Equilibrium, Stationary Movement
and Oscillation of a Free Solid

In certain situations, the motion of a free solid, which is only subject to known external
efforts that can be expressed and quantified, but not to any links that would introduce
onto the motion any unknown strains that would vary with it, can experience situations
of equilibrium and oscillations around these. It can even be the motion sought for a
particular mechanism. This is why the equations that govern these situations are of
great interest to engineers. The approach we develop here is limited to the first order of
magnitude (in the sense of limited mathematical developments) of the variations of the
situation parameters of a solid; it leads to second order linear differential equations.
Far more precise oscillatory motions would require going beyond this first order of
magnitude in the limited development of equilibrium equations; this is not the objective
of the following presentation, which instead indicates the procedure to do it.

1.1. Expression of the fundamental principle of dynamics
for a free solid

In a Galilean frame < g> = <O g‘x: Z Z> , the motion of the solid

(S), to which is joined the frame <S>E<Os|g}gg>, obeys the

fundamental principle of dynamics, the torsor expression of which is
{ert}={s > 5]

where {§ -8 } refers to the external efforts torsor acting on (S) .
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At a point P of the solid, the dynamic torsor {@Q/Sg } has the

following reduction elements:

sferg}=[ T (M)dm=mJ¥ (G)

MeS
le{o%;} = J.Mesm A F(M)dm

non :mﬁ/\J(g)(P)‘f—IP(S)aT{;’+5§.A1P(S)a7§.

If the motion of the solid () is observed from a given frame (1),

the expression of the fundamental principle of dynamics involves two
other torsors that correspond to the existence of the motion of </1> in

relation to the Galilean frame < g>. This is the inertial drive torsor
=%

elements of which at a given point Q have the following generic

ﬁ} and the Coriolis drive torsor{o%/; ‘i}, the reduction

expressions:

a

;{OC{/S‘ ;} =2J‘M€Sa_fj AW )(M)dm(M)

Tofeo;

=2, Q¥ A @ AV () Jam(a)

E{df/;

‘i}ﬂME{E(OA)“‘E AO N+ A (] /\OﬂM)}dm(M)

g _
A= -
4

Q—M/\|:F‘5(Oﬂ)+a7;' /\OﬂM+a7;’:/\(aEAO M)}dm(l\/l)

feot;

MeS 2

Their development in the case of the solid (S) with an inertial

center G and origin Oy, at a point P of this solid, among others Og
or G, is written as:



Equilibrium, Stationary Movement and Oscillation of a Free Solid 3

E{QQ/; ﬁ} =2m EEAW(G)

@//PE(S){@%;‘ﬁ}=2m§éA[E{Aﬁ(P)}

. +tracelP(S)E{/\wﬁ§+2a)—é/\1P(S)£

sfecte|l=m| JF(0,)+@F AO,G+ak A[@f AO,G
(0,)
My {75 5= ..
mPG A ﬁ(01)+4ag, —+4ag/\(4a; O—AP)}

In reference to the frame </1> , the expression of the fundamental

principle becomes

(ot =l ) -]
v <[l {ei )

where {§ - S } is the torsor of efforts given or calculable using the

situation parameters of ().

Besides, if the solid is free, meaning that no link is exerted on it,
we get

[s>sl={a>s}
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1.2. Canonical form of the fundamental principle

The situation of the solid () in (g) is defined by six parameters

0, 0,, 0,, O,, O; and Q,. When considering the small movements

and vibrations of a solid, it is actually the small variations on its
situation parameters that we are examining. This is why it is essential
to express clearly the fundamental principle and its scalar
consequences depending on these parameters that need to vary in
sufficiently small amounts to linearize relations and study them in this
new configuration.

Thus, the preliminary work is to put scalar and vector expressions
of the fundamental principle under canonical form, meaning under an
explicit and generic form of situation parameters.

