of sine and cosine functions, 203–204
tangent function, 210–212, 216–218, 222–223
transformations. See Transformations
vertical asymptote, 210
vertical shifts, 190–193, 199, 221

Greatest common factor (GCF), 468–469
Greatest integer function, 530

H
Half-angle identities, 267–274

applying, 268–274
cosine half-angle identity, 269
derivation of, 268–269
finding exact values, 270–272
simplifying trigonometric expressions, 

273–274
sine half-angle identity, 268–269
tangent half-angle identity, 269, 271
verifying other trigonometric identities, 

272–273
Harmonic motion, 178–183

damped harmonic motion, 179, 182–183
examples of, 180–183
resonance, 179
simple harmonic motion, 179, 180–181

Hash marks, 18
Head-to-tail method, 376
Heaviside step function, 530
Horizontal component of a vector, 380–381
Horizontal line test, 294, 302, 562–563
Horizontal shifts, 193–197, 221, 537–542, 

543–544
Horizontal stretching and compressing, 

173–174, 545
Hyperbola, 586, 587, 616–624

applications, 623–624
branches, 616
center, 616
with center at the origin, 616–621
with center (h, k), 621–622
eccentricity, 638
equation of a hyperbola, 617–619, 622, 633
foci, 616, 618–619
graphing a hyperbola, 619–621
polar equations, 639
transverse axis, 616, 619–621
vertices, 616, 618–619

Hypotenuse, 6, 27

I
Identity, 103, 238

see also specific types of identities
Identity function, 519
Imaginary axis, 415
Imaginary numbers, 407
Imaginary part, 408
Imaginary unit i, 406–408, 411–412
Impedance, 416
Implicit domain, 510
Inclination, angle of, 52
Independent variable, 503, 506
Initial point, 375
Initial ray, 3, 70

Initial side, 3
Inputs, 507–508
Inspection, 317–320
Integer powers, 411–412, 427–428
Intercepts, 168, 169, 170, 491–492
Interior angles, 16
Inverse, 565
Inverse cosecant function, 304–305, 306
Inverse cosecant identity, 307
Inverse cosine function, 299–302, 305
Inverse cotangent function, 304–305, 305
Inverse cotangent identity, 307
Inverse functions, 293, 294, 561, 565–566

domain restrictions, 566
exact values, 296–297, 300, 303, 305–306, 

307–311
finding, 568–571
function that does not have an inverse 

function, 570
graphical interpretation, 567–568
inverse cosecant function, 304–305, 306
inverse cosine function, 299–302, 305
inverse cotangent function, 304–305, 305
inverse secant function, 304–305, 306
inverse sine function, 295–299, 305
inverse tangent function, 302–304, 305
properties, 295, 302
and reciprocal approach, 306
solving trigonometric equations, 321–324, 

330
square-root function, 569–570
in terms of a single variable, 311
using identities to find exact values, 310
verifying inverse functions, 566

Inverse identities, 298–299, 301, 304, 307
Inverse secant function, 304–305, 306
Inverse secant identity, 307
Inverse sine function, 295–299, 305
Inverse tangent function, 305
Isosceles triangle, 6, 18

L
Latus rectum, 592, 593
Law of Cosines, 357–362
Law of Sines, 344–345, 347, 367
Leading coefficient, 473–475
Legs (of right triangle), 6
Lemniscate, 446, 448
Length

measurement units, 3
positive nature of, 6
sides of similar triangles, 20

Limaçons, 444–445, 448
Line, 2, 447

coplanar lines, 15–16
graphing equation of a line, 489
parallel lines, 17
secant line, 525–526
transversal, 15–16, 17

Line segment, 2, 483–484
Linear equation, 316, 320
Linear function, 519
Linear speed, 140–141, 142–144
Linear-type trigonometric equations, 320

M
Magnitude, 374, 375, 377, 415, 416
Major axis, 603, 605–606
Midpoint, 483–484
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Minor axis, 603
Minute, 40
Mistakes. See Common mistakes
Modulus, 415–416, 417
Multiple-angle identities, 264
Multiplication

complex numbers, 409–410, 424–425
distributive property, 410
functions, 551–553
product. See Product
scalar multiplication, 379, 390

