CHAPTER 1

Formulation of
Physicochemical Problems
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Problem 1.1

Length Required for Cooling Coil
Model 1 — Plug Flow, in section 1.2 applies:
To T Ty=Tc=20°C

—>
To=22°C
T, =20.5°C

O%

U

The heat transfer coefficient is obtained from the correlation:

Nu = 0.026Re"® Pr'/3 (1.1.1)
where
hD CoH Dvyp
Nu=—, Pr=—-—, Re=
u A s r © s (&) P
h = 0.981 kcal/m*.s.K (1.1.2)

Substitution in Eq. 1.17 (in the text), with 7(z) = T, gives:

205-20 _ (_2><7r><0.01><0.981><L> (1.13)

22-20 1x7x0.012%x10°x 1

Solving the above equation for L, we get

(1.1.4)
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Problem 1.2

Cooling of Fluids in Tube Flow: Locally Varying A
Model 1 (Section 1.2) applies up to equation 1.8:

VOApCpci,—Z + 27RI[T(z) = Ty] =0 (1.2.1)

Substitution of / for y/ \/E gives:

dT 2Ry 1
— —I[T()-Tyl = 1.2.2
7 + 70AsC, \/Z[ (2) w]l=0 ( )

Lumping parameters and changing the dependent variable, we get:

o B,
7 + ﬁe =0 (1.2.3)
where:
B =QrRy)/(vgApC,) and 0(z) = T(z) — Ty (1.2.4)

Separation of variables and integration using the boundary condition at z =0

TO)=T, or 6(0)=Ty,— Ty, (1.2.5)
yields:
@) - T,
—To 7 - exp(—2ﬂ\/2) (1.2.6)
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Problem 1.3

Dissolution of Benzoic Acid

NAy
\Y \Y
% VOAC|X C%
0 VOAC|x + Ax
X X + Ax
Part (a):

Carrying out material balance around the shell at x with a thickness of Ax gives:
C| Avy — C|pnyAvy + NAy =0 (1.3.1)

where

N=ko(C"-=C); A=nD?/4; Ay =nDAx (1.3.2)

Dividing Eq. (1.3.1) by zDAXx gives:

_VOD <C|x+Ax - Clx

; = > +ko(CT=C) =0 (1.3.3)

Taking the limit as Ax — 0, we get:

—vod—§+kc<%>(C*—C):0 (1.3.4)

Part (b):
Defining # = C — C" and substituting into Eq. (1.3.4), we obtain:

% ke (%)0=0 (13.5)

Separating the variables and integrating gives:

o= Kexp<—%k—cx> (1.3.6)

Vo
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Part (c):

Using the boundary condition at x =0, § = —C", gives

K=-C"
Thus, the final solution for C(x) is:
C(x) 4k -
=1- -— 1.3.7
= exp( pe (1.3.7)
Part (d):
The concentration of benzoic acid leaving the tube at x = L is:
4k
C(L) = C* [1 — exp <——CL>] (1.3.8)
DVO

The total flow rate through the tube is:
Or = 2D’vy /4 (1.3.9a)
The rate of benzoic acid leaving the tube is:
Op = OQrC(L)YMp (1.3.9b)
The weight change of the tube is:
AW = QpAt (1.3.9¢)

Substituting O, O and C(L) in the expression for AW, we get:

2
AW = MyC*Atv, <ﬂ> [1 —exp<—ik—cL>l (1.3.10)
4 D Vo
Part (e):
Rearranging Eq. (1.3.10), we get:
AW = 1—exp <-4k—CL> (1.3.11)
DVO

2
MB <%> V()C*At
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Approximation of the exponential term:

L (1.3.12)

4kcL> ke

=1l+u+ .. 1 - - ~
exp(u) u - exp< Dv, Dv,

Substitution the above equation into Eq. (1.3.11), rearrangement and simplification

gives:

ke =AW /(xDLM yC*A1)| (1.3.13)

Part (f):

Assumptions of the model are:

1. plug flow,

2. only resistance to dissolution of benzoic acid is due to liquid phase film
resistance,

3. no axial or radial diffusion,

4. perfect radial mixing, and

5. constant wall diameter.

