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Eigenvalue Theory

Science is spectral analysis. Art is light synthesis.
– Karl Kraus (Austrian writer and journalist, 1874–1936)

The study of eigenvalue problems can be traced back to the eighteenth century,
when Swiss mathematician and physicist Leonhard Euler (1707–1783) investi-
gated the rotational motion of a rigid body. The word “eigen” is from German
and means “own” or “belonging to,” and was first used by Germanmathematician
David Hilbert (1862–1943) to characterize eigenvalues and eigenvectors in 1904.
Eigenvalue problems often arise in mathematics, physics, and engineering
sciences. In linear algebra, an eigenvector of a linear transformation is a nonzero
vector that changes by a scalar factor when the linear transformation acts on it.
The scalar factor is called the eigenvalue corresponding to the eigenvector. Geo-
metrically, this implies that the eigenvector is not rotated after transformation.
The eigenvalue problem for a differential operator often results from the boundary
value problems defined in a finite region. When the defining region is unbounded,
the discrete eigenvalues become a continuum. A very useful technique for study-
ing the eigenvalue problem is to establish the Rayleigh quotient for the eigenvalues
and then use the calculus of variations to investigate the properties of eigenmodes.
In physics, an eigenmode of a system is a possible state when the system is free of
excitation, which might exist in the system on its own under certain conditions,
and is also called an eigenstate of the system. The method of eigenfunctions
is very similar to the Fourier series expansion in signal analysis, and will be used
throughout this book. The method is based on the solution of an eigenvalue prob-
lem available from the system. An arbitrary state of the system can be expressed as
a linear combination of the eigenmodes, and the expansion coefficients can then
be determined from the source conditions or the initial values of the system. If only
one or a few eigenmodes dominate in the linear combination, this will significantly
simplify the analysis of the problem.

1

c01 3d 1 27/2/2023 5:32:17 PM

Foundations of Antenna Radiation Theory: Eigenmode Analysis, First Edition. Wen Geyi.
© 2023 The Institute of Electrical and Electronics Engineers, Inc.
Published 2023 by John Wiley & Sons, Inc.

CO
PYRIG

HTED
 M

ATERIA
L



The modal theory for a scatterer plays an important role in antenna theory and
designs. The basic idea behind the modal theory is to introduce the fundamental
field patterns, called modes, so that the fields outside the scatterer can be
expanded into a linear combination of these modes. There have been several
modal theories for studying electromagnetic (EM) radiation and scattering pro-
blems (exterior boundary value problems). The singularity expansion method
(SEM) is based on the analysis in complex frequency domain and formulated by
electric field integral equation [1, 2]. The natural resonant frequencies arise
from the requirement that a nontrivial current distribution exists on a conducting
scatterer free of incident fields. The corresponding field patterns are called natu-
ral resonantmodes. The natural resonant frequencies and the modes in SEM are
complex, which significantly increases the computational time and the difficulty
in numerical implementations. The eigenmode expansion method (EEM)
expands the currents and the radiated fields in terms of the eigenmodes of an inte-
gral operator [3, 4]. Same with the SEM, the eigenvalues and the eigenmodes in
EEM are complex numbers. The EEM is based on the eigenfunctions of integral
equations and lacks a solid mathematical foundation. The integral operator
involved in EEM is not symmetric, and it is therefore hard to prove the existence
and completeness of the eigenfunctions. A more useful method for the study of
scattering problem is the singular function expansion, which was first intro-
duced by the German mathematician Erhard Schmidt (1876–1959) in 1907 [5],
and has been applied to study various scattering problems [6, 7]. The theory of
characteristic mode is another interesting modal notion and is carried out in
the real frequency domain [8–11], of which the characteristic values (eigenvalues)
and the corresponding characteristic modes are all real. In general, the character-
istic values range from−∞ to +∞, among which those of the smallest magnitudes
are the most important for radiation and scattering problems. The external reso-
nant modes correspond to the zero characteristic values, and can be determined
approximately by sweeping the frequency. It is noted that all the abovementioned
modal formulations depend not only on the properties of the scatterer but also on
the operating frequency.
The eigenvalue problems discussed in this book are derived from waveguide,

cavity resonator, and spherical waveguide, whose eigenfunctions are independent
of frequency and can thus be used to expand the fields in either frequency or time
domain. The importance of eigenvalue theory in mathematics and physics cannot
be overstated. There have been various methods developed to calculate eigenva-
lues and eigenfunctions, with the most important one being the variational
method based on the Rayleigh quotient [12]. This chapter provides the necessary
background information for later chapters. The Maxwell equations and the solu-
tion methods for partial differential equations (PDEs) are briefly introduced. The
emphasis is upon the eigenvalue theory for operators, including the matrix and the
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Laplacian on scalar and vector fields. The properties of eigenfunctions are derived
from the Rayleigh quotient, and the Ritz method for the numerical solution of the
Rayleigh quotient is demonstrated. Also included in this chapter is the Helmholtz
theorem, which states that any vector field can be decomposed into the sum of an
irrotational vector field and a solenoidal vector field. Such a decomposition has
interesting applications in themodal expansion of fields and is the theoretical basis
of introducing scalar and vector potentials. The Helmholtz theorem indicates that
a vector field is fully determined by its divergence and curl. Indeed, Maxwell equa-
tions are nothing but a couple of rules that regulate the divergences and the curls of
electric and magnetic fields according to impressed and induced sources. As a
generalization of Helmholtz theorem, the eigenfunctions of curl operator are dis-
cussed, in terms of which the plane-wave expansions for the fields as well as the
dyadic Green’s functions can be obtained.

1.1 Maxwell Equations

Maxwell equations are a set of PDEs that unify electricity and magnetism and
describe how electric and magnetic fields, as the functions of space and time,
are generated by charges and currents and altered by each other. They have been
proved to be very successful in explaining and predicting a variety of macroscopic
EM phenomena.

1.1.1 Wave Equations

The generalized Maxwell equations that include both electric and magnetic
sources consist of two vector equations and two scalar equations:

∇ × H r, t =
∂D r, t

∂t
+ J r, t ,

∇ × E r, t = −
∂B r, t

∂t
− Jm r, t ,

∇ D r, t = ρ r, t ,

∇ B r, t = ρm r, t

1 1

In the above, r is the observation point of the fields in meter (m) and t is the time
in second (s), H is the magnetic field intensity measured in amperes per meter
(A/m), B is the magnetic induction intensity measured in tesla (Wb/m2), E is
electric field intensity measured in volts per meter (V/m), D is the electric
induction intensity measured in coulombs per square meter (C/m2), J is
electric current density measured in amperes per square meter (A/m2), ρ is
the electric charge density measured in coulombs per cubic meter (C/m3), Jm
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is magnetic current density in volts per square meter (V/m2), and ρm is mag-
netic charge density in webers per cubic meter (Wb/m3). The first equation is
Ampère’s law, and it describes how the electric field changes according to the
current density and magnetic field. The positive sign in the first equation indicates
that the directions of the magnetomotive force and the electric current are related
by the right-hand rule. The term ∂D/∂t was introduced by Maxwell in 1861 and is
called displacement current, which is necessary for the existence of wave solu-
tions. The second equation is Faraday’s law, and it characterizes how the mag-
netic field varies according to the electric field and equivalent magnetic current
density. Theminus sign in the second equation indicates that the directions of elec-
tromotive force and themagnetic current are related by the left-hand rule, which is
required by Lenz’s law. In other words, when an electromotive force is generated
by a change of magnetic flux, the polarity of the induced electromotive force is
such that it produces a current whose magnetic field opposes the change, which
produces it. The third equation isCoulomb’s law, and it says that the electric field
depends on the charge distribution and obeys the inverse square law. The last
equation shows that the magnetic field also obeys the inverse square law and
depends on the equivalent magnetic charge distribution. It should be understood
that none of the experiments had anything to do with waves at the time when
Maxwell derived his equations. Maxwell equations imply more than the experi-
mental facts. The continuity equation can be derived from (1.1):

∇ J = −
∂ρ

∂t
1 2

The electric charge density ρ and the electric current density J in Maxwell equa-
tions are free charge density and currents and they exclude charges and currents
forming part of the structure of atoms and molecules. The bound charges and cur-
rents are regarded as material, which are not included in ρ and J. The current den-
sity usually consists of two parts: J= Jcon+ Jimp. Here, Jimp is referred to as external
or impressed current source, which is independent of the fields and delivers
energy to electric charges in a system. The impressed current source can be of elec-
tric and magnetic type as well as of non-electric or nonmagnetic origin. Jcon = σE,
where σ is the conductivity of the medium in siemens per meter (S/m), denotes
the conduction current induced by the impressed source Jimp. Sometimes it is
convenient to introduce an impressed electric field Eimp defined by Jimp= σEimp.
In more general situation, one may write J= Jind+ Jimp, where Jind is the induced
current by the impressed current Jimp. The continuity equation for the magnetic
current Jm and magnetic charges ρm can be derived from (1.1):

∇ Jm = −
∂ρm
∂t

1 3
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The inclusions of magnetic sources Jm and ρm make Maxwell equations more
symmetric although there has been no evidence that the magnetic current and
charge are physically present (Appendix D gives an explanation of why the mag-
netic charge does not exist). The validity of introducing such concepts in Maxwell
equations is justified by the equivalence principle, i.e. they are introduced as a
mathematical equivalent to EM fields. For the time-harmonic (sinusoidal) fields
with a single frequency ω, the generalized Maxwell equations (1.1) reduce to

∇ × H r = jωD r + J r ,

∇ × E r = − jωB r − Jm r ,

∇ D r = ρ r ,

∇ B r = ρm r ,

1 4

where all the field quantities denote the complex amplitudes (phasors),
defined by

E r, t = Re E r ejωt , etc

For brevity, the same notations will be used for both time-domain and fre-
quency-domain quantities. The boundary conditions on the surface between
two different media can be easily obtained as follows:

un × H1 −H2 = Js,

un × E1 −E2 = − Jms,

un D1 −D2 = ρs,

un B1 −B2 = ρms,

1 5

where un is the unit normal of the boundary directed frommedium 2 tomedium 1;
Js and ρs are the surface current density and surface charge density, respec-
tively; Jms and ρms are the surface magnetic current density and surface mag-
netic charge density, respectively.
Maxwell equations (without magnetic sources) are a set of 7 equations invol-

ving 16 unknowns (i.e. five vectors E,H,B,D, J and one scalar ρ and the last equa-
tion of (1.1) is not independent). To determine the fields, nine more equations are
needed, and they are given by the generalized constitutive relations:

D = f E,H , B = g E,H

together with the generalized Ohm’s law

J = h E,H

if the medium is conducting. The constitutive relations establish the connections
between field quantities and reflect the properties of the medium, and they are
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totally independent of the Maxwell equations. For time-harmonic fields, the con-
stitutive relations for a bi-anisotropic medium are defined by

D = ε E + ξ H,

B = ζ E + μ H,

where μ, ε, ξ, and ζ are dyadics. The medium is called anisotropic if ξ = ζ = 0.
The medium is called isotropic if ξ = ζ = 0 and μ and ε are, respectively,
degenerated to μ = μ I and ε = ε I , where I is the identity dyadic; μ and ε are
referred to as permittivity and permeability of the medium, respectively.
The EMwave equations are second-order PDEs that describe the propagation of

EM waves through a medium. On elimination of E or H in the generalized Max-
well equations (1.4), thewave equations for the time-harmonic fields in an inho-
mogeneous and anisotropic medium are

∇ × μ
− 1

∇ × E r −ω2 ε E r = − jωJ r −∇ × μ
− 1

Jm,

∇ × ε
− 1

∇ × H r −ω2μ H r = − jωJm r + ∇ × ε
− 1

J
1 6

If the medium is homogeneous and isotropic, μ and ε are constants, and the
wave equations (1.6) are simplified to

∇ × ∇ × E− k2E = − jωμJ−∇ × Jm,

∇ × ∇ × H− k2H = − jωεJm + ∇ × J,
1 7

where k = ω με is thewavenumber. It can be seen that the source terms on the
right-hand side of (1.7) are very complicated. To simplify the analysis, the EM
potential functions can be introduced. The wave equations may be used to solve
the following three different field problems:

1) EM fields in source-free region: wave propagations in space and waveguides,
wave oscillation in cavity resonators, etc.

2) EM fields generated by known source distributions: antenna radiations, excita-
tions in waveguides and cavity resonators, etc.

3) Interaction of fields and sources: wave propagation in plasma, coupling
between electron beams and propagation mechanism, etc.

1.1.2 Properties of Electromagnetic Fields

A number of theorems can be derived from Maxwell equations [13–16], and they
usually bring deep physical insight into the EM field problems. When applied
properly, these theorems can simplify the problems dramatically.
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1.1.2.1 Superposition Theorem

Superposition theorem applies to all linear systems. Suppose that the impressed
current source Jimp can be expressed as a linear combination of independent

impressed current sources Jkimp (k = 1, 2, …, n):

Jimp =
n

k = 1

akJkimp,

where ak (k = 1, 2, …, n) are arbitrary constants. If Ek and Hk are the fields pro-

duced by the source Jkimp, the superposition theorem for EM fields asserts that

the fields E =
n

k = 1
akEk and H =

n

k = 1
akHk are a solution of Maxwell equations

produced by the source Jimp.