N
Negative angle, 3, 70, 79
Negative real numbers, 407
Negatives, 508
Nonacute angles, 26

see also specific nonacute angles
calculating trigonometric function values, 

79–81
evaluating trigonometric functions for, 86–98
reference angle, 86–91

Nonrigid transformations, 544
Notation, 106

coordinate notation, 377
function notation, 505–510
vector notation, 377

nth root theorem, 429–430

O
Oblique triangles, 342

ambiguous case, 348–351
angle-angle-side (AAS), 343, 346–347
angle-side-angle (ASA), 343, 346–347
applications, 351–352
given one side and two angles, 343
given three sides, 343, 357
given two angles and one side, 346–347
given two sides and angle between them, 

343, 357
given two sides and angle opposite one of 

them, 343, 348–351, 357
Law of Cosines, 357–362
Law of Sines, 344–345, 347
required information to solve, 343
side-angle-side (SAS), 343, 358–360
side-side-angle (SSA), 343, 348–351
side-side-side (SSS), 343, 361–362
solving oblique triangles, 342–352, 357–362
two angles and one side, 357
when given angle is acute, 348
when given angle is obtuse, 348–349

Obtuse angle, 4, 348–349
Obtuse triangle, 342, 345, 348
Odd functions, 152, 154, 239, 253, 296, 302, 

521–522
One-to-one function, 562–564
One-to-one functions, 294–295
Ordered pairs, 481
Ordinates, 202–205, 481

see also Y-coordinate
Origin, 70, 436, 480, 481, 491

ellipse with center at the origin, 605–607
parabola with vertex at the origin, 590–593
symmetry, 296, 493–496

Orthogonal, 393–394

P
Parabola, 453, 586, 587, 589–598

applications, 597–598

definition of a parabola, 589–590
directrix, 589, 591, 592, 593
eccentricity, 638
equation of a parabola, 590, 592–593, 633
focus, 589, 591, 592, 593
graphing a parabola, 453, 591–592, 594–596
latus rectum, 592, 593
polar equations, 639
with vertex at the origin, 590–593
with vertex (h, k), 593–597

Parallel lines, 17
Parallel vectors, 393
Parameters, 405, 452
Parametric equations, 405, 451, 452

applications, 455–457
of a curve, 451–455
cycloid, 455
graphs, 452–454
projectile motion, 456–457

Partial degrees, 39–43
Path (orientation) along a curve, 451
Perfect squares, 470, 471
Period, 165, 167, 174–175
Periodic function, 166
Perpendicular, 3, 393–394
Phase shift, 193–197
Piecewise-defined functions, 527–530
Plane, 480
Plane curve, 452
Plot, 481
Point-plotting, 488–490, 518, 643
Points of discontinuity, 529
Polar axis, 436
Polar coordinate system, 436–437
Polar coordinates, 436–439, 439, 638–640
Polar equations, 439

cardioid, 444, 448
circles, 441–442, 447
conics, 638–643
converting between polar and rectangular 

form, 446–447
graphs, 439–447
lemniscate, 446, 448
limaçons, 444–445, 448
line, 447
rose, 443, 448
spiral, 448

Polar form, 417–420, 446–447
Pole, 436
Polynomials

factoring polynomials. See Factoring 
polynomials

prime polynomials, 468, 476
Position vector, 376
Positive angle, 3, 70
Positive real numbers, 407
Positivity chart, 87
Power reduction formulas, 268
Powers, 106, 411–412, 427–428
Prime polynomials, 468, 476
Principal square root, 407
Product

see also Multiplication
complex numbers, 423–425
complex product, 424
converting a sum to a product, 279, 281
dot product, 379, 390–396
product-to-sum identities, 277–279, 280
special product, 410

Product function, 551
Product-to-sum identities, 277–279, 280
Projectile motion, 456–457
Pure imaginary number, 408
Pythagorean identities, 106–108, 239, 454
Pythagorean theorem, 6, 69

diagonal length of a room, 47
finding side of right triangle, 6–7
Law of Cosines, 358
with radicals, 7

Pythagorean triple, 8

Q
Quadrantal angles, 70, 81–83, 89, 95
Quadrants, 70, 480

algebraic sign of the trigonometric functions, 
86–87

terminal side of an angle, 87–88
Quadratic equation, 316, 320
Quadratic formula, 323
Quadratic-type trigonometric equations, 

320–321, 323
Quotient, 410–411

see also Division
complex numbers, 425–427
complex quotient, 426
difference quotient, 509–510, 526–527
evaluating functions, 509

