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Basics

In 1900, Planck found that he could explain the spectrum of blackbody radiation by introduc-
ing a new physical constant with the dimensions of angular momentum. The Planck constant
is the basis of quantum mechanics, determining when classical concepts no longer apply,
specifying the inevitable uncertainties introduced by measurement, and fixing the size of
atoms. The gradual development of wave mechanics led by Niels Bohr over the next twenty
years was superseded by the extraordinarily rapid progress that followed de Broglie’s proposal
that particles were also waves. By 1927, the canon was largely in place and was codified by
Dirac’s magisterial text in 1930. Suddenly there was a comprehensive theory of atoms and
molecules and their electromagnetic interactions: our material world.

We review some of the essential aspects of quantum mechanics, the wave function and
Born’s interpretation of its absolute square as a probability density. The Schrodinger equation
prescribes the non-relativistic behavior of the wave function in space and time in terms of a
Hamiltonian, which combines the kinetic and potential energies. A free particle already evi-
dences the effects of quantum mechanics by gradually spreading from any initially confined
configuration. The behavior of a particle in the field of a constant conservative force is closely
related to what would be expected classically, with motion that is bounded or unbounded
depending on the potential and the particle’s energy. The Schrodinger equation brought with
it the power of the well-developed mathematics of differential equations. A recurrent con-
cept is that of an eigenvalue, a value of a parameter that allows the solution of a differential
equation subject to boundary conditions. The Rayleigh-Ritz method provides a means of
determining a good approximation to the smallest eigenvalue, generally the lowest energy,
by varying parameters in a trial function.

1.1 Wave Mechanics of de Broglie and Schrodinger

Louis duc de Broglie, in his 1924 Ph.D. thesis, proposed that material particles of mass m,
momentum p and energy E = 4/ p2c? + m2c* have associated with them a wave vector and
angular frequency through the Planck constant 7 = h /27

k=p/h; w=E/h. 1.1)
This leads us to associate with a particle of momentum p and energy E a wave amplitude
e i2X_;E
Pp(x, 1) = elkxiot = o'y T, (1.2)
John David Jackson: A Course in Quantum Mechanics, First Edition. Robert N. Cahn.

© 2024 John Wiley & Sons, Inc. Published 2024 by John Wiley & Sons, Inc.
Companion website: www.wiley.com/go/Jackson/QuantumMechanics



2

1 Basics

de Broglie’s insight led to the rapid development of quantum mechanics by Werner Heisen-
berg, Erwin Schrddinger, Paul Dirac, Max Born, and others. We review here the elements
of quantum mechanics from the wave perspective. Quantum mechanics, like any physical
theory, cannot be derived as if it were a mathematical theorem. Its validity can be judged
only by its ability to predict correctly what is observed. Later, we will show how a quantum
mechanical prescription can be derived from some reasonable assumptions. But such deriva-
tions are not proofs, but rather logical arguments in favor of a theory that must face the test
of experiment.

The idea of localized particles (“at x, with momentum p”) plus experience with superposi-
tion of waves, lead to consideration of a general wave amplitude

P(x,t) = f dpA(p)es ! (1.3)

in association with a free particle of mass m. For a one-dimensional case, as we show more
completely below, if A(p) is narrowly confined about p = 0 with a spread Ap, ¥(x) will
describe a particle with a spread Ax =~ i/Ap. We shall return to the uncertainty principle
later.

With classical ideas (sound intensity, Poynting vector, etc.) to guide us, we are led fairly
directly to Born’s probability interpretation of |1)|?, i.e. the probability of finding a particle “at
X" at time ¢ in a volume d>x is proportional to [p(x, £)|>d>x . Thus we speak of |(x,t)|? as
the probability density at (X, t).

1.2 Klein-Gordon Equation

With Einstein’s relation E = 4/ p2c? + m2c* we see that

9 [ 2] e w P2 m2ct| e w

= [@paw|-Z e l“t=fd3p“‘“’)[‘7— G
But we can write

[ p?| e,

v2¢=fd3pA(p) “mler (1.5
Thus, independent of A(p)

1 0% 5 me\’

a5 == () v o

This is the Klein-Gordon equation, a relativistic wave equation for free spinless particles,
e.g. 7 mesons. We note that this equation allows solutions with —E in place of E.

1.3 Non-Relativistic Approximation
If (x, t) describes a state of motion of a particle, so also does e*1(x, ), where « is indepen-

dent of the motion of the particle. For example, we could take « = (10 eV/A)t or o = 7 /4.
This is permissible because only |¢|? is relevant as a probability density.



