Fundamental Principle of Dynamics

The movement equations that have been presented in the previous volumes of this
series on non-deformable solid mechanics are the scalar expression of the fundamental
principle of dynamics and the different consequences that stem from it. But in using this
principle, the choice of the frame in which to apply it (depending on the motion being
studied) is crucial. The step is therefore to see how this decision can be made so that
mechanics users may have a proper frame for the studied motion that is suitable for its
context.

1.1. The fundamental principle of dynamics and its scalar
consequences

The fundamental principle of dynamics is one of the general laws
that govern mechanics just as the secondary principles that will be
presented in section 1.2 later on. Their formulation is the result of
experimental observations and measures; their validity is essentially
based on the fact that they are universally used.

1.1.1. Fundamental principle of dynamics

There exists at least one reference frame ( g) , called Galilean, and

a way to measure time (called the preferred time scale), such as, at any
given time and whatever the considered physical set (7/), the

dynamic torsor {co/£} of the set motion through the frame (g) is

equal to torsor {@ - @} representing the efforts exerted on (7))
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by all in the universe, that are outside of it, which we call (Q) So

that we state:
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Figure 1.1. Set (‘7)) in the universe

1.1.2. Choosing a frame

The application of this principle thus suggests the existence of at
least one frame considered to be preferred, serving to locate a body
during its motion, and of at least one preferred time scale that allows us
to follow its evolution. But there are in fact an infinity of frames and
ways to measure time; it is therefore important to select a frame that is
suitable to the motion in question, to be able to apply this principle.

We consider that the choice of a reference frame must depend on
the motion that is studied and from where we wish to observe it. The
Galilean frame is the primary one in which the fundamental principle
of dynamics applies. It must respect three conditions during the study
of the motion of a mechanical set (7). First of all, it must be in a

fixed position and orientation in the space where the motion is taking
place; secondly, any moving body in this space, if it doesn’t
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experience any exterior effect, moves uniformly on a straight line;
thirdly, any body which, by its presence and the action it is likely to
exert onto the motion of (), also obeys the condition that its own

motion may be observed and studied in the same frame (the Galilean
frame is then said to be closed).

In fact, if such bodies are subject to actions from bodies outside of
the frame and which are not accounted for, they could have
unidentified secondary effects on the body (/) in motion; this

explains the importance of the Galilean frame being closed.

The fundamental principle of dynamics only references,
concerning the motion of (%) in (g, the dynamic torsor {c/§ |

that is defined from the acceleration F(M) of any particle of M
of (), considered as vector density per unit of mass. This
observation leads to considerations that will not be expanded upon
here, that show, when a preferred frame is identified as well as a

preferred time scale to create a Galilean frame, that any other frame
will be considered Galilean as well if it includes:

— a timescale defined from the preferred scale that has already been
identified and using an arbitrary transformation of the following type:
t =t, + kt (see section 1.1.2);

— and a reference frame presenting a straight-line uniform motion
in relation to the preferred frame previously identified, with a zero
rotation rate between the two frames (see section 1.3.5).

First of all, if we are studying the observable motion of objects from
our terrestrial environment, the first preferred Galilean (g) which

naturally stands out as offering the most global view. Its origin is the
center of inertia G of the center of the solar system with three base

vectors (EEE) pointed towards the stars, E,, E,, E; apparently
fixed.

As the Sun represents more than 99% of the mass of the solar
system, its center of inertia G, is close to that of the solar system.
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We therefore introduce a direct orthonormed system (g)=

<GH|Z@%> where

. _ EAE - -
el=E1, eZZ%, e = Ne
|E A E,

as our preferred Galilean frame.

Figure 1.2. The solar Galilean frame

However, most solid motion that we study takes place within the
Earth’s environment under the effect of actions that emanate from it;
it therefore seems reasonable to use a frame of work that would be
more accessible, joined to the Earth, with its center of inertia as origin
and to which three orthogonal and normed vectors — that could either
be collinear to those of the Solar system or fixed in relation to our
planet (along the North-South axis and two other directions
orthogonal between one another in the equatorial plane) — would be
attached.

Even if we admit that the North-South axis of rotation of our planet
maintains a constant direction as it travels along its ellipse around the
Sun, this last frame, called the terrestrial frame (T ) , 1S not in translation
with the solar frame; it cannot serve as a frame for the application of the

fundamental principle. And if we apply the corresponding equations to it,
we are led to introduce corrective terms due to the relative motion of the
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frame (7') in relation to thesolar frame. These terms are often

negligible, which justifies the use of this frame when the characteristics of
motion allow it.