OgOS =F(Q15QzaQ3)

. d(g) 3 a(g)F ,
©(04)==—0,0; = .
A\ ( S) dt g>~s ,Z:l: aQI Ql
=1 (2)° 3 0@ F 5.9 F
d ” 7 ’
JE(0.)= = N
( S) dt2 g7Ss p= aQ[ Ql = anaQ/ Q[ Q/
.6 1 , S ,
o5 = Z (Q4’Q5’Q6)QI :Z (g,S)Q,
=4 =4
. d(S) = Tz lé‘
= @ = 50/ —Z 50/ +Z 0’0/
dt =4 s 00,

It is advisable to restate here a result on the derivative of the

rotation rate vector @y :

poge — g

o =S =L ¢
5 dt > dt
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5

1.2.1. Dynamic resultant

s ),
AO.G
=4 l,n=4[ aQn N }QI Q”

50/ A("50, A0,G)

- 3 F S iTn ==\
- S{@Q/Sg}zm; 0 2 +m1_4( 5/\OSG)Q,

2—>

3 g
35502
¢ {a“)%

L Am)y

l,n=4 n

Synthetically, the dynamic resultant can be expressed as follows:
E{@%Sg} = zsa (QlaQZa'--aQs)Qa”
.t Zsaﬂ (Ql’QZ""’Qﬁ )Qa,Qﬂ,
a.p

1.2.2. Dynamic moment at O,

. 3 ~(g)
OSG/\J(g)(OS)=OSG/\Za FQ,.”
i=1 an
3 5’
+OSG A a F Qile/

AOS—G+%A(;3AOS—G)}Q/Q/
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[OSAa)—:g (Z lé-Ql n Z 16 inJ

=4 ln4aQ

£ 2

1=4 l,n=4

O Ao @ =)' Qz’/\(losi%g«’j
v =3 [%A(1,8)| 00

Thus, the canonical expression of the dynamic moment at Oy is

written as:
Ay, ZmO G/\ Q +Z( 5)o”
: dF
. +,-;MOSGA8Q8QJ. 0,0,

n

Z( ana %(Ioﬁ)]QI’QJ

which can be written under the following synthetic form:
oty {cré} = ngs (0.0,....0,) 0,
+ Z m Ql NONNNOA ) Qa,Qﬁ,

We thus see that the reduction elements of the dynamic torsor at a
given point of the solid, in this case Oy, are each the sum of a linear

form in Qa” and a quadratic form in Qa'Qﬂ’. The coefficients of these
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linear and quadratic forms depend only on parameters O, , excluding
all temporal derivatives.

1.2.3. Fundamental principle of dynamics
{erg}={s > s} ={A}

The torsor representing the external efforts acting on (S) in its

motion depends on:

— the situation of (S) in (g), meaning the parameters Q, ;

— the velocity of () throughout its motion in (g), i.e. the terms
0, ;
— the time (potentially).

The fundamental principle of dynamics applied to the motion of
the free solid (S) in (g) results, under canonical form, in two

J

’ ’
Qs

vectorial equations:

350, + 3570, =570 0|00
o a,p

d

AN T BAA’ A
> 5.0, + Y m0,0, =~ (0.....0
o a.p

1.3. Equilibrium of the free solid

1.3.1. Equations of equilibrium

The equilibrium of the solid (S) is defined in the following

manner.
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During the interval (t,.,tf) , the solid (S) is at equilibrium in the

frame < g> if its situation parameters maintain constant values,
independent of time, meaning that

Vte ]ti,tf[, 0,=e,Va=1,..6,
= 0,/=0,0"=0,Va

On this time interval, the vector equalities that express the
fundamental principle of dynamics are written as:

One of the ways to satisfy these requests is that the two functions
= —x C :
s” and o/, be explicitly independent of time.

Another way to respond is that these two functions are divided as
follows:
)=

F(Ql,...,g Ql’,...,Q6')+3'(t)

ST(QI,...,Q6

’ ’
Ql "“7Q6

o/l(fs(Ql,...,Q6

0.0/ z):
A+
ol (Qw---an,

Qll,...,Qﬁ')+Zt(t)

with o(£)=0 and 4, (t)=0 for ¢ <t<t,.
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In these conditions, the positions of equilibrium of (S) in < g) are

given by two vector relations:

0,...,0)=0

A
K (el,...,e6

Ax
oll, (el,...,66

0,...,0)=0

1.3.2. Stability of equilibrium

An equilibrium is said to be stable when, broken by a disturbance,
it is restored with a succession of small movements, or oscillations,
which maintain or bring the equilibrium back to its initial state.