Quotient function, 552, 553
Quotient identities, 104–105, 210, 239

R
Radians and radian measure, 3, 119–120

of an angle, 119–121
arc length, 131
area of a circular sector, 135
common mistake, 120–121
converting between degrees and radians, 

121–124
versus degrees, 122
evaluating trigonometric functions, 125
finding, 120–121
general definition of, 119–120
purpose of, 119
reference angles, 125–126
unitless, 121

Radicals
and imaginary unit i, 407
Pythagorean theorem, 7
simplification of, 7, 407

Raising to integer powers, 411–412, 427–428
Ranges, 89–91, 151–152, 501, 540–541
Ratios

cosine (cos), 27
of the measure of two angles, 119
right triangle ratios, 26–31
sine (sin), 27
tangent (tan), 27
trigonometric ratios, 27
see also Trigonometric functions

Ray, 2
end-point of the ray, 2
initial ray, 3, 70
perpendicular, 3
terminal ray, 3, 70

Real axis, 415
Real numbers, 119, 120, 168, 407, 408
Real part, 408
Reciprocal, 27, 103
Reciprocal function, 521
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Reciprocal identities, 27, 103–104, 210, 239
see also Cosecant (csc) function; Cotangent 

(cot) function; Secant (sec) function
Rectangular coordinate system, 70, 415, 481
Rectangular coordinates, 437–439, 439
Rectangular equations, 441
Rectangular form, 415–416, 417–420, 446–447

see also Standard form
Reference angle, 86–91, 91–94, 98, 125–126
Reference right triangle, 91–94
Reflection about the axes, 542–544
Reflections, 174, 189–190
Relations, 500–502
Resultant forces, 385
Resultant vector, 376, 382–386
Resultant velocity, 382–384
Right angle, 3

cos, value of, 29–30
csc, value of, 28–29
in right triangle, 6
sec, value of, 29–30
sin, value of, 28–29
tan, value of, 28–30

Right triangle, 6
accuracy, 47–48
acute angles, 30
complementary angles in, 6, 30
finding side of, 6–7
given an angle and a side, 48–49
given two sides, 50–52
hypotenuse, 6, 27
legs, 6
Pythagorean theorem. See Pythagorean 

theorem
Pythagorean triple, 8
reference right triangle, 91–94
right angle in, 6
right triangle ratios, 26–31
side adjacent to angle, 27
side opposite to angle, 27
significant digits, 47–48
simplification of radicals, 7
solving, 46–54
solving, meaning of, 47
solving exactly, 7
special right triangles, 7–11

see also 45º-45º-90º triangle; 30º-60º-90º 
triangle

trigonometric ratios. See Trigonometric 
functions

when given angle is acute, 348
Right triangle ratios, 26–31
Rigid transformations, 544
Roots, 429–432
Rose, 443, 448
Rotation of axes

angle of rotation, 631–633
ellipse, 630
formulas, 628–629
graphing a rotated conic, 633–634
transforming second-degree equations, 628–630

S
SAS. See Side-angle-side (SAS)
Scalar multiplication, 379, 390
Scalars, 374
Scalene triangle, 18
Scientific calculators, 39

see also Calculators

Secant line, 525–526
Secant (sec) function, 27, 28

see also Trigonometric function values; 
Trigonometric functions

acute angles, 78–79
algebraic sign, 87
calculating, for right triangle, 29–30
cofunction identities, 31
cofunction of cosecant, 31
cofunction relationships, 37
deriving, 27
domain, 151–152
45º angle, 38
graph of y = A sec (Bx), 219–220
graph of y = sec x, 210–211, 214
inverse secant function, 304–305, 306
inverse secant identity, 307
nonacute angles, 79–81
Pythagorean identities, 107
quadrantal angles, 81–83
range, 90–91, 151–152
reciprocal identities, 27, 103
60º angle, 38
30º angle, 37, 38
translation of, 221

Second, 40
Second-degree equations, 628–633
Segment, 249
Shift

horizontal shifts, 193–197
phase shift, 193–197
vertical shifts of sinusoidal functions, 

190–193
Side-angle-side (SAS), 343, 358–360, 367–368
Side-side-angle (SSA), 343, 348–351
Side-side-side (SSS), 343, 361–362, 368–370
Significant digits, 42, 47–48
Signs of the trigonometric functions. See 

