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Image and Imaging System Characteristics

1.1 General Image and Imaging System Characteristics

A clinical diagnosis may require radiological scans from multiple imaging
modalities. For example, a patient may have an exploratory ultrasound followed
by some combination of CT, MRI, and/or PET. Each of these modalities provides
different types of clinical information (anatomical and/or functional, static
and/or dynamic) which together give as complete as possible an “inside view” of
what is happening in the body. Some of these modalities such as ultrasound are
point-of-care, which means that small portable units can be used relatively easily,
quickly, and cheaply: others are very expensive, large, and heavy fixed-site systems
which might require the patient to wait several weeks before an appointment is
available.

In addition to the different types of information provided, each of the modalities
also has specific image characteristics: these include intrinsic differences in spa-
tial resolution (from the low micrometer range for OCT to several millimeters for
SPECT), as well as signal-to-noise ratio (SNR) and contrast-to-noise ratio (CNR).
Over several decades there have been constant technological improvements in
imaging hardware and image processing algorithms which have led to enormous
increases in the performance and diagnostic quality of clinical scans from each
of the modalities covered in this book. Quantitatively, we can evaluate system
performance via the three basic measures of spatial resolution, SNR, and CNR
(taking into account the scan time required) [1–7]. There is a strong interdepen-
dence between these three measures, in terms of the parameters and hardware
used to acquire and process the images. For optimal system design and analysis
it is very important to understand the relationship between these measures, and
also to realize that this relationship depends on which particular imaging modal-
ity is being considered. This chapter covers several of the quantitative aspects of
assessing image quality, some of the trade-offs between SNR, CNR, and spatial res-
olution, and a basic description of data acquisition principles which are common
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2 1 Image and Imaging System Characteristics

to all of the digital data acquired, processed, and stored by modern clinical imaging
modalities.

1.2 Concept of Spatial Frequency

The concept of spatial frequency is very useful in characterizing the performance
of an imaging system. The spatial frequency modulation transfer function (MTF),
covered later in this chapter, is one of the key manufacturer specifications for
many different components of a system. As a simple example of spatial frequency,
consider a series of black lines on a white background, as shown in Figure 1.1a–c.
The spatial frequency, k, is defined as the number of lines/mm in a particular
dimension, x, y, or z. The closer together the lines, the higher the spatial frequency,
and the greater must be the resolving power of an imaging system in order to
produce an image in which the lines are distinct. This concept can be extended
to multiple dimensions, as shown in Figure 1.1d, with the object characterized by
spatial frequencies, kx and ky, in this case.

Obviously, the body does not consist of regularly spaced structures such as those
shown in Figure 1.1, but rather the locations and geometries of specific organs and
structures within these organs correspond to a range of spatial frequencies. Take
for example an MRI of the head as shown in Figure 1.2a. In this particular image,
there are different signal intensities from subcutaneous fat (bright), bone (zero),
cerebrospinal fluid (bright), and white and gray matter (intermediate). A plot of
the signal intensity in one dimension (along the dotted line) shows that there are
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Figure 1.1 Illustration of spatial frequency. (a–c) The object to be imaged consists of
ten narrow lines with different separations in either the x- or y-dimension. The respective
k-value is given in units of lines/mm, or more commonly mm−1. (d) For a two-dimensional
object the corresponding parameters are kx and ky .
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1.3 Spatial Resolution 3

(a) (b) (c)

Low kxHigh kx Low kx High kx

Figure 1.2 (a) An MRI of the head, showing many different tissues in the brain and skull.
The line plot below the image shows the projection of the signal intensity along the
dotted line. Areas where the signal intensity changes rapidly represent high kx values,
and regions of relatively uniform signal intensity correspond to low kx values. (b) A map
of areas which correspond to high kx and ky values. (c) A map of areas corresponding to
low kx and ky values.

