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Multi-Objective Evolutionary Algorithms and Evolutionary
Large-Scale Optimization

1.1 Introduction

The word optimization initially appeared in the mid-19th century, meaning “to
make the best or most of.” Today, optimization has deeply penetrated into our
thoughts and actions: engineers aim to achieve the best performance of their
designs; businessmen seek to maximize the profits of their deals; manufacturers
expect the highest efficiency of their production processes; investors try to
minimize the risk of investment while maximizing rate of return, etc. With
sophisticated formulations and modelings, such optimization-driven targets
become optimization problems.

With problems always come solvers, as known as algorithms in the context of
optimization. In the early age, the conventional optimization algorithms were
often gradient based, e.g., Newton’s method and the hill climbing method, assum-
ing that the problems to be solved were convex (or at least differentiable) - and
indeed - problems were supposed to be well defined by mathematicians.
Nonetheless, the information age commencing from the mid-20th century has
led modernized science, engineering, industry, and modernized optimization
as well. While enjoying the benefits of modernization, we are facing emerging
challenges — optimization problems are increasingly complex, far beyond the
scope of conventional optimization algorithms.

Scientists have always been dedicated to looking into nature to find answers
to research questions, so as in the case of solving optimization problems.
The nature-inspired optimization algorithms are exactly a family of mod-
ern algorithms for global optimization. Facing the challenging features of
complex optimization problems (e.g., nonlinearity, non-differentiability, or
multi-modality), nature-inspired optimization algorithms benefit from unique
advantage of robustness-treating optimization problems as black-boxes.
Particularly, inspired by the mechanisms of biological evolution, the evolutionary
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algorithms (EAs) [1] are among the most representative niches of the family.
Generally speaking, EAs encompass genetic algorithms (GAs), evolutionary
strategies, evolutionary programming, and genetic programming.

As illustrated in Fig. 1.1, a generic flowchart of EAs comprises five main
components: initialization, mating selection, variation, environmental selection,
and termination. Normally, an EA starts with a randomly initialization population
of candidate solutions. Then, the population of candidate solutions is iteratively
updated via the main loop consisting of mating selection, variation, and envi-
ronmental selection. Specifically, mating selection randomly picks up pairwise
(parent) candidate solutions for generating new (offspring) candidate solutions
via variation, and environmental selections decide which candidate solutions can
survive to the next iteration (generation). Eventually, when a certain condition
(e.g., the maximum iteration number) is satisfied, the EA will terminate and
output the candidate solutions in the final population as the approximate optimal
solution(s) to the optimization problem being solved.

During the past three decades, EAs have achieved remarkable success in
solving complex optimization problems; recently, however, they are facing a
new challenge brought by the surging development of information sciences - the
scalability. Just as many other computer algorithms, the nature-inspired optimiza-
tion algorithms suffer from a serious curse of dimensionality, i.e., as the scale of the
optimization problems increases, the performance of the algorithms substantially
deteriorates. Now, we are stepping forward into new adventures - scaling up EAs
for solving large-scale optimization problems.

Before moving toward the main course of large-scale optimization problems,
we might start with an appetizer — general optimization problems. Generally, an
optimization problem often consists of three essential components: objective(s),
decision variable(s), and constraint(s): an objective depicts the performance of the
system under study, and a decision variable is a certain characteristic in correlation
with the objective(s); the spaces where the objectives and decision variables are



1.1 Introduction

defined are often known as objective space and decision space, respectively, and a
constraint specifies the limitation(s) in either the objective space or decision space.
Correspondingly, an optimization problem can be mathematically formulated as!:

min fx) = (i(®), LX), ..., [,(X),
st. xeX, fevy,

(1.1)

where X C R" is the decision space and x = (x;,x,, ...,X,) € X is the decision
vector; Y C R™ is the objective space and f € Y is the objective vector. The deci-
sion vector x is composed of n decision variables while the objective vector f is
composed of m objective functions that map x from X to Y.

Considering the number of objectives, optimization problems can be intrinsi-
cally categorized into two types: single-objective optimization problems (SOPs)
(i.e., m =1) and multi-objective optimization problems (MOPs) (i.e., m > 1).
For an SOP, the optimal solution is often a single decision vector minimizing
(or maximizing) the objective. For an MOP, since the multiple objectives are
often conflicting with each other, it is impossible to find any single solution
minimizing (or maximizing) all objectives simultaneously; instead, the optima
to an MOP is often a set of solutions trading-off between different objectives,
known as the Pareto optimal solutions. Specially, an MOP with more than three
objectives is also known as a many-objective optimization problem (MaOP) due
to its particular challenges [2].

As illustrated in Fig. 1.2, optimization problems can be large scale in terms of
either objectives or decision variables, intrinsically comprising four types: (i) SOPs
with a large number of decision variables (LSSOPs), (ii) MOPs with a large num-
ber of decision variables (LSMOPs), (iii) MaOPs with a normal scale of decision
variables, and (iv) MaOPs with a large number of decision variables (LSMaOPs).

For SOPs, the optimization target is quite straightforward -searching for
the global optimum solution x* which minimizes the objective function f(x*).
By contrast, for MOPs/MaOPs, due to the possible conflicts between different
objectives, no single solution is able to minimize all objectives simultaneously.
As a consequence, there exist a set of optimal solutions trading-off between
different objectives, namely, the Pareto optimality —defining a situation where
no solution can be better off without making at least another solution worse off.
In other words, the optimality of MOPs/MaOPs is defined upon the pairwise
relationship (the dominance relationship) among candidate solutions considering
the trade-offs between different optimization objectives. To be specific, a solution

1 This book only considers minimization problems, while maximization problems can be
equivalently transformed into minimization problems by negating the objective functions.
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Figure 1.2 This figure illustrates the classification of large optimization problems
involved in this chapter. Generally, the problems can have either a large number of
decision variables or many objectives, which can be further categorized into four classes:
single-objective problems with a large number of decision variables (LSSOPs),
multi-objective optimization problems with a large number of decision variables
(LSMOPs), many-objective optimization problems (MaOPs), and many-objective
optimization problems with a large number of decision variables (LSMaOPs).