1.1.2.2 Conservation of Electromagnetic Field Energy

The law of conservation of EM field energy is known as the Poynting theo-
rem, named after the English physicist John Henry Poynting (1852–1914). It
can be found from (1.1) that

− Jimp E− Jind E = ∇ S + E
∂D
∂t

+ H
∂B
∂t

, 1 8

where J = Jimp+ Jind has been assumed. In a region V bounded by S, the integral
form of (1.8) is

−

V

Jimp EdV =

V

Jind EdV +

S

S undS +

V

E
∂D
∂t

+ H
∂B
∂t

dV ,

1 9

where un is the unit outward normal of S, and S = E ×H is the Poynting vector
representing the EM power-flow density measured in watts per square meter
(W/m2). It is assumed that this explanation holds for all media. Thus, the left-hand
side of the above equation stands for the power supplied by the impressed current
source. The first term on the right-hand side is the work done per second by the
electric field to maintain the current in the conducting part of the system. The sec-
ond term denotes the EM power flowing out of S. The last term can be interpreted
as the work done per second by the impressed source to establish the fields. The
total field energy density w of the EM fields may be defined as follows:

dw = E
∂D
∂t

+ H
∂B
∂t

dt 1 10
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If all the sources and fields are zero at t= −∞, the total field energy density can be
written as

w = we + wm, 1 11

where we and wm are the electric field energy density and magnetic field
energy density, respectively,

we =
1
2
E D +

t

−∞

1
2

E
∂D
∂t

−D
∂E
∂t

dt,

wm =
1
2
H B +

t

−∞

1
2

H
∂B
∂t

−B
∂H
∂t

dt

1 12

Equation (1.9) can thus be written as

−

V

Jimp EdV =

V

Jind EdV +

S

S undS +
∂

∂t
V

we+ wm dV 1 13

In general, the field energy density w does not represent the stored field energy
density in the fields: the energy temporarily located in the fields and completely
recoverable when the fields are reduced to zero. The field energy density w given
by (1.11) can be considered as the stored field energy density only if the medium is
lossless (i.e. ∇ S = 0). If the medium is isotropic and time-invariant, (1.12)
reduces to

we =
1
2
E D, wm =

1
2
H B 1 14

For the time-harmonic fields, the time averages of Poynting vector, the field
energy densities in (1.14) over one period of the sinusoidal wave ejωt, denoted
T, are

1
T

T

0

E × Hdt =
1
2
Re E × H ,

1
T

T

0

1
2
E Ddt =

1
4
Re E D ,

1
T

T

0

1
2
H Bdt =

1
4
Re H B
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The energy balance relations for the time-harmonic fields can be derived by
using complex variable analysis [17]. Let s= α+ jω denote the complex frequency.
For an arbitrary analytic function f (r, s), the Cauchy–Riemann conditions imply

∂f r, s
∂α

= − j
∂f r, s
∂ω

1 15

For sufficiently small α, the analytic function has the first-order expansion

f r,s = f r,α+ jω ≈ f r,s α=0 + α
∂f r,s
∂α α=0

= f r, jω − jα
∂f r, jω

∂ω
,

1 16

where (1.15) has been used. If the Laplace transform

E r, s =

∞

−∞

E r, t e− stdt

is applied to the first two equations of the Maxwell equations (1.1) (with Jm = 0),
one may find

∇ × H r, s = J r, s + sD r, s ,

∇ × E r, s = − sB r, s
1 17

From the vector identity ∇ (a × b) = b ∇ × a− a ∇ × b and (1.17), one may
obtain

∇ E r, s × H r, s = −E r, s J r, s

− α H r, s B r, s + E r, s D r, s

− jω H r, s B r, s −E r, s D r, s ,

1 18

where the bar denotes complex conjugate. By use of the expansion (1.16), the first-
order expansion for the electric field can be expressed by

E r, s = E r, α + jω ≈E r, jω − jα
∂E r, jω

∂ω

= E r − jα
∂E r
∂ω

,

1 19

where E(r) denotes the phasor for the time-harmonic electric field. By introducing
the first-order expansions for all the field quantities into (1.18), one may arrive at
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∇ E r × H r + jα∇ E r ×
∂H r
∂ω

−
∂E r
∂ω

× H r

= −E r J r − jα E r
∂J r
∂ω

−
∂E r
∂ω

J r

− jω B r H r −E r D r

− α B r H r + E r D r

− αω H r
∂B r
∂ω

−B r
∂H r
∂ω

− αω E r
∂D r
∂ω

−D r
∂E r
∂ω

1 20

Comparing the coefficients of similar terms containing α on both sides of (1.20)
yields the energy balance relation

1
4
E D +

1
4
ω E

∂D
∂ω

−D
∂E
∂ω

+
1
4
B H +

1
4
ω H

∂B
∂ω

−B
∂H
∂ω

= − j
1
4
∇ E ×

∂H
∂ω

−
∂E
∂ω

× H − j
1
4

E
∂J
∂ω

−
∂E
∂ω

J ,

1 21

and the well-known Poynting theorem for time-harmonic fields

−
1
2
E J = ∇

1
2

E × H + j2ω
1
4
B H−

1
4
E D 1 22

Consequently, the complex analysis produces two energy balance relations
simultaneously. In this sense, the complex analysis implies more than the real
analysis. It should be noted that the Poynting theorem (1.9) in time domain
and the Poynting theorem (1.22) in frequency domain are independent. This prop-
erty can be used to find the stored field energies of small antenna [18]. The physical
implication of the energy conservation law (1.21) becomes clear if it is decomposed
into the real and imaginary parts. The real part is given by

we + wm = ∇ Im
1
4

E ×
∂H
∂ω

−
∂E
∂ω

× H + Im
1
4

E
∂J
∂ω

−
∂E
∂ω

J ,

1 23

where we and wm are defined by

we =
1
4
ReE D +

1
4
ωRe E

∂D
∂ω

−D
∂E
∂ω

, 1 24
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wm =
1
4
ReH B +

1
4
ωRe H

∂B
∂ω

−B
∂H
∂ω

1 25

The expressions (1.24) and (1.25) were first derived by the author in [17], and
they are shown to, respectively, represent the (time averaged) stored electric
field energy density and the stored magnetic field energy density in an arbi-
trary medium. In Chapter 4, a new narrow-band approach will be introduced to
rederive energy expressions (1.24) and (1.25). The stored field energies can be
decomposed into the sum of two distinct parts: the dominant (nondispersive) parts
defined by

wdom
e =

1
4
ReE D, 1 26

wdom
m =

1
4
ReH B, 1 27

and the dispersive parts defined by

wdis
e =

1
4
Reω E

∂D
∂ω

−D
∂E
∂ω

, 1 28

wdis
m =

1
4
Reω H

∂B
∂ω

−B
∂H
∂ω

, 1 29

which are caused by the dispersion of materials. The imaginary part of (1.21) gives

wed −wmd = − Imπω E
∂D
∂ω

−D
∂E
∂ω

− Imπω H
∂B
∂ω

−B
∂H
∂ω

−∇ Re π E ×
∂H
∂ω

−
∂E
∂ω

× H − Re π E
∂J
∂ω

−
∂E
∂ω

J ,

1 30

where wed and wmd are the (average) dissipated electric field energy density
and dissipated magnetic field energy density, respectively, defined by

wed = Im πE D, 1 31

wmd = Im πH B 1 32

As a result, the energy balance relation (1.21) gives two expressions: one is for
the sum of stored electric and magnetic field energies and the other is for the
difference of the dissipated electric and magnetic field energies, both expressions
being valid in an arbitrary medium. It will be shown in Chapter 4 that (1.23) log-
ically gives the definition of stored field energy of antenna in an arbitrary medium.
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Remark 1.1 The quantities
1
4
ReH B and

1
4
ReE D in the Poynting theo-

rem (1.22) only represent the nondispersive parts (1.26) and (1.27). For this reason,
the Poynting theorem (1.22) cannot be considered as an energy balance relation for
the time-harmonic fields in a general medium. □

1.1.2.3 Equivalence Theorem

It is known that there is no answer to the question of whether field or source is
primary. The equivalence theorem just indicates that the distinction between
the field and source is kind of blurred. Let V be an arbitrary region bounded by
S, as shown in Figure 1.1. Two sources that produce the same fields inside a regio-
n are said to be equivalent within that region. Similarly, two EM fields {E1, D1,
H1, B1} and {E2, D2, H2, B2} are said to be equivalent inside a region if they both
satisfy theMaxwell equations and are equal in that region. Themain application of
the equivalence theorem is to find equivalent sources to replace the influences of
substance (the medium is homogenized), so that the formulae for retarding poten-
tials can be used. The equivalent sources may be located inside S (equivalent
volume sources) or on S (equivalent surface sources). One of the important
equivalence theorems is found by American mathematician Sergei Alexander
Schelkunoff (1897–1992) and English mathematician Augustus Edward Hough
Love (1863–1940), whose derivation can be found in [16].

Schelkunoff-Love Equivalence Theorem: Let {E,D,H, B} be the EM fields with source
confined in S. The following surface sources on S

Js = un × H, Jms = −un × E, 1 33

produce the same fields {E, D, H, B} outside S and a zero field inside S. □

Since the sources in (1.33) produce a zero field inside S, the interior of Smay be
filled with a perfect electric conductor. By use of the Lorentz reciprocity theorem
[see (1.36)], it can be shown that the surface electric current pressed tightly on the

un

V

S

R3–V

Figure 1.1 Equivalence theorem.
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perfect conductor does not produce fields. As a result, only the surface magnetic
current is needed in (1.33). Similarly, the interior of S may be filled with a perfect
magnetic conductor, and in this case the surface magnetic current does not pro-
duce fields and only the surface electric current is needed in (1.33). In both cases,
one cannot directly apply the vector potential formula even if the medium outside
S is homogeneous.

1.1.2.4 Reciprocity

A linear system is said to be reciprocal if the response of the system with a par-
ticular load and a source is the same as the response when the source and the load
are interchanged. Consider two sets of time-harmonic sources, J1, Jm1 and J2, Jm2,
of the same frequency in the same linear medium. The fields produced by the two
sources are, respectively, denoted by E1, H1 and E2, H2. The reciprocity can be
stated as

V

E2 J1 −H2 Jm1 dV =

V

E1 J2 −H1 Jm2 dV

+

S

E1 × H2 −E2 × H1 undS,
1 34

where V is a finite region bounded by S. If both sources are outside S, the surface
integral in (1.34) is zero. If both sources are inside S, it can be shown that the sur-
face integral is also zero by using the radiation condition. Therefore, one obtains
the Lorentz form of reciprocity

S

E1 × H2 −E2 × H1 undS = 0 1 35

and the Rayleigh–Carson form of reciprocity

V

E2 J1 −H2 Jm1 dV =

V

E1 J2 −H1 Jm2 dV 1 36

If the surface S only contains the sources J1(r) and Jm1(r), (1.34) becomes

V

E2 J1 −H2 Jm1 dV =

S

E2 un × H1 −H2 E1 × un dS

This is the familiar form of Huygens’ principle. The EM reciprocity theo-
rem (1.35) can also be generalized to an anisotropic medium.

1.1 Maxwell Equations 13

c01 3d 13 27/2/2023 5:32:18 PM



1.2 Methods for Partial Differential Equations

Various analytic and numerical methods for the solution of PDEs have been devel-
oped [19–21]. Linear PDEs are generally solved by means of the method of sep-
aration of variables, the method of Green’s function, named after the British
mathematician George Green (1793–1841), and the variational method. Some
usual trinities for PDEs are summarized in Table 1.1.

1.2.1 Method of Separation of Variables

The study of eigenvalue problems has its roots in the method of separation of
variables or series solutions of PDEs. The basic idea of separation of variables
is to seek a solution of the form of a product of functions, each of which depends
on one variable only, so that the solution of original PDEs may reduce to the solu-
tion of ordinary differential equations. The latter is usually solved by the power
series methods, resulting in various special functions. The method of separation
of variables, also called Fourier method, was first introduced by Swiss mathema-
tician Johann Bernoulli (1667–1748) between the years 1694 and 1697. The
Helmholtz equation will be used to illustrate the procedure. The Helmholtz
equation, named after the German physicist Hermann Ludwig Ferdinand von

Table 1.1 Some trinities for PDEs.

Trinity Description

Three types of PDEs Elliptical, hyperbolic, and parabolic.

Three types of problems Boundary value problems, initial value problems, and
eigenvalue problems.

Three types of boundary
conditions

Dirichlet boundary condition, named after the German
mathematician Johann Peter Gustav Lejeune Dirichlet
(1805–1859); Neumann boundary condition, named after the
German mathematician Carl Gottfried Neumann
(1832–1925); and Robin boundary condition, named after the
French mathematician Victor Gustave Robin (1855–1897).

Three mathematical
tools

Divergence theorem, inequalities, and convergence theorems.

Three analytical
methods

Method of separation of variables, method of Green’s
function, and variational method.

Three numerical
methods

Finite element method, finite difference method, and
moment method.
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Helmholtz (1821–1894), also called reduced wave equation, is the time-
independent form of wave equation, and is defined by

∇2 + k2 u = 0, 1 37

where k is a constant. When k is zero, the Helmholtz equation reduces to the
Laplace equation, named after the French mathematician Pierre-Simon marquis
de Laplace (1749–1827). The Helmholtz equation is separable in 11 orthogonal
coordinate systems [22]. The separated solutions form a subset of all solutions
of (1.37) and can be served as a basis in terms of which all solutions of (1.37)
can be expressed as a linear combination of the separated solutions.