regions of the brain where the signal changes rapidly as a function of x-coordinate
(corresponding to high kx values) and other regions where there is very little
change (low kx values). Figure 1.2b shows the areas corresponding to high kx
values, and Figure 1.2c those corresponding to low kx values. These two images
illustrate the important point that sharp edges and small features are represented
by high spatial frequencies, and areas of slowly varying contrast by low spatial
frequencies. It might seem, therefore, that we want to design an imaging system
which is very sensitive to high spatial frequencies, so that we can detect very small
pathologies. However, we also have to consider that every image contains noise,
which is randomly distributed across the image. The value of this noise changes
rapidly from pixel to pixel, and so random noise corresponds to very high spatial
frequencies. Therefore, an imaging system, or an image processing algorithm,
which can capture high spatial frequencies, is able to resolve small features
in the patient, but is also sensitive to noise. We will return to this point when
considering trade-offs between different image characteristics in Section 1.3.

1.3 Spatial Resolution

There are a number of measures which are used to describe the spatial resolution
of an imaging modality: the most common are the point spread function (PSF) in
the spatial domain and the MTF in the spatial frequency domain.
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1.3.1 Imaging System Point Spread Function

The concept of the PSF of a particular imaging system is simply explained by con-
sidering a very small “point source” positioned within the imaging field of view
(FOV), as shown in Figure 1.3a. This point source could be a small sphere of water
for MRI, a small reflector for ultrasound, or a sphere filled with a γ-ray emitter for
nuclear medicine. The image of the point source produced by the system could be
a very good approximation to the actual object, as shown in Figure 1.3b, it could
be blurred in all three dimensions as in Figure 1.3c, or could be blurred primarily
in only one dimension as in Figure 1.3d, depending upon the particular imaging
modality and how the image was acquired and processed.

The mathematical relationship between the reconstructed image, I(x, y, z), and
the object, O(x, y, z), can be represented by:

I(x, y, z) = O(x, y, z) ∗ h(x, y, z) (1.1)

where * represents a numerical convolution (see Appendix 1.A.3), and h(x, y, z) is
the three-dimensional PSF. In a perfect imaging system, the PSF would be a delta
function in all three dimensions, and in this case the image would be an exact
representation of the object. In practice, the PSF has a finite width, which may be
different in the x-, y-, and z-directions, which results in image blurring. The PSF
may also contain side lobes, as covered in Chapter 4 on ultrasound.

There are several components which contribute to the overall PSF of an imaging
system. The first is the intrinsic physics involved in the imaging method. For
example, in Chapter 3 we will see that the γ-rays detected in PET arise from a
positron–electron annihilation which occurs at a position with an associated
“sphere of uncertainty” of ∼1–2 mm. This means that h(x, y, z) due to this process
alone represents a sphere with the corresponding dimensions. Second, each
component of the detection system, e.g. the lens or charge-coupled device (CCD)
camera in an optical imaging device, or the flat panel detector used for computed
tomography, also has an associated PSF. Third, we can choose how fine a stepsize

(b) (c) (d)

Object

(a)

Figure 1.3 (a) The object to be imaged is a very small sphere, termed a point source.
(b) An image acquired with a system that has a very narrow PSF: the image is an excellent
representation of the actual object. (c) An image with a broad PSF in all three dimensions,
resulting in an image which is very blurred. (d) An image with a broad PSF in one
dimension and a narrow one in the other two dimensions.
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to use to collect the data: this is the sampling contribution to the PSF. The finer
the stepsize, the better the spatial resolution, but the longer the scan takes to
acquire. The final contribution comes from the image reconstruction algorithm
and any subsequent image filtering. Overall the total system PSF, htotal(x, y, z), is
given by a series of mathematical convolutions of the individual PSFs for each
stage:

htotal(x, y, z) = hphysics(x, y, z)∗hdetector(x, y, z)∗hsampling(x, y, z)∗hfilter(x, y, z)
(1.2)

A second commonly specified measure of spatial frequency, particularly for
flat panel detectors used in CT, is the line spread function (LSF). As the name
suggests, this corresponds to a measure which reduces the dimensionality of the
three-dimensional PSF to a one-dimensional LSF. Mathematically, the LSF is
given by:

LSF(x) = ∫ PSF(x, y, z)dydz (1.3)

An edge spread function (ESF) is also sometimes defined, where this is defined
as the convolution of the LSF with a step function. Experimentally, it is measured
using a block of material with a sharp edge.