As for considerations about the time scale, they rely on the
assumed uniform nature of the Earth’s rotation around its axis and
reinforce the benefits of using the terrestrial frame (7) as our

Galilean reference frame and applying the fundamental principle of
dynamics. This frame is then described as pseudo Galilean.

1.1.3. Preferred time scale

With preferred time scalez, according to the fundamental
principle, we have

{ oof§ } = {3’ - S }
With a different preferred time scale 7, we would have
{as}={s—s]

and the velocity and acceleration vectors would be written

& (M d(g)o Vi @ M de®
GEM) =g OMs M) =

&)'(g)(M)

With this new time scale, the reduction elements at O, of kinetic
and dynamic torsors have the following expressions:

s{zg}=[ @ (M)dm(M)
Ao {75} =, OMAGT (M)dm(M)
s{ag}=[ I (M)dm(M)

oMo {25} =] OMATE (M)dm(M)
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If we examine the relation between velocities on the one hand and
accelerations on the other within the two scales, we obtain

d'®)

&) d'® OMdT 7 (M

g M — OM= _:T/w_g

VM) ==7-0,M ="7-0M% (M)

() A=ry M © (M =ry V42
(M) = ’ — " ’ @ “v
TEM) =5 (M) = @ (M) + 7L ()]

n n

=@ (M) +723% (M)
Subsequently
sferg=[ IO (M)dm(M)
vro=[ @O (M)dm(M)+72 [ T (M)dm(M)

" =gl s{ag)

oo {erE) =] OMAJE (M)dm(M)
v =7 OMA@E (M)dm(M) ...
C+77 [ OMATE (M)dm(M)

noon :T”@%OS{”g}-’_T,z@j[OS{Ag}
and lastly
{O%g}zﬂz{Ag}_‘rd_zT{ﬂ_g}
ST gy VS g U

The fundamental principle of dynamics is then formulated as
follows with the new time scale:

1 _ ”
T,Z{S—>S}—;2

{7}

{2} =
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When the relation between the two time scales is linear:
T=at+b, 7" is null and 7" = a; the fundamental principle is then
written:

(a1} =—{5 > 5]

For this new time scale to be used as preferred, the following
statement: a = 1 must be verified so that 7 = ¢ + b. We can then write

{as}={s—s]
The origin of this preferred time scale is arbitrary, since in reality it

is a matter of observing a motion during a corresponding time interval,
and from a suitable point of origin.

1.2. Secondary principles
These principles form the framework for general use of the

fundamental principle.

1.2.1. First secondary principle of the separation of effects

In solid mechanics, the efforts exerted by (@) over () are

remote actions gravitational or electromagnetic in nature, and contact
actions.

Contact actions can be fluid (liquid or gas), solid (non-deformable)
or elastic types.

We generally group into a first torsor written {A_, } the given
or calculable terms of {@ — _@} due to gravitational or

electromagnetic actions and assessable contact actions.

We group into a second torsor written {L__, } the unknown link

terms of {@ - @} )
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The first secondary principle allows us to therefore state

{p-np}=- {BWD} +{DWD}+{BWD}

v = [ABHD ] + {LBAD }
If we now consider a partition of set (7 ) such as
(2)=(TU(%) with (%)N(%)=2

and an exterior partition (@) of () such as

(

we can express the two following secondary principles.

Q|
AN

)=(7)U(7") with (77)N(7")=0

1.2.2. Second secondary principle of effort generators

For a considered law '¢', whether it is gravitational, electromagnetic
or of contact, we can state

This principle can extend to a finite number of disjoint sets that

constitute a partition of ( g ) i

1.2.3. Third secondary principle of effort receivers

This principle can also extend to a finite number of disjoint sets
that constitute a partition of (7).

Considering these principles, the fundamental principle of
dynamics takes on the more general following form
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a,i a,i o' i’

where subscript symbols ¢ and i’ refer to the only partitions of
() and (/@) that are in contact.

1.3. Motion of a set (%) in a given frame (1)

We consider the motion of a mechanical set (/) in a given frame
(A) that is mobile in relation to the Galilean frame (g) and the

question is to know how, in such a case, it is possible to apply the
fundamental principle of dynamics.