1.2.1.1 Rectangular Coordinate System

In rectangular coordinate system, Helmholtz equation (1.37) becomes

∂2u
∂x2

+
∂2u
∂y2

+
∂2u
∂z2

+ k2u = 0 1 38

One may seek a solution in the form of product of three functions of one coordi-
nate each

u = X x Y y Z z 1 39

If this is substituted into (1.38), one obtains

1
X

d2X

dx2
+

1
Y

d2Y

dy2
+

1
Z

d2Z

dz2
+ k2 = 0 1 40

Since k is a constant and each term depends on one variable only and can change
independently, the left-hand side of (1.40) can sum to zero for all coordinate values
only if each term is a constant. Thus,

d2X

dx2
+ k2xX = 0,

d2Y

dy2
+ k2yY = 0,

d2Z

dz2
+ k2zZ = 0,

1 41

where kx, ky, and kz are separation constants and satisfy

k2x + k2y + k2z = k2 1 42
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The solutions of (1.41) are harmonic functions, denoted by X(kxx), Y(kyy), and
Z(kzz), and they are any linear combination of the following independent
harmonic functions:

eikαα, e− ikαα, cos kαα, sin kαα α = x, y, z 1 43

Consequently, the solution (1.39) may be expressed as

u = X kxx Y kyy Z kzz 1 44

The separation constants kx, ky, and kz are also called eigenvalues, and they are
determined by the boundary conditions. The corresponding solutions (1.44) are
called eigenfunctions or elementary wavefunctions. The general solution of
(1.38) can be expressed as a linear combination of the eigenfunctions. For the solu-
tions defined in finite regions, only discrete spectra of eigenvalues are involved.
The discrete spectra become a continuum for the solutions defined in infinite
regions. The harmonic functions should be properly selected according to the
physical properties that the solutions must have. Note that the exponential func-
tions in (1.43) represent a travelling wave while the sine and cosine functions rep-
resent a standing wave. Also note that the separation constants are a complex
number for the waves propagating in a lossy medium.

1.2.1.2 Cylindrical Coordinate System

In a cylindrical coordinate system, (1.37) can be written as

1
ρ

∂

∂ρ
ρ
∂u
∂ρ

+
1
ρ2

∂2u
∂φ2

+
∂2u
∂z2

+ k2u = 0 1 45

By the method of separation of variables, the solutions may be assumed to be of
the form

u = R ρ Φ φ Z z 1 46

Introducing (1.46) into (1.45) yields

d2R
dρ2

+
1
ρ

dR
dρ

+ μ2 −
p2

ρ2
R = 0,

d2Φ
dφ2

+ p2Φ = 0,

d2Z

dz2
+ β2Z = 0,

1 47

where μ, p, and β are separation constants and satisfy

β2 + μ2 = k2 1 48
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The first equation of (1.47) is Bessel equation, named after the German math-
ematician Friedrich Wilhelm Bessel (1784–1846), whose solutions are Bessel
functions:

Jp μρ ,Np μρ ,H 1
p μρ ,H 2

p μρ ,

where Jp(μρ) and Np(μρ) are the Bessel functions of the first and second kind,

H 1
p μρ and H 2

p μρ are the Bessel functions of the third and fourth kind, also

called Hankel functions of first and second kind, respectively, named after
German mathematician Hermann Hankel (1839–1873). The Bessel function of
the first kind is defined by

Jp μz =
∞

m = 0

− 1 m

Γ m + 1 Γ p + m + 1
μz
2

p + 2m
, 1 49

where Γ(α) is the gamma function defined by

Γ α =

∞

0

xα− 1e− xdx, α > 0

If p is not an integer, a second independent solution is J−p(μz). If p= n is an integer,
J−n(μz) is related to Jn(μz) by J−n(z) = (−1)nJn(z). The Bessel function of the second
kind is defined by

Np μz =
cos pπJp μz − J − p μz

sin pπ
, 1 50

and the Bessel functions of the third (Hankel function of the first kind) and fourth
kind (Hankel function of the second kind) are defined by

H 1
p μz = Jp μz + jNp μz ,

H 2
p μz = Jp μz − jNp μz

1 51

The solutions of second and third equation of (1.47) are harmonic functions.
Note that only Jp(μρ) is finite at ρ = 0. The separation constants μ and p are deter-
mined by the boundary conditions. For example, if the field u is finite and satisfies
homogeneous Dirichlet boundary condition u= 0 at ρ= a, the separation constant
μ is determined by Jp(μρ) = 0. If the cylindrical region contains all φ from 0 to 2π,
the separation constant p is usually determined by the requirement that the field
is single-valued, i.e. Φ(0) = Φ(2π). In this case, p must be integers. If the cylindri-
cal region only contains a circular sector, p will be fractional numbers.
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Let Rp(μz) = AJp(μz) + BNp(μz), where A and B are constants. Some typical recur-
rence relations for the linear combination of the Bessel functions are listed below:

2p
μz

Rp μz = Rp− 1 μz + Rp + 1 μz ,

1
μ

d
dz

Rp μz =
1
2

Rp− 1 μz −Rp + 1 μz ,

z
d
dz

Rp μz = pRp μz − μzRp + 1 μz ,

d
dz

zpRp μz = μzpRp− 1 μz ,

d
dz

z− pRp μz = − μz− pRp + 1 μz

The Bessel functions have the orthogonality property

1

0

x Jp χpmx Jp χpnx dx =
0, m n
1
2

Jp χpm
2
, m = n

, 1 52

where χpn denotes the nth positive zero of the Bessel function Jp, i.e. Jp( χpn) = 0,
and the prime denotes the derivative of the Bessel function with respect to its argu-
ment. Let C[a, b] denote the set of continuous functions defined on the closed
interval [a, b]. An arbitrary continuous function in C[0, 1] can be expanded in
terms of the Bessel functions.

Theorem 1.1 (Fourier–Bessel Expansion)

If the function f (x) C[0, 1] and the integral
1

0
tf t dt exist, it has the expansion

f x =
n
anJp χpnx , p > − 1, 1 53

where the expansion coefficients can be determined from (1.52):

an =
2

Jp χpn
2

1

0

xf x Jp χpnx dx =
2

Jp + 1 χpn
2

1

0

xf x Jp χpnx dx

□
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1.2.1.3 Spherical Coordinate System

In spherical coordinate system, (1.37) can be expressed as

1
r2

∂

∂r
r2
∂u
∂r

+
1

r2 sin θ
∂

∂θ
sin θ

∂u
∂θ

+
1

r2 sin θ
∂2u
∂φ2

+ k2u = 0 1 54

By means of the separation of variables, one may assume

u = R r Θ θ Φ φ 1 55

Substitution of (1.55) into (1.54) leads to

1
R
d
dr

r2
dR
dr

+ k2r2 = β2,

1
Θ sin θ

d
dθ

sin θ
dΘ
dθ

−
m2

sin 2θ
= − β2,

d2Φ
dφ2

+ m2Φ = 0,

1 56

where β andm are separation constants. Let x = cos θ and P(x) = Θ(θ). The second
equation of (1.56) becomes

1− x2
d2P

dx2
− 2x

dP
dx

+ β2 −
m2

1− x2
P = 0 1 57

This is called Legendre equation, named after the French mathematician
Adrien-Marie Legendre (1752–1833). The points x = ± 1 are singular. Equa-
tion (1.57) has two linearly independent solutions and can be expressed as a power
series at x = 0. In general, the series solution diverges at x = ± 1. But if one lets
β2 = n(n+ 1), n= 0, 1, 2…, the series will be finite at x= ± 1 and have finite terms.
Thus, the separation constant β is determined naturally and (1.56) can be rewrit-
ten as

d
dr

r2
dR
dr

+ k2r2 −n n + 1 R = 0,

1− x2
d2P

dx2
− 2x

dP
dx

+ n n + 1 −
m2

1− x2
P = 0,

d2Φ
dφ2

+ m2Φ = 0

1 58

The solutions of the first equation of (1.58) are spherical Bessel functions of
the first and second kinds, spherical Hankel functions of the first and second
kinds, respectively, defined by
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jn kr =
π

2kr
Jn + 1 2 kr ,

nn kr =
π

2kr
Nn + 1 2 kr ,

h 1
n kr =

π

2kr
H 1

n + 1 2 kr ,

h 2
n kr =

π

2kr
H 2

n + 1 2 kr

1 59

Let zn(kr) = Ajn(kr) + Bnn(kr), where A and B are constants. The recurrence rela-
tions for the linear combination of the spherical Bessel functions are summarized
as follows:

2n + 1
kr

zn kr = zn− 1 kr + zn + 1 kr ,

2n + 1
k

d
dr

zn kr = nzn− 1 kr − n + 1 zn + 1 kr ,

d
dr

rn + 1zn kr = krn + 1zn− 1 kr ,

d
dr

r − nzn kr = − kr − nzn + 1 kr

The solutions of the second equation of (1.58) are associated Legendre func-
tions of first and second kinds defined, respectively, by

Pm
n x =

1− x2 m 2

2nn
dm + n

dxm + n x2 − 1
n
,m ≤ n, 1 60

and

Qm
n x = 1− x2

m
2
dm

dxm
Qn x ,m ≤ n, 1 61

where

Qn x =
1
2
P0
n x ln

1 + x
1− x

−
n

r = 1

1
r
P0
r− 1 x P0

n− r x

20 1 Eigenvalue Theory

c01 3d 20 27/2/2023 5:32:19 PM



is the Legendre function of the second kind. The following integrations on
orthogonality are useful:

1

1

− 1

Pm
n x Pk

n x
1− x2

dx =
1
m

n + m
n−m

δmk

2

1

− 1

Pm
l x Pm

n x dx =
2

2l + 1
l + m
l−m

δln

3

π

0

dPm
n cos θ
dθ

dPm
l cos θ
dθ

+
m2

sin 2θ
Pm
n cos θ Pm

l cos θ sin θdθ

=
2

2n + 1
n + m
n−m

n n + 1 δnl

In the above, δmn =
1,m = n

0,m n
. The solutions of the third equation of (1.58) are

harmonic functions. Note that the separation constants are not related in the
spherical coordinate system.

Theorem 1.2 (Completeness of Associated Legendre Functions)

Any function f (x) C [−1, 1] satisfying the boundary conditions f (−1) = f (1) = 0
has the expansion

f x =
m ≤ n

anP
m
n x ,

where

an =
2n + 1

2
n−m
n + m

1

− 1

f x Pm
n x dx

□

1.2.2 Method of Green’s Function

A source may be divided into a number of elementary sources. The superposition
theorem indicates that the field generated by the source can be expressed as the
sum of the fields generated by the elementary sources. The concept of the Green’s
function was first developed by the British mathematician George Green in the
1820s. Physically, Green’s function represents the field produced by a point source
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(an elementary source). The well-known impulse response of a linear system is a
typical Green’s function with specified initial conditions. Green’s function pro-
vides a general method to solve PDEs, by means of which the solution of a
PDE can be represented by an integral defined over the source region or on a closed
surface enclosing the source. Consider a PDE defined in a source region V con-
tained in R3 (the three-dimensional (3D) Euclidian space)

Lu r = f r , 1 62

where L is a differential operator, r = (x, y, z) R3, and f is a known source func-
tion. The solution of the above equation can be expressed by

u r = L
− 1

f r ,

where L
− 1

stands for the inverse of L and is often represented by an integral oper-
ator with a kernel function G(r, r ):

L
− 1

f r = −

V

G r, r f r dV r 1 63

If L is applied to both sides of the above equation and use is made of LL
− 1

= I ,

where I is the identity operator, one obtains

LL
− 1

f r = f r = −

V

LG r, r f r dV r

This implies that the kernel function G satisfies

LG r, r f r = − δ r− r , 1 64

where δ(r) is the 3D Dirac delta function defined symbolically by

R3

δ r− r ϕ r dV r = ϕ r 1 65

with ϕ(r) being an arbitrary smooth function defined in R3. The kernel function G
is called the fundamental solution or Green’s function of Eq. (1.62).

1.2.2.1 Green’s Functions for Helmholtz Equation

Let ρ = (x, y) denote a point in the two-dimensional (2D) Euclidian space R2 and
dΩ= dxdy the differential area element. The fundamental solutions of Laplace and
Helmholtz equations are summarized in Table 1.2. The 2D Dirac delta function
δ(ρ) is defined by

R2

δ ρ− ρ ϕ ρ dΩ ρ = ϕ ρ ,
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where ϕ(r) is an arbitrary smooth function defined in R2. It can be seen that the
Green’s functions are symmetric G(r, r ) = G(r , r).

Example 1.1 The Green’s function for one-dimensional Helmholtz equation
satisfies

d2G z, z

dz2
+ k2G z, z = − δ z− z ,

lim
z ± ∞

dG
dz

± jkG = 0,
1 66

where the one-dimensional Dirac delta function δ(z) is defined by

∞

−∞

δ z− z ϕ z dz = ϕ z

and ϕ(z) is an arbitrary smooth function defined in the real axis R. The second
equation in (1.66) denotes the radiation condition at infinity. To solve (1.66),
one may let

G z, z =
G1 z, z , z < z

G2 z, z , z > z

The functions G1 and G2 satisfy the homogeneous Helmholtz equation in the
regions z< z and z> z , respectively, and can be written as

G1 z, z = a1e
− jk z− z + b1e

jk z− z ,

G2 z, z = a2e
− jk z− z + b2e

jk z− z ,

Table 1.2 Green’s functions.