X, is said to dominate another solution x, (denoted as x; > X,) iff

Viel,2,...,m: fi(x)) < fi(x,),
Jel2,....m I‘f}(Xl) <]§(x2).

If a solution x* cannot be dominated by any other feasible solutions, x* is said to
be Pareto optimal and the union of all x* is called Pareto set (PS), while the union
of f(x*) is termed Pareto front (PF). An illustrative example of Pareto optimality is
given in Fig. 1.3.

For most continuous MOPs/MaOPs, the PS (PF) often consists of an infinite
number of Pareto optimal solutions. Therefore, in practice, only a represen-
tative subset of the PS (PF) can be approximated using a limited number of
non-dominated solutions, which are often the candidate solutions not dominated
by any other in the final solution set obtained by an algorithm.

In this chapter, we mainly focus on problems of type (ii) and type (iv), i.e.,
LSMOPs and LSMaOPs. Since MaOPs are essentially MOPs of a special case,
for simplicity, we unified the abbreviations of both LSMOPs and LSMaoPs to
be LSMOPs. Specifically, we refer to research adopting EAs to solve large-scale
optimization problems as evolutionary large-scale optimization. The rest of this
chapter is organized as follows: Section 1.2 briefly introduces multi-objective
evolutionary algorithms (MOEAs), Section 1.3 overviews evolutionary large-scale
optimization, and Section 1.4 summarizes this chapter.

1.2)
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1.2 Multi-Objective Evolutionary Algorithms (MOEAs)

Dating back to the GA proposed by John Holland in 1975 [3], the EAs, generally
referring to the family of soft computing paradigms inspired by natural evolution
mechanisms, have witnessed booming development during the past half-century.
Given an optimization problem, an EA iteratively maintains a population of candi-
date solutions undergoing evolutionary operators such as crossover, mutation, and
selection. As a consequence, the population is expected to move toward optimum
to the optimization problem, just as species adapting to the natural environments.

1.2.1 MOEAs for Solving MOPs

Considering the population-based character, EAs are intrinsically suited for solv-
ing MOPs - to obtain a set of candidate solutions trading-off between multiple
optimization objectives. Since Schaffer proposed the vector-evaluated GA [4] in
1984, a large number of MOEAs have been proposed. In general, MOEAs pro-
posed for solving MOPs can be categorized into three groups: dominance-based
ones, performance-indicator-based ones, and decomposition? -based ones.
Dominance-based MOEAs have been prevalent over the past two decades.
Early dominance-based non-elitism MOEAs include the non-dominated sorting
GA [5], the niched-Pareto GA [6], and the multi-objective genetic algorithm
[7]. It was found out later on that the use of elitism strategies can substan-
tially improve the convergence of MOEAs. As a result, several popular elitism
MOEAs have been developed, including the elitist non-dominated sorting
genetic algorithm (NSGA-II) [8], the strength Pareto evolutionary algorithm 2

2 Decomposition in multi- or many-objective optimization specifically refers to the
decomposition in the objective space.
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(SPEA2) [9], and the Pareto envelope-based selection algorithm (PESA) [10, 11].
Although dominance-based MOEAs are very powerful for solving bi-objective
or three-objective MOPs, their convergence performance dramatically degrades
when the number of objectives is larger than three, mainly due to the loss of
selection pressure.

Decomposition-based approaches divide a complex MOP into a number of
sub-problems and solve them in a collaborative manner. There are mainly two
types of decomposition-based approaches. In the first type of decomposition-based
approaches, an MOP is decomposed into a group of single-objective problems
(SOPs), including the weighted aggregation-based approaches in the early days
[12, 13], and the more recent multi-objective evolutionary algorithm based on
decomposition (MOEA/D), where more explicit collaboration strategies between
the solutions of the subproblems were introduced. A number of variants of
MOEA/D have been proposed for enhancing the selection strategy for each
subproblem to strike a better balance between convergence and diversity [14-16].
In the second type of decomposition-based approaches, an MOP is decomposed
into a group of sub-MOPs. For instance, MOEA/D-M2M [17, 18] divides the whole
PF into a group of segments, and each segment can be regarded as a subproblem.

Since performance indicators are used to measure the solution qualities, it
is quite intuitive to also use them as selection criteria to guide the search of
the algorithms to obtain high-quality solutions. Among various performance
indicators, the hypervolume indicator (or the S metric) is most widely applied
in various MOEAs, due to the fact that it is the only metric known to be strictly
monotonic to the Pareto dominance [19]. The first well-known hypervolume
indicator-based algorithm was proposed by Emmerich et al. in 2005, known as the
s-metric selection evolutionary multi-objective algorithm (SMS-EMOA) [20]. In
SMS-EMOA, a (u + 1) evolutionary strategy is adopted to generate one offspring
candidate solution from a number of i parents. To select a number of y new
candidate solutions for the next generation, the hypervolume contribution of each
candidate solution on the last non-dominated front is calculated, and the one with
the smallest hypervolume contribution is removed. Apart from the hypervolume
indicator, some other performance indicators have also been adopted to guide the
search of MOEAs. Zitzler and Kiinzli have proposed a binary indicator (I, )-based
evolutionary algorithm (IBEA) [21], where I, is considered to be compliant with
the Pareto dominance. Tian et al. have proposed an IGD-NS-based multi-objective
evolutionary algorithm (AR-MOEA) [22], where a reference point adaptation
method is developed to adjust the reference points for the calculation of IGD-NS
[23] at each generation.