1.3.2 Imaging System Resolving Power

From a practical point of view the spatial resolution of an image can be defined
as the smallest physical distance between two point sources for which the sources
can be resolved as being separate. There are two mathematical functions, a
sinc or Gaussian, which are good approximations to the LSF in several imaging
modalities. If the LSF is a sinc function, then the Rayleigh criterion [8] can be
applied, which states that two point sources can be resolved if the peak intensity
of the LSF from one source coincides with the first zero-crossing point of the LSF
of the other, as shown in Figure 1.4a. In this case the spatial resolution is defined
as one-half the width of the central lobe of the sinc function.

If the LSF is a Gaussian function, then the one-dimensional PSF, h(x), can be
written as:

LSF(x) = 1√
2𝜋𝜎2

exp
(
−
(x − x0)2

𝜎2

)
(1.4)

where 𝜎 is the standard deviation of the distribution and x0 is the center of
the function. The full-width-half-maximum (FWHM) of a Gaussian function is
given by:

FWHM = 2𝜎
√

2 ln 2 = 2.36𝜎 (1.5)
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FWHM FWHM

(a) (b) (c)

Figure 1.4 (a) For a sinc LSF, the signals from two point sources can be resolved when
the separation between them is less than half the width of the main lobe of the sinc
function. (b) For an arbitrary LSF, the two point sources can be resolved when their
separation is less than the FWHM of the function. (c) In this example the two point
sources can no longer be resolved due to the broad FWHM of the LSF.

Therefore, if the separation between the two structures in the x-dimension is
greater than 2.36 times the standard deviation of the Gaussian LSF of the imaging
system, then the two structures can be distinguished.

If the form of the LSF cannot be described by an analytical function, then it can
still be characterized in terms of its FWHM, as shown in Figure 1.4b,c. Then the
criterion for resolution is that if the two points sources are separated by a distance
greater than the FWHM, they can be resolved.

1.3.3 Imaging System Modulation Transfer Function

The spatial resolution of a system is also often characterized in terms of its MTF,
which is measured in the spatial frequency domain. Since the spatial frequency
and the spatial domains are related by the Fourier transform (see Appendix 1.A),
the MTF and the PSF are mathematically related by:

MTF(kx, ky, kz) = ∫
∞

−∞
PSF(x, y, z)e−j2𝜋kxxe−j2𝜋kyye−j2𝜋kzzdxdydz (1.6)

A “perfect” imaging system would exactly reproduce features corresponding to
both low and high spatial frequencies, and would have an MTF of unity for all
values of k, as shown in Figure 1.5a. This corresponds to a delta function for the
PSF. The effects of different one-dimensional MTFs and corresponding PSFs are
shown in Figure 1.5b,c: as expected, via the Fourier transform relationship, a
narrow MTF corresponds to a broad PSF and vice versa. As outlined previously,
calculation of the overall PSF of an imaging system involves the mathematical
convolution of the PSFs from each of the individual components of that system.
In the spatial frequency domain, the individual MTFs are multiplied together to
give the overall system MTF.
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Figure 1.5 (top right) The object being imaged corresponds to a set of lines with
increasing spatial frequency from left to right. (a) An ideal MTF and the corresponding
PSF produce an image which is an exact representation of the object. (b) A narrower MTF
cannot accurately represent the very high spatial frequency information, and the
resulting image is slightly blurred. (c) An even narrower MTF “loses” more of high spatial
frequency information and produces an image which is more blurred.