Equations Green’s functions

2D Laplace equation: ∇2G(ρ, ρ ) = − δ(ρ− ρ ) G ρ, ρ = −
1
2π

ln ρ− ρ

3D Laplace equation: ∇2G(r, r ) = − δ(r− r ) G r, r =
1

4π r− r

2D Helmholtz equation: (∇2 + k2)G(ρ, ρ ) = − δ(ρ− ρ ) G ρ, ρ =
1
4j
H 2

0 k ρ− ρ

3D Helmholtz equation: (∇2 + k2)G(r, r ) = − δ(r− r ) G r, r =
e− jk r− r

4π r− r
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where a1, b1, a2, b2 are constants to be determined. On account of the radiation
conditions at z = ±∞, one may easily find a1 = b2 = 0. Thus,

G1 z, z = b1e
jk z− z ,

G2 z, z = a2e
− jk z− z

1 67

The first equation of (1.66) implies that Gmust be continuous while its first deriv-
ative has a jump discontinuity at the source point z = z :

G1 z, z = G2 z, z ,
dG2 z, z

dz
−

dG1 z, z
dz

= − 1

Introducing (1.67) into the above equations yields

a2 = b1 =
1
j2k

The Green’s function for one-dimensional Helmholtz equation is thus given by

G z, z =

1
j2k

ejk z− z , z < z

1
j2k

e− jk z− z , z > z
=

1
j2k

e− jk z− z 1 68

□

1.2.2.2 Dyadic Green’s Functions and Integral Representations

The Green’s function often appears as the kernel of an integral operator. For a sca-
lar field, the kernel is also a scalar; but for a vector field, the kernel must be a
dyadic. A dyadic is a second-order tensor formed by putting two vectors side by
side. Its manipulation rules are analogous to that for matrix algebra (see Appendix
B). Dyadic notation was first established by Josiah Willard Gibbs (1839–1903) in
1884. The application of dyadic Green’s function in solving EM boundary value
problem can be traced back to Schwinger’s work in the early 1940s. Levine and
Schwinger applied the dyadic Green’s function to investigate the diffraction prob-
lem by an aperture in an infinite plane conducting screen [23]. In 1953, Morse and
Feshbach discussed various applications of dyadic Green’s functions [20].
A systematic study of dyadic Green’s functions and their applications in EM
engineering can be found in [24]. One of the advantages of using dyadic Green’s
functions is that it affords a compact formulation or solution for the field problems.
Consider an electric current element in the direction of α(α = x, y, z) located at r :

J α r = −
1
jωμ

δ r− r uα,
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which produces EM fields E(α)(r) and H(α)(r) at r. Let

G α
e r, r = E α r ,

G α
m r, r = − jωμH α r

1 69

Here G α
e r, r and G α

m r, r are, respectively, referred to as electric and
magnetic Green’s functions along direction α in free space. It follows from
Maxwell equations that

∇ × G α
e r, r = G α

m r, r ,

∇ × G α
m r, r = uαδ r− r + k2G α

e r, r

The dyadic functions defined by

Ge r, r =
α = x, y, z

G α
e r, r uα,

Gm r, r =
α = x, y, z

G α
m r, r uα,

are, respectively, called electric andmagnetic dyadic Green’s functions in free
space. Apparently,

∇ × Ge r, r = Gm r, r ,

∇ × Gm r, r = I δ r− r + k2Ge r, r ,
1 70

where I is the identity dyadic. Note that Ge r, r is a symmetric while Gm r, r is
antisymmetric upon interchange of r and r :

Ge r, r = Ge r , r ,

Gm r, r = −Gm r , r
1 71

It follows from (1.70) that

∇ × ∇ × Ge r, r − k2Ge r, r = I δ r− r ,

∇ × ∇ × Gm r, r − k2Gm r, r = ∇ × I δ r− r
1 72

The free space electric dyadic Green’s function Ge r, r may be represented by
free space Green’s function G(r, r ):

Ge r, r = I +
1

k2
∇∇ G r, r 1 73
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In fact, the first equation of (1.72) may be written as

−∇2Ge r, r − k2Ge r, r + ∇∇ Ge r, r = I δ r− r 1 74

Taking the divergence of the first equation of (1.72) yields

∇ Ge r, r = −
1

k2
∇ I δ r− r = −

1

k2
∇δ r− r

Insertion of the above into (1.74) gives

∇2Ge r, r + k2Ge r, r = − I +
1

k2
∇∇ δ r− r

Obviously, expression (1.73) for the free space electric dyadic Green’s function
satisfies the above equation. The free space magnetic dyadic Green’s function
may be expressed as

Gm r, r = ∇ × Ge r, r = ∇ × G r, r I = ∇ × G0 r, r ,

where G0 = G I satisfies Helmholtz equation

∇2 + k2 G0 r, r = − I δ r− r 1 75

Consider the scattering problem of an incident field by an obstacle bounded by S
as illustrated in Figure 1.2. Let V be the region bounded by S+ S∞, where S∞ is a

surface enclosing the source and the obstacle. By letting P = E, Q = G α
e in the

vector Green’s identity

V

P ∇ × ∇ × Q−Q ∇ × ∇ × P dV = −

S

un × Q ∇ × P−un × P ∇ × Q dS

+

S∞

un × Q ∇ × P−un × P ∇ × Q dS,

un

J

unS

S∞

μ, ε

Obstacle

V0

Figure 1.2 Scattering by
an obstacle.
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and by making use of the first Eq. (1.72) and the wave equation for the
electric field

∇ × ∇ × E r − k2E r = − jωμJ r −∇ × Jm r , 1 76

one may find the integral expression for the electric field

E r = − jωμ

V 0

Ge r, r J r dV r −

V 0

Gm r, r Jm r dV r

− jωμ

S

Ge r, r Js r dS r −

S

Gm r, r Jms r dS r ,
1 77

where Js = un ×H and Jms = − un ×E are, respectively, the equivalent surface
electric and magnetic currents. Similarly, one may find the integral expression
for the magnetic field

H r = − jωε

V 0

Ge r, r Jm r dV r +

V0

Gm r, r J r dV r

− jωε

S

Ge r, r Jms r dS r +

S

Gm r, r Js r dS r

1 78

In the derivation of (1.77) and (1.78), the surface integral over S∞ has been
ignored since it approaches to zero due to the radiation condition as S∞ expands
to infinity. The volume integrals in (1.77) and (1.78) represent the incident fields
while the surface integrals denote the scattered fields produced by the induced cur-
rents on the obstacle.

Remark 1.2 Care must be exercised when the observation point r is inside the
source region V0. The dyadic Green’s functions in (1.77) and (1.78) become infinite
when r approaches r . This singular behavior is often treated with the principal
volume method by introducing an exclusion volume around r [25–27]. □

Remark 1.3 For many applications discussed in this book, the dyadic Green’s
functions may be expanded in terms of eigenfunctions of the Helmholtz equation
for the vector fields. In these cases, the integral representations (1.77) and (1.78)
become an infinite series. □

1.2.3 Variational Method

Variationalmethod or calculus of variations is a generalization of calculus and
can be traced back to the early 1730s when Swiss mathematician Leonhard Euler
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(1707–1783) and French mathematician Joseph-Louis Lagrange (1736–1813) ela-
borated the subject. Instead of finding the extrema of a function in calculus, the
calculus of variations deals with maximizing or minimizing functionals, which
are often expressed as definite integrals involving functions and their derivatives.
The extremal functions that make the functional stationary (i.e. attain amaximum
or minimum value) can be obtained by assuming that the rate of change of the
functional is zero. Let F be a map from a linear space consisting of functions into
the real axis. Such a map is called a functional. Let v be an arbitrary function in
the space. The gradient or functional derivative of F at u, denoted by δF(u)/δu
and used to describe the rate of change of the functional, is defined by [16]

δF u
δu

,v =
d
dε

F u+ εv
ε=0

, 1 79

where ( , ) is an inner product defined by the following rules:

1) Positive definiteness: (u, u) ≥ 0 and (u, u) = 0 if and only if u = 0.

2) Hermitian property: u, v = v, u .
3) Homogeneity: (αu, v) = α(u, v).
4) Additivity: (u+ v, w) = (u, w) + (v, w).

Here, u, v, z are functions and α is a number. A linear space equipped with an inner
product is called an inner product space.

Extremum Theorem: Anecessary condition for a functional F to have an extremum
at u is that its functional derivative vanishes at u:

δF u
δu

= 0 1 80

This is referred to as Euler–Lagrangian equation. □

Example 1.2 An operator (or transformation) L on an inner product space is

defined as a map from the inner product space to itself. An operator L is called self-
adjoint if it satisfies

Lu, v = u,Lv

The most important functional to be dealt with in this book is the Rayleigh quo-
tient, named after the English scientist Lord Rayleigh (1942–1919), defined by

λ u =
Lu, u

u,u
1 81
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Since L is self-adjoint, λ can be shown to be real. For an arbitrary v, the functional
derivative of the Rayleigh quotient can be determined from (1.79):

δλ

δu
,v =

d
dε

λ u+ εv
ε=0

=
d
dt

L u+ εv ,u+ εv

u+ εv,u+ εv
ε=0

=
1
u,u

2Re Lu−λu,v

If δλ/δu = 0, one obtains the eigenvalue equation

Lu = λu 1 82

This is the Lagrangian equation for the Rayleigh quotient (1.81). □

1.3 Eigenvalue Problem for Hermitian Matrix

When the dimension of the underlying vector space of a linear transformation is
finite, the linear transformation is reduced to a matrix under a fixed basis.
A complex square matrix [A] is calledHermitian, named after the French math-
ematician Charles Hermite (1822–1901), if [A] = [A]H, where the superscript H
denotes the conjugate transpose of a matrix. Hermitian matrices are the complex
extension of real symmetric matrices and are fundamental to mathematics, phys-
ics, and engineering sciences.

1.3.1 Properties

Let [A] denote an N ×NHermitian matrix. If an N × 1 matrix [x] (also called a col-
umn vector or vector) and a scalar λ satisfy the equation

A x = λ x , 1 83

then λ is called an eigenvalue of [A], [x] is called an eigenvector corresponding
to the eigenvalue λ, and (λ, [x]) is called an eigenpair of [A]. The eigenvalue prob-
lem (1.83) for a Hermitianmatrix has the following properties, which can be found
in a standard text book on matrix [e.g. 28]:

1) All the eigenvalues are real and they can be ordered such that

λ1 ≤ λ2 ≤ ≤ λN ,

and the corresponding eigenvectors are denoted by [x1], [x2], …, [xN].
2) The eigenfunctions corresponding to different eigenvalues are orthogonal.
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3) Assume that the eigenvectors [x1], [x2],…, [xN] are orthonormal. The matrix [A]
has the spectral decomposition

A = U Λ U H =
N

j = 1

λj xj xj
H
,

where

U = x1 , x2 ,…, xN ,

Λ = diag λ1, λ2,…, λN

The matrix [U] is unitary [U]H[U] = [I], where [I] denotes identity matrix.

The following statements are equivalent.

1) The Hermitian matrix [A] is positive, i.e. [x]H[A][x] > 0 for all [x] 0.
2) All eigenvalues of [A] are positive.
3) There exists a nonsingular n × n matrix [R], such that [A] = [R]H[R].
4) There exists a nonsingular n × n matrix [R], such that [R]H[A][R] is positive.

A positive matrix [A] (not necessarily Hermitian) has the following properties:

1) The diagonal elements of [A] are all positive.
2) det A > 0
3) [A]−1 is positive.
4) The element of the largest absolute value is a diagonal element.

1.3.2 Rayleigh Quotient

The Rayleigh quotient for an n × n Hermitian matrix [A] is defined by

λ =
x H A x

x H x
1 84

Any vector [x] can be expressed as a linear combination of the eigenvectors

x =
N

j = 1

cj xj = U cj , 1 85

where [cj] = [c1, c2, …, cN]T. Assume that the eigenvectors [x1], [x2], …, [xN] of [A]
are orthonormal. Introducing the above expansion into (1.84), one may find
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λ =
x H A x

x H x
=

cj
H
U H A U cj

cj
H
U H U cj

=
cj

H Λ cj

cj
H

cj

=
λ1 c1

2 + λ2 c2
2 + + λn cN

2

c1
2 + c2

2 + + cN
2 ,

1 86

which implies

λ1 ≤
x H A x

x H x
≤ λN 1 87

As a result, the following optimization problems are established:

λ1 = min
x H A x

x H x
,

λN = max
x H A x

x H x
,

1 88

where [x] CN is called trial vector andCN stands for the set consisting of all com-
plex column vectors of dimensionN. To determine other eigenvalues, the trial vec-
tor [x] will be assumed to be orthogonal to [x1]. Thus, one finds c1 = 0 in the
expansion (1.85), and (1.86) reduces to

λ =
λ2 c2

2 + + λN cN
2

c2
2 + + cN

2 ≥ λ2 1 89

The equality holds for [x] = [x2]. The above relation suggests

λ2 = min
x ⊥ x1

x H A x

x H x
1 90

The second eigenvalue λ2 can thus be found by minimizing (1.84) with the
supplementary constraint that the trial vector [x] must be orthogonal to the first
eigenvector [x1]. In general, one may write

λn = min
x x1 , x2 ,…, xn− 1

⊥

x H A x

x H x
, 2 ≤ n ≤ N 1 91

Similarly,

λn = max
x xn + 1 ,…, xN ⊥

x H A x

x H x
, 1 ≤ n ≤ N − 1 1 92
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1.4 Eigenvalue Problems for the Laplace Operator
on Scalar Field

If the dimension of the underlying vector space of a linear transformation is infi-
nite, the linear transformation is usually a differential operator defined on a sub-
space, or an integral operator defined on the whole space. In 1894, the French
mathematician Jules Henri Poincaré (1854–1912) established the existence of
an infinite sequence of eigenvalues and the corresponding eigenfunctions for
the Laplace operator under Dirichlet boundary condition. This key result extends
the eigenvector and eigenvalue theory of a square matrix and has played an impor-
tant role in mathematical physics.