Despite the various MOEAs as introduced above, all of them have more or less
inherited the merits from NSGA-II - either the framework or the main algorithm
components. On the one hand, the simple and flexible framework of NSGA-II
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allows users to replace the main algorithm components with their tailored ones;
on the other hand, the main algorithm components in NSGA-II can be easily
modified as required. More recently, NSGA-II has also shed light on the literature
of evolutionary large-scale multi-objective optimization, and it is highly related
to the works to be presented in this book. Hence, before moving to the rest of
chapters of this book, the readers are encouraged to go deep into the details
of NSGA-II as given in the following.

As presented in Algorithm 1.1, the main loop of NSGA-II follows the work-
flow of a typical EA (Fig. 1.1), involving three main components: mating selec-
tion, variation, and environmental selection. More specifically, the environmental
selection in NSGA-II consists of another two subcomponents: the non-dominated
sorting (Line 2) and the crowding distance sorting (Line 3), which are two tailored
sorting methods considering convergence criterion and diversity criterion when
performing environmental selection, respectively. In the following, we will detail
each component in NSGA-II one by one.

Algorithm 1.1: Procedure of NSGA-II
Input: N (population size)
Output: P (final population)

1 P « Randomly generate N solutions;

2 Front < NondominatedSorting(P); //Algorithm 1.2

3 Crowd < CrowdingDistance(P, Front); //Algorithm 1.3

4 while termination criterion not fulfilled do

5 | P' < MatingSelection(P, N, Front, Crowd); / /Algorithm 1.4

6 | O« Variation(P'); //Algorithm 1.5

7 [P, Front, Crowd] < EnvironmentalSelection(P U O,N);
//Algorithm 1.6

8 return P;

In evolutionary multi-objective optimization, the candidate solutions in the final
population of an MOEA are expected to be an approximation to the PF of the
MOP to be solved, and the motivation of non-dominated sorting in NSGA-II is
exactly to meet the basic requirement (i.e., Pareto dominance, the convergence
criterion) of the candidate solutions.

Basically, the non-dominated sorting method (Algorithm 1.2) is motivated to
partition the candidate solutions into a number of non-dominated fronts (fronts
for short) according to the dominance relationship as defined by Eq. (1.2).
Consequently, as illustrated in Fig. 1.4, the candidate solutions inside each front
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Algorithm 1.2: NondominatedSorting(P)

Input: P (population)
Output: Front (non-dominated front number of each solution)

//Efficient non-dominated sort with sequential search

1 P « Sort the solutions in P in an ascending order of the first objective values;
2 Front < A1 x |P| vector of zeros;

3 maxF <« 0; //Maximum non-dominated front number

4 while not all Front; > 0 do

5 maxF < maxF + 1;
6 | fori=1,...,|P|do
7 if Front; == 0 then
8 Dominated « false; //Whether solution P; is
dominated
9 forj=i-1,...,1do
10 if Solution P; dominates solution P; then
11 Dominated « true;
12 break;
13 if Dominated == false then
14 LFronti « maxF;
15 return Front;
5 A P Figure 1.4 An illustrative
TN ! \\\ example to non-dominated
\ N V@ N sorting. The 12 candidate
\ S \ \ . - .
\ AN \\ solutions are partitioned into
N\ AN N\ N four fronts by non-dominated
P AN \ . .
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NG NN NNl indexed with the same front
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are non-dominated to each other and share the same ranking index, while those
in the last front (i.e., the one with the minimum front number) dominate all
the rest.

In order to obtain a population of candidate solutions as an approximation
to the PF of a given MOP, apart from the convergence criterion as considered
in non-dominated sorting, it is equally important to take the diversity criterion
into consideration. Specifically, in evolutionary multi-objective optimization, the
diversity criterion often refers to degree of how uniformly/evenly the candidate
solutions are spreading over the PF. It is due to the fact that, without any
preference, the decision-maker can be interested in diverse candidate solutions
diversely trading-off between different objectives.

The crowding distance sorting (Algorithm 1.3) in NSGA-II is exactly motivated
to maintain diversity of the candidate solutions. As indicated by the name of
the sorting method, crowding distance sorting aims to rank candidate solu-
tions according to their crowding degrees (i.e., how much each candidate

Algorithm 1.3: CrowdingDistance(Front)

Input: P (population), Front (non-dominated front number of each solution)
Output: Crowd (crowding distance of each solution)

1 Crowd < A 1 x |P| vector of zeros;
2 maxF <« 0; //Current non-dominated front number
3 while not all Crowd; > 0 do
4 maxF <« maxF + 1;
5 | I« {i=1,...,|P||Front; = maxF};
6 | form=1,..., Mdo
7 fmax = max,.; f,,(P); / /f,,(P) is the mth objective value
of the ith solution in P
8 fmin = min f,,(P);
9 I’ « Sort the solutions in I in an ascending order of the mth objective
values;
10 fori=1,...,|I'| do
1 if i==1ori==|I'| then
12 L Crowd,i/ = inf;
13 else
Py )~fuPp )
14 L Crowdli/ = Crowd,l; + W;
15 | return Crowd;
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is crowded with respect of its closest neighbors). Eventually, the candidate
solutions primarily with the best convergence (i.e., those on or as close to the last
non-dominated front as possible) and secondarily best diversity (those having the
least crowding degrees) will be selected.

The mating selection in NSGA-II is very similar to the conventional tournament
selection (Algorithm 1.4) as adopted in single-objective GAs [24], except that it
performs ranking according to two (instead of one) criteria - non-dominate front
indexing (Fitl, ranking results by Algorithm 1.2) and crowding indexing (Fit1,
ranking results by Algorithm 1.3). As indicated by the name itself, tournament
selection is designed to select candidate solutions in a population via random
“tournaments.” Consequently, the winner of each tournament (i.e., the one with
the best fitness value) is selected to go through variation (i.e., crossover/mutation).

