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Satisfiability Theories

After reading this chapter, you should be able to:

● Comprehend fundamental concepts of Boolean satisfiability (SAT), maximum
satisfiability (MaxSAT), and MaxSAT extensions.

● Understand mainstream algorithms for solving SAT and MaxSAT problems.

1.1 Boolean Satisfiability (SAT)

A Boolean formula is a string that represents a Boolean function. A Boolean func-
tion is a function of the form: Bk → B, where B = {True,False} is a Boolean domain
and k is the arity of the function. Usually, True and False are represented by 1 and 0,
respectively. A propositional Boolean formula is a Boolean formula that only con-
tains logic operations and, or and not (sometimes called negation or complement),
symbolized as ∧, ∨, and ¬, respectively. Some examples of propositional Boolean
formulas are listed as follows:

(a ∧ b) ∨ (a ∧ ¬c) ∨ (b ∧ c ∧ d)

(a ∨ b) ∧ (a ∨ ¬b ∨ ¬c) ∧ (c ∨ ¬a)

(b ∨ ¬c) ∧ (a ∨ ¬c) ∨ b

A propositional Boolean formula can be expressed in conjunctive normal form
(CNF), also known as product of sum (POS) form. A formula in CNF consists of
a conjunction (logic and) of one or more clauses. A clause is a disjunction (logic
or) of one or more literals, and a literal is an occurrence of a Boolean variable
or its negation. An example of a propositional Boolean formula in CNF is 𝜙 =
(b ∨ ¬c) ∧ (a ∨ ¬c) ∧ b, which can also be represented by a set of clauses as𝜙 = {b ∨
¬c, a ∨ ¬c, b}, or an assemble of literal sets like𝜙 = {{b,¬c}, {a,¬c}, {b}}. Usually,
a CNF formula is denoted by a set of clauses, i.e., conjunction is omitted.
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2 1 Satisfiability Theories

The problem of determining whether there exists a variable assignment that
makes a propositional Boolean formula evaluate to true is called a Boolean sat-
isfiability (SAT) problem. In other words, the SAT problem tries to find a variable
assignment to a CNF formula that satisfies all the clauses in a Boolean proposi-
tional formula. If such an assignment exists, the formula is satisfiable; otherwise,
the formula is unsatisfiable.

Example 1.1 𝜙 = {a ∨ b ∨ ¬c ∨ d, a ∨ ¬b ∨ ¬c, a ∨ b,¬d, d} is a Boolean propo-
sitional formula in CNF. This formula contains five clauses: (a ∨ b ∨ ¬c ∨ d),
(a ∨ ¬b ∨ ¬c), (a ∨ b), (¬d), and (d). The first clause (a ∨ b ∨ ¬c ∨ d) contains four
literals, i.e., a, b, ¬c, and d. This formula is unsatisfiable because the last two
clauses are conflicting, which means they cannot be satisfied at the same time.

SAT problem is the first known nondeterministic polynomial time (NP)-
complete problem proven by Cook [1]. The proof shows how every decision
problem in the complexity class NP can be reduced to the SAT problem for CNF
formulas. That the SAT problem is NP-complete problem briefly means that there
is no known algorithm that efficiently solves all instances of SAT, and it is gener-
ally believed that no such algorithm can exist. A class of algorithms to efficiently
solve a large enough subset of SAT instances is called SAT solver. Extending the
capabilities of SAT solving algorithms is an ongoing area of progress. However,
no current such methods can efficiently solve all SAT instances.

In the last century, showing that a certain problem is as hard as SAT was the
end of the story and trying to solve it directly seemed to be hopeless. With the
significant progress made in SAT solving, it is now widely accepted that being able
to encode a problem into SAT is highly likely to lead to a practical solution. This
“SAT Revolution” started at the end of the last century and continues to produce
amazing new practical and theoretical results [2].