1.4 Signal-to-Noise Ratio

The second key characteristic of an image is the SNR: if the value is too low then
small features may not be visible, and the degree of confidence of any clinical diag-
nosis is reduced. The simplest way to measure SNR for a given region-of-interest
(ROI) in the image is to calculate the mean of the signal intensity within the ROI,
and to divide this by the standard deviation of the noise in a background region
which lies outside the body, as illustrated in Figure 1.6a,b:

SNR =
𝜇ROI

𝜎background
(1.7)

This simple expression assumes that the noise is distributed uniformly over the
image. If this is not the case, then an alternative method to estimate the SNR is to
run a scan a number of times in succession and to calculate the mean and stan-
dard deviation of the signal within the ROI: this is obviously not really feasible for
clinical scans, but can be performed in phantoms.
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(c) (d) (e) (f)

(a) (b)

Figure 1.6 (top row) Measurement of SNR in an MRI of the brain estimated by the ratio
of (a) the mean signal intensity from all of the voxels within a circular ROI to (b) the
standard deviation of the noise from an ROI outside the head. (bottom row) Illustration of
signal averaging to improve the image SNR. (c) MRI acquired in a single scan, (d) two
identical scans averaged together, (e) four scans, and (f) sixteen scans.

If the SNR from a single scan is too low for a clinical diagnosis, then averag-
ing of multiple scans can be used to increase its value. This process assumes
that the signal from successive images is coherent (deterministic), and the
noise is incoherent. This procedure of signal averaging is an integral com-
ponent of OCT, and is also often used in MRI. If the measured signal, Ŝ, is
represented as:

Ŝ = S + N (1.8)

where S is the true signal and N is the noise component with a mean value of zero
and a standard deviation 𝜎N, then the SNR for a single scan, SNR1, is given by:

SNR1 = |S|
𝜎N

(1.9)

If K measurements are acquired and then averaged together, the averaged mea-
sured signal, SK , is given by:

SK = S + 1
K

K∑
k=1

Nk (1.10)

The SNR for the averaged scans, SNRK , is given by:

SNRK = |S|√
var

{
1
K

∑K
k=1S + Nk

} = K
|S|
𝜎N

= SNR1

√
K (1.11)
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Equation (1.11) shows that the SNR is proportional to the square root of the
number of averaged images. The trade-off in signal averaging is the increased data
acquisition duration, which is K-times as long. Figure 1.6c–f shows the effects of
signal averaging for an MRI of the brain.

1.5 Contrast-to-Noise Ratio

Even if the image has a very high SNR, it may not be diagnostically useful unless
there is sufficient CNR to distinguish between healthy and pathological tissues.
The image contrast, CAB, between two tissues A and B is defined as:

CAB = |SA − SB| (1.12)

where SA and SB are the image intensities from tissues A and B, respectively. The
CNR, CNRAB, between tissues A and B is defined in terms of their respective SNRs:

CNRAB =
CAB

𝜎N
=

|SA − SB|
𝜎N

= |SNRA − SNRB| (1.13)

where 𝜎N is the standard deviation of the noise. Figure 1.7 illustrates how a
decrease in the CNR of an image can result in small features no longer being
visible. This can occur either due to a poor SNR as shown in Figure 1.7a–c, or due
to a poor spatial resolution as shown in Figure 1.7d–f.

(a) (b) (c)

(d) (e) (f)

Figure 1.7 Images showing the effect of the CNR on the detectability of two internal
features (a–c) illustration of the effects of a decrease in the CNR due to lower SNR. (d–f)
The effects on CNR due to poorer spatial resolution.

1.6 Signal Digitization: Dynamic Range and Resolution

In all of the imaging modalities covered in this book, the output of the image
detector is an analog electrical signal (current or voltage), which first passes
through a low noise amplifier and is then digitized by an analog-to-digital
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converter (ADC). The ADC is characterized by several parameters, the most
important of which are its voltage range, resolution, and sampling rate. For
example, an ADC for MRI might have a voltage range of +10 to −10 V, a
resolution of 16-bits, and a sampling rate of 100 mega samples per second. In
terms of resolution, the number of different output levels for an N-bit ADC
is given by 2N , e.g. a 14-bit ADC has 16384 levels. The corresponding voltage
resolution (also termed the least significant bit) of the ADC is defined as one-half
of the maximum voltage divided by the number of levels. A higher resolution
enables more accurate representation of the analog signal, but no matter how high
the resolution of the ADC, there is an intrinsic error associated with digitizing
an analog signal: this difference is called the quantization error or quantization
noise. The higher the ADC resolution, the lower the quantization noise, as
shown in Figure 1.8.

