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1.1 Introduction

Information theory is a fundamental tool to study how to communicate reliably
in noisy channels [1]. The analysis of the ultimate data compression rate and the
highest data transmission rate in communications is a main focus of information
theory [2]. After nearly one century of research, many elegant results about the
data compression and transmission rate have been developed in information the-
ory. These studies have achieved tremendous success in many areas, including
but not limited to communication system design, computer science, statistics, and
stock market investment.

An early attempt at using information theory as a guideline for designing radar
systems dates back to Woodward’s work in the 1950s [3–5]. These cited references
pointed out that a well-established and easy-to-understand concept in the radar
community, viz., the signal-to-interference-plus-noise ratio (SINR), did not
measure information except for the Gaussian case and certain special elliptical
contoured distributions [6]. Thus, an “information function” was defined, which
was related to the posterior distributions of the observations in the radar receiver.
In addition, a posterior receive filter was proposed based on the information
function. Besides the receiver design based on information-theoretic approaches,
there have been even more attempts to design radar transmit waveforms based on
information theory. In [7], the author considered the design of radar waveforms to
maximize the mutual information between the target response and the received
signals. By connecting the mutual information to the rate-distortion function,
the study showed that the mutual information maximization resulted in the
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2 1 Information-Theoretic Waveform Design for MIMO Radar Target Detection

reduction of the parameter estimation uncertainty. Therefore, it is meaningful to
maximize the mutual information through waveform design. The results in [7]
showed that the optimal waveforms maximizing the mutual information had
a “water-filling” interpretation. In [8, 9], the authors investigated the design
of clutter-resistant radar waveforms. The results therein also showed that the
optimal waveforms admitted a “water-filling”-like solution. Note that only the
spectral distribution of the radar waveform was derived in [7, 9]. In real-world
radar systems, we need to synthesize radar waveforms under practical constraints.
In [10, 11], several iterative algorithms, which leveraged fast Fourier transform,
were proposed to synthesize waveforms with arbitrary spectral shape under
some practical constraints, including the constant-modulus constraint, the low
peak-to-average-power ratio (PAPR) constraint, and the similarity constraint. Dif-
ferent from the studies in [7, 9], which focused on the design of continuous-time
waveforms, the authors of [12] considered the design of discrete-time waveforms
to maximize the mutual information. Moreover, they showed the connection
between the waveform maximizing mutual information and that minimizing
minimum mean square error (MMSE).

Intuitively, the mutual information between the target response and the received
signals stands for the amount of useful information that can be extracted from the
received signals. Therefore, the waveforms designed based on mutual information
maximization are beneficial for target parameter estimation as well as classifi-
cation. However, the waveforms maximizing the mutual information might not
have a satisfactory detection performance. To improve the target detection perfor-
mance via designing waveforms, information-theoretic approaches have also been
investigated [13–15]. Indeed, Stein’s lemma [2] states that, for a fixed probabil-
ity of false alarm, the probability of miss detection asymptotically decays with an
exponential rate equal to the relative entropy (aka Kullback–Leibler divergence)
between the distributions of the observations under the two hypotheses (viz., the
target is present/absent). Therefore, maximizing the relative entropy results in
minimizing the probability of miss detection. In [13], the author studied the prob-
lem of detecting point-like targets in colored noise. He proved that the perfor-
mance of Neyman–Pearson detector is determined by the relative entropy. More-
over, the optimal waveform based on relative entropy maximization was derived.
Interestingly, the optimal waveforms also had a “water-filling” interpretation. In
[15], the authors considered the detection of weak extended targets based on an
information-theoretic approach. Different from the results in [13], the authors
showed that the optimal waveforms achieving the maximum relative entropy place
all the transmit energy into the frequency bin with the highest signal-to-noise-ratio
(SNR) (a similar observation is also presented in [16]).
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Note that the above works focus on information-theoretic methods for design-
ing single-input single-output (SISO) radar systems. Unlike SISO radar systems,
multiple-input multiple-output (MIMO) radar employs a multi-antenna array
for transmitting diverse waveforms and receiving returned signals, showing
significantly improved target detection and parameter estimation performance
[17–19]. This improvement is partly attributable to the waveform diversity
provided by MIMO radar. Therefore, waveform design for MIMO radar is an
important topic, and there are many studies devoted to designing MIMO radar
waveforms based on information theory [20–24]. In [20], the authors considered
waveform design based on maximizing the mutual information for MIMO radar
in the white noise case. It is shown that the optimal waveforms that maximize
the mutual information also achieve the lowest MMSE. In [21], the authors
used an assumption different from that in [20]. By assuming that the target
response is uncorrelated (i.e., the target covariance matrix is a scaled identity
matrix) and the receiver noise is colored, it is proved that the optimal waveforms
maximizing the mutual information are identical to those achieving the Chernoff
bound.

In this chapter, we consider information-theoretic approaches for MIMO radar
waveform design. Our purpose is to boost the detection performance of MIMO
radar in the presence of external disturbance. The external disturbance can be
due to hostile jamming (which is independent of the transmit waveforms) or
clutter (which is dependent on the waveforms). Considering that the detection
probability associated with the detector has a complicated expression, we resort
to the relative entropy between the distributions of the observations under the
two hypotheses as the waveform design metric. We present an algebraic solution
to the waveform design problem for a distributed MIMO radar (namely, the
radar antennas are widely separated) in the absence of clutter, as well as a com-
putational approach to design MIMO radar waveforms for more general cases.
The performance of the proposed solutions is demonstrated through numerical
simulations.

The remaining parts of this chapter are structured as follows. Section 1.2 intro-
duces the signal model and formulates the waveform design problem. Section 1.3
investigates the design of waveforms for a distributed MIMO radar in the absence
of clutter. Section 1.4 presents an iterative algorithm to design waveforms for
MIMO radar (which can be either distributed or colocated) in the range-spread
clutter case. Section 1.5 provides numerical examples to assess the performance
of the synthesized MIMO radar waveforms. Finally, Section 1.6 concludes this
chapter.

Notations: See Table 1.1.
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Table 1.1 List of notations.