Algebraic signs of the trigonometric 
functions

“Similar,” 18
Similar triangles, 18, 26

applications, 20–21
conditions for, 19
congruent triangles, 19
corresponding angles, 19
corresponding sides, 19
finding lengths of sides, 20
properties of, 19
proportionality property, 19
and trigonometry, 19
verification for, 19

Simple harmonic motion, 179, 180–181
Simplification

integer powers of imaginary unit, 411
with Pythagorean identities, 108
radicals, 7, 407
trigonometric expressions, using double-

angle identities, 264
trigonometric expressions, using half-angle 

identities, 273–274
trigonometric expressions, using identities, 

240–241
trigonometric expressions, using  

sum-to-product identities, 281
Sine (sin) function, 27, 28, 103, 168

see also Trigonometric function values; 
Trigonometric functions

acute angles, 78–79

algebraic sign, 87
of angle, and cosine of complement of that 

angle, 30
calculating, for right triangle, 28–29
cofunction identities, 31, 252
cofunction relationships, 37
difference identity, 252–255
domain, 151–152
double-angle identity, 261
finding exact values, 253–254
45º angle, 38
graphs. See Sinusoidal functions
and horizontal line test, 294
inverse sine function, 295–299, 305
Law of Sines, 344–345, 347, 367
nonacute angles, 79–81
odd function, 152
periodic with fundamental period 2π, 167
power reduction formulas, 268
product-to-sum identities, 278
Pythagorean identities, 107
quadrantal angles, 81–83
range, 90–91, 151–152
ratio, 27, 38
right triangle, 148
scientific and graphing calculators, 39
sine-inverse sine identities, 297
60º angle, 38
special angles, in degrees and radians, 124
square of the sine function, 268
squared of theta, 106
sum identity, 252–255
sum-to-product identities, 280
sums of sine and cosine functions,  

203–204
30º angle, 36–37, 38
unit circle, 148–149
writing a sum or difference as a single sine 

expression, 254–255
Sine half-angle identity, 268–269
Sine-inverse sine identities, 297
Sine wave, 165
Sinusoidal, 171
Sinusoidal curve, 451
Sinusoidal functions, 166–183

amplitude, 172–174, 211
finding, from data, 198–201
finding and equation for, 178
graph of f(x) = cos x, 169
graph of f(x) = sin x, 167–168
graph of k + A cos (Bx + C), 197–201
graph of k + A sin (Bx + C), 197–201
graph of the form y = A cos (Bx), 176–178, 

192–193
graph of the form y = A cos (Bx ± C), 195
graph of the form y = A sin (Bx), 175–176, 

191–192
graph of the form y = A sin (Bx ± C), 196
graph of y = cos x, 216
graph of y = sin x, 216
harmonic motion, 178–183
horizontal shifts, 193–197
horizontal stretching and compressing, 

173–174
most general sinusoidal function, 199
ordinates, 202
versus other four trigonometric functions, 

211
period, 174–175
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phase shift, 193–197
translations, 189, 190–197, 199
with a vertical, but no horizontal, shift, 199
vertical shifts, 190–193, 199
vertical stretching and compressing,  

171–172
Sinusoidal graphs. See Sinusoidal functions
60º angle

evaluating trigonometric functions 
exactly, 98

reference angle, 94
standard position, 71–72
trigonometric functions, 35–36, 38

Slope of the secant line, 525–526
Special angle measures, 35–38, 95–97,  

98, 124
see also specific special angles

Special right triangles, 7–11
see also 45º-45º-90º triangle; 30º-60º-90º 

triangle
Speed, 374

angular speed, 141–144
as constant, 140
linear speed, 140–141, 142–144
versus velocity, 140

Spiral, 448
Square function, 520
Square root function, 520, 569–570
SSA. See Side-side-angle (SSA)
SSS. See Side-side-side (SSS)
Standard form, 194, 197

see also Rectangular form
complex numbers, 408, 415–416, 417–420
ellipse, 605, 608–609
hyperbola, 617, 621, 622
parabola, 590

Standard position, 69–72, 376
Step functions, 530
Straight angle, 3
Stretching, 171–174, 544–547
Substitution, 506
Subtraction

complex numbers, 408–409
difference. See Difference
fractional values in DMS form, 40, 41
functions, 551–553
and horizontal shifts, 538
vectors, 376, 379
and vertical shifts, 538