There are four different basic types of ADC: flash, successive approximation
register, pipelined, and delta-sigma. These architectures each have different
properties in terms of their maximum resolution and sampling rate. Flash has
very fast sampling (>1 GHz) but relatively low resolution, pipelined and SAR
cover an intermediate range, and delta-sigma has very high resolution but lower
sampling rates.

After signal digitization, image reconstruction, and any image filtering (See
Section 1.7), the images are stored digitally but must also be made available for
the physician to view. The viewing station has a certain dynamic range in terms of
the number of graytone levels that it can display. Typically the image is displayed
at 8-bit resolution, i.e. with 256 different gray levels. Rather than compress the
full dynamic range of the digitized image to this resolution, which would lose
information, a “window” within the full dynamic range of the data is chosen,
and this window is expanded or compressed into the 256 graytone levels that are
displayed.

3-bit 4-bit 5-bit

Figure 1.8 A demonstration of the effects of the number of bits on the quantization
noise of a digitized signal. The dotted line represents the analog signal, the solid gray
line the digital output, and the solid black line the quantization noise. The vertical axis
represents amplitude and the horizontal axis time.
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1.7 Post-acquisition Image Filtering

After the raw data have been digitized and the images reconstructed, different
filters can be applied to improve the image SNR or spatial resolution, or to high-
light features such as edges/boundaries between tissues. Since these filters are
applied to stored digital data, the effects of different filters can be evaluated without
affecting the raw data.

The simplest method to improve SNR is to apply a low-pass filter to the
image. The term “low-pass” refers to the characteristics of the filter in the spatial
frequency domain, i.e. this type of filter amplifies the low spatial frequencies
in the image. As described in Section 1.2, low spatial frequencies are associated
with areas of relatively uniform signal intensity, whereas high spatial frequencies
represent the fine detail within tissue, sharp boundaries between tissues, and
also noise. A low-pass filter therefore improves the image SNR by attenuating
the contribution from noise, but it also degrades the spatial resolution. Such a
filter can be applied in the spatial domain via a convolution process, as shown
in Figure 1.9. Convolution involves placing the filter kernel, in this case a 3× 3
matrix, over the image pixels, multiplying each pixel by the corresponding
component of the kernel, and replacing the center pixel by the average of these
values. The kernel is then displaced by one pixel in the horizontal dimension,
and the process is repeated until the kernel has been applied to all the pixels in
this horizontal dimension. This process is repeated for the next row of pixels until
the whole image has been filtered. Figure 1.9 shows three different simple image
kernels for low-pass, high-pass, and edge-enhancing filters.

Figure 1.10 shows the effects of applying each of these three filters separately
on different MRI brain scans. In practice, more sophisticated filtering is often
performed, in which the filter has different characteristics for different areas of
the image based on the local image characteristics: for example a Wiener filter
provides an optimum trade-off between SNR and spatial resolution [9].

1 1   1

1 4   1

1 1   1

–1 –1 –1
–1

–1

–1

–1 –1 –1–1 –1

+9

+1  +1 +1

0 0 0

Low-pass High-pass Edge enhancing

Figure 1.9 Illustration of how image convolution is carried out in the spatial domain.
Three different 3× 3 filter kernels are shown.
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(a) (b) (c)

(d) (e) (f)

Figure 1.10 Illustrations of the effects of different post-acquisition filters. Transforming
from image (a) to image (d) shows the effects of an edge-enhancing filter applied to a
high-resolution, high SNR image. From image (b) to image (e) the effect of a low-pass
filter on a noisy image. From image (c) to image (f) a high-pass filter applied to an image
with low spatial resolution.