Symbol Meaning

ℝ, ℂ Domain of the real and complex numbers
ℝM×N (ℂM×N ) M × N real (complex)-valued matrix
X , x, and x Matrix, vector, and scalar
X(∶,m) The mth column of X
I Identity matrix
𝟎 Matrix of zeros
Diag(x) The diagonal matrix formed by x
BlkDiag(A;B) The block diagonal matrix formed by A and B
(⋅)∗, (⋅)⊤, (⋅)† Conjugate, transpose, and conjugate transpose
(⋅)1∕2 Square root of a positive semi-definite matrix
det (⋅) Determinant of a square matrix
tr(⋅) Trace of a square matrix|⋅| Magnitude‖⋅‖2 Euclidean norm‖⋅‖∞ Infinity norm‖⋅‖F Frobenius norm
𝔼{x} Expectation of the random variable x
vec(⋅) Vectorization
⊗ Kronecker product
arg(⋅), Re(⋅), Im(⋅) The argument, real and imaginary part of a complex number
 (m,R) Complex Gaussian distribution with mean m and covariance matrix R
A ≻ 𝟎 (A ⪰ 𝟎) A is positive definite (semi-definite)
𝜆min (X) The smallest eigenvalue of X
𝜆max (X) The largest eigenvalue of X
(x)+ max (x, 0)

1.2 Signal Model and Problem Formulation

1.2.1 Signal Model

Consider a MIMO radar with NT transmit antennas and NR receive antennas.
Let S = [s1,… , sNT

] ∈ ℂL×NT denote the transmit waveform matrix, where sm =
[sm(1), sm(2),… , sm(L)]⊤ ∈ ℂL is the (discrete-time) transmit waveform of the mth
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transmitter, m = 1,… ,NT , and L is the code length. By assuming that the Doppler
shift is negligible, the complex baseband signal of the target return received by the
radar system can be written as [25–28]:

SH, (1.1)

where H ∈ ℂNT×NR denotes the target response matrix, whose (m,n)th element,
denoted as hmn, represents the response from the mth transmit antenna to the nth
receive antenna. The expression and the statistical properties of H are determined
by the array configuration. For a colocated MIMO radar in the presence of D tar-
gets, the target response matrix can be described as H =

∑D
d=1 at,daT(𝜃t,d)a⊤

R(𝜃t,d),
where at,d ∈ ℂ is the amplitude of the dth target signal, 𝜃t,d denotes the associated
direction-of-arrival (DOA), and aT(𝜃) ∈ ℂNT and aR(𝜃) ∈ ℂNR are the transmit and
the receive array steering vectors at 𝜃. For a distributed MIMO radar, it is usually
assumed (see, e.g., [23–25, 29]) that the columns of H are independent and identi-
cally distributed, such that the covariance matrix of h = vec(H) is given by I ⊗ R̄h,
where R̄h is the covariance matrix of each column of H.

In radar systems, the target return is usually contaminated by clutter as well as
disturbances from inside and outside the receiver. The clutter refers to unwanted
returns, e.g., from ground, sea, and clouds, and it might be in the same range cell as
the target or occupy the neighboring cells, as illustrated in Figure 1.1. By taking the
clutter and disturbance into consideration, the received signals of a MIMO radar
can be modeled by:

Y = SH +
P∑

p=−P
JpSCp + N, (1.2)

where Jp ∈ ℝL×L is the shift matrix, whose (i, j)th element equals 1 if i − j + p = 0,
and equals 0 otherwise. Cp ∈ ℂNT×NR denotes the response matrix of the clutter

Received signals

Target

return + Clutter

Clutter

Clutter

MIMO array

……1 2 3

s1
……

s2 s3 sNT

NT or NR

Figure 1.1 MIMO radar target detection in clutter.
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in the pth range cell (note that the number of clutter range cells adjacent to the
target range cell is Nc = 2P + 1), and N ∈ ℂL×NR is the (signal-independent) inter-
ference (including thermal noise inside the receiver and disturbances outside the
receiver).

To facilitate the algebraic derivations in the sequel, we define y = vec(Y ) ∈
ℂLNR , which can be written as

y = S̃h +
P∑

p=−P
S̃pcp + n, (1.3)

where S̃ = INR
⊗S, S̃p = INR

⊗Sp, Sp = JpS, cp = vec(Cp), and n = vec(N).

Remark 1.1 If the Doppler shift of the signals is taken into consideration, the
signal model will be more complicated. Take a colocated MIMO radar as a case
study. Denote the Doppler frequency of the dth target by ft,d. Then the target return
is given by

Y t =
D∑

d=1
at,d Diag( f t,d)SaT(𝜃t,d)a⊤

R(𝜃t,d), (1.4)

where f t,d = [1, exp( 𝚥2𝜋ft,dTs),… , exp( 𝚥2𝜋(L − 1)ft,dTs)]⊤ ∈ ℂL, and Ts is the sam-
pling interval. Similarly, the clutter can be modeled by

Y c =
P∑

p=−P

Mp∑
mp=1

ac,p,mp
Jp Diag( f c,p,mp

)SaT(𝜃c,p,mp
)a⊤

R(𝜃c,p,mp
), (1.5)

where f c,p,mp
= [1, exp( 𝚥2𝜋fc,p,mp

Ts),… , exp( 𝚥2𝜋(L − 1)fc,p,mp
Ts)]⊤ ∈ ℂL, ac,p,mp

,
fc,p,mp

, and 𝜃c,p,mp
are, respectively, the amplitude, the Doppler frequency,

and the DOA associated with the mpth clutter patch in the pth range cell, and
Mp is the number of clutter patches in the pth range cell. Note that if ft,dTs ≈ 0,
and fc,p,mp

Ts ≈ 0, Diag( f t,d) ≈ Diag( f c,p,mp
) ≈ IL, the target and the clutter models

degrade to those that are valid in the absence of Doppler shift (see, e.g., (1.2)).

1.2.2 Problem Formulation

To determine whether a target is present in the cell under test (CUT), we consider
the following binary hypothesis testing problem:⎧⎪⎪⎨⎪⎪⎩

0: y =
P∑

p=−P
S̃pcp + n,

1: y = S̃h +
P∑

p=−P
S̃pcp + n.

(1.6)
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Assume that h ∼  (𝟎,Rh), n ∼  (𝟎,Rn), and {cp ∼  (𝟎,Rc,p)}P
p=−P.

Moreover, the target response vector (i.e., h) and the clutter response vectors
(i.e., cp, p = −P,… ,P) are independently distributed. Given these assumptions,
the probability density functions (PDFs) of y under the two hypotheses are,
respectively, given by

P0(y) =
1

𝜋LNR det (R0)
exp(−y†R−1

0 y)

and

P1(y) =
1

𝜋LNR det (R1)
exp(−y†R−1

1 y),

where R0 =
∑P

p=−P S̃pRc,pS̃
†
p + Rn and R1 = R0 + S̃RhS̃

†
.