1.4 Free-Particle Probability Current

Consider the non-relativistic limit

2
E(p) =\ p2c2 + m2c* ~ mc? + zp—m = mc® + Exg (1.7)
so that
E_E _.m_c2 .p;x_.EN_R
Ppx, ) =en almeweth (1.8)

Thus, by superposition, in the non-relativistic limit

LE
j=NR ¢

b =e f BpA@p)e (1.9)

Because the choice of phase is at our disposal, we define the non-relativistic wave amplitude

Par(X, 1) = MU Y(x, 1), (1.10)

Now dropping the subscript NR, we have

¢(X,t)=fd3pA(p)ei%x—i%t (1.11)
so that
altb _ 3 ip2 2X_ENR
i d*p A(p) 5 en n (1.12)
and as before
21 px .E
V2 = /d3pA(p) [—%]el%_l%[. (1.13)

Thus we obtain the general equation describing non-relativistic motion of free particles, the
Schrodinger equation,

o

ih_ T — 2
ihsr = —5— V). (1.14)

1.4 Free-Particle Probability Current

If |3|? is a density, there should be a probability current and a continuity equation to connect
them because probability is conserved.

f |(x, t)|2d®x = constant in time. (1.15)
Consider
0 1o 9P 0P*
P =9 5+ (1.16)
and use the Schrodinger equation to get
i 2 — _i #\72,0 2,0, %
5107 = =5 [0V - pviy]
n .
=—5—=V [PV —yVy*]. (1.17)

2mi
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So if we write

T= (Ve — gV, (1.18)

2mi
we have a continuity equation,

dlpl

.J=0. 1.1
at+VJ0 (1.19)

Note that J is arbitrary to the extent of adding a curl of some vector function, since the
divergence of a curl is always zero. This is analogous to the arbitrariness of the Poynting
vector in electromagnetism.

To find J for our general free-particle ¥ (x, t), consider

i .px . E(p)
Vi = /d3pA(p)<%>elFT_lTpt. (1.20)

Combining this with its complex conjugate, we find
@-p)

0= 5 f @*p f @y A BIAP)[p+pe e EENN, (1.21)

The presence of the factor (p + p’)/(2m) shows that each component wave of definite
momentum contributes a factor of v = p/m to the flux, as expected. Note that there is a
correspondence

Vi o i%A(p). (1.22)

The identification by de Broglie of the momentum p with 7k, where k occurs in a plane wave
as e’** leads through the Fourier transform with the identification of p with E_V.
13

1.5 Expectation Values

If ||? is the probability density in space, then it is natural to define averages of coordinates
and functions of coordinates for the particular state of motion as integrals over all space,
weighted with |i|2. Suppose F(x, t) is a reasonable real function of x and t and assume F 1|2
has a finite integral over all space. Then the average of (or expectation value of) F is

(F)= /d3xF(X,t)|¢(X, D% (1.23)

In general, (F) is a function of time through both the explicit time dependence of F and
the time dependence of ||2. For example,

x) = /d3xxlzp(x, HI?. (1.24)
This all seems plausible, even obvious and necessary. If |1(x, t)|? is big somewhere, the (x)

will reflect that. If the place where ||? is big moves in time, then (x) will move in time. This
leads to the question: what is the expression for (p)?



1.5 Expectation Values

We look at this in two ways: what is m(x) and what is (p) in terms of | A(p)|*? First, using
the continuity equation, Eq. (1.19)

d - 3099 112
mdt(x)—mfd xxatll,b|

= —mfd3xx(V ) = mfd3xJ(x, t). (1.25)

The last step follows from integration by parts if the current J is confined to some finite
portion of space:

fd3x xinJk = - f d3xJkaxi = fd3xlk5ik = /dSXJi. (126)
The use of integration by parts is ubiquitous. This is inevitable because, when confronted

with a formal integral expression, there is no way to proceed other than integration by parts.
Returning to the calculation at hand,

d — 3
mo x)y=m / d°xJ
h 3 * *
=5 d’x [P*Vi —pVy*]. 1.27)

Once again invoking integration by parts,

fd3x¢V¢* =—/d3x¢*V¢. (1.28)
We conclude that

m% (x) = fd3x (z,b*?Vz/)) (1.29)

On the other hand, if we think of |A(p)|? as the probability density in momentum space,
then we would define

(p) = f d*pplA(p)I*(27)°, (1.30)
where our normalization has been
f d*p |A(p)I*27)* = 1. (1.31)
To check whether this is all consistent, we evaluate
m [@x3=3 [@p [@p 4w +p)enrae-p)
- [@perriamr (132
This confirms our picture that

@ = [ exuiy (139

5
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and allows us to identify

p= ?V. (1.34)

Using this identification, we can find the expectation value of a function of p as

© = [@xpedop. (1.39)

To give this unambiguous meaning, G(p) must be well-behaved, e.g. developable in a power
series in p.