Sum
see also Addition
of angle measures, 5
converting a product to a sum, 279
converting a sum to a product, 281
evaluating functions, 508
product-to-sum identities, 277–279, 280
resultant vector, 376
sums of cosine functions, 204–205
sums of fractions, 202–205
sums of sine and cosine functions, 203–204
of two cubes, 470, 472
writing a sum as a single cosine expression, 

251–252
writing a sum as a single sine expression, 

254–255
Sum function, 551
Sum identities, 247

cosine function, 248–252
and product-to-sum identities, 278

sine function, 252–255
tangent function, 255–257

Sum of angle measures, 5, 17
Sum of two cubes, 470, 472
Sum-to-product identities, 279–282
Supplement, 4
Supplementary angles, 4–5, 384
Symmetry, 492–496, 521
Symmetry about the axes, 72
Symmetry about the origin, 296

T
Tail-to-tip method, 376
Tangent half-angle identity, 269, 271
Tangent-inverse tangent identities, 303
Tangent (tan) function, 27, 28, 103

see also Trigonometric function values; 
Trigonometric functions

acute angles, 78–79
algebraic sign, 87
calculating, for right triangle, 28–30
cofunction identities, 31
cofunction relationships, 37
difference identity, 255–257
domain, 151–152
double-angle identity, 261
finding exact values, 256–257
45º angle, 38
graph of y = A tan (Bx), 216–218
graph of y = k + A tan (Bx ± C), 222–223
graph of y = tan x, 210–212
inverse tangent function, 305
nonacute angles, 79–81
Pythagorean identities, 107
quadrantal angles, 81–83
as quotient of sine and cosine, 28
range, 91, 151–152
ratio, 27, 38
scientific and graphing calculators, 39
60º angle, 38
of special angle, evaluating exactly, 96
sum identity, 255–257
30º angle, 36–37, 38
translation of, 221–223, 222–223

Terminal point, 375
Terminal ray, 3, 70
Terminal side, 3, 87–88
Tests for symmetry, 493–495
30º angle

evaluating trigonometric functions exactly, 98
Pythagorean identity, 10698
standard position, 71–72
trigonometric functions, 35–37, 38

30º-60º-90º triangle, 8
and proportionality property, 19
solving, 9–11
special angle measures in, 36

Transformations, 537
compressing, 544–547
horizontal shifts, 537–542, 543–544
multiple transformations, 546–547
nonrigid transformations, 544
reflection about the axes, 542–544
rigid transformations, 544
stretching, 544–547
vertical shifts, 537–542, 543–544

Translations
cosecant function, 221
cotangent function, 221

horizontal shifts, 193–197, 221
phase shift, 193–197
secant function, 221
shift, 189
sinusoidal functions, 189, 190–197, 199
tangent function, 221–223
vertical shifts, 190–193, 199, 221

Transversal, 15–16, 17
Transverse axis, 616, 619–621
Triangles

acute triangle, 342, 345, 348
angle sum of a triangle, 5
area. See Area of a triangle
classification of, 18–21
congruent triangles, 18–19
equilateral triangle, 6, 18
finding an angle of a triangle, 5
isosceles triangle, 6, 18
oblique triangles. See Oblique triangles
obtuse triangle, 342, 345, 348
right triangle. See Right triangle
scalene triangle, 18
similar triangles. See Similar triangles
solving a triangle, 47
see also Oblique triangles
study of triangles (trigonometry), 5

Trigonometric equations, 293
algebraic techniques, 328
applications, 324, 331
factoring equations, 328
as identity, 243
inverse functions, use of, 321–324, 330
involving multiple trigonometric functions, 

328–331
involving only one trigonometric function, 

316–324
linear-type trigonometric equations, 320
quadratic formula, 323
quadratic-type trigonometric equations, 

320–321, 323
solving, by inspection, 317–320
solving, using algebraic techniques,  

320–321
trigonometric identities, solving with, 

328–330
Trigonometric form. See Polar form
Trigonometric function values

see also Evaluation of trigonometric function 
values; specific trigonometric functions

acute angles, 78–79
approximate, using calculator, 98
decimal approximations, 42
to find approximate angle measures, 98
to find exact angle measures, 97–98
finding exact trigonometric (circular) 

function values, 150
for general angle in a right triangle, 28–30
nonacute angles, 79–81
quadrantal angles, 81–83, 89, 95
for reference angle 60º, 94
special angles, 38, 124
using Pythagorean identities to find,  