Algorithm 1.4: MatingSelection(P, N, Fit1, Fit2)
Input: P (population), N (number of selected parents), Fitl (primary fitness
of solutions), Fit2 (secondary fitness of solutions)
Output: P’ (a set of parents)

1P« @;
2fori=1,...,Ndo
3 | [i,jl < Randomly select two indexes from {1, ..., |P|};

4 | if Fitl; < Fitl; then

s | | P<PUP);

6 | elseif Fitl;, > Fitl; then
7| | P<PUP)

8 | elseif Fir2, < Fit2; then
o | [ PP uUP)

10 | else

u | | P<PU{P}

12 return P’;

It is worth noting that tournament selection (as well as any other mating
selection method) is not necessarily an indispensable component of an MOEA,
while it is expected to be more diverse, yet high-quality (in terms of fitness)
candidate solutions when adopting it. The key mechanism is the random
pairing of the candidate solutions according to probabilistic (but not deter-
ministic) measurement of them. From a more general perspective, such kind
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of randomization mechanism is widely seen and shown to be effective when
coupled with MOEAs.

The variation operation (Algorithm 1.5) in NSGA-II adopts the classic simu-
lated binary crossover and polynomial mutation, which are also widely adopted
in real-coded genetic algorithms (RCGAs) [25]. Essentially, a variation operation
is expected to generate high-quality new candidate solutions toward future
evolution. As in the case of EA, crossover and mutation are the two most
commonly seen variation operations. On the one hand, the crossover operation
randomly recombines a pair of candidate solutions by exchange part of each;
on the other hand, the mutation operation randomly modifies variable(s) of a
candidate solution.

Algorithm 1.5: Variation(P")
Input: P’ (a set of parents)
Output: O (offspring population)

10 «

2 while P’ # ¢ do

3 | [x,y] < Randomly select two parents from P’;

4 | PP \{xy}

5 | [p,q] < Perform simulated binary crossover and polynomial mutation
based on x and y;

6 | O<0u{p.q};

7 return O;

Since NSGA-II was initially proposed for solving MOPs with continuous search
space, the variation operation using classic simulated binary crossover and poly-
nomial mutation works pretty efficiently in generating candidate solutions for
real-coded small-scale MOPs. From the probabilistic point of view, a variation
operation can be seen as a process of sampling new data toward optimum in the
decision space. Hence, a variation operation in high-dimensional space may also
face challenges of curse of dimensionality, thus losing efficiency when dealing with
LSMOPs. To this end, this book (Chapters 3 and 4) will introduce some novel
variation operators tailored for solving LSMOPs.

Since environmental selection substantially determines where the candidate
solutions evolve toward, it plays a vital role in an EA. Particularly, in an MOEA,
environmental selection must be delicately designed to balance convergence cri-
terion and diversity criterion, aiming to obtain a population of candidate solutions
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Algorithm 1.6: EnvironmentalSelection(P, N)

Input: P (combined population), N (population size)

Output: P (population for next generation), Front (non-dominated front
number of each solution), Crowd (crowding distance of each
solution)

1 Front < NondominatedSorting(P); //Algorithm 1.2

2 Crowd < CrowdingDistance(P, Front); //Algorithm 1.3

31« 1;

a4 while {P;|Front; = i} # ( do

5 LFi — {Pj|Frontj =1i};//Set of solutions in the ith front

6 i—i+1;

7 k < argmin,|F, | J---JF;| 2 N;

8 F, « Delete |F, | J- - - |J F| — N solutions from F, with the smallest Crowd;

o P F - UF:

10 Front < Retain the elements in Front whose corresponding solutions are
in P;

11 Crowd « Retain the elements in Crowd whose corresponding solutions are
in P;

12 return P, Front, and Crowd;

uniformly spreading over the approximated PF. To this end, the environmental
selection in NSGA-II (Algorithm 1.6) consists of two subcomponents: the
non-dominated sorting (Line 1) and the crowding distance sorting (Line 2), as
introduced above, respectively.

Essentially, the reason for using two sorting methods together is to simulta-
neously take into consideration the convergence criterion (Pareto dominance)
and the diversity criterion (crowding distance). Thus, the environmental selec-
tion can be seen as multi-index sorting procedure. As the primary sorting, the
non-dominated sorting divides the candidate solutions into a number of fronts
by considering the convergence criterion of Pareto optimality. Ideally, if the num-
ber of candidate solutions in the last front exactly equals the predefined number
of candidate solutions to be selected (e.g., N out of 2N), the environmental
selection will end up here. However, it is very likely that the number of candidate
solutions in the last front may exceed or not reach the total number of candidates
to be selected and passed to the next generation. Hence, the environmental
selection will continue to perform crowding distance sorting as the secondary
sorting until the predefined number of selected candidate solutions is met
(Lines 4-9).
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1.2.2 MOEAs for Solving MaOPs

MOEAs have been shown to perform well on a wide range of MOPs with two or
three objectives; however, MOEAs have experienced substantial difficulties when
they are adopted to tackle MOPs with more than three objectives, i.e., the MaOPs
[26-29]. As a result, MaOPs have attracted increasing attention in evolutionary
optimization.

One major reason behind the failure of most conventional MOEAs in solving
MaOPs can be attributed to the loss of selection pressure, i.e., the pressure for the
population to converge toward the PF, when dominance is adopted as a criterion
for selecting individuals with a limited population size [30]. For example, the elitist
NSGA-II [8] and the SPEA2 [9], both of which use dominance-based selection, will
fail to work properly when applied to the optimization of MaOPs. It is due to the
fact that most candidate solutions generated in a population of a limited size are
non-dominated, thus making the dominance-based selection criterion hardly pos-
sible to distinguish the candidate solutions, even in a very early stage of the search.