Examples of SAT applications include software verification [3, 4], bounded
model checking [5, 6], artificial intelligence (AI) planning [7, 8], cryptographic
attacks [9–13], scheduling [14–17], etc. These applications rely on the ability
of SAT solvers to determine whether there exists an assignment that makes a
given Boolean formula evaluate to true and return one satisfying assignment if
the formula is satisfiable. It is noticeable that there are applications that require
enumerating all the satisfying assignments. For example, in frequent itemset
mining, it is necessary to generate all sets of items with high support from a
given transaction database [18]. This opens up a new variant of SAT, called
all solutions SAT (AllSAT). Solving an AllSAT problem aims to enumerate all
satisfying assignments if a given CNF formula is satisfiable. Readers may refer
to [19] for major techniques of ALLSAT solvers.
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1.2 Maximum Satisfiability (MaxSAT)

Given a Boolean propositional formula, if it is unsatisfiable, SAT solvers only
report that no solution exists, without any information on unsatisfiable instances.
However, assignments violating a minimum number of constraints, or satisfying
all the compulsory (hard) constraints and as many optional (soft) constraints as
possible, can be considered as acceptable solutions in real-life scenarios. To cope
with this limitation of SAT, maximum satisfiability (MaxSAT) and its extensions,
such as partial MaxSAT and weighted MaxSAT, are becoming an alternative for
representing and efficiently solving over-constrained problems [2].

The MaxSAT problem for a CNF formula is the problem of finding a variable
assignment that maximizes the number of satisfied clauses. MaxSAT is often used
to mean MinUNSAT because finding an assignment that maximizes the number of
satisfied clauses is equivalent to finding an assignment that minimizes the number
of unsatisfied clauses. MaxSAT is useful to measure the extent of unsatisfiability
of a CNF formula.

Three extensions of MaxSAT are more well suited for representing and solving
over-constrained problems: partial MaxSAT, weighted MaxSAT, and weighted par-
tial MaxSAT (WPM).

In a partial MaxSAT instance, each clause is labeled either hard or soft. The hard
clauses must be obligatorily satisfied, while the soft clauses can be unsatisfied. The
goal of solving the partial MaxSAT instance is to satisfy all hard clauses and the
maximal number of soft clause. The partial MaxSAT problem is easily extended to
a SAT problem if all the clauses are hard, and a MaxSAT problem if all the clauses
are soft.

Example 1.2 Given a partial MaxSAT instance𝜙 = {[a] ,
[
¬a ∨ ¬b

]
, (b ∨ c)}, the

first and second clause, enclosed by “[ ],” are hard clauses, and the third clause,
enclosed by “( ),” is a soft clause. To satisfy the hard clauses, a and b are forced to
be 1 and 0, respectively. Based on the assignment of a and b, the true assignment
of c has to be 1 so that the soft clause can be satisfied.

A weighted MaxSAT instance is expressed in weighted CNF, where each clause
is assigned a positive integer. The problem is to find a truth assignment that max-
imizes the sum of weights of satisfied clauses. In a special case, if the weights of
all the clauses in weighted MaxSAT are equal to one, the problem is regarded as a
MaxSAT problem.

Example 1.3 A weighted MaxSAT instance 𝜙 = {(a, 2), (¬a ∨ ¬b, 3), (b ∨ c, 4)}
has three weighed clauses holding weights 2, 3, 4, respectively. All of the three
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clauses can be satisfied by assigning 1, 0, 1 to a, b, c, respectively, which leads to
the maximal sum of weights of satisfied clauses.

The WPM is the combination of partial MaxSAT and WPM. A WPM instance
distinguishes hard and soft clauses, where each soft clause is assigned a posi-
tive integer. Solving the WPM instance is to satisfy all hard clauses and maximize
the sum of weights of satisfied soft clauses. The definition of WPM can be easily
extended to partial MaxSAT, where all soft clauses have weight 1, and weighted
MaxSAT, where no clauses are hard.

Example 1.4 Given a WPM instance 𝜙 = {[a] ,
[
¬a ∨ ¬b

]
, (b ∨ c, 2) , (b ∨ ¬c, 7)},

the first and second clause, enclosed by “[ ],” are hard clauses, while the third and
fourth clauses, enclosed by “( ),” are soft clauses. To satisfy the hard clauses, a and
b are forced to be 1 and 0, respectively. Based on the assignment of a and b, the
true assignment of c is preferred to be 0 so that the weight 7 can be earned, which
is larger than the other case that the gain is merely 2.