107–108
writing, in terms of their cofunctions, 31

Trigonometric functions, 27
see also Evaluation of trigonometric function 

values; Trigonometric function values; 
specific trigonometric functions

algebraic signs, 86–91, 103
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Trigonometric functions (continued )
alternate form, 28
with arguments that are sums and  

differences. See Difference identities;  
  Sum identities

broader definitions, 26
Cartesian plane, 77–83, 86
circular functions, 149–154
cofunctions, 30–31
finding exact values, using double-angle 

identities, 262–263
first definition, 26–31
identities. See Trigonometric identities
inverse functions. See Inverse functions
multiple trigonometric functions, 328–331
for nonacute angles, 86–98
properties, 149
for quadrantal angles, 95
ranges, 89–91
right triangle ratios, 26–31
second definition, 26, 77–83
third definition, 148–154
trigonometric equations. See Trigonometric 

equations
Trigonometric identities

basic identities, 238–240
cofunction identities, 31, 252
cosine-inverse cosine identities, 301
determining whether trigonometric equation 

is an identity, 243
difference identities. See Difference identities
double-angle identities, 260–264
even-odd identities, 240
half-angle identities, 267–274
inverse cosecant identity, 307
inverse cotangent identity, 307
and inverse functions, 310
inverse identities, 298–299
inverse secant identity, 307
more complicated identity, verifying, 244
multiple-angle identities, 264
product-to-sum identities, 277–279, 280
Pythagorean identities, 106–108, 239
quotient identities, 104–105, 210, 239
reciprocal identities, 27, 103–104, 210, 239
simplifying trigonometric expressions, 

240–241
sine-inverse sine identities, 297
solving trigonometric equations, 328–330
sum identities. See Sum identities

sum-to-product identities, 279–282
tangent-inverse tangent identities, 303
verifying, using double-angle identities, 263
verifying, using half-angle identities,  

272–273
verifying trigonometric identities,  

241–244, 263
Trigonometric ratios, 27

see also Trigonometric functions
Trigonometry

origin of word, 26
and properties of similar triangles, 19
as study of triangles, 5

Trinomials
leading coefficient is 1, 473–474
leading coefficient is not one, 474–475
perfect squares, 471
product of two binomials, 472–476

U
Unit circle, 124, 148, 166, 451, 452
Unit circle approach, 148–154
Unit step function, 530
Unit vectors, 381–382

V
Variables, 503, 506
Vector addition, 376, 378–379
Vectors, 374

addition, 376, 378–379
algebraic interpretation, 376–378
algebraic properties, 380
angle between two vectors, 391
components, 376, 380–381
denotation, 375
directed line segment, 375
direction angle, 377–378
dot product, 379, 390–396
equal vectors, 375, 378
equilibrant, 384–385
force vectors, 382–384
geometric interpretation, 375–376
horizontal component, 380–381
initial point, 375
magnitude, 375–376, 377
multiplying two vectors, 390–391
operations, 376, 378–380
opposite direction, 375
orthogonal, 393–394
parallel, 393
position vector, 376

resultant vector, 376, 382–386
same direction, 375
scalar multiplication, 379
in standard position, 376
subtraction, 376, 379
terminal point, 375
unit vectors, 381–382
vector notation, 377
velocity vectors, 382–384
vertical component, 380–381
zero vector, 380

Velocity, 140, 374, 382–384
Velocity vectors, 382–384
Vertex (vertices), 2, 70, 589

ellipse, 603
hyperbola, 616, 618–619
parabola with vertex at the origin, 590–593
parabola with vertex (h, k), 593–597

Vertical angles, 15, 16, 17
Vertical asymptote, 210
Vertical component of a vector, 380–381
Vertical line test, 504–505
Vertical shifts, 190–193, 199, 221, 537–542, 

543–544
Vertical stretching and compressing,  

171–172, 545

W
Work, 394–396

X
x-axis, 70, 480

see also Axis (axes)
Cartesian graph, 168
reflection about the x-axis, 542
symmetry, 493–496, 521
terminal side of an angle, 88

x-coordinate, 86, 481, 523
x-intercepts, 168, 169, 491

Y
y-axis, 70, 480

see also Axis (axes)
reflection about the y-axis, 542
symmetry, 493–496, 521
terminal side of an angle, 88

y-coordinate, 86, 481
y-intercepts, 168, 170, 491

Z
Zero vector, 380
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