1.4.1 Rayleigh Quotient

Let L2(Ω) denote the set of all functions defined on a region Ω bounded by Γ in 2D

or 3D space such that
Ω
u 2dΩ < ∞ , where dΩ denotes the area element (2D) or

volume element (3D). The inner product and the norm in L2(Ω) are, respec-
tively, defined by

u, v =

Ω

uvdΩ, u = u, u 1 2 1 93

Two functions are said to be orthogonal if their inner product is zero. Consider
the eigenvalue problems for the Laplace operator (also called Laplacian) −∇2

acting on the scalar fields with three different boundary conditions:

1) Dirichlet problem:

−∇2u r = λu r , r Ω
u r = 0, r Γ

1 94

2) Neumann problem:

−∇2u r = λu r , r Ω
∂u r
∂n

= 0, r Γ
, 1 95

where ∂/∂n denotes the derivative in the direction normal to the boundary Γ.

3) Robin problem:

−∇2u r = λu r , r Ω
∂u r
∂n

+ a r u r = 0, r Γ
, 1 96

where a(r) is a continuous function.
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For any functions u1 and u2 satisfying one of the above boundary conditions, the
Laplacian −∇2 is symmetric

−∇2u1,u2 =

Ω

− u2∇2u1dΩ =

Ω

∇u1∇u2dΩ−

Γ

u2
∂u1
∂n

dΓ

=

Ω

∇u1∇u2dΩ = u1, −∇2u2 ,
1 97

where use has been made of the Green’s first identity

Ω

u∇2v + ∇u∇v dΩ =

Γ

u
∂v
∂n

dΓ 1 98

The symmetric property of the Laplacian is also easily seen from the Green’s
second identity

Ω

u∇2v− v∇2u dΩ =

Γ

u
∂v
∂n

− v
∂u
∂n

dΓ 1 99

Apparently,

−∇2u, u =

Ω

∇u 2dΩ ≥ 0, 1 100

which implies that the Laplacian −∇2 is non-negative. The three eigenvalue pro-
blems (1.94)–(1.96) have the properties:

1) All the eigenvalues are real and the corresponding eigenfunctions can be cho-
sen to be real.

2) The eigenfunctions corresponding to different eigenvalues are orthogonal.
3) All the eigenvalues are positive for Dirichlet problem (1.94). All the eigenvalues

are non-negative (positive or zero) for Neumann and Robin problems (1.95)
and (1.96).

The Rayleigh quotient for the Laplacian −∇2 can be obtained by taking the
inner product of the first equation of (1.94) with u:

λ =
−∇2u, u
u, u

1 101

After applying Green’s first identity to (1.101), the Rayleigh quotient can be writ-
ten as

λ =
1

u, u
∇u,∇u −

Γ

u
∂u
∂n

dΓ 1 102
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If u satisfies the Dirichlet boundary condition, the boundary integral in (1.102)
vanishes and the Rayleigh quotient reduces to

λ =
∇u,∇u
u, u

1 103

Consider the minimization of the Rayleigh quotient

λ = min
h Γ = 0

∇h,∇h
h, h

, 1 104

where h is a smooth function (called trial function), satisfying the Dirichlet
boundary condition h|Γ = 0.

Theorem 1.3 If u1 is a solution of the minimum problem (1.104) and λ1 is the
value of the minimum (i.e. the Rayleigh quotient reaches minimum value λ1 when
h= u1), then λ1 is the smallest eigenvalue of the Dirichlet problem (1.94) and u1 its
corresponding eigenfunction. □

Proof. Let v be an arbitrary function and ε be a small number. Since λ1 is a min-
imum of the Rayleigh quotient (1.103), the function

λ ε =
∇ u1 + εv ,∇ u1 + εv

u1 + εv, u1 + εv
1 105

has a minimum at ε = 0 with

λ1 =
∇u1,∇u1
u1, u1

1 106

By ordinary calculus, this implies λ (0) = 0. Thus,

λ 0 =
1

u1, u1
2 2 ∇u1,∇v u1, u1 − 2 u1, v ∇u1,∇u1 = 0

It follows that

∇u1,∇v − u1, v
∇u1,∇u1
u1,u1

= 0 1 107

By using Green’s first identity (1.98), (1.106), and the Dirichlet boundary condi-
tion, one may obtain

∇2u1, v + λ1 u1, v = 0

Since v is arbitrary, it may be concluded that λ1 is an eigenvalue of (1.94) and its
eigenfunction is u1. It is easy to verify that λ1 is the smallest eigenvalue of (1.94).
The proof is completed.
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Once the first eigenvalue λ1 and its eigenfunction u1 are determined, the second
eigenvalue λ2 can be found by minimizing (1.104) with the supplementary con-
straint that the trial function must be orthogonal to the first eigenfunction u1.
In general, un is the nth eigenfunction that minimizes the Rayleigh quotient
(1.104) under the conditions

un,u1 = un, u2 = un, un− 1 = 0,

and the corresponding eigenvalues satisfy 0 < λ1≤ λ2≤ .
Consider now the Neumann eigenvalue problem (1.95). Instead of using (1.104),

the following minimization problem for the Rayleigh quotient will be introduced:

λ = min
∇h,∇h
h, h

, 1 108

where the trial function h is not required to satisfy any boundary conditions.

Theorem 1.4 If u1 is a solution of the minimum problem (1.108) and λ1 is the
value of the minimum, then λ1 is the smallest eigenvalue of the Neumann prob-
lem (1.95) and u1 its corresponding eigenfunction. □

Proof. The steps of the proof is similar to that of Theorem 1.3 until (1.107), which,
after applying Green’s first identity, can be written as

∇2u1, v + λ1 u1, v =

Γ

v
∂u1
∂n

dΓ 1 109

Since v is an arbitrary function, one can first choose v arbitrarily insideΩ and v= 0
on the boundary Γ. Then, (1.109) implies ∇2u1 + λ1u1 = 0 inside Ω. Thus,

Γ

v
∂u1
∂n

dΓ = 0

holds for an arbitrary function v. Now selecting v = ∂u1/∂n yields ∂u1/∂n = 0,
which is the Neumann boundary condition. The proof is completed.
The above discussion indicates that the Neumann boundary condition is natu-

rally met after minimization. For this reason, it is called natural boundary con-
dition or free boundary condition. It is noted that the first eigenvalue λ1 for
Neumann problem (1.95) can be zero and the corresponding eigenfunction
becomes a constant. Other eigenvalues and their eigenfunctions can be deter-
mined by (1.108) in the same way as discussed for Dirichlet problem.
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Remark 1.4 It can be shown that the Dirichlet boundary condition in (1.94)
becomes a natural boundary condition if one uses the following Rayleigh quotient

λ = min

∇h,∇h − 2

Γ

h
∂h
∂n

dΓ

h, h
, 1 110

where the trial functions are not required to satisfy any boundary conditions. □

1.4.2 Properties of Eigenvalues

Let λj and λj , respectively, denote Dirichlet and Neumann eigenvalues. The

Rayleigh quotients in (1.104) and (1.108) have the same expressions except that
the trial functions for λj satisfy extra constraints. Some important properties of
eigenvalues are summarized below [29]:

1) λj < λj j = 1, 2,…
2) As the domain increases, the eigenvalues λn or λn decreases.
3) If Ω is a plane domain in a 2D space, the eigenvalues for the Dirichlet prob-

lem (1.94) satisfy lim
n ∞

λn
n

=
4π
A
, where A is the area of Ω. If Ω is a solid domain

in a 3D space, the eigenvalues for the Dirichlet problem (1.94) satisfy

lim
n ∞

λ3 2
n

n
=

6π2

V
, where V is the volume of Ω.

4) lim
n ∞

λn = ∞ and lim
n ∞

λn = ∞ .

The first property results from the consideration that additional constraints will
increase the value ofminimum. Inwaveguide theory, this property implies that the
dominant mode of a hollow metal waveguide is always a TE mode. The second
property is simply because the set of trial functions defined in a larger domain
includes those defined in a smaller domain contained in the larger domain. In
waveguide theory, this property implies that the cutoff wavenumber of a hollow
metal waveguide decreases as the cross section of the waveguide increases. As
the cross section becomes infinitely large, the discrete cutoff wavenumbers will
become closer together and merge into the positive axis. Only the proof of the last
property will be given here. To this end, one needs the following Rellich’s
theorem, named after the Austrian-German mathematician Franz Rellich
(1906–1955).
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Rellich’s Theorem: Any sequence { fn} that satisfies

f n
2 =

Ω

f 2ndΩ ≤ c1, ∇f n
2 =

Ω

∇f n
2dΩ ≤ c2,

where c1 and c2 are constants, has a subsequence, still denoted by { fn}, such that

lim
m, n ∞

Ω

f m − f n
2dΩ = 0

□

According to the solution procedures of the eigenfunctions described by (1.104)
or (1.108), one may write

λn =
∇un,∇un
un,un

1 111

If λn is assumed to be finite as n ∞, the sequence {un (un, un) = 1} satisfies the
conditions stated in Rellich’s theorem. So, one can choose a subsequence of
{un (un, un) = 1}, still denoted by {un (un, un) = 1}, such that

lim
m, n ∞

Ω

um −un
2dΩ = 0

This contradicts the fact that
Ω
um − un

2dΩ = 2. Therefore, the assumption that

λn remains finite as n ∞ is wrong. The proof is completed.

Remark 1.5 For the eigenvalue problems defined in 2D or 3D space, the eigen-
values are numbered multiple integers. For example, if Ω is a rectangle [0, a] ×
[0, b] in the plane, one has

λn =
pπ
a

2
+

qπ
b

2
, p = 1, 2,…, q = 1, 2,… 1 112

In this case, n stands for multiple indices (p, q) and it is difficult to see how (1.112)
is related to property 3. To solve this problem, one can introduce the enumera-
tion function N(λ), defined as the number of eigenvalues that do not exceed λ.
Clearly N(λ) is the number of lattice points (p, q) satisfying

p
a

2
+

q
b

2
≤

λ

π2

If the eigenvalues (1.112) are arranged in increasing order, it is easy to see
N(λ) = n. □
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1.4.3 Completeness of Eigenfunctions

A set of eigenfunctions is said to be complete in L2(Ω) if any function in L2(Ω) can
be expressed as a linear combination of the eigenfunctions.

Theorem 1.5 The eigenfunctions resulted from (1.104) (Dirichlet boundary con-
dition) and (1.108) (Neumann boundary condition) are complete in L2(Ω). In other
words, an arbitrary function f L2(Ω) can be represented as a linear combination
of the eigenfunctions in the sense that

f −
N

n = 1

cnun 0, 1 113

asN ∞. In the above, un(n= 1, 2,…) are the eigenfunctions obtained either from
(1.104) or (1.108), which are assumed to be mutually orthogonal, and

cn =
f , un
un,un

, n = 1, 2,… 1 114

are the (Fourier) expansion coefficients. □

Proof. Let f be a trial function. The remainder of the expansion of f

rN = f −
N

n = 1

cnun

is also a trial function. From the orthogonality of the eigenfunctions, one may eas-
ily verify that (rN, uj) = 0 for j≤N, which implies

λN ≤
∇rN ,∇rN
rN , rN

1 115

by the construction of the eigenfunctions. After expanding the numerator, one
may find

∇rN ,∇rN = ∇f ,∇f −
N

n = 1

c2nλn un,un ≤ ∇f 2 1 116

It follows from (1.115) and (1.116) that

rN
2 ≤

∇f 2

λN
1 117

Since λN ∞ as N ∞, one may find rN 0 as N ∞. Hence, (1.113) is valid
for a trial function f. It can be shown that an arbitrary function in L2(Ω) can be
approximated by a trial function. Thus, the proof is completed.
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Remark 1.6 The convergence in the function space L2(Ω) as demonstrated in
(1.113) is usually nonuniform. Great care must be taken in performing term-by-
term differentiation, integration, and limiting process of the series. In many cases,
as will be seen later in the theory of waveguide and cavity resonator, the function
and its derivative must be expanded separately. □

Remark 1.7 If the set of eigenfunctions {un} is orthonormal

um, un = δmn, 1 118

and satisfy the homogeneous Dirichlet condition in (1.94) or Neumann boundary
condition in (1.95), one can construct a set of vector field {En}, defined by
En = (1/λn)∇ un, such that

Ω

Em EndΩ = δmn 1 119

Equation (1.119) is a direct consequence of the Green’s first identity (1.98). □

1.4.4 Differential Equations with Variable Coefficients

The main results obtained in previous sections can be generalized to the differen-
tial equations with variable coefficients

1
w r

−∇ p r ∇ + q r u r = λu r , r Ω, 1 120

where p and w are assumed to be positive, and q is a continuous function. Three
boundary value problems similar to (1.94)–(1.96) may be introduced with the oper-
ator −∇2 replaced by (−∇ p∇+ q)/w. The inner product and the norm are now,
respectively, defined by

u, v w =

Ω

w r u r v r dΩ, u w = u,u w

Let L2w Ω denote the set of all functions defined on the regionΩ in 2D or 3D space
such that u w<∞. Then, all the eigenvalues of (1.120) under the three boundary
conditions are real and the corresponding eigenfunctions can be chosen to be real,
and the eigenfunctions corresponding to different eigenvalues are orthogonal. The
Rayleigh quotient for the eigenvalue problem (1.120) is given by

λ =

1
w

−∇ p∇ + q u, u
w

u, u w
1 121
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By use of the identity ∇ (ϕa) = ϕ∇ a+ a ∇ ϕ, the above quotient can be writ-
ten as

λ =
Ω

p ∇u 2 + qu2 dΩ−

Γ

p
∂u
∂n

udΓ

u, u w
1 122

For the Dirichlet and Neumann problems, the boundary term in (1.122) vanishes
and the quotient reduces to

λ =
Ω

p ∇u 2 + qu2 dΩ

u, u w
1 123

During the minimization process for determining the eigenvalues and the eigen-
functions, the trial functions in the quotient (1.123) must satisfy the Dirichlet
boundary condition for Dirichlet problem while they are free for Neumann prob-
lem. For the Robin problem, (1.122) becomes

λ =
Ω

p ∇u 2 + qu2 dΩ +

Γ

pau2dΓ

u, u w
1 124

In this case, the trial functions are also free.
As a special case in one dimension, let us consider the most important eigen-

value problem in mathematical physics, the Sturm–Liouville type

1
w x

−
d
dx

p x
d
dx

+ q x u x = λu x , x a, b , 1 125

where the functions p and w are smooth and positive, and q is real piecewise con-
tinuous function, all defined over a finite interval [a, b]. Then, the following prop-
erties can be established for the eigenvalue problem (1.125):

1) The eigenvalues are real and all the corresponding eigenfunctions can be
assumed to be real.