The maximum error can be estimated by the following equation (absolute value

assures that all errors are additives, hence maximum errors):

ok ok ok
Ekcz‘ﬁ 8AW+'()_ACZ“ 8At+'0_DC Ep (1314)
where:
ok
¢ = ! , (1.3.15a)
OAW ~— zDLM zC*At
ok
c____AW (1.3.15b)
0At ~ zDLM zC*AR
ok
¢c____AW (1.3.15¢)

0D  zD2LMzC*At
Substitute the values of the partial derivatives using the previous equations and the

ITOTS, £,y €5, and €, from the experimental data, and simplifying:

(1.3.16)

_ AW <5AW Eny 5D>
gkC = + —+ —=
aDLMgC*At \AW At D
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Problem1.4

Lumped Thermal Model for Thermocouple

Area, A
Mass, m

Ty

Heat balance equation is

qc =dQ/dt (1.4.1)

where
qc = heat transferred by convection = h4(T, — T') (1.4.2a)
Q = heat accumulated in the probe = mCp(T - T,,/) (1.4.2b)

Substituting Eqs. (1.4.2) into Eq. (1.4.1), we get:

mCPCiZ—]; =hA(T, - T) (1.4.3)
Part (b):
Defining 6 = T, — T and substituting into Eq. (1.4.3), we have:
do
— =-0 1.4.4
— (1.4.4)
where:
r=mCp/hA (1.4.5)
Part (c):

Separating variables and integrating Eq. (1.4.4) with the boundary condition

7(0) = T,, we get:
T-T,

To-T,

— exp (—1) (1.4.6)

T
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Multiplying both sides by —1, adding 1 to each side, and rearranging, we obtain:

T,—T
T,- T,

=1-exp <—£>
T

(1.4.7)

Evaluating for 1 = 7, (T, — T)(T;, — T;) = 0.63, therefore:

111Z93=063<

To-T,

Ty — T(c0)
T, - T,

> (1.4.8)
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Problem 1.5

Distributed Thermal Model for Thermocouple

4xr2qr,

4'77:}’2qr|r+Ar

Heat Balance around the shell at r with a thickness of Ar is:

@xr’q,)|, = (4xr°q,)|,ar = 00/ 01 (1.5.1)

where:
q, = —kdT /dr (1.5.2a)
O =mCp(T — T,yy) = 4xr?* ArpCp(T — T,y (1.5.2b)

Substituting Q, dividing throughout by 4z Ar and taking the limits as Ar — 0, we

get: ,
oT 0(r q,)
2pCp— = — ' 1.5.3
Ay or (1.5.3)

Substituting ¢, from Eq. (1.5.2a) into the above equation, and rearranging, we get:

Lt 2 (22 (1.5.4)

Co— =k——
“ FY r2 or or

Part (b):

Heat balance at the surface of the sphere:

Heat Flux within Sphere by Conduction = Heat Flux to fluid by convection

Tf 9cond A

A

qconv
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Mathematically this continuity of heat flux is:

qcondA = qconvA (155)

where:
qcond = _kaT/arlR (1563)
eony = h[T(R) - Tj] (156b)

Substituting ¢, and ¢,,,, into Eq. (1.5.5), we get the boundary condition at r = R:

—kaa—T = WT(R) - T}] (1.5.7)

I lr=r
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Problem 1.6

Modelling of Piston with Restraining Spring

Force Balance is:
Y Fy =ma, = md’x/dr’ (1.6.1)

Total Force (Fr) = Pressure Force (Fp) — Spring Force (F) — Friction Force (F))
where:

Fp=PA, Fg=Kx and F, = audx/dt (1.6.2)

Substitution of Eq. (1.6.2) into the force balance equation (1.6.1) gives:

d’x dx
Part (b):
Dividing by K and defining new variables z, ¢ and f{(z), Eq. (1.6.3) becomes:

d*x dx
2 —
T?+2C75+X—f(t) (164)
where:
Time constant: T=vm/K

Damping coefficient: {=au/2v/Km
Effective Force: f(t)y =AP(t)|/K
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Problem 1.7
Mass Transfer in Bubble Column

uOLC|X+AX J |x+Ax
oToo

X + AX 1 a k .a(C*-C)

uOLclx J|x

Part (a):
Steady state Material Balance for Dissolved Oxygen (Liquid Phase) is:

Aug Cly — Augp Clypay + A = €)J | — Al = €)J | oy + kca(C* — C)AAXx =0

(1.7.1)
Dividing the above equation by 4Ax and taking the limits as Ax — 0, we get:
dx d
Substituting J = — D,dC/dx into the mass balance equation, we obtain:
2
(1 =eD,LC 1, % 4 kea(cr = 0) = 0 (1.7.3)
dx* dx
Part (b):
Defining the following new variables:
z=kecax/upp and y=C - C* (1.7.4)
the derivatives written in terms of these variables are:
dC/dx = (kcafupp)dy/dz (1.7.5a)

d*CJdx* = (keafug, ) d?y/dz (1.7.5b)
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Substituting Eqs. (1.7.5) into the dissolved oxygen equation (Eq. 1.7.3), we get:

(=)D 52—~y =0 (1.7.6)

d’y dy
— —— —y=0 1.7.7
=@ (1.7.7a)
where
o= w (1.7.7b)
Uor
Part (c):
J(0) upC0)

L.

uorCo

Material Balance at the Entrance of the Column gives (see the above figure):
A”OLCO _AuOLcl)C:O —A(l —6)J|x=0 =0 (178)

Dividing the above equation by 4Ax, taking the limit as Ax — 0 and substituting
the diffusive flux J = —D,dC/dx, we finally get:

dC
uOLCO = “OLC(O) — (1 — 5)Dea . (179)

The second boundary condition, dC/dx = 0 @ x = L, indicates that at the exit of
the column there is no net flux of the dissolved oxygen, that is, at the end of the col-
umn the concentration of dissolved oxygen is constant with respect to axial position,

because the liquid phase ends there (the top liquid interface).
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Problem 1.8

Dissolution and Reaction of Gas in Liquids

Z=0

Z+AZ

The reaction rate and the diffusion flux equations are:

JA(2)

Ry AV

JA(Z+AZ)

RA = kCAn

JA = —DAdCA/dZ

(1.8.1)

(1.8.2)

Material Balance for Dissolved Oxygen around the shell at z with a thickness of

Az 1s:

AJAlz - AJA|Z+AZ - RAAAZ =0

(1.8.3)

Dividing the above equation by AAz, taking the limit as Az — 0, and substituting

Fick’s Law of diffusion (Eq. 1.8.2) and the rate expression (Eq. 1.8.1), we get:

d’C,
dz?

DA —kCAnZO

(1.8.4)
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Problem 1.9

Modelling of a Catalytic Chemical Reactor

Clz+Az

z+ Az

N—R Az

¢l

Part (a):

Material Balance for Toxic Gas:

RATE IN — RATE OUT — RATE REACTION =0 (1.9.1)

This equation is written mathematically as follows:

AuyC|. — AuyCl.op. — kC(2)A(l — €)Azpp =0 (1.9.2)

Dividing the above equation by 4Az and taking the limit as z — 0, we get:

Part (b):
Separating the variables in Eq. (1.9.3) and integrating the result with the following
boundary condition:

@z =0; Cc0)=C, (1.9.4)

we get:

In <£> _ =&k, (1.9.5)

Go Uy
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Part (¢):

From Eq. (1.9.5), we derive the concentration at the exit of the reactor:

(1.9.6)

C;, = Cyexp <——(1 — 6)pPkL>

Uy

Part (d):

Multiplying and dividing the argument of the exponential term by the cross-sectional

area, A, we get:

AL(1 — k
C, = Cyexp <—ﬂ> (1.9.7)
qu
However:
Volumetric Gas Flow rate = F = uyA (1.9.8a)
Mass of Catalyst Inside the Reactor = W = AL(1 — €)pp (1.9.8b)
The exit concentration (Eq. (1.9.7)) becomes:
C, = Cyexp (-Kk> (1.9.9)
F
Part (e):
For 95 % conversion:
C C C() — CO eXp <—Kk>
0~ (1
= =0.95 1.9.10
3 3 ( )
Simplifying and rearranging the above equation, we get:
Wk 1n0.05) (1.9.11)
F
Solving for the mass of catalyst, we finally obtain:
W= %F (1.9.12)
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Part (f):