Using the Neyman–Pearson criterion [30], one can verify that the optimal detec-
tor for (1.6) is given by

y†(R−1
0 − R−1

1 )y
1

≷
0

Th, (1.7)

where Th is the detection threshold. Moreover, the test statistic under either
hypothesis is a weighted sum of chi-squared random variables (which follows
from Lemma 8 in [25]). However, the probability of detection has a very compli-
cated expression. Consequently, an information-theoretic approach is employed
herein to design the waveforms, namely, the waveforms are designed to maximize
the relative entropy between P0(y) and P1(y).

The relative entropy between P0(y) and P1(y) is given by

D(P0||P1) = ∫ P0(y) log
(P0(y)

P1(y)

)
dy

= log det (R−1
0 R1) + tr(R−1

1 R0) − LNR. (1.8)

Thus, the waveform design problem based on relative entropy maximization can
be stated as:

max
S

f (S) = log det (R−1
0 R1) + tr(R−1

1 R0)

s.t. S ∈  , (1.9)

where  represents the constraint set of the transmit waveforms. The following
constraints are considered in this chapter.

1. Energy constraint: Considering that the energy of the transmit waveforms in
practical radar systems is limited, we impose the following constraint:

tr(SS†) = et, (1.10)

where et is the transmit energy.
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2. Low PAPR constraint: To facilitate the radio frequency amplifier to operate in
the saturated mode and reduce unnecessary distortions, low PAPR waveforms
are preferable. To make the transmit energy across the transmit antennas uni-
formly distributed and control the waveform PAPR, we enforce the constraint
below

s†msm = et∕NT ,PAPR(sm) ≤ 𝜌,m = 1,… ,NT , (1.11)

where 1 ≤ 𝜌 ≤ L, and PAPR(sm) =
max l|sm(l)|2
1
L
∑L

l=1 |sm(l)|2 ,m = 1,… ,NT . Particularly, if

𝜌 = 1, the PAPR constraint becomes the constant-modulus constraint:|sm(l)| = as,m = 1,… ,NT , l = 1,… ,L, (1.12)

where as =
√

et∕(LNT).
3. Similarity constraint: To achieve desired properties like some existing wave-

forms, a similarity constraint can be enforced on the waveforms:

tr(SS†) = et, ||S − S0||2F ≤ 𝜖, (1.13)

where S0 ∈ ℂL×NT stands for the matrix of reference waveforms with certain
favorable properties, tr(S0S†

0) = et, 𝜖 ∈ [0, 2et] is the user-specified parameter
determining the similarity between the designed waveforms and the reference
waveforms.

4. Constant-modulus and similarity (CMS) constraints: To ensure that the designed
waveforms have a constant modulus and exhibit certain desirable properties,
we consider the following constraint:|s(l)| = as, ||s − s0||∞ ≤ 𝜖∞, l = 1,… ,LNT , (1.14)

where s(l) represents the lth element of s = vec(S), s0 = vec(S0), S0 denotes a
reference waveform matrix (the modulus of each element of S0 is equal to as),
and 𝜖∞ ∈ [0, 2as] controls the similarity between s and s0.

In the formulation of the waveform design problem (1.9), we have assumed
that the prior knowledge on Rh, Rn, and {Rc,p}P

p=−P are available. To justify the
assumption, we highlight that Rh and {Rc,p}P

p=−P can be estimated from the
received signals in previous scans of the MIMO radar (see, e.g., [31–33]). More-
over, the knowledge on the statistical property of the external disturbance can be
gained by configuring the radar in a passive mode.

1.3 Optimal Waveforms for Distributed MIMO Radar
in the Absence of Clutter

In this section, we consider a simple case, in which the receive antennas of the
MIMO radar are widely separated (i.e., a distributed MIMO radar), and the clutter
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in the received signals is ignored. Due to the widely separated receive antennas,
the spatial correlation at the receiver end is negligible. Moreover, similar to [23,
25, 29], we assume that Rh = I ⊗ R̄h and Rn = I ⊗ R̄n, i.e., the columns of H and
N are independent and identically distributed, where R̄n stands for the tempo-
ral correlation matrix of the interference. Based on this assumption, we have that
R0 = I ⊗ R̄n and R1 = I ⊗ (R̄n + SR̄hS†). Thus, f (S) is given by

f (S) = NR

(
log det

(
I + R̄−1

n SR̄hS†
)
+ tr

[
(I + R̄−1

n SR̄hS†)−1
])

. (1.15)

Therefore, the energy constrained waveform design problem based on relative
entropy maximization can be formulated as

max
S

log det
(

I + R̄−1
n SR̄hS†

)
+ tr

[(
I + R̄−1

n SR̄hS†
)−1

]
s.t. tr(SS†) = et, (1.16)

where we have ignored the constant terms.
In [25], it is proved that the optimal solution to (1.16) is given by

Sopt = V n

[
𝟎NT×(L−NT ) 𝚺

1∕2
1 𝚺−1∕2

h

]⊤
V†

h, (1.17)

where V n is a unitary matrix whose columns are the eigenvectors correspond-
ing to the eigenvalues of R̄n in decreasing order, V h is a unitary matrix whose
columns are the eigenvectors corresponding to the eigenvalues of R̄h in increas-
ing order, 𝚺h = Diag([𝜎h,1,… , 𝜎h,NT

]), 𝜎h,1 ≤ · · · ≤ 𝜎h,NT
are the eigenvalues of R̄h,

𝚺1 = Diag([𝜎1,NT
,… , 𝜎1,1]), 𝜎1,m (m = 1,… ,NT) is given by

𝜎1,m =
−pm −

√
p2

m − 4𝜛2𝜎2
n,L+1−m

2𝜛
,

pm = 2𝜛𝜎n,L+1−m + 𝜎h,NT+1−m, 𝜛 is the solution to the equation
∑NT

m=1 (𝜎1,m)+
𝜎−1

h,NT+1−m = et (which can be obtained, for instance, using Newton’s method), and
𝜎n,1 ≥ · · · ≥ 𝜎n,L are the eigenvalues of R̄n. According to (1.17), the maximum
relative entropy that can be achieved by an MIMO radar is given by