2) The eigenfunctions of different eigenvalues are orthogonal.
3) The eigenvalue problem (1.125) has an infinite set of eigenvalues λ1≤ λ2≤ ≤

λn , and λn ∞ as n ∞. In addition, the corresponding eigenfunctions
{un} constitute a complete system in L2w a, b .
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1.4.5 Green’s Function and Spectral Representation

The eigenvalue theory can be used to solve the operator equation of the type

L− ξ g r, ξ = f r , 1 126

where L is a self-adjoint operator, ξ is a complex parameter, f is a known source
function, and g is the unknown field. Suppose that {un} is the complete set of the
normalized eigenfunctions of the eigenvalue problem, which satisfy

Lun = λnun

Then, both the source and the field may have the expansions

f =
n

f nun, g =
n
gnun,

with fn = (f, un), gn = (g, un). Substituting these expansions into (1.126) gives

g = −
n

f n
ξ− λn

un 1 127

Let CR be a circle of radius R at the origin in the complex ξ-plane. Then,

CR

gdξ = −
n
f nun

CR

dξ
ξ− λn

, 1 128

where the sum is over those eigenvalues λn contained within the circle. The sin-
gularities of the integrand are simple poles with residue of unity at all ξ= λnwithin

the contour. Since Lis self-adjoint, the poles must lie on the real axis in the ξ-plane.
Taking the limit as R ∞ and using the residue theorem, one may find

lim
R ∞

CR

gdξ = − 2πj
n
f nun,

where the sum is now over all of the eigenfunctions. Therefore, there exists a rela-
tionship between the source and the field

f = −
1
2πj

C

gdξ, 1 129

where C is a circle at infinity obtained in the limit operation. As a special case, one
may consider the Green’s function defined by

L− ξ G r, r ; ξ = δ r− r 1 130
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From (1.129), it is easy to see

δ r− r = −
1
2πj

C

G r, r ; ξ dξ 1 131

This is called the spectral representation of the delta function for the operator

L. From (1.127), the Green’s function has the expansion

G r, r ; ξ = −
n

un r un r
ξ− λn

1 132

Combining (1.131) and (1.132) yields

δ r− r =
n
un r un r 1 133

Equation (1.133) is the completeness identity of the eigenfunctions and it should
be taken as a symbolic equality.

Example 1.3 Let us consider the Green’s function defined by

−
d2

dx2
+ ξ G x, x ; ξ = δ x− x

G 0, x ; ξ = G a, x ; ξ = 0

The Green’s function is easily found to be [30]

G x,x ;ξ =
sin ξx sin ξ a−x

ξsin ξa
H x −x +

sin ξ a−x sin ξx

ξsin ξa
H x−x

Considering

1
2πj

C

G x, x ; ξ dξ =
1
2πj

C

sin ξx sin ξ a− x

ξ sin ξa
H x − x dξ

+
1
2πj

C

sin ξ a− x sin ξx

ξ sin ξa
H x− x dξ

and

Res
ξ = nπ a 2

sin ξx sin ξ a− x

ξ sin ξa
=

2 sin ξx sin ξ a− x

ξ− 1 2 sin ξa + a cos ξa ξ = nπ a 2

= −
2
a
sin

nπx
a

sin
nπx
a

= Res
ξ = nπ a 2

sin ξ a− x sin ξx

ξ sin ξa
,
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where Res
ξ = a

f ξ denotes the residue of f(ξ) at ξ = a, one may find

1
2πj

C

G x, x ; ξ dξ = −
2
a

∞

n = 1

sin
nπx
a

sin
nπx
a

from residue theorem. It follows from (1.131) that

δ x− x =
∞

n = 1

2
a
sin

nπx
a

2
a
sin

nπx
a

1 134

By shifting the origin to a/2, the above equation can be written as

δ x−x =
2
a

∞

n= 1

sin
nπ
a

x−
a
2

sin
nπ
a

x −
a
2

=
2
a

∞

n= 1

sin
nπx
a

sin
nπx
a

cos 2
nπ
2

+ cos
nπx
a

cos
nπx
a

sin2 nπ
2

=
2
a

∞

n= 1

sin
2nπx
a

sin
2nπx
a

+
2
a

∞

n= 1

cos
2n−1 πx

a
cos

2n−1 πx
a

1 135

As a becomes very large, the eigenvalues λn = (nπ/a)2 become closer and closer
together until they merge in the limit into a continuous spectrum (positive axis).
Setting

τn =
nπ
a
,Δτn =

π

a
,

and letting a ∞, (1.134) can be written as

δ x− x = lim
a ∞

2
π

∞

n = 1

sin
nπx
a

sin
nπx
a

π

a

= lim
Δτn ∞

2
π

∞

n = 1

sin τnx sin τnx Δτn =
2
π

∞

0

sin τx sin τx dτ

1 136

Similarly, if a approaches to infinity, (1.135) becomes

δ x− x =
1
π

∞

0

cos τ x− x dτ =
1
2π

∞

− ∞

ejτ x− x dτ 1 137

This is the Fourier integral representation. □
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Example 1.4 Consider the eigenvalue problem

−∇2u r = λu r , r = x, y, z R3

The above equation has normalized plane-wave solutions

uk r =
1

2π 3 2
ejk r, k = kx , ky, kz ,

which satisfy the orthonormal condition

R3

uk r uk r dxdydz =
1

2π 3

R3

ej k−k rdxdydz = δ k−k

The corresponding eigenvalue is given by λ = k2 = |k|2. The Green’s function
defined by

∇2 + k20 G r, r = − δ r− r , r, r R3

is easily found to be e− jk0 r− r 4π r− r . In the expansion (1.132), one may let

ξ = k20 , replace the discrete summation index n by the continuous vector k, un
by uk, λn by k2, and the discrete summation by the integral over the whole space,
to find

e− jk0 r− r

4π r− r
=

1

2π 3

R3

ejk r− r

k2 − k20
dkxdkydkz 1 138

The above expression is the plane-wave expansion for the Green’s function

e− jk0 r− r 4π r− r . □

1.5 Eigenvalue Problems for the Laplace Operator
on Vector Field

A vector field can be decomposed into three scalar field components and a vector
field problem can always be reduced to scalar field problems. But this procedure is
not always the most effective. One can also express a vector field as the sum of the
gradient of a scalar potential and the curl of a vector potential. Since the vector
potential must satisfy the gauge condition, only two components of the vector
potential are independent. A vector field is usually required to satisfy certain
boundary conditions, which must be imposed to the scalar field components that
represent the original vector field. The imposition of the boundary conditions to
the scalar fields is very complicated in many cases. Therefore, one is forced to
adopt a direct approach to solve vector field equation [20].
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1.5.1 Rayleigh Quotient

Consider the eigenvalue problems for the Laplace operator on the vector field with
the boundary condition of electric type (BCE)

−∇2e ρ = λe ρ , ρ Ω
BCE un × e ρ = 0,∇ e ρ = 0, ρ Γ

, 1 139

and that with the boundary condition of magnetic type (BCM)

−∇2h ρ = λh ρ , ρ Ω
BCM un h ρ = 0,un × ∇ × h ρ = 0, ρ Γ

, 1 140

where the operator ∇2 is defined by ∇2a = −∇ ×∇ × a+∇∇ a. For conven-
ience, the domain Ω will be assumed to be a finite region in 2D space and is
bounded by Γ. Let [L2(Ω)]2 denote the product space L2(Ω) × L2(Ω). The inner
product and the norm in [L2(Ω)]2 are, respectively, defined by

a1, a2 =

Ω

a1 a2dΩ, a = a, a 1 2, a1, a2, a L2 Ω 2
1 141

It is noted that the BCE implies that the tangential component as well as the
normal derivative of the normal component of the vector field e vanish on the
boundary while the BCM implies that the normal component and the normal
derivative of the tangential component of the vector field h are zero on the bound-
ary. For any two vector fields a1 and a2 satisfying the BCE or BCM, the Laplacian
−∇2 is symmetric

−∇2a1, a2 =

Ω

∇ × a1 ∇ × a2dΩ +

Ω

∇ a1∇ a2dΩ

−

Γ

un × a2 ∇ × a1dΓ−

Γ

un a2 ∇ a1dΓ

=

Ω

∇ × a1 ∇ × a2 + ∇ a1∇ a2 dΩ = a1, −∇2a2

1 142

after applying integration by parts. The Laplacian −∇2 is non-negative

−∇2a, a =

Ω

∇ × a 2 + ∇ a 2 dΩ ≥ 0
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Similar to the eigenvalue problems for scalar fields, the eigenvalue pro-
blems (1.139) and (1.140) for vector fields have the properties:

1) All the eigenvalues are real and the corresponding eigenfunctions can be cho-
sen to be real.

2) The eigenfunctions corresponding to different eigenvalues are orthogonal.
3) All the eigenvalues are positive or zero.

From now on, it will be assumed that all the eigenfunctions are real, and a short-
hand notation a2 = a a will be used. The Rayleigh quotient for the Lapla-
cian −∇2is

λ =
−∇2a, a
a, a

=
Ω

∇ × a 2dΩ +

Ω

∇ a 2dΩ−

Γ

un × a ∇ × adΓ−

Γ

un a ∇ adΓ

Ω

a2dΩ

1 143

The line integrals vanish if a satisfies the BCE or BCM. Onemay thus introduce the
minimization problem

λ = min
BCE or BCM

Ω

∇ × g 2 + ∇ g 2 dΩ

Ω

g2dΩ
, 1 144

where g is the trial function and is assumed to satisfy the BCE or BCM.

Theorem 1.6 If a1 is a solution of the minimum problem (1.144) and λ1 is the
value of the minimum, then λ1 is the smallest eigenvalue of the Rayleigh quotient
(1.144) and a1 is its corresponding eigenfunction. □

Proof. Let d be an arbitrary function that satisfies the BCE or BCM, and ε be a
small number. Since λ1 is a minimum of (1.144), the expression

λ ε =
Ω

∇ × a1 + εd 2 + ∇ a1 + εd 2 dΩ

Ω

a1 + εd 2dΩ
1 145
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has a minimum at ε = 0 with

λ1 =
Ω

∇ × a1
2 + ∇ a1

2 dΩ

Ω

a21dΩ
1 146

By ordinary calculus, this requires λ (0) = 0. A simple calculation leads to

λ 0 =

2

Ω

a21dΩ
Ω

∇ × a1 ∇ × ddΩ− 2

Ω

a1 ddΩ
Ω

∇ × a1
2dΩ

Ω

a21dΩ

2

+

2

Ω

a21dΩ
Ω

∇ a1∇ ddΩ− 2

Ω

a1 ddΩ
Ω

∇ a1
2dΩ

Ω

a21dΩ

2

The condition that λ (0) must be zero implies

Ω

a21dΩ
Ω

∇ × a1 ∇ × ddΩ−

Ω

a1 ddΩ
Ω

∇ × a1
2dΩ

+

Ω

a21dΩ
Ω

∇ a1∇ ddΩ−

Ω

a1 ddΩ
Ω

∇ a1
2dΩ = 0

1 147

By the vector identities

Ω

∇ × a ∇ × bdΩ =

Ω

a ∇ × ∇ × bdΩ +

Γ

∇ × b un × a dΓ,

Ω

∇ a∇ bdΩ = −

Ω

a ∇∇ bdΩ +

Γ

∇ b un a dΓ,
1 148
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(1.147) may be rewritten as

Ω

d ∇×∇× a1dΩ−

Ω

d ∇∇ a1dΩ−

Ω

a1 ddΩ Ω

∇× a1
2 + ∇ a1

2 dΩ

Ω

a21dΩ

+

Γ

un ×d ∇× a1dΓ+
Γ

un d ∇ a1dΓ=0

1 149

On account of (1.146) and the same boundary conditions that both d and e1 must
satisfy, the line integrals in (1.149) vanish. Thus,

Ω

d ∇ × ∇ × a1 −∇∇ a1 − λ1a1 dΩ = 0 1 150

Since d is arbitrary, the above equation indicates that λ1 is an eigenvalue of (1.139)
and its eigenfunction is a1. It is easy to verify that λ1 is the smallest eigenvalue of
(1.139) or (1.140). The proof is completed.