Many important problems can be naturally expressed as MaxSAT, including aca-
demic problems such as Max-Cut or Max-Clique, as well as problems from many
industrial domains. Concrete examples include the following domains: routing
problems [20], hardware debugging [21–23], software debugging [24, 25], schedul-
ing [17, 26–28], planning [29–32], coalitional games [33–37], etc. Additionally,
many problems originally formulated in other optimization frameworks can be
easily reformulated as MaxSAT, such as the Pseudo-Boolean Optimization frame-
work [38], the Weighted Constraint Satisfaction Problem (WCSP) framework [39],
and the MaxSMT framework [40]. Readers may refer [41] for more traditional
applications of MaxSAT.

1.3 Satisfiability Algorithms

The last two decades have witnessed significant progress in the development
of theoretical, logical and algorithmic aspects of SAT and MaxSAT solving
techniques. Moreover, the SAT competition1 (starting from 2002), MaxSAT
evaluation2 (starting from 2006), and the international conference on theory and
applications of satisfiability testing3 (first held in 1996) jointly play as a driving
force for motivating the development of novel SAT and MaxSAT technologies.

1 http://satcompetition.org.
2 https://maxsat-evaluations.github.io.
3 www.satisfiability.org.
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1.3.1 SAT Algorithms

Algorithms for solving the SAT problem are mainly based on incomplete
algorithms and complete algorithms. Incomplete algorithms (e.g., GSAT [42],
WalkSAT [43]) can get a satisfying assignment quickly, but do not prove unsat-
isfiability if the formula is unsatisfiable. By contrast, complete algorithms (e.g.,
DPLL algorithm and its variants Chaff [44] and Generic seaRch Algorithm for
the Satisfiability Problem, GRASP [45]) guarantee to find satisfying assignment
or prove unsatisfiability.

Incomplete algorithms are usually based on stochastic local search, which
iteratively improve an assignment of the variables until all constraints are satis-
fied. Stochastic local search algorithms run efficiently especially on large-scale
instances. The primary challenge is the cycling problem where a candidate
solution may be revisited [46]. Random walk, restarting strategies, and the
configuration check [46] are usually used to tackle this problem. For an in-depth
understanding of most recent incomplete algorithms, we recommend readers to
consult a comprehensive survey on intelligent optimization algorithms [47].

Complete algorithms are based on the modern improvements or variants of the
DPLL approach. DPLL [48, 49], named after the four collective authors, i.e., Davis,
Putnam, Logemann, and Loveland, is a complete, backtracking-based algorithmic
framework that is the basis of many of the most successful modern complete SAT
solvers.

The backtracking algorithm takes a CNF formula 𝜙 as input. Its objective is to
determine whether 𝜙 is satisfiable, and if so to find a satisfying assignment. The
algorithm maintains a truth assignment and runs recursively. Initially, the assign-
ment is empty with all variables unassigned. At each recursive step, the algorithm
selects a literal l and explores two potential assignments: true and false. This is
done by making recursive calls to investigate both assignments to l. The algorithm
continues this process until it either finds a satisfying assignment or it exhaustively
search through the entire space and concludes that 𝜙 is unsatisfiable [50].

In the worst case, the backtracking algorithm has to explore the entire search
space by setting each literal first true and then false. To enhance the search effi-
ciency, based on the backtracking algorithm, DPLL is enhanced by unit propaga-
tion and pure-literal elimination rules.

If a clause contains only a single unassigned literal, it is called a unit clause.
Given a CNF formula, the unit-clause rule checks if the formula contains a unit
clause. If so, it removes all clauses that contain the literal from the formula and
removes the negation of the literal from the other clauses. Unit propagation is
the iterated application of the unit-clause rule, which repeatedly applies the
unit-clause rule until either it derives an empty clause or there are no more unit
clauses left.
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Example 1.5 Consider the following propositional formula in CNF:

((a ∨ b ∨ c ∨ ¬d) ∧ (¬a ∨ c) ∧ (¬c ∨ d) ∧ (a))

In this formula, (a) is a unit clause and must be assigned true, then it can be
removed from the formula. The first clause (a ∨ b ∨ c ∨ ¬d) contains a, thus this
clause is always satisfied and can be removed from the formula safely.

Consider the second clause (¬a ∨ c), which contains ¬a. Now that we have
known that ¬a is false, we can remove ¬a from the clause since it has nothing to
do with the truth value of the clause.