Dopt =
NT∑

m=1
NR

(
log

(
1 +

𝜎1,m

𝜎n,L+1−m

)
+
(

1 +
𝜎1,m

𝜎n,L+1−m

)−1

− NT

)
. (1.18)

We can see from (1.17) that the left and right singular vectors of the optimal
waveforms should be aligned with the eigenvectors of R̄n and R̄h, respectively.
Moreover, the eigenvector corresponding to the mth smallest eigenvalue of R̄n
should be paired with the eigenvector corresponding to the mth largest eigenvalue
of R̄h. This pairing is referred to as “mode alignment” in the area of compressive
sensing [34]. We highlight that the relevance of “mode alignment” is also revealed
in waveform design for MIMO radar in spectrally crowded environments [28, 35].
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In [25], it is also proved that the maximum relative entropy that can be achieved
by a MIMO radar transmitting orthogonal waveforms (i.e., the waveform matrix S
is a semi-unitary matrix that satisfies S†S = et∕NT ⋅ I) is given by

Dorth =
NT∑

m=1
NR

(
log

(
1 +

et

NT

𝜎h,m

𝜎n,L+1−m

)
+
(

1 +
et

NT

𝜎h,m

𝜎n,L+1−m

)−1

− NT

)
,

(1.19)

and the orthogonal waveform matrix achieving the maximum relative entropy is
given by

Sorth =
√

et

NT
V n

[
𝟎NT×(L−NT ) INT

]⊤
V†

h. (1.20)

We proceed to give a simple case to showcase the performance of the opti-
mal waveforms maximizing the relative entropy. In this example, the distributed
MIMO radar has NT = 4 transmit antennas and NR = 4 receive antennas. The code
length is L = 5. The eigenvalues of R̄h and R̄n are {0.5, 1, 2, 5} and {10, 8, 4, 3, 2},
respectively. The eigenvectors of R̄h and R̄n are randomly generated. First, we
comment on the optimal power allocation of the transmit waveforms. Figure 1.2
shows the allocated power on each mode of the optimal waveform matrix for
et = 10 dB and et = 25 dB, respectively. We can observe that for the mode that
corresponds to a larger 𝜎h,m∕𝜎n,L+1−m (i.e., the target response is stronger and
the interference is weaker), more power is allocated. Moreover, in the case of
et = 10 dB, only two modes are active, implying a higher coherency between
the transmit waveforms. If we increase the transmit energy to et = 25 dB, all the
modes are activated, meaning a higher waveform diversity.
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Figure 1.2 Optimal power allocation of the transmit waveforms. (a) et = 10 dB.
(b) et = 25 dB.
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Figure 1.3 Performance comparison between the optimal waveforms and the optimal
orthogonal waveforms. (a) Relative entropy versus transmit energy. (b) Pd versus transmit
energy.

Now, we compare the performance of the optimal waveforms in (1.17) with
that of the optimal orthogonal waveforms in (1.20). Figure 1.3(a) shows the
relative entropy of the optimal waveforms and the orthogonal waveforms versus
the transmit energy. We can see that, for a given transmit energy, the optimal
waveforms achieve a larger relative entropy than the orthogonal waveforms.
Figure 1.3(b) compares the detection probability (Pd) of the waveforms corre-
sponding to Figure 1.3(a). In the analysis, the optimal Neyman–Pearson detector
(see (1.7)) is used. In addition, the probability of false alarm is Pfa = 10−3, and
105 independent Monte Carlo trials are conducted to determine the detection
threshold and the detection probability, respectively. The results in Figure 1.3(b)
are consistent with those in Figure 1.3(a), demonstrating that the performance
of the optimal waveforms is visibly superior to that of the optimal orthogonal
waveforms. This is attributed to the fact that the optimal waveforms have a
larger number of degrees of freedom and thus achieve additional waveform
diversity.

1.4 MM-Based Waveform Design in the Presence
of Range-Spread Clutter

In this section, we design waveforms to boost the detection performance of MIMO
radar in the presence of range-spread clutter. To this end, we consider the opti-
mization problem (1.9). In general, this problem is nonconvex. In the following,
we derive a minorization–maximization (MM) algorithm [36] to tackle this non-
convex problem. To this end, we split the objective function in (1.9) into three
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parts:

f (S) = log det (R−1
n R1) − log det (R−1

n R0) + tr(R−1
1 R0)

= f1(S) + f2(S) + f3(S), (1.21)

where f1(S) = log det (R−1
n R1), f2(S) = − log det (R−1

n R0), and f3(S) = tr(R−1
1 R0).

Next, we derive a quadratic surrogate function (i.e., a minorizer) for each fr(S),
r = 1, 2, 3.

1.4.1 Surrogate Function Construction

Define X̃ = [S̃−P,… , S̃P] ∈ ℂLNR×NT NRNc , RC = BlkDiag(Rc,−P;… ;Rc,P) ∈
ℂNT NRNc×NT NRNc , and RTC = BlkDiag(Rhc,−P;… ;Rhc,P) ∈ ℂNT NRNc×NT NRNc , where
Rhc,p = Rc,p if p ≠ 0, and Rhc,0 = Rc,0 + Rh. Then R0 = X̃RCX̃

†
+ Rn and R1 =

X̃RTCX̃
†
+ Rn. Following the derivations in [27, 37], we can show that

f1(S) = log det (R−1
n R1) = log det (K1T −1K⊤

1 ), (1.22)

where K1 = [INT NRNc
, 𝟎NT NRNc×LNR

], and

T =
⎡⎢⎢⎣
INT NRNc

R
1
2
TCX̃

†

X̃R
1
2
TC Rn + X̃RTCX̃

†

⎤⎥⎥⎦ .
It follows from Lemma 1 in [27] that log det (K1T −1K⊤

1 ) is convex with respect
to T. By using a property of convex functions [38], we have

log det (K1T −1K⊤
1 ) ≥ log det (K1T −1

k K⊤
1 ) + tr(GTk

(T − Tk)),

where GTk
= −T −1

k K⊤
1 (K1T −1

k K⊤
1 )−1K1T −1

k is the gradient of log det (K1T −1K⊤
1 ) at

Tk (which can be shown using results from [39]). Let us partition GTk
as:

GTk
=

[
G11

Tk
G12

Tk

G21
Tk

G22
Tk

]
,

where G11
Tk

∈ ℂNT NRNc×NT NRNc , G12
Tk

= (G21
Tk
)† ∈ ℂNT NRNc×LNR , and G22

Tk
∈ ℂLNR×LNR .