1.5.2 Completeness of Vector Modal Functions

Aprocedure similar to the study of eigenvalue problems for scalar fields produces a
set of orthogonal eigenfunctions {a1, a2,…}, and the corresponding eigenvalues sat-
isfy 0 ≤ λ1≤ λ2≤ . The eigenfunction an is called nth vector modal function.
From now on, it will be assumed that the vector modal functions are orthonormal

Ω

am andΩ = δmn 1 151

Theorem 1.7

lim
n ∞

λn = ∞

□

Proof. Since an is normalized, one may write

λn =

Ω

∇ × an
2 + ∇ an

2 dΩ =

Ω

∇ × ∇ × an −∇∇ an andΩ

1 152
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from (1.143). Using the vector identity ∇ ×∇ × a−∇∇ a = −∇2a and Green’s
first identity (1.98), the above equation may be reduced to

λn = −

Ω

an ∇2andΩ = −

Ω

axn∇2axn + ayn∇2ayn dΩ

=

Ω

∇axn 2 + ∇ayn
2
dΩ−

Γ

an
∂an
∂n

dΓ,
1 153

where the decomposition an = axnux+ aynuy in the rectangular coordinate system
has been used. The boundary integral term vanishes due to the boundary condi-
tions BCE or BCM. In fact, one may write

an
∂an
∂n

= an un un + an ut ut
∂ an un

∂n
un +

∂ an ut

∂n
ut

= an un
∂ an un

∂n
+ an ut

∂ an ut

∂n
,

1 154

where un and ut are, respectively, the unit normal and unit tangent along the
boundary Γ, and can be used to decompose the field an, as illustrated in Figure 1.3.

If the field an satisfies the BCE or BCM, it is easy to show that

an ut = 0,
∂ an un

∂n
= 0, ρ Γ, 1 155

and

an un = 0,
∂ an ut

∂n
= 0, ρ Γ, 1 156

respectively, for the BCE and BCM. Substituting (1.155) or (1.156) into (1.154), one
may find an ∂an/∂n = 0 in both cases. Thus,

λn =

Ω

∇axn 2 + ∇ayn
2
dΩ L2 Ω 2

1 157

If λn is assumed to be finite as n ∞, Rellich’s theorem thus applies. As a
result, one can choose a subsequence of {an}, still denoted {an}, such that

ut
un

ΓFigure 1.3 Decomposition of field along local
rectangular coordinate system.
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lim
n,m ∞

axn− axm = 0 . Another subsequence can be chosen from this subse-

quence, such that lim
n,m ∞

ayn− aym = 0. Then,

lim
n,m ∞

an − am
2 = lim

n,m ∞
axn − axm

2 + ayn − aym
2

= 0

This contradicts the fact that an− am
2 = 2. Consequently, the assumption that λn

remains finite as n ∞ is invalid. The proof is completed.

Theorem 1.8 The eigenfunctions determined from (1.144) are complete in
[L2(Ω)]2. In other words, an arbitrary vector function F [L2(Ω)]2 can be expressed
as a linear combination of the eigenfunctions {an} in the sense that

lim
N ∞

F−
N

n = 1

cnan 0, 1 158

where cn = (F, an), n = 1, 2, …, are the (Fourier) expansion coefficients. □

Proof. Let F be a trial function. The remainder of the expansion of F

rN = F−
N

n = 1

cnan

is also a trial function. From the orthogonality of the eigenfunctions, it is easy to
verify that (rN, aj) = 0 for j≤N, which implies

λN ≤ Ω

∇ × rN
2 + ∇ rN

2 dΩ

Ω

rN
2dΩ

1 159

by the construction of the eigenfunctions. Expanding the integrands in the numer-
ator, one may find

∇ × rN
2 = ∇ × F 2

− 2
N

n = 1

cn F ∇ × ∇ × an + ∇ F × ∇ × an

+
N

m = 1

N

n = 1

cmcn am ∇ × ∇ × an + ∇ am × ∇ × an ,

∇ rN
2 = ∇ F 2

− 2
N

n = 1

cn ∇ F∇ an −F ∇∇ an

+
N

m = 1

N

n = 1

cmcn ∇ am∇ an − am ∇∇ an
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Thus,

Ω

∇ × rN
2 + ∇ rN

2 dΩ =

Ω

∇ × F 2 + ∇ F 2 dΩ

−
N

n = 1

c2nλn ≤
Ω

∇ × F 2 + ∇ F 2 dΩ

1 160

It follows from (1.159) and (1.160) that

rN
2 ≤ Ω

∇ × F 2 + ∇ F 2 dΩ

λN
1 161

Since lim
N ∞

λN = ∞, it is to see lim
N ∞

rN = 0. Hence (1.158) is valid for a trial func-

tion F. It can be shown that an arbitrary function in [L2(Ω)]2 can be approximated
by a trial function. The proof is completed.

Remark 1.8 In the proof of the completeness of eigenfunctions for both scalar
and vector fields, it has been stated that an arbitrary function in L2(Ω) or [L2(Ω)]2

can be approximated by a trial function without giving the details. Serious readers
may find that a proof for the existence of eigenfunctions is also missing in the pre-
ceding discussion. To prove the existence and completeness of eigenfunctions, the
concept of the generalized solutions for differential equations must be used, which
is beyond the scope of this book. For a rigorous treatment, please refer to
[16, 31]. □

Remark 1.9 Similar to (1.110), the BCE and BCM can be made free by, respec-
tively, introducing the minimization problems [32]

λ = min
Ω

∇ × g 2 + ∇ g 2 dΩ− 2

Γ

un × g ∇ × gdΓ

Ω

g2dΩ
, 1 162

λ = min
Ω

∇ × g 2 + ∇ g 2 dΩ− 2

Γ

un g ∇ gdΓ

Ω

g2dΩ
1 163
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It is readily shown that the solution of (1.162) is an eigenfunction that satisfies
(1.139). Let d be an arbitrary function and ε be a small number. Suppose that a
is a solution of (1.162). Then, the expression

λ ε =
Ω

∇× a+ εd 2 + ∇ a+ εd 2 dΩ−2

Γ

un × a+ εd ∇× a+ εd dΓ

Ω

a+ εd 2dΩ

1 164

must satisfy λ (0) = 0, which leads to

2

Ω

a2dΩ
Ω

∇ × a ∇ × ddΩ− 2

Ω

a ddΩ
Ω

∇ × a 2dΩ

+ 2

Ω

a2dΩ
Ω

∇ a∇ ddΩ− 2

Ω

a ddΩ
Ω

∇ a 2dΩ

−

Ω

a2dΩ 2

Γ

un × a ∇ × d dΓ + 2

Γ

un × d ∇ × adΓ

+ 4

Ω

a ddΩ
Γ

un × a ∇ × adΓ = 0

By means of the vector identities (1.148), one may find

Ω

d ∇ × ∇ × adΩ−

Ω

d ∇∇ adΩ

−

Ω

d adΩ Ω

∇ × a 2dΩ +

Ω

∇ a 2dΩ− 2

Γ

un × a ∇ × adΓ

Ω

a2dΩ

+

Γ

∇ a un d dΓ−

Γ

un × a ∇ × ddΓ = 0
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This can be simplified to

Ω

d ∇ × ∇ × a−∇∇ a− λa dΩ +

Γ

∇ a un d dΓ

−

Γ

un × a ∇ × ddΓ = 0
1 165

Since d is arbitrary, it can be first chosen arbitrarily inside Ω such that
un d = un ×∇ × d = 0 on the boundary Γ. From Eq. (1.165), the following equa-
tion can be obtained:

∇ × ∇ × a−∇∇ a− λa = 0, ρ Ω

Thus,

Γ

∇ a un d dΓ−

Γ

un × a ∇ × ddΓ = 0, 1 166

which is valid for an arbitrary d. One can first choose un d= 0 in the above equa-
tion so that

Γ

un × a ∇ × ddΓ = 0 1 167

From the expansion for curl of d

∇ × d =
∂

∂n
un +

∂

∂t
ut × d un un + d ut ut

= −uz
∂ d ut

∂n
+ uz

∂ d un

∂t
,

it is easy to see that ∇ × d can still be selected arbitrarily even though un d = 0
has been assumed. Hence, (1.167) implies

un × a = 0, ρ Γ

One can also first choose ∇ × d = 0 in (1.166) so that

Γ

∇ a un d dΓ = 0 1 168

For un d can still be chosen arbitrarily, one may find

∇ a = 0, ρ Γ

Therefore, the vector field a is an eigenfunction that satisfies (1.139). In a similar
way, it can be shown that the solution of (1.163) is an eigenfunction that satisfies
(1.140). □
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1.5.3 Classification of Vector Modal Functions

The vector modal function an belongs to one of the following four types:

1 ∇ × an = 0,∇ an = 0,

2 ∇ × an 0,∇ an = 0,

3 ∇ × an = 0,∇ an 0,

4 ∇ × an 0,∇ an 0

A complete set of eigenfunctions can be constructed from the first three types [32],
which is implied by the Helmholtz theorem to be discussed later. Indeed, if an
belongs to type 4, two new functions may be introduced through

an = c ∇ × ∇ × an, an = c ∇∇ an, 1 169

where c and c are two normalizing constants. It can be verified that both an and
an are eigenfunctions that are mutually orthogonal and satisfy (1.139). Apparently,
an and an , respectively, belong to types 2 and 3. From (1.139) and (1.169), one
may find

an =
1
λn

1
c
an −

1
c

an

As a result, the eigenfunctions belonging to type 4 can be expressed as a linear com-
bination of the eigenfunctions in the first three types. A complete set of eigenfunc-
tions can be established as follows. Suppose that the nth eigenfunction an happens
to fall into type 4 during the minimization process with (1.144). Instead of using en
as the nth eigenfunction, one may take an and an as the nth and (n + 1)th eigen-
functions, respectively. This process guarantees that all the eigenfunctions
obtained with (1.144) fall into the first three types. Based on the above analysis,
an arbitrary vector field F can be expressed as a linear combination of the eigen-
functions in the first three types and therefore can be split up into three
components

F = FL + FT + FH , 1 170

where

∇ FL = ∇ F

∇ × FL = 0
,

∇ FT = 0

∇ × FL = ∇ × F
,

∇ FH = 0

∇ × FH = 0
1 171

The components FL, FT, and FH are, respectively, called longitudinal, trans-
verse, and harmonic. The decomposition is very useful if F is unknown but
∇ × F and∇ F are specified. Such a decomposition is usually referred to as Helm-
holtz theorem, which will be discussed in Section 1.7.
It is noted that all the results obtained for eigenvalue problems (1.139) and

(1.140) in 2D space are also valid in 3D space.
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1.6 Ritz Method for the Solution of Eigenvalue Problem

For the solution of the eigenvalue problem

Lu = λu, 1 172

where L is a positive-bounded-below operator Lu, u ≥ c u 2 with c being a

constant, one may resort to seeking the solution of the minimization problem

of the Rayleigh quotient for the operator L:

λ = min
Lu, u

u, u
1 173

This is equivalent to

λ = min
u, u = 1

Lu, u 1 174

The minimization problem (1.174) can be solved numerically. Let {uj j= 1, 2, …,
N} be a set of linearly independent functions in the domain of operator L, called
basis or trial functions. As an approximation, the unknown function u may be
expanded as follows:

u =
N

j = 1

ajuj, 1 175

where aj are the expansion coefficients to be determined. In this case, (1.174) is
equivalent to

λ = min
N

i, j = 1
Lui,uj aiaj

s t
N

i, j = 1
ui, uj aiaj = 1

1 176

The constrained problem (1.176) can be solved by the method of Lagrangian
multipliers. The Lagrangian function for (1.176) is given by

L ai, ξ =
N

i, j = 1

Lui,uj aiaj − ξ
N

i, j = 1

ui, uj aiaj, 1 177

where ξ is the Lagrangian multiplier. The partial derivatives of the Lagrangian
function with respect to the coefficients ajmust be zero, which results in the linear
system of equations

N

i = 1

ai Lui, uj − ξ ui, uj = 0, j = 1, 2,…,N 1 178
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The existence of a nonzero solution requires that the determinant of the system
(1.178) is zero

Lu1,u1 −ξ u1,u1 Lu2,u1 −ξ u2,u1 LuN ,u1 −ξ uN ,u1

Lu1,u2 −ξ u1,u2 Lu2,u2 −ξ u2,u2 LuN ,u2 −ξ uN ,u2

Lu1,uN −ξ u1,uN Lu2,uN −ξ u2,uN LuN ,uN −ξ uN ,uN

=0

1 179

It is easy to see that (1.179) hasN roots. Substituting the roots into (1.178), the coef-
ficients ai can be determined up to a constant multiplier c. One can then use the
constraint (u, u) = 1 to determine the constant c. If the set {uj j = 1, 2, …, N} is
orthonormal

ui, uj = δij =
1, i = j

0, i j
, 1 180

(1.179) reduces to

Lu1, u1 − ξ Lu2, u1 LuN , u1

Lu1, u2 Lu2, u2 − ξ LuN , u2

Lu1, uN Lu2, uN LuN , uN − ξ

= 0 1 181

The procedure described above is called Ritz method, named after Swiss the-
oretical physicist Walther Heinrich Wilhelm Ritz (1878–1909) [33].

Example 1.5 Let L = − d2 dx2 The domain of the operator L consists of the

smooth functions which satisfy the boundary conditions u(0) = u(1) = 0. It is easy

to find that the eigenvalues of L are λn = (nπ)2, n = 1, 2, 3, …. The Ritz method can
be used to estimate the first eigenvalue λ1. In this case, the minimization prob-
lem (1.173) is of the form

λ = min

1

0

u 2dx

1

0

u2dx
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Choose the trial function u1 = x(1− x) in the domain of L. Substituting u = a1u1
into the above, one may obtain λ = 10, which is good approximation to the first
eigenvalue λ1 = π2. □

1.7 Helmholtz Theorems

In 1905, German mathematician Blumenthal (1876–1944) showed that every con-
tinuously differentiable vector field that vanishes at infinity can be split into an
irrotational (curl free) and a solenoidal (divergence free) part. It means that a vec-
tor field F can be decomposed into the sum of a gradient and a curl

F r = −∇ϕ r + ∇ × A r 1 182

The component F = −∇ ϕ generated by the scalar field ϕ is irrotational (longi-
tudinal); the component F⊥ = ∇ ×A is solenoidal (transverse). Apparently, the
decomposition (1.182) can be carried out in an infinite number of ways. The vector
potential A in (1.182) is determined to within a gradient. In order for the decom-
position to be unique, certain restrictions have to be placed on the vector field F.