After unit propagation, the formula can be simplified as

((c) ∧ (¬c ∨ d))

Here, we find the simplified formula contains a new unit clause (c). Continue with
the unit propagation. We can remove c from the formula and remove ¬c from the
clause (¬c ∨ d). Thereby, the formula is simplified as

(d)

Apparently, (d) is a unit clause and can be removed from the formula. Eventually,
the formula becomes empty, and the original formula is satisfiable.

If a literal appears in some clause but its negation does not appear in the formula,
it is called a pure literal. Pure-literal elimination removes all clauses containing a
pure literal because these clauses can be always satisfied by making the pure literal
true without falsifying any other clauses.

Example 1.6 Consider the following propositional formula in CNF:

((¬a ∨ b) ∧ (a ∨ c ∨ ¬b) ∧ (c ∨ ¬d) ∧ (d ∨ ¬e))

In the formula, c and ¬e are pure literals. We can always satisfy the clauses (a ∨ c ∨
¬b), (c ∨ ¬d), and (d ∨ ¬e) by assigning c to true and e to false. After the pure-literal
elimination, the formula can be simplified as

(¬a ∨ b)

This simplified formula contains pure literals ¬a and b. Therefore, we can remove
this clause from the formula. Eventually, the formula is empty, and the original
formula is satisfiable.

The DPLL procedure is described in Algorithm 1.1. Functions UnitPropagate(𝜙)
and PureLiteralEliminate(𝜙) take a CNF formula 𝜙 as input and return the sim-
plified formula of applying unit propagation and pure-literal elimination,
respectively. By picking an unassigned variable from 𝜙, which is accomplished
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by SelcetVariable(𝜙), and assigning truth values to it, the resulting formula is
simplified iteratively. This process continues until 𝜙 is empty or 𝜙 contains an
empty clause, indicating that 𝜙 is satisfiable or unsatisfiable, respectively.

Algorithm 1.1 DPLL recursive procedure
Input: A CNF formula 𝜙.
Output: SAT if 𝜙 is satisfiable; UNSAT, otherwise.
1: function DPLL(𝜙)
2: while 𝜙 contains a unit clause do
3: 𝜙 ← UnitPropagate(𝜙) ⊳ unit propagation
4: end while
5: while 𝜙 contains a pure literal do
6: 𝜙 ← PureLiteralEliminate(𝜙) ⊳ pure-literal elimination
7: end while
8: if 𝜙 is empty then
9: return SAT ⊳ 𝜙 is satisfiable.

10: end if
11: if 𝜙 contains an empty clause then
12: return UNSAT ⊳ 𝜙 is unsatisfiable.
13: end if
14: x ← SelectVariable(𝜙) ⊳ Select an unassigned literal x
15: return DPLL(𝜙x←true) ∨ DPLL(𝜙x←false)
16: end function

The DPLL algorithm has two primary limitations. First, upon encountering a
conflict, where a variable assignment renders a clause unsatisfiable, the algorithm
identifies only the present variable assignment as the source of the conflict, lacking
the ability to deduce specific combinations of variable assignments that may also
trigger the conflict. Second, when a conflict occurs, the algorithm employs the
chronological backtracking approach, jumping back to the most recent variable
assignment that led to the conflict and assigning the opposite truth value to that
variable. This strategy may result in a considerable amount of time, as it wastes
time exploring variable assignments in a search space that is guaranteed to lead to
conflicts.

Conflict-driven clause learning (CDCL) [44, 45], improved from the DPLL
algorithm, incorporates conflict analysis and clause learning techniques to avoid
repeatedly exploring the same impossible assignments to literals, thus pruning the
search space effectively and expediting the solving process. Main improvements
of the CDCL are clause learning from conflicts and nonchronological backtracking,
which are summarized as follows:
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● Clause learning from conflicts: When detecting a conflict, i.e., a clause becomes
unsatisfiable, CDCL analyzes the conflict to identify the cause and adds a learnt
clause (the negation of the assignments that led to the conflict) to the origi-
nal formula. This learnt clause is essential for avoiding the same conflict in the
future, as it blocks the problematic assignment.

● Nonchronological backtracking: If a conflict arises, CDCL jumps back to the
appropriate decision level where the first-assigned variable involved in the con-
flict and assigns the opposite truth value to it. The backtracking level may not
necessarily be the level where the most recently assigned variable locates. This
allows the algorithm to flexibly select the decision level for backtracking and
intelligently avoid conflict repetition by skipping over potentially unnecessary
variable assignments.