1.3.1. Presentation of the context

We first examine the mobility of the frame (A) in comparison to
another frame (1) on which we make no hypotheses for the time being.

A
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Figure 1.3. Relative position of the two frames (A) and (i)

The relative movement of the two frames is known, that is:

— the situation bipoint of O, relative to () : 0,0, of which the

first and second derivatives according to time in this last frame are:
v (0,) and J¥(0;);



10 Movement Equations 3

— the rotation rate vector (A1) compared to () : ﬁﬂ of which the

first derivative according to time in the two frames is (@) .

1.3.2. Combination of accelerations

We also know the motion of the mechanical set (/) within frame
(A) and we wish to observe its motion from frame (). The formula
for combination of accelerations applied to a particle M of ()

JE(M)=JA(M)+20 AV (M)+J#(0,) ...
- +(@F) AOM+af A(@F AOM)
introduces the Coriolis acceleration of M in the motion of (A)
relative to ( u)
T.(M[4) =20 AV (M)

and the drive acceleration of M in this same motion

’

Jo(M[1)=J9(0,)+(@f ) AOM+f A(@f AOM)

e

’

where vectors J*“) (O 1) Jl and (@) are independent of M.
A

1.3.3. Coriolis inertial torsor

To the material particle (77 ) corresponding to pointM , given its
elementary mass dm (M), we attribute the vector

Jo(M[4)dm(M) =20 AvH (M)dm(M)
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We therefore attach to the kinetics of the material set (7 ), in the
motion of the frame (A) in relation to (), the following torsor,

called the Coriolis inertial torsor and written {2/ |4 }, of which the

reduction elements at a given point Q are

5{957/5

=1 20 AV (M)dm(M)

%{o%;

4} = Jy, Q[ 20 AV (M) Jdm(M)

1.3.4. Drive inertial torsor

To the material particle () corresponding to point M, given its
elementary mass dm(M ), we also assign the vector

R ’

a)f) AOM ...

Z(M|’,{)dm(M)={ﬁ(Oﬂ)+(
. +E(EA(E(Z/\W):|dm(M)

We also attach to the kinetics of the material set (), in the

motion of the frame (A) relative to (u ), the torsor known as drive

inertial torsor and marked { o,

4 } , of which the reduction elements
at a given point Q are

E{@Q@
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1.3.5. Relation between the dynamic torsors in the two
frames

In each one of the frames (A) and(u), the dynamic torsor is
marked

sty = T (M)dm(M)

Myl }={  QMAJH (M)dm(M)

s{eriy=[ TP (M)dm(M)

ol fetiy=[  QMAJD(M)dm(M)

According to combination of accelerations, the reduction elements
of the dynamic torsor of the motion relative to frame () expand as

follows

lo{ectty=[  QMA[JT(M)+20f AV (M) ...

’

L+ J9(0,)+ (o) A01M+EA(EA04M)}dm(M)

non :J.MeyaﬁAﬁ(M)dm(M)

o+ [ QMA[ 208 AV (M) [dm(M) ..
o o VA TT0,)+(@F ) nOS+F (@ AOM) [am(M)

= %{OQ/,‘/‘} = %{@9]5}+@—%E{@Q{§

ARG
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Thus the torsor equality that expresses the relation between the
dynamic torsors of the motion of (?/') in both frames is

4

which is valid whatever the set (/') or the frames (A) and ().

{09/5‘} ={o%/_$}+{o§/_f/

ﬂ{}+{@%/§

1.3.6. Applying the fundamental principle

We consider here that the frame () is the preferred Galilean
frame (g ). From the previous results, we can therefore state that

$}

and that the fundamental principle of dynamics is expressed as follows
i}={7 7]

This leads to the torsor expression of the motion of the set (&)

{erg ) ={ctt}+{c¥s

ﬁ}+{@9/§/

(cors) = e}ty

ﬁ}+{@%§

relative to the given frame (1)

(et} ={T > T} ~{ent 8

Analyzing this relation shows that the relative situation of the
frame (A) in relation to the considered Galilean frame (g) is not

) -{eots

indifferent because, in the relation above, the outside (_/) of () is

considered from a Galilean frame and not from( /1> .