1.6 Particle in a Static, Conservative Force Field

So far we have just considered the de Broglie relation and Born’s probability interpretation of
|9 |? for free particles. Suppose a particle is moving in a potential V(x). What equation governs
the motion? Motivated by classical treatments of the index of refraction, Fermat’s principle,
etc. we modify our equations for a free particle:

LY m_, P
lha = _%V 1,0 = ﬁ@b, (136)

where we used our identification Poperator = (h/i)V, with the substitution

p? p’
S = 5 V. (1.37)

In this way, we arrive at the time-dependent Schodinger equation

. (1.38)

This familiar equation will occupy us for some time. We note that the picture developed for
the free particle requires no significant modification. The probability interpretation of Born
is unaffected. The argument for the conservation of probability and the construction of the
current survive as long as the potential V is real. The expression of expectation values and
the representation of momentum as an operator are unchanged.

1.7 Ehrenfest Theorem

Consider the motion of a particle of mass m described by ¥(x, t), with ¥ satisfying

L 0Y R
lhE = —%szp + V(X (1.39)



1.7 Ehrenfest Theorem |7

We want to see to what extent we can make a connection between the Schrodinger equation
and Newton’s Laws, so let’s calculate

%@=%f x (v 3vy)
W n

=f [ vy +yed V‘b)]

A

2
= f dx {f—m [¥7 V2V = (V4)VY] + (VRIV " — 9V (V)L.

AV vy + LV - PV-I vy vy

(1.40)

Integration by parts, assuming the wave function vanishes fast enough at infinity, enables us
to resolve this. Terms with any combination of ¢* and  like

[ d*x V@, 9) (141)

are zero as long as ¢ vanishes fast enough at infinity. This is just the divergence theorem as
is apparent if we introduce a constant vector A

[exv-arw = [ds-arwp=o (142)
where the surface elements dS are at infinity. Thus
fd3x P*VIVY = — f Bx [Vy*][VH] = /d3x [VZ2*][V]. (1.43)

Thus, the term in square brackets in Eq. (1.40) vanishes with integration by parts. The last
two pieces combine with an integration by parts to leave us with

Gw == [ @xpvm =) (1.44)

which looks a bit like Newton’s equation of motion. A more direct connection would have
—VV((x))in place of — (VV(x)). If V(x) changes slowly enough in x and §(x, ) is reasonably
localized, then we can show the correspondence with mX j,ical = Felassical-

Consider the force at x evaluated by expanding about (x).

F(x) = F((x)) + (x — (x))- VF((x))

1 3%F
+5 %:(xi — )0 = {(x;)) Sxax, (1.45)
Then
1 9’F
(F®)) = F(x)) + 5 D {AxAx)) —— 3%, -+ (1.46)

ij
So if F doesn’t vary too much over the spread of the wave amplitude, our correspondence
holds.



8

1 Basics
1.8 Schrodinger Equation in Momentum Space

We can define a momentum-space wave amplitude by

)= ———— | d*xp(x, t)e"P/h, 1.47
4.0 = o [ @xucen (147)
What equation does ¢ satisfy? We compute
o) oY _.
TR . / dix ih Y e
ot (2mh)3/2 ot
— 1 3 n 2 —ip-x/h
= pp fd X [ sz p+Vyle
— p_2 1 3 —ip-x/h
= 2m¢ + —(27rh)3/2 fd x Vipe , (1.48)

where we integrated by parts to get the first term. Now suppose that V' could be written in a
series expansion

V= Vixi + Vijxin + ..., (149)

where summation over repeated indices is assumed. Then

0 . 0\ ([, 0

We see, then, that in momentum space the operators are p,, = p,X,, = ihV}. So we can
write the momentum-space Schrodinger equation as

Ve px/h = e ipx/h, (1.50)