Another important reason for the degraded performance of MOEAs on MaOPs
is the difficulty in maintaining a good population diversity in a high-dimensional
objective space. Generally speaking, since the PFs of most continuous MOPs
are piecewise continuous [31, 32], it is practically unlikely to approximate all
Pareto optimal solutions. Instead, most MOEAs aim to find a set of evenly
distributed representative solutions to approximate the PF. When the number
of objectives is two or three, where the PF is typically a one-dimensional curve
or two-dimensional surface, maintaining a good diversity of the solutions is
relatively straightforward. As the dimension of the objective space increases,
it becomes increasingly challenging to maintain a good population diversity,
as the candidate solutions distribute very sparsely in the high-dimensional
objective space. This consequently causes immense difficulties to the diversity
management strategies widely used in MOEAs, e.g., the crowding distance-based
diversity method in NSGA-II [33-35].

To enhance the performance of most traditional MOEASs in solving MaOPs,
a number of approaches have been proposed [2, 36, 37], which can be roughly
divided into three classes.

The first class is the modified dominance-based approaches. The basic idea is to
enhance the convergence pressure by modifying the Pareto dominance to enlarge
the dominating areas, such that some of the original non-dominated solutions
become dominated by others. An early work of this class is the e-dominance
proposed by Laummans et al. [38], where the original dominance relation can be
relaxed to a certain extent by tuning the parameter ¢ € (0, 1). The bigger the € is
set, the more relaxed the dominance relation is, and vice versa. And, based on
e-dominance, Deb et al. have proposed a steady-state algorithm called e-MOEA
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[39]. In addition, some extended variants of the e-dominance have also been
proposed. In [40], Aguirre and Tanaka have proposed an e-ranking multi-objective
optimizer (¢ R-EMO), where an adaptive e-ranking procedure is performed on top
of a space partitioning strategy. Another representative modified dominance is
known as the a-domination, proposed by Ikeda et al. in [26]. Given two solutions,
the a-domination allows a solution to be dominated by the other if it is slightly
superior in one objective but substantially inferior in others. The a-domination
has been successfully integrated into some MOEAs for solving MOPs, such as the
guided multi-objective evolutionary algorithm (G-MOEA) [41]. As a combination
of e-dominance and a-dominance, Batista et al. have proposed another modified
dominance, namely, the cone e-dominance [42]. It has been reported that the
cone e-dominance is promising for solving MaOPs with up to 50 objectives [29].
Recently, Yang et al. have proposed a grid based evolutionary algorithm (GrEA)
[43], where a grid dominance is designed on top of some adaptively constructed
grid coordinates in the objective space. The grid dominance has an attractive
feature that allows one solution to dominate another if it is slightly inferior
in some objectives but substantially superior in some others, which is useful in
distinguishing the non-dominated solutions in many-objective optimization.

The second class is the diversity management enhancement-based approaches.
Since in many-objective optimization, the distribution of the candidate solutions
becomes very sparse in the high-dimensional objective space, diversity manage-
ment becomes particularly meaningful to alleviate the negative impact of the
excessive diversity on the population convergence. An early work of this class
is from Adra and Fleming, who have proposed a diversity management strategy
to quantitatively evaluate the degree of the population diversity according to
the distribution of the candidate solutions [34], and if the population is found
excessively diverse, the diversity promotion mechanism in the selection procedure
will be deactivated. Another more recent work of this class is the shift-based
density estimation (SDE) proposed by Li et al. [44], where the basic idea is to
penalize poorly converged solutions by assigning them a high-density value, such
that only candidate solutions with both good convergence and distribution can
survive to the next generation. In [45], Wang et al. have proposed to coevolve
preferences with a population of candidate solutions for diversity management
in many-objective optimization. Most recently, another representative algorithm
falling into this class is the NSGA-III [46], where the diversity is managed by
a set of predefined reference points. In addition, the recently proposed knee
point-driven evolutionary algorithm (KnEA) also belongs to this category, where
a knee point-based diversity secondary selection strategy is adopted on top of
traditional non-dominated sorting [47].

While the first two classes aim to improve the performance of MOEAs on
MaOPs, the third class, known as the objective reduction approaches, tries to
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transform MaOPs to MOPs by reducing the number of redundant or irrelevant
objectives, such that the problems can be directly solved with traditional MOEAs
[48, 49]. In general, there are two types of objective reduction approaches: offline
approaches and online approaches. Offline objective reduction approaches can be
seen as preprocessing techniques, which work independently of specific MOEAs,
but require a set of approximate Pareto optimal solutions as a priori knowledge.
In [50], Brockhoff and Zitzler have presented both deterministic and stochastic
algorithms for objective reduction based on the objective conflicts measured by
e-dominance. Sexane et al. have proposed to use principal component analysis
(PCA) [51] and maximum variance unfolding (MVU) [52] for linear and nonlinear
objective reduction, respectively [49]. Singh et al. have proposed to use corner
solutions for objective reduction, which are obtained using a Pareto corner search
evolutionary algorithm (PCSEA) [48]. Online objective reduction approaches are
usually embedded in an existing MOEA and perform as part of the evolutionary
procedure, where the idea is to update the reduced objectives iteratively using
the solutions obtained by an MOEA during the optimization procedure. In [50],
Brockhoff and Zitzler have proposed to embed the PCA approach into NSGA-II
to build an online objective reduction approach, known as the PCA-NSGA-II.
In [53], Jaimes et al. have proposed an online objective reduction algorithm
to find a k-sized objective subset based on correlations between the objectives.
Recently, Guo et al. have proposed to adopt the partitioning around medoids
(PAM) [54] clustering algorithm to detect the correlations between objectives and
divide them into different clusters [55].

Apart from the three classes of approaches, the decomposition-based approaches
and the performance indicator-based approaches, which were originally proposed
for solving MOPs, are also applicable to many-objective optimization. However,
although neither of these two types of approaches are dominance based, they still
suffer from some other issues.

For decomposition-based approaches, it is always required to predefine a set of
weight (or reference) vectors before running the algorithms. In high-dimensional
objective space, it becomes particularly challenging to specify a proper vector set
to well approximate the PF. To remedy this issue, Li et al. have proposed an MOEA
based on both dominance and decomposition, known as the MOEA/DD [56].