One can verify that G21
Tk

= R−1
n X̃kR

1
2
TC, G22

Tk
= −G21

Tk
(K1T−1

k K⊤
1 )−1G12

Tk
, and G22

Tk
=

R−1
1,k − R−1

n [37]. As a result,

tr(GTk
T) = tr(G11

Tk
) + tr(G22

Tk
Rn) + 2Re(tr(G12

Tk
X̃R

1
2
TC)) + tr(G22

Tk
X̃RTCX̃

†
).

Define c1 = log det (K1T −1
k K⊤

1 ) + tr(G11
Tk
) + tr(G22

Tk
Rn) − tr(GTk

Tk). Then a surro-
gate function of f1(S) is given by

g1(S;Sk) = 2Re
(

tr(X̃Z†
k)
)
+ tr

(
G22

Tk
X̃RTCX̃

†)
+ c1. (1.23)
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Next, we rewrite f2(S) as

f2(S) = −log det (R−1
n R0) = −log det (R0) + log det (Rn). (1.24)

Using the fact that − log det (A) is convex with respect to A ⪰ 𝟎 [38], we can obtain

−log det (R0) ≥ − logdet (R0,k) − tr
(

R−1
0,k(R0 − R0,k)

)
.

Define c2 = log det (Rn) + LNR − log det (R0,k) − tr(R−1
0,kRn). Then one can verify

that a surrogate function of f2(S) can be written as

g2(S;Sk) = −tr
(

R−1
0,kX̃RCX̃

†)
+ c2. (1.25)

Finally, we note that f3(S) = tr(R−1
1 R0) = −tr(S̃

†
R−1

1 S̃Rh) + LNR. Moreover, by
using the matrix inversion lemma, we have S̃

†
R−1

1 S̃ = (K3M−1K⊤
3 )−1, where K3 =

[INT NR
, 𝟎NT NR×NT NRNc

],

M =
[

M11 M12

M21 M22

]
,

M11 = S̃
†
R−1

n S̃, M12 = (M21)† = S̃
†
R−1

n X̃R
1
2
TC, and M22 = I + R

1
2
TCX̃

†
R−1

n X̃R
1
2
TC.

Thus,

f3(S) = −tr
(

Rh
(

K3M−1K⊤
3
)−1

)
+ LNR. (1.26)

Note that−tr(Rh(K3M−1K⊤
3 )−1) is convex with respect to M [27]. Hence, we have

−tr(Rh(K3M−1K⊤
3 )

−1) ≥ − tr(Rh(K3M−1
k K⊤

3 )
−1) + tr(GMk

(M − Mk)),

where GMk
=−M−1

k K3A(Sk)RhA(Sk)K⊤
3 M−1

k is the gradient of−tr(Rh(K3M−1K⊤
3 )−1)

at Mk, and A(S) = S̃
†
R−1

1 S̃. Let us partition GMk
as

GMk
=

[
G11

Mk
G12

Mk

G21
Mk

G22
Mk

]
,

where G11
Mk

∈ℂNT NR×NT NR , G12
Mk

= (G21
Mk
)† ∈ ℂNT NR×NT NRNc , and G22

Mk
∈ ℂNT NRNc×NT NRNc .

It can be checked that G11
Mk

= −Rh, G12
Mk

= RhM12
k (M22

k )−1, and G22
Mk

= −(M22
k )−1

M21
k RhM12

k (M22
k )−1 [37]. Therefore, we have

tr(GMk
M) = tr(G11

Mk
M11) + tr(G22

Mk
M22) + 2Re(tr(G12

Mk
M21)).

Define ĉ3 = LNR − tr(Rh(K3M−1
k K⊤

3 )−1) − tr(GMk
Mk). Then f3(S) is minorized by

g3(S;Sk) = tr(G11
Mk

M11) + tr(G22
Mk

M22) + 2Re(tr(G12
Mk

M21)) + ĉ3. (1.27)

Based on the above results, it can be inferred that a surrogate function of f (S) is
given by

g(S;Sk) = g1(S;Sk) + g2(S;Sk) + g3(S;Sk). (1.28)
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Moreover, we can verify that g(S;Sk) ≤ f (S) and g(Sk;Sk) = f (Sk). Thus, f (S) is
minorized by g(S;Sk).

To show that g(S;Sk) can be written as a quadratic function of s, we let Zk =
[Zk,−P,… ,Zk,P], where Zk,p ∈ ℂLNR×NT NR , and let Fk = G12

Mk
R

1
2
TC = [Fk,−P,… ,Fk,P],

where Fk,p ∈ ℂNT NR×NT NR , p = −P,… ,P. Partition W k = R
1
2
TCG22

Mk
R

1
2
TC as

⎡⎢⎢⎢⎣
W11,k W 12,k · · · W 1Nc ,k

⋮ ⋮ ⋱ ⋮

W Nc1,k · · · · · · W NcNc,k

⎤⎥⎥⎥⎦ ,
where W p̄q̄,k ∈ ℂNT NR×NT NR , p̄ = 1,… ,Nc, q̄ = 1,… ,Nc. Then according to Propo-
sition 1 in [37],

g(S;Sk) = 2Re(b†
ks) + s†Bks + c0, (1.29)

where bk =
∑P

p=−P Ẽ
⊤

p zk,p, zk,p = vec(Zk,p), Ẽp = [Ẽ
⊤

1,p,… , Ẽ
⊤

NT NR,p]
⊤ ∈ ℝNT N2

RL×LNT ,
Ẽr,p = E⊤

r ⊗ Jp, vec(Er) = er with er ∈ ℝNT NR being the rth column of INT NR

(r = 1,… ,NTNR), Bk = B4,k + B32,k + B33,k + B†
33,k, B4,k =

∑P
p=−P Ẽ

⊤

p (R∗
c,p ⊗ (G22

Tk
−

R−1
0,k))Ẽp + Ẽ

⊤

0 (R∗
h ⊗ (G22

Tk
− R−1

n ))Ẽ0, B32,k =
∑P

q=−P
∑P

p=−P Ẽ
⊤

q (W∗
q̄p̄,k ⊗ R−1

n )Ẽp,

B33,k =
∑P

p=−P Ẽ
⊤

0 (H∗
k,p ⊗ R−1

n )Ẽp, p̄ = p + P + 1, q̄ = q + P + 1, c0 = c1 + c2 + c3,
and c3 = tr(G22

Mk
) + ĉ3.