99 p?
lFlE = %QS + V(Xqp)9- (1.51)

1.9 Spread in Time of a Free-Particle Wave Packet

If we represent a particle by a wave packet, quantum mechanics, as represented by the
Schrodinger equation, results in the spreading of that wave packet. If, in particular, we start
with a normalized Gaussian wave packet,

e—x2/4A§
so that
d> ho\
2 — A2. 2 _ 2 —
(x >t=0 = Ay; <P >t=0 = <—h E>t=0 = (ZAX) ) (1.53)
we find (see Problem 1.6) that at time ¢
® h2t2 (P?),_
f_ dx Pp(x, ) x2P(x, 1) = A2 + ymervie A2 + tzm—z”’. (1.54)

More generally, without assuming a Gaussian wave packet, for a given (Ax),, there is an
uncertainty in the corresponding momentum (Ap), ~ %/(Ax),. This means that (Av), ~



1.10 The Nature of Solutions to the Schrodinger Equation

% = @b There will be built up in time ¢ a smearing in x of an amount ¢(Av),. Thus, the
m(Ax)y m

new spreading in the packet is (Ax),ew = [t(Ap)o]/m ~ At /[m(Ax),]. If the original and new
Ax’s are combined quadratically (appropriate for uncorrelated effects), we get essentially the
above result.

1.10 The Nature of Solutions to the Schrodinger Equation

A free particle can have any momentum and its corresponding energy. If the particle is oth-
erwise free, but confined to a rectangular box by infinitely high potential walls, we constrain
the function to vanish at the walls. The result is that only certain momenta are allowed. There
are states of arbitrarily high energy, but the states can be counted one-by-one, from the low-
est energy on up. The spectrum of states is discrete, whereas, for the completely free particle,
any positive energy is possible and the spectrum of states is continuous. A simple inference
can be drawn by considering classical analogs. If the motion is bounded, as for the particle
in the box, the spectrum of states is discrete. If the motion is unbounded, the spectrum is
continuous.

Figure 1.1 Connection between the classical motion of a particle in different potentials and its
corresponding eigenvalue spectra. (a) Classical motion bounded in space, denumerable discrete
energy eigenvalues with £y > E,,. (b) For E,, < E < E,, classical motion bounded in space, so
denumerable discrete eigenenergies. For £ > £, unbounded classical motion, continuum E; for

E; > E.. (c) Classical motion is bounded between x, and x,, but same E has “orbits” that are
unbounded. The energy spectrum is continuous. Figures adapted from Gottfried, Quantum Mechanics:
Fundamentals, p. 50.

9
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These simple observations can be extended to consider more complex potentials. This is
illustrated in Figure 1.1.

1.11 A Bound-State Problem: Linear Potential

We consider a quite general Schrodinger equation defined by a Hamiltonian operator

p’ "o,

and its associated differential equation

Hpp(x) = EYp(x). (1.56)

A solution 1 that is physically reasonable in the sense described below determines an eigen-
value, E. For any eigenstate iy, the expectation value of any operator not containing time
dependence explicitly is independent of time. We therefore speak of a stationary state. There
is no dispersion in energy since (H") = E™.

How should the problem of solving the time-independent Schrédinger equation be posed?
We want ¥y to be “reasonable.” One criterion might be [ |g|?d*x < oo because 9y is a
probability density. This is often true, but it is too restrictive. For example, e?*/" is allowed
in some circumstances. However, ¢p « ™ (a > 0,x — o0) is not allowed because it says the
particle is mostly at infinity.

Some experience can be found in determining numerically solutions to the Schrédinger
equation for a linear potential: V' = V,|x|/a for x > 0. This is a potential we shall encounter
again.

n? d*yp x

With the substitutions

1/3 1/3
_ [2ma’V, X 1o 2ma?v, E (158)
V= h2 a’ h h2 Vo :
we have the dimensionless form
d*yp
_— = = -1. 1.59
0 P b (1.59)

There are two classes of solutions: ones that are even under x - —x (y — —y) and ones
that are odd under this symmetry. The ones that are odd must have 1(0) = 0. To solve the
differential equation numerically, one must in this case take some value for 1’(0) and then
integrate in steps of Ax. If the solution is even, then 1/ (0) = 0. In either case, there is just one
parameter to set at the origin and this is equivalent to setting the scale for ¢. Thus, the only
open issue is the value of A: For what values of 1 do we get physically acceptable solutions?
In particular, the solution must vanish in the limit x — oo.