For performance indicator-based approaches, the major issue is the significant
curse of dimensionality regarding the computational efficiency [57]. For example,
the runtime of one generation in SMS-EMOA is as high as O(NM/?*1), where N
is the population size and M is the number of objectives. To tackle this issue,
Bader and Zitzler have proposed a hypervolume estimation algorithm (HypE)
[19], where the Monte Carlo sampling method is adopted to obtain the approxi-
mate hypervolume values for many-objective cases. Similar to SMS-MOEA, the
selection in HypE is still based on the hypervolume contribution of the candidate
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L
@  Reference points
——= Reference vectors|

Figure 1.5 An illustration of how to generate the uniformly distributed reference
vectors in a three-objective space. In this case, 10 uniformly distributed reference points
are first generated on a hyperplane, and then they are mapped to a hypersphere to
generate the 10 reference vectors.

solutions, while a minor difference is that the contribution is calculated based
on a randomly chosen subset of the non-dominated solution set, where the size
of the subset equals the number of solutions to be removed. In addition, some
faster hypervolume calculation methods have been proposed recently, e.g., the
hypervolume by slicing objectives (HSO) [58] and the walking fish group (WFG)
hypervolume algorithm [59] (Fig. 1.5).

In summary, the approaches for solving MaOPs are either tailored on the basis
of conventional MOEAs (originally proposed for solving MOPs) or adopting some
strategies transforming MaOPs to MOPs. Moving toward LSMaOPs, an MOEA
may suffer from the curse of dimensionality in both decision space and objective
space, thus posing stiff challenges in convergence/diversity management of the
candidate solutions. Recently, Cheng et al. have proposed a reference vector
guided evolutionary algorithm (RVEA) [60] for solving MaOPs. RVEA inherited
the generic elitism-selection-based framework (similar to that of NSGA-II)
while adopting delicately tailored environmental selection inspired by both
decomposition- and indicator-based MEOAs. Thanks to the generic framework
and powerful convergence/diversity management capability, RVEA has proven
to have certain potentials in scaling up to LSMaOPs, as will be elaborated in the
rest of this book. Hence, as preliminary knowledge, we will introduce the details
of RVEA in the following.
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As summarized in Algorithm 1.7, RVEA adopts the framework of traditional
elitism selection-based EAs - very similar to that of NSGA-II (Algorithm 1.1).

Algorithm 1.7: Procedure of RVEA

Input: N (population size)
Output: P (final population)

1 P « Randomly generate N solutions;

2 VO « UniformSampling(N,M); / /Algorithm 1.8
3V « VO

4 while termination criterion not fulfilled do

P’ «— Randomly select N solutions from P;

5
6 | O« Variation(P'); //Algorithm 1.5

7 [P, Fitness] « EnvironmentalSelection(P U O,V,N); //Algorithm 1.9
8 | V « VectorAdaptation(P,V,V°); //Algorithm 1.10

9 return P;

To begin with, RVEA samples a set of reference vectors (Line 2). As illustrated
in Fig. 1.5, the method of generating reference vectors in RVEA is inspired by
the method of generating reference points for decomposition-based methods,
using the simplex-lattice design in the case of requiring that the reference vectors
uniformly distributed (Algorithm 1.8). Despite the deep connections between
reference points and reference vectors, their working mechanisms are substan-
tially different: a reference point specifies a region in the objectives space where

Figure 1.6 An example showing how b A
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a translated objective vector, v, and v,
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candidate solution related to f is
associated with reference vector v;. h e
II -7 -
! -7
1 -

¢ S
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Algorithm 1.8: UniformSampling(N, M)
Input: N (number of vectors), M (number of objectives)
Output: V (uniform vector set)

1 H <« argmaxhCh]‘/f:]vl[_1 <N, //Number of divisions on each

objective
2 X « All the (M — 1)-combinations of {
3 for each x; € X do
a | X; < x;— j_?l; //xl-j is the jth element of the ith
combination

0 1 H+M-2 .,
E? ;I”“’T}’

V<A C%;&_l X M matrix of zeros;
for eachv; € V do
if j == 1 then

[ vy =2

9 | elseif j == M then
10 Lvij =1- Xi(j-1)5
1 | else

12 L"ij =X = Xi(j-1)s

L N & W

13 return V;

a decision-maker can be interested; by contrast, a reference vector specifies a
direction that a candidate solution is expected to converge along, probably toward
a unique Pareto optimal solution on the PF, as illustrated in Fig. 1.6.

In the main loop of RVEA (Lines 4-8), the variation component is also the same
as that in NSGA-II. The main differences between RVEA and NSGA-II lie in the
other two key components:environmental selection (Line 7) and vector adaptation
(Line 8).

The environmental selection (Algorithm 1.9) in RVEA is designed to perform
single-objective selections inside the subpopulations comprising the candidate
solutions associated with their closest reference vectors (Line 4). As the selection
criterion, a scalarization function known as the angle-penalized distance (APD)
is proposed to aggregate the convergence criterion and the diversity criterion:

dt,iJ =1 +PO,)) - £, — z:nm”’ (1.3)

where d,;; denotes the APD value of solution p,; with respect to reference
vector v, ; in the tth generation; ||f;; — Zf"i" ||, as the convergence criterion, is the
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Algorithm 1.9: EnvironmentalSelection(P, V,N)
Input: P (combined population), V(uniform vector set), N (population size)
Output: P (population for next generation)

//Objective value translation
1 7%l Minimum objective values in P;
2fori=1,...,|P|do
3 | /(P « £(P) — 2%,