Therefore, we can formulate the minorized problem based on (1.29) at the
(k + 1)th iteration as the following quadratic programming problem:

max
S

2Re(b†
ks) + s†Bks

s.t. S ∈  . (1.30)

1.4.2 Efficient Solutions to the Quadratic Programming
Problem (1.30)

• Energy Constraint
We can formulate the quadratic programming problem under the energy con-
straint as

max
s

2Re(s†bk) + s†Bks

s.t. s†s = et, (1.31)

where we have used the fact that tr(SS†) = s†s. The optimization problem (1.31)
can be solved by the Lagrange multiplier method (see, e.g., [12, 27, 37] for details),
and the solution is given by

s(k+1) =
(
𝜚(k+1)I − Bk

)−1bk, (1.32)
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where 𝜚(k+1) ≥ 𝜆max (Bk) is the optimal Lagrange multiplier corresponding
to the energy constraint, which can be obtained via solving the equation
b†

k(𝜚I − Bk)−2bk = et.

• PAPR Constraint
We formulate the quadratic programming problem under the PAPR constraint as

max
s

2Re(s†bk) + s†Bks

s.t. s†msm = et∕NT ,PAPR(sm) ≤ 𝜌,m = 1,… ,NT . (1.33)

The above quadratic programming problem can be tackled by MM. To this
purpose, note that (s − s(k,q))†(Bk − 𝜆min (Bk)I)(s − s(k,q)) ≥ 0, where s(k,q) denotes
the solution obtained by the proposed algorithm at the (k, q)th iteration. Here,
the index k denotes the outer loop and the index q denotes the inner loop.
Using the above inequality and some algebraic manipulations, we can show that
s†Bks is minorized by 2Re(s†(Bk − 𝜆min (Bk)I)s(k,q)) − (s(k,q))†Bks(k,q) + 2𝜆min (Bk)et.
Thus, a linear surrogate function of g(S;Sk) is given by

h(s; s(k,q)) = 2Re(s†dk,q) + c4, (1.34)

where

dk,q = bk + (Bk − 𝜆min (Bk)I)s(k,q), (1.35)

and c4 = c0 + 2𝜆min (Bk)et − (s(k,q))†Bks(k,q). As a consequence, the following prob-
lem will be solved at the (k, q + 1)th iteration:

max
s

Re(s†dk,q)

s.t. s†msm = et∕NT ,PAPR(sm) ≤ 𝜌,m = 1,… ,NT . (1.36)

Let dk,q = [u⊤
1 ,… ,u⊤

NT
]⊤, where um ∈ ℂL, m = 1,… ,NT . Note that s†dk,q =∑NT

m=1 s†mum. Thus, the optimization problem (1.36) can be split into NT indepen-
dent subproblems, the mth of which is given by

max
sm

Re(s†mum)

s.t. s†msm = et∕NT ,PAPR(sm) ≤ 𝜌. (1.37)

Algorithm 2 in [40] can be used to solve the above problem. Particularly, if 𝜌 = 1,
the solution to the optimization problem (1.37) is: s(k,q+1)

m (l) = as exp( 𝚥 arg(um(l))),
where s(k,q+1)

m (l) and um(l) are the lth element of s(k,q+1)
m and um.
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• Similarity Constraint
We formulate the quadratic programming problem under the similarity constraint
as

max
s

2Re(s†bk) + s†Bks

s.t. s†s = et, ||s − s0||22 ≤ 𝜖. (1.38)

Similarly, we use the linear function in (1.34) as a surrogate of the objective in
(1.38) and the surrogate problem at the (k, q + 1)th iteration is given by:

max
s

Re(s†dk,q)

s.t. s†s = et, ||s − s0||22 ≤ 𝜖. (1.39)

The solution to this optimization problem is given by [26] (see also in [11, 27, 41]
for similar solutions)

s(k,q+1) =
𝜇2s0 + dk,q

𝜇1
, (1.40)

where 𝜇1 = e
− 1

2
t ||𝜇2s0 + dk,q||2, and 𝜇2 can be obtained by solving (details can be

found in [[37], Appendix B]):

max
𝜇2

− 2e
1
2
t ||𝜇2s0 + dk,q||2 + 𝜇2(2et − 𝜖)

s.t. 𝜇2 ≥ 0.

• CMS Constraints
Note that the constraint in (1.14) is tantamount to|s(l)| = as, 𝜑

−
0 (l) ≤ arg(s(l)) ≤ 𝜑+

0 (l), l = 1,… ,LNT ,

where 𝜑−
0 (l) = 𝜑0(l) − 𝛿c, 𝜑+

0 (l) = 𝜑0(l) + 𝛿c, 𝜑0(l) = arg(s0(l)), s0(l) denotes the lth
element of s0, and 𝛿c = arccos(1 − (𝜖∞∕as)2∕2). Thus, the quadratic programming
problem under the CMS constraints is stated as:

max
s

2Re(s†bk) + s†Bks

s.t. |s(l)| = as, 𝜑
−
0 (l) ≤ arg(s(l)) ≤ 𝜑+

0 (l), l = 1,… ,LNT . (1.41)

By using the minorizer derived in (1.34) again, the surrogate problem at the
(k, q + 1)th iteration is given by:

max
s

Re(s†dk,q)

s.t. |s(l)| = as, 𝜑
−
0 (l) ≤ arg(s(l)) ≤ 𝜑+

0 (l), l = 1,… ,LNT . (1.42)

The solution to (1.42) can be written as

s(k,q+1)(l) = as exp( 𝚥𝜑s,k(l)), (1.43)
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where

𝜑s,k(l) =
⎧⎪⎨⎪⎩
𝜑d(l), if𝜑−

0 (l) ≤ 𝜑d(l) ≤ 𝜑+
0 (l),

𝜑−
0 (l), if cos(𝜑+

d (l)) < cos(𝜑−
d (l)),

𝜑+
0 (l), if cos(𝜑−

d (l)) < cos(𝜑+
d (l)),

𝜑d(l) = arg(dk,q(l)), 𝜑−
d (l) = 𝜑d(l) − 𝜑−

0 (l), and 𝜑+
d (l) = 𝜑d(l) + 𝜑+

0 (l).