1.12 Sturm-Liouville Eigenvalue Problem

Figure 1.2 Numerical integration of the
linear potential, Eqg. (1.59), shows that the

first eigenvalue lies between 2.338 and 2.0 7
2.339 if the function is odd in x. The
equation can also be solved analytically 151

in terms of the Airy function Ai(x), which
will be encountered in a later chapter.

0:6 : : :
2 4 6 8
051 A =2.339

It is convenient to think of the second-order equation as a pair of first-order equations.

Without loss of generality, one can take a = 1, which is to say that x is measured in
units of a.
dy
T &x
dv
—_—= — ). 1.60
=y (1.60)

Whatever the assumed value of 4, upon starting the integration at x = 0, at some point the
integration reaches the value x = A, where the motion is forbidden classically. In general,
beyond this point the solution will be the sum of two pieces, one of which dies exponentially
in x and the other of which grows exponentially in x. This latter is unacceptable physically.
Only for certain values of A will the solution be purely exponentially dying. These values are
the eigenvalues. By varying A and seeing whether the solution diverges to +co or to —co, one
can narrow down the range for 4 until a good approximation for the eigenvalue is obtained.
See Figure 1.2.

1.12 Sturm-Liouville Eigenvalue Problem

The time-independent Schrédinger equation is ubiquitous. It is therefore worthwhile to
consider more generally the properties of the class of differential equations that arise
from it.
Sturm-Liouville theory considers the ordinary differential equation in one dimension for
y():
d

d
= (r2) + gty + Ay =0 (161

for a < x < bwith f real and positive on this interval and 1 a parameter. We impose boundary
conditionsdy/dx = ay aty = aand dy/dx = Sy aty = b, with a, 8 independent of 1. These

11
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Figure 1.3 Examples showing the homogeneous boundary conditions at a and b: at a,
dy/dx = ay(a) and at b, dy/dx = By(b). The chosen values have a > 0,8 < 0 and a = 2|8|. With
each increasing eigenvalue, the number of nodes of the eigenfunction increases by one.

are homogeneous boundary conditions in that if y(x) is a solution, so is any constant times
¥(x) (See Figure 1.3.). The Schrédinger equations we will encounter will often have f(x) =1
and a = 8 = 0 as special examples of the more general theory.

One can prove the following (see, e.g. Margenau and Murphy, The Mathematics of Physics
and Chemistry, Vol.1, 2" edition, pp- 270 ff., Morse and Feshbach, Methods of Theoretical
Physics, pp. 736-739 or pp. 720-24, Courant and Hilbert, Methods of Mathematical Physics,
Chap. V):

If f(x) and h(x) are positive on the interval, solutions y;(x) exist only for a countably infi-
nite discrete set of eigenvalues A; with a smallest non-negative member ,. The eigenvalues
have no upper bound as j — oo. The solutions are called eigenfunctions with eigenvalues
A;. EBigenfunctions with increasing energy have an increasing number of nodes. We shall see
this is a recurring feature of relevant solutions to the Schrédinger equation.

Moreover, if we order the solutions by 4;,; > 4, then the number of nodes (zeros) of f; in
the interval (a, b) is j. Writing the equation twice and multiplying by y;" and y; we find

il (50 ™) 4 1e00 4 A RGO = 0
AR T JO)7 - | 1800 + 4Oy v =

b d dy; . .
[ dx gy,-a(ﬂx)a)ﬂg(x)mi heOly; y,-} —o. (1.62)

Now subtracting

b .d dy; d dy; . .
fa dx {yi a(f(x)d—x’)—y,a(f(x)a)mj—ﬂi )y, yj} 0. (1L63)

Integration by parts gives

b ¢
. d dy; d dy;
fa dx gyi ax (f(x)a) —yja (f(x)a)z

. b
dyi LW
dx I dx

= f(x) [J’j

a

b
=-; - Ai*)f dx h(x)y;y;-. (1.64)



1.13 Linear Operators on Functions

The vanishing of the term at the end points is a consequence of the boundary conditions
dy/dx=ayaty=aanddy/dx =y at y =b, It follows that the eigenfunctions for different
eigenvalues are orthogonal on the interval (a, b) with the weight h(x). If instead i = j, we
see that Im 4; = 0, that s, the eigenvalues are real. It can be proved that the eigenfunctions in
fact are complete: any “reasonable” function satisfying the same boundary conditions can be
expanded as a linear combination of the eigenfunctions. For a proof, see, for example, Morse
and Feshbach, Methods of Theoretical Physics, pp. 738-9.