1.8 Assessing the Clinical Impact of Improvements
in System Performance

The ultimate aim of improving the technology for medical imaging is of course
to improve patient outcome. Fryback and Thornbury [10] have proposed six
hierarchical levels to characterize the path from technological improvements
to an increase in the clinical efficacy of diagnostic imaging: an adapted version
is shown in Figure 1.11. It is important to note that there is not necessarily a
straightforward correlation between technological development (level 1) and
patient outcome efficacy (level 5). For example, a technical innovation may make
a system much too expensive for widespread use: alternatively, the improvement
may be deemed too small to change local medical insurance policies. In other
words, traversing between different levels involves many more considerations
than just the technical aspects of medical imaging which are considered in
this book. Nevertheless, it is important to have a quantitative measure of, for
example, how level 1 improvements in technology relate to level 2 improvements
in diagnostic accuracy, sensitivity, and specificity, as covered in Section 1.8.1.
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Level 1: improvements in technology

speed, SNR, CNR, and spatial resolution

Level 2: improvements in diagnostic

accuracy, sensitivity, and specificity

Level 3: changes in diagnostic decisions

Level 4: changes in therapeutic decisions

Level 5: improvements in patient outcome

morbidity/mortality, quality of life

Level 6: improvements in cost/benefit

of societal healthcare 

Figure 1.11 Levels of evidence in evaluating the efficacy of diagnostic imaging.
Source: Adapted from Fryback and Thornbury [10].

1.8.1 The Receiver Operating Characteristic Curve

The quantitative effect of a technological improvement on clinical diagnosis can
be assessed using a receiver operating characteristic (ROC) curve. The concept of
the ROC curve is illustrated here with a simple example. Consider the situation in
which a patient is suspected of having a tumor. There are four possibilities for a
radiologist making the diagnosis based on a series of images: true positive (where
true refers to the correct diagnosis and positive to the tumor being present), true
negative, false positive, and false negative, as shown in Figure 1.12. Three mea-
sures are commonly used in ROC curve analysis:

Accuracy is the number of correct diagnoses divided by the total number
of diagnoses,

Sensitivity is the number of true positives divided by the sum of the true positives
and false negatives, and,

Specificity is the number of true negatives divided by the sum of the number of
true negatives and false positives.

The ROC curve plots the sensitivity (also known as the true positive rate) on
the vertical axis versus 1-specificity (also known as the false positive rate) on the
horizontal axis. The area under the ROC curve is a measure of the effectiveness
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Actual situation

Tumor present Tumor absent
Diagnosis

Tumor present

Tumor absent

False positiveTrue positive

False negative True negative

True positive rate = sensitivity

(a) (b)

False positive rate = (1-specificity)

0

0.5

1.0

0.5 1.0

x

x

x

x

x
x x

x
x

0

Figure 1.12 (a) A table showing the four possible outcomes of a tumor diagnosis. (b) An
ROC curve corresponding to this table. The better the diagnosis, the higher the integrated
area under the ROC curve. The dotted line shows the situation for a perfect diagnosis.

of the imaging system and/or the clinician’s interpretation of the images. A value
of 100% for accuracy, sensitivity, and specificity is represented by a point on the
ROC curve given by a true-positive fraction of 1, and a false-positive fraction
of 0, i.e. the dashed line in Figure 1.12. The closer the actual ROC curve lies to
this ideal line, the better. The integral under the ROC curve, therefore, gives a
quantitative measure of the quality of the diagnostic procedure. So, if the perfor-
mance (SNR, CNR, and spatial resolution) of an imaging system is improved, an
ROC curve analysis can be performed comparing the new versus the old system,
with the result being a quantitative measure of the improvement in clinical
quality.