1.4.3 Algorithm Summary and Properties

The proposed MIMO radar waveform design algorithm is summarized in
Algorithm 1.1, where f (s) ≜ f (S), g(s; s(k)) ≜ g(S;Sk) (s(k) = vec(Sk)), and
𝜀1 > 0 and 𝜀2 > 0 are predefined small values. The squared iterative methods
(SQUAREM) [42] can be used to speed up the convergence of Algorithm 1.1.

Algorithm 1.1: Waveform design algorithm for MIMO radar target detection in
range-spread clutter.
Input: {Rhc,p}P

p=−P, Rn, et.
Output: s⋆.

1 Initialize: k = 0, s(0).
2 repeat
3 Compute Bk and bk;

// a) Energy constraint

4 Update s(k+1) using (1.32);
5 q = 0; s(k,q) = s(k);
6 repeat
7 Compute dk,q using (1.35);

// b) PAPR constraint

8 Update s(k,q+1) by solving (1.36);
// c) Similarity constraint

9 Update s(k,q+1) by (1.40);
// d) CMS constraints

10 Update s(k,q+1) by (1.43);
11 q = q + 1;
12 until |g(s(k,q+1); s(k)) − g(s(k,q); s(k))|∕g(s(k,q+1); s(k)) < 𝜀2;
13 s(k+1) = s(k,q);
14 k = k + 1;
15 until |f (s(k+1)) − f (s(k))|∕f (s(k)) < 𝜀1;
16 s⋆ = s(k).
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(for more details, see [27]). Note that for simplicity the correlations between the
clutter across different range cells have been ignored. Nevertheless, it is not dif-
ficult to extend the proposed waveform design algorithm to deal with correlated
clutter.

Next we analyze the convergence property of the proposed algorithm. To demon-
strate that the objective values rise progressively with each iteration, we first prove
that g(s(k+1); s(k)) ≥ g(s(k); s(k)). This is evident for the energy constraint because
s(k+1) is the optimal solution for given s(k). For the other constraints, it can be
checked that

g(s(k,q+1); s(k)) ≥ h(s(k,q+1); s(k,q))

≥ h(s(k,q); s(k,q))

= g(s(k,q); s(k)), (1.44)

where the first line and the third line are results of the properties of the constructed
surrogate function, and the second line holds since s(k,q+1) is the optimal solution
when s(k,q) is given. Thus, we can verify that

g(s(k); s(k)) = g(s(k,0); s(k)) ≤ g(s(k,Niter); s(k)) = g(s(k+1); s(k)), (1.45)

where Niter denotes the required number of iterations for the problem (1.30) to
achieve convergence. Note that g(s; s(k)) is a minorizer of f (s). As a consequence,
f (s(k)) = g(s(k); s(k)) and f (s(k+1)) ≥ g(s(k+1); s(k)). Combining with the result in
(1.45), we have f (s(k+1)) ≥ f (s(k)).

Remark 1.2 It is worth remarking that the MM algorithm derived in this
section is suitable for a target covariance matrix with an arbitrary rank. Note
that for a point-like target, which has a rank-one covariance matrix, the max-
imization of relative entropy is equivalent to the maximization of SINR. To
prove this claim, we note that if Rh is of rank one, it can be factorized as
Rh = h0h†

0. Then, log det (R−1
0 R1) = log det (I + R−1

0 S̃h0h†
0S̃

†
) = log(1 + SINR),

where SINR = h†
0S̃

†
R−1

0 S̃h0. In addition, tr(R−1
1 R0) = tr (I + R−1

0 S̃h0h†
0S̃

†
)−1 =

LNR + (1 + SINR)−1 − 1. As a result, the relative entropy corresponding to a
point-like target is D(P0||P1) = log(1 + SINR) + (1 + SINR)−1 − 1. Note that
log(1 + x) + (1 + x)−1 is a monotonically increasing function of x ≥ 0 [25]. There-
fore, for a point-like target, maximization of SINR is equivalent to maximization of
relative entropy. In [[12], Lemma 1], it was proved that tr(AB−1A†) is jointly con-
vex with respect to A and B for B ⪰ 𝟎. Thus, a minorizer of SINR = h†

0S̃
†
R−1

0 S̃h0
can be found by using the following inequality:

h†
0S̃

†
R−1

0 S̃h0 ≥ 2Re
(

h†
0S̃

†
kR−1

0,kS̃h0

)
− tr

(
R−1

0,kS̃kh0h†
0S̃

†
kR0

)
. (1.46)
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As a result, we can use MM to tackle the SINR maximization problem. Moreover,
it is not difficult to show that the minorizer on the right-hand side of (1.46) is a
quadratic function of s. Thus, we need to solve a quadratic programming problem
at each iteration of the MM algorithm, similar to that in (1.30).

1.5 Performance Assessment

In this section, we assess the performance of the synthesized waveforms for a colo-
cated MIMO radar in the presence of range-spread clutter. The MIMO radar has
NT = 4 transmit antennas and NR = 4 receive antennas. Both the antenna arrays
on the transmit and receive end are uniform and linear, with inter-element spac-
ings of dT = 2𝜆 and dR = 𝜆∕2, respectively, where 𝜆 denotes the wavelength. The
transmit waveforms have a code length of L = 16. The target and clutter distri-
bution over the angle-range region is illustrated in Figure 1.4. Specifically, we
consider two targets with directions of 10∘ and 11∘, respectively. We denote the
range cell where the targets are present as cell 0. Both targets have an average
power of 𝜎2

t,k = 𝔼(|at,k|2) = 1. The clutter is either in the same range cell as the
targets (i.e., cell 0) or in the nearest cells (i.e., cell −1 or 1). The clutter distribu-
tions in each range cell are presented in Table 1.2. All the clutter patches have
the same average power, i.e., 𝜎2

c,p,j = 𝔼(|ac,p,j|2) = 100. The disturbance n follows
an AR(1) process with the correlation coefficient equal to 0.4. Quasi-orthogonal
waveforms, which are randomly generated and have constant modulus, are used to
initialize the proposed waveform design algorithm. For the proposed iterative algo-
rithm, we set 𝜀1 = 10−3 and 𝜀2 = 10−10 to terminate the outer and the inner loop.

Figure 1.4 Target and clutter
spatial distributions.
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Table 1.2 Clutter distributions.

Range cell number Maximum angle Minimum angle Grid step

−1 −15∘ −10∘ 0.5∘

0 −40∘ −35∘ 0.5∘

1 20∘ 25∘ 0.5∘

0 5 10 15
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Figure 1.5 (a) Relative entropy of the waveforms synthesized under the PAPR constraint
versus the iteration time. (b) Pd versus Pfa for the waveforms in (a). et = 1.