1.13 Linear Operators on Functions

The Sturm-Liouville problem is an example of a more general eigenvalue problem with linear
operators, i.e. an operator K on functions f, g, ... such that for constants a and 3

K(af(x) + Bg(x)) = aK(f(x)) + BK(g(x)). (1.65)
Examples:
d*f
K(fG) =5f0; K(fG)) = = +7f(x). (1.66)

Another particular example is the integral operator

b
K(f(x) = / dx’ k(x, x") f(x). (1.67)

Suppose we define a scalar product of two functions by

b
(o= [ dxg @i = (L68)
a
Given a linear operator K, we define its adjoint by
(K'g, f) = (&.Kf). (1.69)
In the case of our integral operator we see that we need to take
kT (x, x") = k(x', x)*. (1.70)

This is analogous to the usual meaning of adjoint for matrices: Ajj = A]*.l.. An operator is
self-adjoint or Hermitian if K* = K. In this case

(f. Kf)=&K'f, /)= K[, f)=(f.Kf), (1.71)

that is, the expectation value (K) of a Hermitian operator K is real. Conversely, if we want
an operator to represent a physical quantity, it must be Hermitian. For an anti-Hermitian
operator we have K T = —K.If K is Hermitian, then iK is anti-Hermitian.

13
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1.14 Eigenvalue Problem for a Hermitian Operator

We suppose K is a Hermitian operator on functions on an interval (a, b) with some boundary
conditions. If we indicate a function by &, then the eigenvalue problem is

We know the 4; are real because
( '9K )
- €, KEp (1.73)
(€;,8)

and both the numerator and denominator are real. If K is Hermitian then

(&,K&E) = 2,(6,8) = (KT¢;,8) = (K&, &) = A;‘(fj, &) (1.74)
Since the eigenvalues are real

(A —4)(;,&) = 0. (1.75)

Thus if the eigenvalues are different, then the eigenfunctions are orthogonal. In general, it
is possible that there are linearly independent eigenfunctions with the same eigenvalue, in
which case orthogonality doesn’t follow. This won’t happen in the specific instance at hand,
a one-dimensional differential equation with boundary conditions.

We now show how this formalism can incorporate the Sturm-Liouville problem. We take

K = % <f(x)%) +g(x)+ 4 (1.76)

and ask under what conditions K is Hermitian.

’ d
(n,K§)=/ n*[j—x(f(x)é)w(x)ﬂlé’ dx
b b "
d dn* d
(o) [ [ e . am)

We want the first term to vanish and the second term to be equal to (K7, £). The latter is
achievedif f, g, A are all real. For the former, it suffices for f = 0ata and b, or alternatively, for

dn* d
(i 7 ) _ (L) (1.78)
n*dx /gy &dx b
These are precisely the conditions we postulated in the treatment above of the Sturm-
Liouville problem.

1.15 Variational Methods for Energy Eigenvalues

A powerful method of generating approximate energies of quantum mechanical systems is
the so-called variational technique - Rayleigh-Ritz method is another term. Rayleigh used it
in acoustics. We phrase it terms of the Schrodinger equation and energy eigenvalues, but it
has very general applicability.



1.15 Variational Methods for Energy Eigenvalues

Consider a well-posed energy eigenvalue problem:

HY, =E ¥, (1.79)

with a spectrum of eigenvalues E,, = E,, E; > E,, E, > E, ..., with corresponding eigenfunc-
tions ¥y, 1, s, ..., but suppose we do not know the eigenvalues or eigenfunctions. Suppose
that we are somehow given a function ¢ that is not too far from the correct wave function ;.
We can form the quantity

_ Jdxy*Hy
Sdxyep
where x might be one-dimensional or three-dimensional and % is some trial function,

obeying the boundary conditions. What can we say about [E] as an estimate of E,? Two
things:

[E] (1.80)

() [E]= Eq
(i) If ¢ differs from the true solution by a small amount, characterized by €, so ¢ = 1 + €¢
then [E] — E, = O(e?).