//Population partition
4 Associate < A 1 X |P| vector of zeros; //The index of vector that
each solution belongs to
sfori=1,...,|P|do
6 | forj=1,...,|V|do
7 LGU «(f'(P),V;); //Angle between the solution and the

vector

8 | Associate; « argminjoij;
//Angle-penalized distance based selection

9 Py < 0

10 forj=1,...,|V|do

1 | I« {i=1,...,|P||Associate; = j};

12 | foreachieIdo

13 L Calculate the angle-penalized distances using Egs. (1.3)-(1.5);

ieldij;

15 Pnext(_PnextU{Pk};

16 P < P
17 return P;

14 | k < argmin

next’

Euclidean distance from the candidate solution p, ; to the ideal vector z""; and
P(6,;;), as the diversity criterion, is a penalty function related to the angle 6
between candidate solution p, ; and reference vector v, ;:

tij

« 9
P(0,,)=M- <L> L (1.4)

f P
max 7v[' j
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with

= min LA AR 1.5
i T e N},i#j< Vi) (1.5)

where M is the number of objectives, t,,,, is the predefined maximum number
of generations, v, is the smallest angle value between reference vector v, ;, and
a is a user-defined parameter controlling the changing rate of the diversity crite-
rion with respect to the number of generations. It is worth noting that the design
of penalty function P(6,;;) is out of several empirical observations. First, since
there are only a limited number of candidate solutions sparsely distributed in
the high-dimensional objective space, it is particularly important to enhance the
convergence and diversity of the population at the early stage and late stages of the
evolutionary search, respectively; hence, P, ; J) isdesigned to be linked to the gen-
eration number ¢. Second, due to the sparse distribution of the candidate solutions,
the angles between the candidate solutions and reference vectors can vary a lot;
hence, the angles are normalized into [0, 1] with 9’—“ Third, the more objectives
there are, the more sparsely the candidate solutionstére distributed; hence, PO, ; J)
is designed to be related with the number of objectives M.

The vector adaption (Algorithm 1.10) in RVEA is designed to adjust the
distribution of the reference vectors according to the different ranges of objectives
on the PFs. For dominance-based algorithms such as the NSGA-II, normalization
of objective functions does not change the partial orders of dominance relations,
and thus has no influence on the selection process; by contrast, in RVEA,
since the selection criterion is related to the specific objective function values of
the candidate solutions, dynamically normalizing the objective values during the

Algorithm 1.10: VectorAdaptation(P,V,V?)

Input: P (population), V (uniform vector set), VV° (original vector set)
Output: V (adapted uniform vector set)

1 if t is a multiple of 0.1t,,,,. then
//t is the current generation number and f,, is the
maximum generation number
7% « Minimum objective values in P;
2"’ « Maximum objective values in P;
fori=1,...,|V|do
L Normalize the reference vectors in P using Eq. (1.6);

6 return V;

w A W N
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evolutionary search will substantially perturb the convergence of the algorithm.
Therefore, instead of normalizing the objective functions, RVEA adapts the
reference vectors in the following manner:

VO,L' o (zmax _ zmin)

t+1 t+1
Vig1i = Zmin (1.6)

”VO.i ° (zt+1 - t+1) ”
where o operator denotes the Hadamard product that element-wisely multiplies
two vectors (or matrices) of the same size, i=1,...,N, Vo.i denotes the ith

uniformly distributed reference vector, which is generated in the initialization
stage (in Step 1 in Algorithm 1.7) and v,,,; denotes the ith adapted reference
vector for the next generation ¢+ 1, thrl (Zt+11’Zt+12’ ,zﬁlm) and z:’jr‘f =
(z:”+’1”1, z:'}:fz, ,z{'}r’fm) denote the nadir point and the ideal point estimated with
the candidate solutions in population P,,, respectively. Besides, in order to
control the frequency of the reference vector adaptation, a predefined parameter

f, is introduced.

1.3 Evolutionary Large-Scale Optimization

Adapting to the environment is an important trait of natural evolution; hence,
it is intuitive to take such adaptability as a unique advantage when applying
EAs - treating the problems to be optimized as black-box. Indeed, EAs work in a
way requiring no specific information of the problems at hand; however, when
facing large-scale problems, leaving all labors to EAs would probably lead to
prohibitively expensive computational costs due to the enormous search space.
Therefore, the literature of evolutionary large-scale optimization [61, 62] has
been mainly dedicated to accelerating the search speed of EAs by transforming
black-box problems to be gray-box, mainly on the basis of a priori knowledge
or a posteriori information as mined from the problems. For such purposes, the
cooperative coevolution (CC) provides a general approach coupled with decision
variable grouping techniques.

1.3.1 Decision Variable Grouping

The intuitive idea of decision variable grouping is borrowed from classical
operation research —divide-and-conquer, aiming to decompose a large-scale
optimization problems into a set of subproblems of smaller scales [63]. Specif-
ically, an optimization problem f(x) can be decomposed into subproblems by
considering the separability of the decision vector (i.e., vector comprising the
decision variables) x, mainly in two cases.

21
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Ideally, an optimization problem f(x) can be decomposed into subproblems to
be optimized fully independently iff the original objective function f(x) is fully sep-
arable with respect to any decision variable x, related to each subproblem (Case 1):

argmin f(x) = | argmin f(x), argmin f(x) |. 1.7)
x X v, jk

However, the subproblems can only be optimized component-wise independently

iff f(x) is partially separable with respect to any decision variable x; related to each

subproblem (Case 2):

argmin f(x) = <argmin f(xq,...), ..., argmin f(... ,Xm)> , (1.8)

X X

wherex,, ..., X, are disjoint sub-vectors of X, and the interactions only exist among
decision variables inside each sub-vector, but the decision variables in different
sub-vectors do not interact with each other.

The separability properties as defined above provide a theoretical basis for the
development of decision variable grouping techniques. Practically, in order to
check the separability of a given function, it requires variable interaction detection
among each pair of decision variables in the decision vector:

f(x)lxl-:az,x_,-:b1 <f(x)|xi:a1,xj:b1 A (1'9)

POy, > F gy, With

A
f(X)lxl.:az,xj:bl =f(x1s ’xi—l’ a29 7xj_19 bla axd)a

where x; and x; are known to be interacted with each other, and thus not separable.