Given the ability to discover early that branches of the search space does not have
to be explored, the CDCL algorithm is extremely efficient for solving large-scale
SAT problems. Currently, the CDCL algorithm stands out as one of the most effi-
cient methods for solving SAT problems, laying the foundation of many modern
SAT solvers (e.g., MiniSAT [51], Glucose [52], MergeSat [53], and IsaSAT [54]). For
more details on the CDCL procedure, we recommend readers to refer to [50]. For a
comprehensive study and analysis of the latest developments and new approaches
of SAT solvers, we suggest referring to [55].

1.3.2 MaxSAT Algorithms

Generally speaking, there are two approaches for MaxSAT solving techniques:
heuristic and approximation algorithms that find near-optimal solutions and exact
algorithms that compute optimal solutions.

Heuristic local search algorithms are the foundation of early practical works
to find near-optimal solutions. Whereas many exact MaxSAT solvers use local
search algorithms to rapidly compute an initial assignment of variables, these algo-
rithms do not guarantee the quality of their output solutions. By contrast, approx-
imation algorithms output solutions not as fast as heuristic algorithms, but they
provide a guarantee about the quality of their solutions. The approximation of
a MaxSAT solution is usually measured by a factor that is bounded by a con-
stant 𝛼 or a slowly growing function of the input size. Given a constant 𝛼, an
algorithm is 𝛼-approximation for a maximization problem if it provides a feasible
solution in polynomial time, which is at least 𝛼 times the optimum, considering
all the possible instances of the problem [56]. A number of improvements have
been achieved on the performance guarantee, from 1/2, proposed in 1974 [57],
to 0.7584, proposed in 1995 [58]. Later on, a limit on approximability was proved
by Håstad [59] that unless NP=P, no approximation algorithm for MaxSAT can
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achieve a performance guarantee better than 7/8. This theory was proved again in
[60], showing that the constant 7/8 is tight. From a theoretical and practical point
of view, semidefinite programming has been shown quite promising for approxi-
mating MaxSAT solutions. Readers may refer to [61] to learn more about how to
approximate MaxSAT with semidefinite programming.

Exact algorithms can be classified into two approaches. The one follows a branch
and bound (BB) algorithm and applies several techniques tailored to MaxSAT.
Another one makes use of a state-of-the-art SAT solver as an inference engine,
referred to as a SAT-based approach.

Many contemporary exact MaxSAT solvers follow a BB algorithm [62–69], which
ensures the minimal number of unsatisfied clauses in a MaxSAT problem. Given
a MaxSAT instance 𝜙, BB explores a search tree that represents the space of all
possible assignments for 𝜙 in a depth-first manner. At every node, BB compares
the upper bound (UB) with the lower bound (LB). UB is the best solution (i.e., the
minimum number of falsified clauses) found so far for a complete assignment, and
LB is the sum of the number of clauses which are falsified by the current partial
assignment plus an underestimation of the number of clauses that will become
unsatisfied if the current partial assignment is completed. If LB ≥ UB, the algo-
rithm prunes the subtree below the current node and backtracks chronologically
to a higher level in the search tree. If LB < UB, the algorithm tries to find a bet-
ter solution by extending the current partial assignment by assigning one more
variable. The value of UB after the search of entire tree is the optimal number of
unsatisfied clauses in 𝜙.

BB algorithms usually perform effective in solving small-scale MaxSAT problem
instances with a few hundred variables. However, they are ineffective on instances
with more than a thousand variables [70]. Currently, the most important algo-
rithms for solving MaxSAT problems are based on iterative calls to a SAT solver,
commonly known as the SAT-based approaches. These approaches can be further
classified into three types: the model-improving, the core-guided, and the implicit
hitting set approaches.