This means that [E] is stationary with respect to small variations away from the true
eigenfunction, 9.
To prove this, expand ¥ in the basis of true eigenfunctions

¥ =20 (1.81)
where we assume orthonormality of the eigenfunctions

f 4x Yy = O (1.82)
and that ¢ is normalized:

Dla,?=1. (1.83)

n
Then immediately

[E] =Y 1a,?E, = D la,*Ey + . |an|(E, — E,) (1.84)

= By + 2, |a,*(E, — Eo) 2 By (1.85)
n

Now consider a trial wave function that is near the true one

Y =1 +ep (1.86)

where ¥, and ¢ are normalized: [ dx|¢o|> = 1; S dx|¢|> = 1. It suffices to consider only a ¢
that is orthogonal to 1, since any part of ¢ that is not can be absorbed into ¥, after which we
can renormalize so that the coefficient of 1, is unity. Now expand the expression for [E], but
impose the normalization by dividing by f dx |p|>.

15
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SdxsHy +¢* [dx¢*Hipy + ¢ fdxpiHP + [e]|* fdx ¢*He
S dx g +e* [dx ripy + € [dxpsd + |e|? [ dx p*¢
_ Eo [ dx o+ Eoe” [ dx "o + Eoe [ dx ;¢ + |el? [ dx ¢p*H¢
S Ax gy + €* [dx ¢*o + € [ dxPié + [e]? [ dx $*¢

[E] = E, + 6E =

(1.87)
Then to order €2 we have
Ey,+ 8E ~ (Eo + |€|2f dx ¢>*H¢)<1 - |€|2), (1.88)
so that
SE = |e|2(/dx ¢*Hep —Eofdx ¢*¢> >0, (1.89)

where the inequality follows from the observation that if it were not true then ¢ would have
lower energy than the ground state. If we can make a good guess at ¢, with 1, then we will
get a good estimate of E,,. This approach is systematized in the Rayleigh-Ritz method.

1.16 Rayleigh-Ritz Method

We construct a “trial” eigenfunction ¥(;, x), with a; a set of n variational parameters. Then
we form the functional
dox * (o, )HP(at;, x)
[E(a)] = / — l (1.90)
S dx (e, x)P(a;, x)
of the parameters «;. We know that [E(;)] > E,, with equality only for ¥(a;, x) = 1hy(x). We
therefore vary the parameters to find a minimum, where we must have

BB _

O

j=1,2,..n (1.91)

The solution to these simultaneous equations yields the optimal value for E,, possible within
the limitations of the form of our trial function.

As a very simple example, let us seek the energy of the ground state in a one-dimensional
box, 0 < x <1 and take ¥(x) = [x(1 — x)]*. Then

CSAxY Y g ey

El = = . 1.92

7] Saxyrp o 2m gy g 192
Since

P = ax®1(1 - x)* 11 —2x) (1.93)
we find

2—m[E] _ a? fol dx x?%72(1 — x)?*2(1 — 4x + 4x2). (Lo8)

h fol dx x2%(1 — x)>«
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With the standard integral

1

m—1¢1 _ yv\n—1 = _ F(m)r(n)
/O_ dxx" (1 —-x)""! =p@m,n) = Tn¥m

i

where the gamma function

I(z) = / de 7= le~t
0

has the properties
zI'(z) =T(z + 1); I'(n) = (n —1)! for n a positive integer

we find

2m _ Qa)4a +1)
=

The requirement 0E /0 = 0 gives
1 1 3
2 —_ —_—_= N = — —_ =
a‘—a 3 0; a 2(1 + \/;) 1.11237

2;’n[E]min
h2

and

= 9.89898 ...,

(1.95)

(1.96)

(1.97)

(1.98)

(1.99)

(1.100)

while the exact result is 772 = 9.86960 ..., a 0.3% error. The moral is that even simple choices
for the trial wave function can give remarkably good results for the ground state energy.
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Problems

11

1.2

1.3

14

1.5%

A one-dimensional wave amplitude 1 (x, t) is given by

D(x,0) = — f dp $(p)eip*/ (1.101)
27th Y-
with
2 0(3/2
$(p) =1/ TR —pyr (1.102)

(a) Find 3(x,0) and sketch ¢(p) and Re p(x, 0). What is the significance of « and 1/a?

(b) Find (p),(p?), (x), and (x?).

(c) Show from the results of (b) that the r.m.s. deviations Ax and Ap satisfy AxAp >
h/2, independent of a.

A particle is in the ground state of a one-dimensional box of length L. with wave
amplitude given by

W(x,t) = y/2/Lsin(x /L)e~i7"ht/@mL?), (1.103)

At t = 0 the walls are suddenly dissolved and the particle subsequently moves freely.
What is the probability that, after ¢ = 0, the particle’s momentum is between p and
p + dp? Sketch fairly accurately |¢(p)|? versus p.