On the basis of separability properties coupled with variable interaction detec-
tion, a number of decision variable grouping techniques have been developed.
As the most representative work along this line, the differential grouping [64]
proposed to permutate each pair of decision variables according to Eq. (1.9) and
checked the variable interactions with respect to a threshold ¢; consequently, the
interacted decision variables are divided into the same group to be a subproblem.
Considering to the sensitivity to parameter ¢ and poor accuracy in detecting
interacted variables on functions with overlapping components in differential
grouping, the global differential grouping (GDG) [65] and the eXtended Differ-
ential Grouping (XDG) [66] were proposed. More recently, the improved DG
(DG2) was further proposed to reduce the number of function evaluations (FEs)
required for pairwise variable interaction detection [67].

Despite the theoretical soundness of differential grouping, it intrinsically suffers
from the burdens of requiring a large number of FEs for pairwise variable inter-
action detection. By contrast, some other variable grouping techniques attempted
to circumvent explicit variable interaction detection. For instance, the random
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Algorithm 1.11: (x*, f*) = cC(f)
1 /*Main Framework of CC*/
2 P « randomized initial population;

3 ¢ « randomized initial context vector;

4 //grouping stage

5 G =VariableGrouping(f);

6 //optimization stage

7 while Termination Condition is Not Satisfied do
8 | forxk =1to0|G|

9 | do

10 | | (P,o)=o0ptimizer(P,c,C,);

1 x*=c;f*=f(x*;

12 return (x*,f*);

static/dynamic grouping techniques proposed to randomly divide the decision
variables into k even groups dynamically [68, 69].

1.3.2 Cooperative Coevolution

The cooperative coevolutionary (CC) framework was initially proposed by Potter
and De Jong [70] as a general framework to optimize the subcomponents of a given
problem in a collaborative manner. As introduced in the Section 1.3.1, large-scale
optimization problems can be decomposed into a set of subproblems of smaller
scales via decision variable grouping; hence, it is intuitively reasonable to adopt
CC framework for the optimization of the subproblems as decomposed [71, 72].

As shown in Algorithm 1.11, the main framework of CC consists of two main
stages: the grouping stage and the optimization stage. At the grouping stage, the
original optimization problem is decomposed into a set of subproblems using the
methods as introduced in Section 1.3.1

At the optimization stage, the decision variables in each nonseparable group
(i.e., G,) areiteratively optimized in a coevolutionary manner, where the optimizer
can be any derivative-free optimization algorithm supporting variable-wise update
of the decision vectors. In other words, the CC framework requires that an opti-
mization algorithm can flexibly determine which decision variable(s) to be inde-
pendent updated. As a representative example, the particle swarm optimization
(PSO) has proven to be well suitable as an embedded optimizer in a CC framework
[72] due to its pseudo-gradient characteristic.

PSO is one powerful and widely used swarm intelligence paradigm introduced
by Kennedy and Eberhart in 1995 [73], originally intended for simulating social
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behaviors such as bird flocking, and later simplified to be applicable for solving
optimization problems. PSO iteratively maintains a swarm of particles, each of
which has a pair of position and velocity. In PSO, it is assumed that each particle is
able to memorize the best position found in history, i.e., the best position that has
ever been found by the whole swarm, termed global best, and the best position that
has ever been found by each particle, known as personal best. To find the global
optimum of the optimization problem, the particles learn from the personal best
and global best positions. To be specific, the learning mechanisms in the canonical
PSO can be summarized as follows:
Vit = wv! + ¢;1} o (pbest; — x!)

. . . (1.10)
+ c,r; 0(gbest’ —x)),

Xt =xi+vit, (1.11)

where ¢ is the generation number, vf and xlf represent the velocity and position
of the ith particle, respectively;  is termed inertia weight [74], c¢; and c, are the
acceleration coefficients [75], r] and r} are two vectors randomly generated within
[0,1]", with n being the dimension of the search space; pbest; and gbest’ denote
the personal best of the ith particle and the global best of the swarm, respectively.
The operator o is the Hadamard product which element-wisely multiplies two
vectors of the same size.

1.4 Summary

This chapter begins with a brief overview of how optimization problems changed
along with the modernization of science, engineering, and industry. As the opti-
mization problems became increasingly complex, researchers attempted to look
into nature for possible solutions-to develop the nature-inspired optimization
algorithms, e.g., EAs, a representative family.

Then, this chapter summarized different types of large-scale optimization
problems, in terms of either a large number of decision variables or objectives.
This book is mainly focused on the MOPs with a large number of decision vari-
ables, i.e., large-scale multi-/many-objective optimization problems (LSMOPs).

On the one hand, to tailor EAs for solving LSMOPs, the related works
are highly related to MOEAs. While conventional MOEAs were devel-
oped to solve problems with relatively small-scale decision variables, the core
mechanisms behind them have founded further development toward evolution-
ary large-scale multi-objective optimization. On the other hand, when dealing
with large-scale decision variables, ideas are also borrowed from the single-
objective optimization literature. Particularly, the divide-and-conquer strategy is
among the most representative and effective ones to deal with large-scale decision
variables. When embedded with EAs, the divide-and-conquer strategy is often
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implemented inside the CC framework on top of the decision variable grouping
methods.

The rest of this book is organized as follows: Chapter 2 presents some back-
ground knowledge of evolutionary large-scale multi-objective optimization;
Chapters 3 and 4 present several representative EAs for general and sparse
large-scale multi-objective optimization, respectively; Chapters 5-9 present
several representative applications of evolutionary large-scale multi-objective
optimization in areas of community detection in complex networks, logistic
scheduling, power systems, radiotherapy planning, and deep learning.
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