In the case where the sources of the efforts acting upon (% ), and
emanating from(@) , coincide with the ones present in(A), and that

the corrections introduced by the Coriolis and drive terms are sensibly
negligible compared to the efforts, the frame (A) is considered as

pseudo-Galilean and the fundamental principle can be applied.
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We therefore see that it is possible to express the torsor equation of
the motion of a mechanical set (/) relative to a given frame (A)

provided the Coriolis and inertial drive torsors are incorporated to the
external efforts torsor.

However, when the frame (4) moves with a uniform translation

on even straight line relative to( g ), the rate of rotation E is null
and the Coriolis and drive inertial torsors will be also. The frame (/1)
1s then Galilean.

1.4. Motion of a non-deformable solid in a given frame

We now consider the case where the material set (/) is a non-
deformable solid ('), of mass m and center of inertia G , of origin Oy .

The motion of solid () in (A) is characterized by the velocity
distribution torsor

{4}, =[ @pP(0;) ]
with

(M)—v (OS)+a)S/\OM VMe (S§)

1.4.1. Coriolis inertial torsor

The resultant of the Coriolis inertial torsor is then expressed as
follows

s{@%‘

of A, T (M)dm(M)
non :2(%‘/\S{ps}:2ma)f/\"(_li((})
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Its moment at Oy is expressed

REZAL :jMESQ—MA[zEAW(M)]dm(M)

v =] OMAa{26f A[VF(0y)+ @i AOM |}dm(M)

Mes§

. +IMES()S—M/\[2(0§‘ A JS/\OSM)}dm(M)

The last integral above involves the triple vectorial product

r Al @ n(bAr) ] which can be expressed as follows
ralan(bar)|=ral(ar)b-(ab)r]=(ar)rab
AsTa(ant)=r a-(ra)r = (ar)r=r a-ra(anr)
= ralan(bar)]=r anb+ba[ra(anr)]

Subsequently

jMGSW /\|:2a7l/1. /\(g)g1 /\OSM)]dm

’ .[Mesz Os

# s

According to the definition of the inertia operator 7, (S), we can

—~~

M)= ...

<

Z(EAES)dm(M)

/\[OSM/\((U,‘{ /\OSM)}dm(M)

Y

verify that

[ 20,M"dm(M)=1racel, (S), which is the sum of the

diagonal terms of the matrix representing the operator,

Jues OMA (@ AOM) Jdm(M) = 1o, (5) o
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hence the expression of the moment at O, of the Coriolis inertial
torsor of the non-deformable solid (S) in the motion of (A1) relative

to ()

Mo, {45 |4} =2m05G A @f AvT(05) ] ...

. +trace I, (S)E/\ES+2(0§1 Ao (S)ay
The moment at G of this torsor is equal to

%{OQ/SC ‘j}=tracelG(S)aTﬁ‘/\a)—§+2a)—§/\IG(S)aTﬁ‘

1.4.2. Drive inertial torsor

The resultant of the drive inertial torsor is written

Q’}:.W(O,I)J‘Mesdm(M)+(ﬁl)l Al OMdm(M)...

---+EA[E/\IM63Q1—MGW(M)}

:S:{QQ/;

~

=m0, 4 (o) A5G+ of (0 20|

and its moment at Q has the following development

olofecss]h) =], QMdm(M)AJ#T(0,) ...

. +J‘ME$Q—MA[(E)’ AOM [dm(M)...

.t MESQ—MA[Q)/‘{ /\(ﬁ&/\ol1

M) |dm(M)
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with

IMesQ—MA{(‘aZ)' /\OAM}dm(M):

| (oF)

0o =J‘€SQ—Mdm(M)/{(E),/\®}

A(®+®)}dm(M)

According to the easily verifiable property of the vectorial product:
a/\(b/\(b/\a)) :b/\(a/\(b/\a)), the last integral above is

marked

.[Meswﬁl A[Q—MA(a’—ﬁl/\Q—M”dm(M)=@A[Q(Slm)w—ﬁz

hence the moment at Q of the inertial drive torsor of the non-
deformable solid (S') in the motion of () relative to { )

ol {ctg|hY = ...

. mQ_G/{J—(ﬂ(O;L)+(a)j{ A@Q+@/\(@A@Q)j|

’

)
. +IQ(S|m)(a)ﬁ‘) +4ag/\IQ(S|m)Aa)E
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and at its center of inertia G

’

Mg {ct|4Y =15 (S|m) @) +af Al (S|m)af




