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find

1.2 The Balancing Equation of Population Change
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N(T ) = N( ) + B , T − D , T + I , T − O , T , (1.1)

N(T ) = T

N( ) =
B , T = T

D , T = T

I , T = T
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Box 1.1 The Balancing Equation of Population Change

N(T ) = N( ) + B , T − D , T + I , T − O , T

Example: Sweden, 1988

N( . ) = N( . ) + B . , . − D . , . + I . , . − O . , .

= + − + −

Data source: Demographic Yearbook

1.3 The Structure of Demographic Rates

flo flo

flo
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Rate = Number of Occurrences

Person-years of Exposure to the Risk of Occurrence

defined
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1.4 Period Rates and Person-years
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Rate , T = Number of Occurrences between Time and

Person-years Lived in the Population between Time and
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Jan. 1,1981 April 1, 1981 July 1, 1981 Oct. 1, 1981 Jan.1, 1982

a. Life-lines for seven individuals who live in a population at any time between
    Jan. 1, 1981 and Dec. 31, 1981

b. Life-lines converted into numbers of persons alive at each moment

Person
number

Number of
persons

alive

Person-years
contributed by
each person

Time

Figure 1.1 Demonstration of the equivalence of the two methods for recording person-years
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1.5 Principal Period Rates in Demography
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1.6 Growth Rates in Demography

1.6.1 Crude growth rate

N

T

PY T

N(T ) − N( )

PY , T
= B , T

PY , T
− D , T

PY , T
+ I , T

PY , T
− O , T

PY , T

CGR , T = CBR , T − CDR , T + CRIM , T − CROM , T

= CRNI , T + CRNM , T

(1.2)

defined T CGR T

T N T N

N N T

defined

CRNI
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Box 1.2 Principal Period Rates in Demography

N(T ) − N( )

PY , T
= B , T

PY , T
− D , T

PY , T
+ I , T

PY , T
− O , T

PY , T

CGR , T = CBR , T − CDR , T + CRIM , T − CROM , T

= CRNI , T + CRNM , T

Example: Sweden, 1988

=

N( . ) − N( . )

PY . , .
= B . , .

PY . , .
− D . , .

PY . , .
+ I . , .

PY . , .
− O . , .

PY . , .

CGR = CBR − CDR + CRIM − CROM

− = − + −

= − + −

CGR = CRNI + CRNM

= +

Data source: Demographic Yearbook

1.6.2 Instantaneous growth rate

t t + �t

�t N(t +�t)−N(t) �N(t)

r(t) t, t + �t N(t)�t

r(t) = �N(t) N(t)�t �N(t)/�t �t

N(t) dN(t) dt

r(t) =
�t→

�N(t)

N(t) �t
=

dN(t)

dt

N(t)
= d N(t)

dt
(1.3)

dt r(t)

t t + dt

r(t) t

t

t t + dt
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T

T∫
r(t) dt =

T∫
d N(t)

dt
dt = N(t)

T

T∫
r(t) dt =

(
N(T )

N( )

)
(1.4)

e
∫ T

r(t) dt = N(T )

N( )

N(T ) = N( )e
∫ T

r(t) dt (1.5)

T

N(T ) N( )

r(t)

defined

N(t)

constant positive

T

r∗ simplifies

N(T ) = N( )er∗·T (1.6)

T∫
r∗ dt = r∗T = r∗ · T − r∗ · = r∗ · T
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r∗ =

(
N(T )

N( )

)
T

(1.7)

T

1.6.3 Mean annualized growth rate

T

∫ T
r(t) dt

T
=

[
N(T )

N( )

]
T

T r̄ , T r(t)

T

r̄ , T =

[
N(T )

N( )

]
T

(1.8)

T

T

1.6.4 Doubling time

T N(T ) N( ) =
N(T )/N( ) = = .

r∗
r∗ T

r∗

Doubling time = .

r∗

. /. =
. . /. = .

−. = / . = .

−.
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1.6.5 Comparison of crude growth rate and mean annualized growth rate

T

T

and
r(t)

T

CGR , T = B , T − D , T + I , T − O , T∫ T
N(t) dt

= N(T ) − N( )∫ T
N(t) dt

(1.9)

r̄ T

T CGR T

CGR T T

does

figure
CGR r̄

CGR r̄

0 T

Time t

Early growth

Constant
growth

Late growth

Population
size N (t )

The sum of growth rates,   r (t )dt , is the same in the three cases, since N(0) and N(T ) are the same.

Person-years lived – the area under the N(t ) curve – are different, however.

T

0
∫

Figure 1.2 Population growth sequences between times and T under three different
assumptions about the time sequence of growth rates
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CGR r̄ CGR r̄

T r(t) = r∗
≤ t ≤ T

T∫
N(t) dt =

T∫
N( )er∗t dt = N( )

T∫
er∗t dt

= N( ) ·
r∗ · er∗t T = N( ) · er∗t T

r∗

= N(T ) − N( )

r∗ (1.10)

T

CGR , T = N(T ) − N( )[
N(T ) − N( )

r∗

] = r∗

r̄ , T =
T

T∫
r∗ dt = r∗

r̄

T

T∫
N(t) dt =

⎧⎪⎪⎨
⎪⎪⎩

N(T ) − N( )

r̄ , T
= N(T ) − N( ) · T(

N(T )

N( )

) , r̄ �=

T · N( ), r̄ =

defined

inflation.
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1.7 Estimating Period Person-years

N(t) r(t)

PY , = N( ) − N( )

r ,
= N( ) − N( )[

N( )

N( )

]

PY , T = N(T ) − N( ) · T[
N(T )

N( )

] (1.11)

N(t)

figure N(t)

r = .

overestimated



16 BASIC CONCEPTS AND MEASURES

Population
size N (t )

Population
size N (t )

N (t )

T/2 T0

Time t

N (t )

T/2 T0

Time t

When N (t ) follows a linear growth
pattern, the estimate of person-years
lived using the mid-period population
times period length will be accurate
because the overestimate for the first
half-period is exactly offset by the 
underestimate for the second half-
period, i.e., the two triangles have
equal areas.

When N (t ) follows an exponential
growth pattern, the two shaded surfaces
have different areas and the mid-year
approximation, N (T/2) . T, will under-
eatimate person-years lived during
the period.

Figure 1.3 Approximation of person-years lived by midperiod population times period length

estimate
substitute

1.8 The Concept of a Cohort

specific specific

identified
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Box 1.3 Illustration of Calculation of Growth Rates and Person-years

N( ) = ,

N( ) = · e ·. =
N( ) = · e ·. =
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=
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CGR , T = = .
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x x defined

defines
defined

a a

1.9 Probabilities of Occurrence of Events

define

chance

qD = Number of Divorces

Number of Marriages
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Rate = Number of Occurrences

Number of Person-years Lived

Probability = Number of Occurrences

Number of Preceding Events or Trials

define
event trial

qD / = ∞

define
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