1.A Appendix

1.A.1 Fourier Transforms

The Fourier transform is an integral part of image processing for many of
the modalities covered in this book. For example, in MRI (Chapter 5), the
signals are acquired in the spatial frequency domain, and the signals undergo
a multi-dimensional inverse Fourier transform to produce the image. In ultra-
sound imaging (Chapter 4), spectral Doppler plots are the result of Fourier
transformation of the time-domain demodulated Doppler signals. This short
appendix summarizes the basic mathematics and useful properties of the Fourier
transform.
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1.A.2 Fourier Transforms of Time Domain and Spatial
Frequency Domain Signals

The forward Fourier transform, S(f ), of a time domain signal, s(t), is given by:

S(f ) = ∫
∞

−∞
s(t)e−j2𝜋ftdt (1.A.1)

The inverse Fourier transform, s(t), of a frequency domain signal, S(f ), is
given by:

s(t) = 1
2𝜋 ∫

∞

−∞
S(f )e+j2𝜋ftdf (1.A.2)

The forward Fourier transform, S(k), of a spatial domain signal, s(x), is given by:

S(k) = ∫
∞

−∞
s(x)e−j2𝜋kxxdx (1.A.3)

The corresponding inverse Fourier transform, s(x), of a spatial frequency domain
signal, S(k), is given by:

s(x) = ∫
∞

−∞
S(k)e+j2𝜋kxxdk (1.A.4)

Some useful Fourier pairs are shown in Figure 1.A.1.

( )a te u t− 2 2 2

2a

a 4 fπ+

2axe −

2 2k
aea

ππ −

Comb

Rectangular

Gaussian

Exponential
Lorentzian

Gaussian

Comb

Π(x) sin(πk)
πk Sinc

(t−n∆t)δ∑
1

n = −∞
n = −∞

n
f

t t
δ

∞
∞ −

∆∆ ∑

Figure 1.A.1 Some Fourier transform pairs commonly used in imaging.
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Imaging signals are acquired in more than one dimension, and image recon-
struction then requires multi-dimensional Fourier transformation. For example:

S(kx, ky) = ∫
∞

−∞ ∫
∞

−∞
s(x, y)e−j2𝜋(kxx+kyy)dxdy (1.A.5)

s(x, y) = ∫
∞

−∞ ∫
∞

−∞
S(kx, ky)e+j2𝜋(kxx+kyy)dkxdky (1.A.6)

and similarly, in three dimensions. Highly efficient computational algorithms
make the Fourier transform one of the quickest mathematical transforms to
perform.

1.A.3 Useful Properties of the Fourier Transform

In order to understand many aspects of medical imaging, both in terms of the spa-
tial resolution inherent to the particular modality and also the effects of image
post-processing, a number of mathematical properties of the Fourier transform
are very useful. The most relevant examples are listed below

(a) Linearity: The Fourier transform of two additive functions is itself additive:

as1(t) + bs2(t) ⇔ aS1(f ) + bS2(f )

aS1(x) + bS2(x) ⇔ as1(kx) + bs2(kx) (1.A.7)

This theorem shows that if the acquired time-domain signal consists of, for
example, the sum of a number of different sinusoidal functions, each with a
different frequency and amplitude, then the relative amplitudes of each com-
ponent are maintained when the data are Fourier transformed, as shown in
Figure 1.A.2.

Time

Frequency

+

+

Time

FT
=

A3

A3

f3
f3

f2

f2
f1

f1

A2

A2

A1

A1

Figure 1.A.2 Illustration of the linearity of the Fourier transform. A time-domain signal
(middle) is composed of three different time-domain signals (left). The Fourier
transformed frequency spectrum (right) consists of signals from each of the three
different frequencies with the same amplitudes as in the time-domain data.
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(b) Convolution: The equivalent of multiplying two signals together in the time
domain is the convolution (*) of the two individual Fourier transformed
components in the spatial frequency domain, and vice versa:

s1(t)s2(t) ⇔ S1(f ) ∗ S2(f )

s1(kx)s2(kx) ⇔ S1(x) ∗ S2(x) (1.A.8)

The convolution of two functions p(x) and q(x) is defined as:

p(x) ∗ q(x) = ∫
∞

−∞
p(x − 𝜏)q(𝜏)d𝜏 (1.A.9)

(c) Scaling law: if either a time-domain or spatial-domain signal is scaled by a
factor b, then its Fourier transform is scaled by the inverse factor 1/b, i.e.:

s(bt) ⇔ 1|b|S
(

f
b

)

s(bx) ⇔ 1|b|S
(kx

b

)
(1.A.10)

One example already encountered in Section 1.3.3 is the correspondence of a
narrow PSF to a broad MTF, and vice versa.