Accounting for axial diffusion, Eq. (1.9.2) can be rewritten as follows:
AugC|, — AugCl.p. + AeJ|. — AeJ|.;n. — kC(2)A(1 — €)Azpp =0 (1.9.13)

Dividing the above equation by 4Az and taking the limit as Az — 0, we get:

dC  dJ

et (1= = 1.9.14
uy———e -~ (1 —e)ppkC=0 (1.9.14)
Substituting the equation for the axial dispersion, J = —DdCl/dz, the above equation
becomes:
d*C dcC
ED?—HOE—(I —6)pPkC=0 (1915)
Part (g):

Defining the following variables and parameters:
y=C/Cy, x=z/L, Pe=uyL/De; N =Wk/F (1.9.16)

The derivatives can be written in terms of the new variables as follows:

dC _ ~dy _ dydx _Gdy  &IC_ Gdy

= o - = = 1.9.17
dz 04z Ydxdz ~ L dx dz* L2 g ( )

Substituting dC/dz and d? C/dz? in the material balance equation (Eq. 1.9.15):

CO dZy Uy CO dy
3 x2 » ( 6)pPkCOy O ( 8)

Multiplying by L/Cyu, and using W= (1 — €)ppLA and F = uyA, the above equation

becomes:
Dedy dy Wk

— =0 1.9.19
uoL dxz dx F Y ( )

From the definition of Pe and N, the final equation is:

1 d?y dy
———-—-Ny=0 1.9.20
Pe g dx 4 ( )
For the boundary conditions:
Cyd Cy d
uyCo = —ep22 + 1y CoYl =0 R ) (1.9.21)

L dx x=0 L dx x=1
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which are written in terms of new variables as:

1 dy dy
l=y|.g— —— — =0 1.9.22
Vle= Pedx|.—y  dx|. ( )
Therefore, for the two models:

dy
Model 1: — 4+ Ny=0 (1.9.23)

dx

1 &>y dy

Model 2: —— =+ —+Ny=0 1.9.24
ode Pe 7.2 + e + Ny ( )

It 1s seen that Model 2 reduces to Model 1 when Pe > 1, as the second order term

becomes negligible.

Part (h):

Ar J(r HAr)

Material Balance inside the catalyst gives the following equation:
@rrH)J|, — @GarH)J |, s — kCp(r)dxr*)Arpp = 0 (1.9.25)

Dividing the above equation by 4z Ar, we get:

_r2‘]|r+Ar - 1"2.]|,,
Ar

—kCpr?pp=0 (1.9.26)

Taking the limit as Ar — 0 and substituting Fick’s Law of diffusion, J = — D,dCpl/dr,

we obtain:

1 d [ ,dCp ~
o <r — ) ppkCp =0 (1.9.27)

Part (i):
The boundary conditions state that at the surface of the particle, (r= R), the con-

centration of the toxic gas in the catalyst is the same as that in the flowing gas. In
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the interior of the catalyst particle the concentration profile is a continuous function
of r.

C(z + Az)

K A AR A AT 2 + Az

eeceecece

Y Y Y Y Y Y Y. 7

C(z)
Material Balance Excluding Catalyst Volume gives:
RATE IN — RATE OUT - RATE ENTERING CATALYST =0 (1.9.28)
Mathematically, the above equation can be written as:
CupAd|. — C(2ugA|. a- — (1 —e)a[-J(R)]AAz =0 (1.9.29)
where we note that J(R) is a negative flux and:
surface area  4zR° 3

= = == 1.9.30
“= Volume particle 4zR3/3 R ( )

Dividing Eq. (1.9.29) by AAz, taking the limit as Az — 0 and substituting the expres-
sion for @ and J(R) = —D,dC,/dr|, _ g, we obtain:

dC 3., dCp
—MOE = (1 - S)EDEW . (1931)
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Problem 1.10

Dimensional Analysis of a Correlation

Part (a):

Solve 2=3x+y
1 =3x
x=1/3andy =4/3

Given ¢ = 0.35, show that

P,, = Power/mass = g u,.

Take € = void fraction

_ (Augy)lprgh(l — €)1 vol.flow (hydro head)
" pAh(l—e) mass liquid

S Py = gug,

and given 6 = d (eddy scale)

D, = 0.35(guy,)'*d*’? (1.10.1)

END OF CHAPTER 1