An anti-proton can be bound to a proton by electromagnetic interaction to form
a hydrogenic atomic system. At short distances (r < 107!3 cm) the interaction is
augmented by strong forces, including annihilation.

(a) Neglecting annihilation and other strong-interaction effects, scale the pp system
appropriately from the e”p atom and compute the Bohr radius, and the spacing
between the 1s and 2p levels, in keV.

(b) From the known 2p — 1s transition probability in hydrogen (I'Cp — 1s) =
6.2 X 10% sec™!) and the scaling properties of the Larmor (electric dipole) radiation
formula, find the corresponding transition probability for the pp atom.

A particle with mass m and charge e interacts with a real potential V(x) and also
an external electromagnetic field described by the real potentials A and ®. The
Schrodinger equation is

o]
1

e
5 = 3 Pop ~ JAVY + VY + Y (1.104)

Show that the normal expression for the probability current J is augmented by the term
e £
AT = ——yrAp. (1.105)

Interpret.

(a) Show that a free-particle wave amplitude 1(x, t) evolves in time from the amplitude
P(x’,t") according to



1.6

1.7

1.8

Problems
P(x, 1) = /d3x’ P, K —-x,t —t"), (1.106)
where the kernel (propagation function) is given by the Fourier integral

1 pr pT
K1) = Gn /d3p exp (lT - 12mh>' (1.107)

(b) As a preliminary to evaluating this integral, prove that

lim dte e~ = \[ze=in/* = \ [ 7 /i. (1.108)

e—>0/

(c) Show that

3/2 2
m mr

Suppose that at ¢ = 0, a one-dimensional wave amplitude is

P(x,0) = Ae™"/4Ax); (1.110)

Using the one-dimensional analog of the solution to Problem 1.5, show that the
amplitude at a later time ¢ has the form

x? int
X,t) xexp|— 1-— . 1.111
Y1) o exp 4(Ax)§( 2m(Ax)g> (1.111)
where
5 5 h2t2
Ax): = (Ax): + — 1.112
(@] = @0+ o (1112)

is the r.m.s. spread in [¢(x, t)|2.

(a) By explicit construction with the Schrédinger equation, show that for any wave
amplitude ¥ (x, t)
d 1
7 (X7 = oo (xp + pax), (1.113)
where p, = (h/i)d/0x.
(b) Similarly, show that
d p?
E(r-p)=2<ﬁ>—(r-VV). (1.114)
This is the basis for the quantum mechanical virial theorem (for energy eigenstates
only).

The power of the variational method can be illustrated by estimating the ground state
energies of the hydrogen atom and the isotropic harmonic oscillator, using trial wave
functions that are appropriate to the corresponding potential. For the ground state, the

19
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angular momentum is zero and the wave function depends only on r. We can write the
Schrédinger equation as

n 1 d?
It is conventional to introduce a radial wave function u = ri so that the equation is
n? d*u
_rau .y =E 1.11
mare T (ru=Eu (1.116)

and u(r) must vanish at r = 0.
Use a variational principle for the radial wave-function u(r) in an s-wave state.
(a) For the hydrogen atom, take a trial wave function of the form

u(r) = re™"/%, (1.117)

where b is the parameter to be varied. Find the best value of b/a, and the
corresponding binding energy. How accurate is the estimate?
(b) For the three-dimensional isotropic oscillator, take a trial wave function

u(r) = re /24, (1.118)

where d is the variational parameter. Find the optimal value of d and the corre-
sponding energy. How accurate is the estimate?

A hydrogen atom is confined in a spherical box of radius Ra,, with the proton at the
center. In atomic units, the radial equation for s-states is

=== - = =Euy, (1.119)

where x = r/a, and u(0) = u(R) = 0. Make a variational estimate of the ground state
energy as a function of R using the trial wave function

u(x) = x(1 — x/R)?, (1.120)

where b is a variational parameter. Find the value of R when the atom has zero binding
energy. Find the values of E for R > 1 and R < 1, and compare with known results.
For positive binding energies, plot the energy as a function of R.

Hint: the variational energy takes the form, E = R=2f(b) — R~'g(b). The stationary
point is specified by a relation of the form R = h(b). Rather than solving for b, choose
a series of values of b, determine each corresponding R and E(R(b), b).
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