Exercises

Section 1.2

1.1 For the one-dimensional objects O(x), and LSFs h(x) shown in Figure 1.13,
draw the resulting projections I(x). Write down whether each object
contains high spatial frequencies, low spatial frequencies, or both. Which
image best represents the object, and which is the most distorted?

*

O(x) h(x) I(x)

(a)

(b)

(c)

(d)

*

*

*

Figure 1.13 Exercise to show the effect of a fixed h(x) on four different objects O(x).
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Section 1.3

1.2 Show mathematically that the FWHM of a Gaussian function is given by:

FWHM =
(

2
√

2 ln 2
)
𝜎 ≅ 2.36𝜎

1.3 Plot the MTF on a single graph for each of the convolution filters shown
below (Figure 1.14).

1 1 1

1 4 1

1 1 1

1 1 1

1 12 1

1 1 1

1 1 1

1 1 1

1 1 1

Figure 1.14 Exercise to calculate the MTF associated with three different convolution
kernels.

Section 1.4

1.4 If the ROI chosen for an estimate of the SNR is four times bigger than the
ROI chosen to estimate the standard deviation of the background noise,
how does this affect the SNR measurement?

1.5 If the SNR is very low, then the formula given by equation (1.7) is no longer
valid. Explain why this is so, and suggest what corrections could be made
in this case.

Section 1.6

1.6 An analog signal of 526.35 mV is to be digitized using (i) a four-bit, (ii) a
six-bit, and (iii) an eight-bit ADC, each with a voltage range of 1 V. Calculate
the digitized signals for the three cases, and the percentage error compared
to the actual analog signal.

1.7 Explain the effects of a signal which has a magnitude higher than the upper
limit of an ADC. What does the time-domain signal look like, and what
effect does this have on the frequency-domain signal?

1.8 An ultrasound signal is digitized using a 16-bit ADC at a sampling rate of
3 MHz. If the image takes 20 ms to acquire, how much data (in Mbytes)
are there in each ultrasound image. If images are acquired for 20 s contin-
uously, what is the total data output of the scan?
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1.9 If a signal is digitized at a sampling rate of 20 kHz, at what frequency would
a signal at 22 kHz appear?

1.10 A signal is sampled every 1 ms for 20 ms, with the following actual values
of the analogue voltage at successive sampling times. Plot the values of the
voltage recorded by a 5 V, 2-bit ADC assuming that the noise level is much
lower than the signal and so can be neglected. On the same graph, plot the
quantization error.

Signal (volts) = −4.3,+1.2,−0.6,−0.9,+3.4,−2.7,+4.3,+0.1,−3.2,−4.6,

+ 1.8,+3.6,+2.4,−2.7,+0.5,−0.5,−3.7,+2.1,−4.1,−0.4

1.11 Using the same signal as in Exercise 1.10, plot the values of the voltage and
the quantization error recorded by a 5 V, 3-bit ADC.

Section 1.8

1.12 In a patient study for a new test for multiple sclerosis (MS), thirty-two of the
one hundred patients studied actually have MS. For the data given below,
complete the two-by-two matrices and construct an ROC. The number of
lesions detected in each patient corresponds to the threshold value for des-
ignating MS as the diagnosis.

2 0

No. lesions detected

8 1 16 3 22 6 25 15 30 35 32 60

50 40 30 20 10 5 2

1.13 Choose a medical condition and suggest a clinical test which would have:
(a) High sensitivity but low specificity,
(b) Low sensitivity but high specificity.

1.14 What does an ROC curve that lies below the random line, i.e. a line at 45∘
in Figure 1.12(b), suggest? Could this be diagnostically useful?
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