1.7.1 Helmholtz Theorem for the Field in Infinite Space

By use of the identity

∇2 1
4πR

= − δ r− r , 1 183

the vector field F defined on the infinite space can be divided into the sum of two
components

F r =

R3

F r δ r− r dV r = −∇2

R3

F r
4πR

dV r = F + F⊥, 1 184

where

F r = −∇∇
R3

F r
4πR

dV r ,

F⊥ r = ∇ × ∇ ×

R3

F r
4πR

dV r
1 185
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are referred to as the irrotational component and solenoidal component of F,
respectively. The vector field F will be assumed to decrease faster than 1/r as
r ∞. The irrotational component can further be written as

F r = ∇
R3

∇
F r
4πR

dV r −∇
R3

∇ F r
4πR

dV r 1 186

Upon using the Gauss’s theorem, the first term on the right-hand side approaches
to zero so that

F r = −∇
R3

∇ F r
4πR

dV r 1 187

Similarly, the solenoidal component can be expressed as

F⊥ r = −∇ ×

R3

∇ ×
1

4πR
F r dV r + ∇ ×

R3

∇ × F r
4πR

dV r

= ∇ ×

R3

∇ × F r
4πR

dV r ,

1 188

after applying Gauss theorem. Hence, the following theorem is obtained.

Theorem 1.9 Any vector field F that decreases faster than 1/r as r ∞ can be
expressed by

F r = −∇
R3

∇ F r
4πR

dV r + ∇ ×

R3

∇ × F r
4πR

dV r 1 189

□

This is called Helmholtz theorem or Helmholtz identity, also known as the
fundamental theorem of vector calculus. The theorem states that a vector field
that decreases rapidly at infinity is uniquely determined by its divergence and curl.
An immediate consequence of Helmholtz identity is

R3

F r 2dV r =

R3 R3

∇ F r ∇ F r +∇×F r ∇ ×F r
4πR

dV r dV r

1 190

It is noted that the Helmholtz theorem can be generalized to more complicated
domains [34].
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1.7.2 Helmholtz Theorem for the Field in Finite Region

For the vector field F defined in a finite region V bounded by S, it can also be
decomposed into the sum of two components

F r =

V

F r δ r− r dV r = −∇2

V

F r
4πR

dV r = F + F⊥, 1 191

where

F r = −∇∇
V

F r
4πR

dV r ,F⊥ r = ∇ × ∇ ×

V

F r
4πR

dV r 1 192

Applying Gauss theorem, the irrotational component can further be written as

F r = ∇
V

∇
F r
4πR

dV r −∇
V

∇ F r
4πR

dV r

= −∇
V

∇ F r
4πR

dV r −

S

un r F r
4πR

dS r ,

1 193

where un is unit outward normal of S. In the same way, the solenoidal component
may be expressed by

F⊥ r = −∇ ×

V

∇ ×
1

4πR
F r dV r + ∇ ×

V

∇ × F r
4πR

dV r

= ∇ ×

V

∇ × F r
4πR

dV r −

S

un r × F r
4πR

dS r

1 194

The vector field F may then be decomposed according to

F r = −∇
V

∇ F r
4πR

dV r −

S

un r F r
4πR

dS r

+ ∇ ×

V

∇ × F r
4πR

dV r −

S

un r × F r
4πR

dS r

1 195

Consequently, a vector field defined in a finite region is determined by its diver-
gence and curl, as well as by its values on the boundary.
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Remark 1.10 If the vector field F is both curl free and divergence free inside V,
(1.195) reduces to

F r = ∇
S

un r F r
4πR

dS r −∇ ×

S

un r × F r
4πR

dS r 1 196

If S is a perfect conductor and the vector field F stands for the electric field, its
tangential component vanishes: un × F = 0. Let F = −∇ ϕ. Since F is harmonic,
one may write

∇2ϕ = 0, r V ,

un × ∇ϕ = 0, r S
1 197

The boundary condition in (1.197) implies ϕ is a constant on S. As a result,

V

∇ ϕ∇ϕ dV =

S

ϕun ∇ϕdS = const

S

un ∇ϕdS = const

V

∇ ∇ϕdV = 0,

1 198

where use has been made of the Gauss theorem and (1.197). The left-hand side of
the above equation can be written as

V

∇ ϕ∇ϕ dV =

V

∇ϕ ∇ϕ + ϕ∇ ∇ϕ dV =

V

∇ϕ ∇ϕ dV

This implies F= −∇ ϕ= 0 inside V. It is noted that the derivation of (1.198) is only
valid for simply connected region. If V is multiply connected, the potential func-
tion ϕ can take a different value on each boundary. As a result, a nonzero vector
field F inside V can exist. □

1.7.3 Helmholtz Theorem for Time-Dependent Field

In order to obtain the Helmholtz theorem for a time-dependent vector field F(r, t),
one may use the retarded Green’s function G(r, r ; t, t ) for the wave equation

∇2 −
1
c2

∂2

∂t2
G r, r ; t, t = − δ r− r δ t− t ,

G r, r ; t, t = 0, t < t

1 199

It is easy to find the solution of the above equation

G r, r ; t, t =
1

4πR
δ t− t −

r− r
c

1 200
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The time-dependent vector field F(r, t) can be written as an integration over space
and time

F r, t =

R3

+∞

−∞

F r , t δ r− r δ t− t dV r dt

= −

R3

+∞

−∞

F r , t ∇2 −
1
c2

∂2

∂t2
G r, r ; t, t dV r dt

Similar to the derivation of (1.189), the above equation can be expressed as

F r, t = −∇
R3

+∞

−∞

∇ F r , t G r, r ; t, t dV r dt

+ ∇ ×

R3

+∞

−∞

∇ × F r , t G r, r ; t, t dV r dt

+
1
c2

∂

∂t
R3

+∞

−∞

∂F r , t
∂t

G r, r ; t, t dV r dt

1 201

Substituting (1.200) into (1.201) yields the time-domain Helmholtz theorem

F r, t = −∇
R3

∇ F r , t− r− r c
4πR

dV r

+ ∇ ×

R3

∇ × F r , t− r− r c
4πR

dV r

+
1
c2

∂

∂t
R3

1
4πR

∂F r , t− r− r c
∂t

dV r

1 202

Note that the time-domain Helmholtz theorem contains a time derivative term
that may have both transverse and longitudinal components.

1.8 Curl Operator

Eigenfunctions of the curl operator are useful in expanding solenoidal vector fields
and have found applications in some fields of physics. For example, in plasma
physics, a magnetic field Β is called a force-free field if∇ × B= λB; in fluid dynam-
ics, a velocity field v satisfying ∇ × v = λv is called a Beltrami flow [35].
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1.8.1 Eigenfunctions of Curl Operator

The eigenvalue problem of the curl operator has interesting applications in elec-
tromagnetics [36–38]. The eigenfunction e of a curl operator is defined by

∇ × e r = λe r , r R3 1 203

The plane-wave solutions of Maxwell equations are widely used in field analysis
for their simplicity [39]. To seek the plane-wave solution of (1.203), one may
assume

e r = Aejk r, 1 204

where k = (kx, ky, kz), and A is a constant vector. Introducing (1.204) into (1.203)
yields

jk × A = λA

Explicitly this is

− λ − jkz jky
jkz − λ − jkx
− jky jkx − λ

Ax

Ay

Az

= 0 1 205

A nonzero solution exists if and only if the determinant of the coefficient matrix
is zero

det

− λ − jkz jky
jkz − λ − jkx
− jky jkx − λ

= λ − λ2 + k2 = 0,

where k = k . Hence Eq. (1.205) has three eigenvalues λ = nk(n = 0, ± 1). The
eigenfunctions corresponding to λ = 0, k,− k, respectively, satisfy

kyAz − kzAy = 0

kzAx − kxAz = 0

kxAy − kyAx = 0

,

kAx + jkzAy − jkyAz = 0

kAy + jkxAz − jkzAx = 0

kAz + jkyAx − jkxAy = 0

,

kAx − jkzAy + jkyAz = 0

kAy − jkxAz + jkzAx = 0

kAz − jkyAx + jkxAy = 0

The orthonormal eigenfunctions can be easily found from the above equations as
follows:

A0 k =
1
k

kx
ky
kz

,An k =
1

2k k2x + k2y
1 2

jnkky − kxkz
− jnkkx − kykz

k2x + k2y

, n= ± 1
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Let An(k) = [Anx(k), Any(k), Anz(k)]
T. Then, it is readily found that

Am An = δmn m,n = 0, ± 1 ,

n
AnαAnβ = δαβ α, β = x, y, z 1 206

The following orthonormal vectors may be introduced:

en r,k = enx r,k , eny r,k , enz r,k
T
=

1

2π 3 2
An k ejk r,

which satisfy the orthonormal conditions

R3

em r,k en r,k dxdydz = δmnδ k−k , m,n = 0, ± 1 ,

n
R3

enα r,k enβ r ,k dkxdkydkz = δαβδ r− r , α, β = x, y, z ,
1 207

and

∇ × en = nken,

∇ en = 0 n = ± 1 ,

∇ e0 =
jk

2π 3 2
ejk r

1 208

The second equation of (1.207) can be expressed in a dyadic form as

n
R3

en r,k en r ,k dkxdkydkz = I δ r− r 1 209

In terms of (1.209), an arbitrary vector F can then be expanded as follows:

F r =
n

R3

en r,k f n k dkxdkydkz =
n
Fn r , 1 210

where

Fn r =

R3

en r,k f n k dkxdkydkz,

f n k =

R3

en r,k F r dxdydz
1 211
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Since ∇ × F0 = 0 and ∇ Fn = 0 (n = ± 1), an arbitrary vector F may be decom-
posed into three components: one is irrotational and the other two are solenoidal.
This result may be regarded as the generalized Helmholtz theorem. By means
of (1.208), one may write

F0 r = ∇ϕ r , Fn r = ∇ × An r ,n = ± 1,

where

ϕ r =
− j

2π 3 2

R3

1
k
ejk rf 0 k dkxdkydkz,

An r =
1
n

R3

1
k
en r,k f n k dkxdkydkz

As a result, (1.210) can be expressed by

F = ∇ϕ + ∇ × A− 1 + ∇ × A1 1 212

1.8.2 Plane-Wave Expansions for the Fields and Dyadic
Green’s Functions

Consider the solution of the generalized Maxwell equations

∇ × H r = J r + jωεE r ,

∇ × E r = − jωμH r − Jm r
1 213

In terms of (1.210), the fields and the sources have the following expansions:

E r =
n

R3

en r,k en k dkxdkydkz,

H r =
n

R3

en r,k hn k dkxdkydkz,

J r =
n

R3

en r,k jn k dkxdkydkz,

Jm r =
n

R3

en r,k jm,n k dkxdkydkz

1 214
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Upon substitution of the field and source expansions into (1.213), the expansion
coefficients for the fields may be found as follows:

en k = −
jωμjn k + nkjm,n k

n2k2 − k20
,

hn k =
nkjn k − jωεjm,n k

n2k2 − k20
,

1 215

where k0 = ω με. The field expansions in (1.214) can be written in a compact form
as

E r = − jωμ

R3

Ge r, r J r dx dy dz −

R3

Gm r, r Jm r dx dy dz ,

H r = − jωε

R3

Ge r, r Jm r dx dy dz +

R3

Gm r, r J r dx dy dz ,

1 216

where Ge and Ge are the electric and magnetic dyadic Green’s functions,
defined by

Ge r, r =
n

R3

en r,k en r ,k

n2k2 − k20
dkxdkydkz,

Gm r, r =
n

R3

nken r,k en r ,k

n2k2 − k20
dkxdkydkz

1 217

Ignoring the tedious process, the electric and magnetic dyadic Green’s functions
can be rewritten as

Ge r, r =
1

2π 3

R3

k20 I −kk

k20 k2 − k20
ejk r− r dkxdkydkz,

Gm r, r =
1

2π 3

R3

k × I

k2 − k20
jejk r− r dkxdkydkz

1 218

These are the plane-wave expansions for the dyadic Green’s functions. They can
also be derived from the Fourier transform with respect to the position vector r. It
is noted that the expressions in (1.218) should be taken as a symbolic equality and
are meaningful only when these expressions are used as the kernel of an integral
operator because they may contain generalized functions [40]. Apparently,

∇ × Ge r, r = Gm r, r 1 219
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It follows from (1.7), (1.216), and (1.219) that the electric and magnetic dyadic
Green’s functions, respectively, satisfy

∇ × ∇ × Ge r, r − k2Ge r, r = I δ r− r ,

∇ × ∇ × Gm r, r − k2Gm r, r = ∇ × I δ r− r
1 220

The growing importance of eigenvalue theory in pure and applied mathe-
matics, and in physics and chemistry, has drawn attention to various meth-
ods for approximate calculation of eigenvalues. Clearly it is important to
develop these methods in a general and theoretical manner, if only because
opportunities for particular application may otherwise be inadvertently
missed.

–Sydney Henry Gould (Mathematician, 1909–1986)
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