In the detection performance analysis of the synthesized waveforms versus the
transmit energy, the probability of false alarm is fixed to be Pfa = 10−3. Moreover,
100∕Pfa Monte Carlo trials are performed to determine the detection threshold and
calculate the detection probability, respectively. Finally, all the computations are
conducted on a standard laptop with Intel Core i7-8550U CPU and 16 GB RAM.

Figure 1.5(a) analyzes the relative entropy convergence of the waveforms
synthesized under the PAPR constraint, where the transmit waveforms have an
energy of et = 1. The maximum allowed PAPR values (i.e., 𝜌) of the three sets of
waveforms are 1, 2, and 3, respectively. To demonstrate the performance of the
synthesized waveforms, we include the relative entropy of the energy-constrained
waveforms (i.e., 𝜌 = L) as a benchmark. It is seen that the proposed algorithm
increases the objective value of the synthesized waveforms monotonically
until convergence. Moreover, a larger PAPR value raises the relative entropy.
Figure 1.5(b) shows the detection probability of the waveforms in Figure 1.5(a)
versus the probability of false alarm. The results show that a larger PAPR value
not only raises the relative entropy but also enhances detection performance.

In Figure 1.6(a), the relative entropy of the waveforms synthesized under the
constant-modulus constraint (i.e., 𝜌 = 1) is plotted for different transmit energy,
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Figure 1.6 Performance assessment of the constant-modulus waveforms synthesized by
the proposed algorithm. (a) Relative entropy versus transmit energy. (b) Pd versus
transmit energy.

where the transmit energy of the waveforms is varied from −10 to 16 dB. Note
that, as expected, the relative entropy rises as the transmit energy increases. More-
over, compared with the orthogonal waveforms, the performance of the wave-
forms synthesized under the constant-modulus constraint is closer to that of the
energy-constrained waveforms. The detection performance associated with the
waveforms in Figure 1.6(a) is shown in Figure 1.6(b). Observe that the result in
Figure 1.6(b) is consistent with that in Figure 1.6(a), showing that the synthesized
waveforms with a larger relative entropy achieve improved target detection per-
formance.

Next, the performance of the waveforms synthesized under the similarity con-
straint is evaluated. Figure 1.7(a) plots the relative entropy convergence of the
waveforms synthesized under the similarity constraint, where et = 1, and four dif-
ferent similarity parameters (i.e., 𝜖) are considered. We use orthogonal waveforms
as a reference as well as an initial point of the proposed algorithm. Figure 1.7(b)
analyzes the detection probability of the waveforms in Figure 1.7(a) versus the
probability of false alarm. Once again, the convergence of the proposed algorithm
can be observed for all the four cases. For a smaller similarity parameter, the pro-
posed algorithm converge slower. Because the feasibility region increases with the
similarity parameter, the performance of the synthesized waveforms boosts as the
similarity parameter increases.

Figure 1.8(a) shows the relative entropy of the waveforms synthesized under
the similarity constraint, where the similarity parameter is equal to 0.5et, and the
transmit energy ranges from −10 to 16 dB. The detection probability of the syn-
thesized waveforms in Figure 1.8(a) is analyzed in Figure 1.8(b). We can see that



�

� �

�

22 1 Information-Theoretic Waveform Design for MIMO Radar Target Detection

0 10 20 30 40 50 60

CPU time (s)

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

R
el

at
iv

e 
en

tr
o
p
y
 (

n
at

)

(a)

10–5

Pfa

0.6

0.7

0.8

0.9

1

P
d

(b)

100

ϵ = 0.3 et
ϵ = 0.5 et

ϵ = et
ϵ = 2 et

ϵ = 0.3 et
ϵ = 0.5 et

ϵ = et
ϵ = 2 et

Figure 1.7 (a) Relative entropy of the waveforms synthesized under the similarity
constraint. (b) Pd versus Pfa for the waveforms in (a). et = 1.
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Figure 1.8 Performance assessment of the waveforms synthesized under the similarity
constraint. (a) Relative entropy versus transmit energy. (b) Pd versus transmit energy.
𝜖 = 0.5et .

the synthesized waveforms achieve a better performance as the transmit energy
increases and demonstrate significant superiority over the orthogonal waveforms.

Finally, the performance of the waveforms synthesized under the CMS con-
straints is assessed. Figure 1.9(a) shows the relative entropy of the waveforms syn-
thesized under the CMS constraints for et = 1 and four different values of 𝜖∞. We
use orthogonal waveforms as a reference as well as an initial point. Figure 1.9(b)
displays the detection probability of the waveforms in Figure 1.9(a) versus the
probability of false alarm. It can be seen that the convergence of the proposed
algorithm is ensured in all four cases. We also observe that the performance of the
synthesized waveforms for the case of 𝜖∞ = as is very close to that for the case of
𝜖∞ = 2as. Figure 1.10 shows the performance of the waveforms synthesized under
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Figure 1.9 (a) Relative entropy of the waveforms synthesized under the CMS
constraints. (b) Pd versus Pfa for the waveforms in (a). et = 1.
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Figure 1.10 Performance assessment of the waveforms synthesized under the CMS
constraints. (a) Relative entropy versus transmit energy. (b) Pd versus transmit energy.
𝜖∞ = 0.5as.

the CMS constraints, where 𝜖∞ = 0.5as, and the transmit energy ranges from −10
to 16 dB. It is evident that the waveforms synthesized under the CMS constraints
outperform the orthogonal waveforms.

1.6 Conclusion

To improve the detection performance of MIMO radar in the presence of distur-
bance, we have addressed the problem of designing waveforms based on maxi-
mizing the relative entropy. We showed that for the case of a distributed MIMO
radar in the absence of clutter, the optimal waveform matrix can be obtained in



�

� �

�

24 1 Information-Theoretic Waveform Design for MIMO Radar Target Detection

closed form. Moreover, the left singular vectors of the optimal waveform matrix
should be aligned with the eigenvectors of the interference covariance matrix,
and the right singular vectors should be aligned with the eigenvectors of the tar-
get covariance matrix. For the more general case of a MIMO radar operating in
range-spread clutter, the proposed MM algorithm can synthesize waveforms under
several practical constraints, and it has guaranteed local convergence. Numeri-
cal results showed that the waveforms synthesized by the proposed algorithm can
achieve better detection performance than orthogonal waveforms.
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