Model-improving approaches (e.g., SAT4j [71], QMaxSAT [72], Pacose [73], and
MergeSat [74]) are based on querying a SAT solver for solutions of increasing qual-
ity. Given a MaxSAT instance 𝜙 with a collection of n soft clauses {C1,… ,Cn},
a new variable bi is added to each soft clause Ci (1 ≤ i ≤ n), where bi is called a
blocking variable. Solving the MaxSAT problem for 𝜙 is to minimize the number
of blocking variables that evaluate to true, called true blocking variables, in 𝜙′ with
soft clauses {C1 ∨ bi,… ,Cn ∨ bn}. The minimal satisfied assignment is searched
by iterative calls to a SAT solver, which are summarized as follows [72]. First run
the SAT solver on 𝜙′ without any constraints to get an initial model and count the
number k of true blocking variables in the model, then add a constraint to limit the
number of true blocking variables to a smaller k (called a cardinality constraint),
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and run the solver again. If the problem is unsatisfied, k is the optimal solution.
Otherwise, the process is repeated with the constraint that limits the number of
true blocking variables to a smaller integer. This process terminates when the prob-
lem becomes unsatisfied.

Model-improving solvers start by adding a blocking variables to each soft clause
and then iteratively call a SAT solver by decreasing the number of true blocking
variables until the formula becomes unsatisfiable. When a MaxSAT problem has a
significantly large number of soft clauses, solving this problem becomes infeasible
due to the resulting extensive encodings.

In contrast to model improving approaches, core-guided approaches
(e.g., Fu–Malik algorithm [75], WPM1 [76], WMSU1 [77], OLL [78], and
Maxino [79]) are unsatisfiability based, working from unsatisfiable (UNSAT)
to SAT. Given a MaxSAT instance 𝜙, the following process is iterated until
𝜙 is satisfiable: First run a SAT solver on 𝜙. If 𝜙 is unsatisfiable, extract an
unsatisfiable subset US = {C1,… ,Cm} from 𝜙 and introduce m new blocking
variables bi (1 ≤ i ≤ m). The unsatisfiable subset of clauses is called a core. Then,
replace Ci with Ci ∨ bi (1 ≤ i ≤ m) and add a constraint

∑m
i=1 bi = 1 to build a new

formula 𝜙′. The process is called relaxation. If 𝜙′ becomes satisfiable, the iteration
terminates. The number of iterations indicates the number of falsified clauses in
the original 𝜙.

Core-based algorithms have proved to be effective on industrial problems, typi-
cally suitable for solving instances that have optimal solutions falsifying very few
soft clauses (relative to the total number of soft clauses). A drawback of core-based
algorithms is that the relaxation requires adding new cardinality constraints to the
formula at each step, which makes the problem harder to solve at each iteration.
Narodytska and Bacchus [80] proposed an alternative approach for solving WPM
problems, which also builds a sequence of new SAT formulas, but avoids using car-
dinality constraints. The new core-guided solver outperforms the contemporary
solvers by a large margin in the total number of industrial problem instances.

Similar to the purely SAT-based core-guided approaches, implicit hitting set
solvers (e.g., [81–84]) extract cores in an iterative fashion. Given a set of cores, a
hitting set is a set of soft clauses that includes at least one soft clause from each
core. A hitting set is optimal (of minimum cost) if and only if the sum of the
weights of the soft clauses in it is smallest among all hitting sets of the set of cores.
In contrast to core-based algorithms that transform the input instance using core
compilation steps, the input MaxSAT instance of implicit hitting set solvers is not
altered during search. Each SAT solver call is made on the original hard clauses
together with a subset of the original soft clauses. Thus, the MaxSAT instance does
not get larger in size as the search progresses. As a result, the cores found during
search remain relatively small compared to the core-guided approaches [70].
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Although SAT and MaxSAT problems have a long history, the solving techniques
have evolved and improved over the years. Many advanced techniques have been
introduced to aid in problem solving, such as parallel computing [74, 85–88], rein-
forcement learning [88, 89], machine learning [90–92], and quantum computing
[93–95]. These new techniques, in turn, encourage SAT and MaxSAT applications
in more real-world scenarios.

1.4 Chapter Summary

This section introduced the fundamental formal concepts of SAT, MaxSAT, partial
MaxSAT, weighted MaxSAT, and WPM. Mainstream algorithms for solving SAT
and MaxSAT were summarized.

From a practical view, many existing applications treat SAT and MaxSAT solvers
as black boxes. In other words, once a real-world problem is translated into a CNF
formula, the problem can be solved by utilizing an off-the-shelf solver without any
interactions between the solver and the application. However, understanding the
satisfiability algorithms is beneficial for selecting appropriate solvers, analyzing
performance, and further optimizing the efficiency of solving specific problems.
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