1.4. General equations of small movements of a free solid

1.4.1. Reminder of developments limited to the first order

1.4.1.1. Function of one variable

We consider the function of one variable f'(x), a particular value
a of this variable and its increase & around that particular value.

Letusstate x=a+h.

_ ~ hdf, . W dif ;
f(x)—f(a+h)—f(a)+1—!g(a)+z—!ﬁ(a)+h g(a,h)
with lhiir(}g(a,h)zo.

We write:

D[ f(a+h)] :f(a)+h%(a)
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the development limited to the first order of the function f(x),
around the particular value x =a of its variable.

When the function is vectorial, ?(x) , it should be specified for

any derivative of that function the basis (4) where this derivative is

established. Around that particular value x =a, we write:

D [7(a+h)}z?(a)+hd(;;?

(a)

1.4.1.2. Function of two variables
We consider the function of two variables f(x,y) and its variation
around the couple of values x =a and y=5. We state

x=a+h y=b+k,

Flathb+k)=f(ab)+ 2L (ap)+

1! ox
h o’ 2hk 0°
2L (ap)+ 2L L
2! ox 2! oxdy

KS (o) ...
19y

K3
(a,b)+§ay{(a,b)+...

as well as

ho k9
D[ f(a+hb+k)] :f(a,b)+1—!a—£(a,b)+l—!£(a,b)

When the function of two variables is vectorial, £ (x,y), around

the couple of values (a,b), we state

(A7
D[ f(a+hb+k)] —F(ab)+ 19 i

(A7
(a,b)+—k o s
1! ox

1! ady

(a.)
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1.4.1.3. Function of n variables

If we now consider a function of » variables f(x,,...,x,,...,x,)
and its variations neighboring the set of values (a,,...,q,,...,a,),

where
x,=a+h,i=1...,n

we state

D[ f(a,+h.....a, +hn)]:f(a,,...,an)+hiai(al,...,an)
ox

i

and for a vectorial function of » variables £ (x,,...,x,)

D, [7(611 +h,....,a,+h )] :7(a1,...,an)+h[—

1.4.1.4. Variation of a product of functions

Consider, to set the stage, two functions, f(x) and g(y), of one

variable and the variation of their product f(x)g(y), around the
couple of values x=a and y=5b. We get

D[ f(a+h)g(b+k)]= ...
dg

(@) (0)+he(0) - {a) vk f (@) D)

and in the case of the product of a function f(x) by k, infinitely
small of the first order or more, neighboring the value x = a,

D[k f(a+h)]=D, {k(f(a)+h%(a)ﬂ=kf(a)
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since the product k# is infinitely small of at least order 2, thus
negligible in a development limited to the first order.

1.4.2. Equations of small movements of the free solid

1.4.2.1. Vector equations of small movements

Perform the development limited to the first order of the dynamic
torsor of the motion of the free solid (.S) in the frame < g> , around the

position of equilibrium previously determined, characterized by
the values e,e,,e,e,,e,e, of the situation parameters

0,,0,,0,,0,,0;,0, of this solid.

The small movements of the solid around its equilibrium position
are expressed by

O=e+&,0,=6,+6,,0;=¢,+&
O,=e,+&,0,=e,+&,0,=¢, +&

which we synthesize as

’ ’ 4 n
Qa:ea+€a = Qa =€a9Qa =&,

We will admit, to simplify the reasoning without affecting the

validity of the development, that the terms &,,£, and &, are
infinitely small of the same order.

The two vector relations that express the fundamental principle are
then written as:

35010 0) 0 A5 (010, 0.) 0,05 = ..
o o

F(QI,...,Q6|QI’,...,Q6’)+E(r)
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ngs (Qla--.’Q())Qa” +ngf(Q1""’Q6)Qa,Qﬂ, = ...
o o
. @%ZC?S*(Ql,...,Q6|Ql',...,Q6')+ﬁ(t)

expressions in which the development limited to the first order of their
different terms gives

”

D, {Zs?(el +E,n tE)E,
o

: +Zs7ﬁ(el +&,....e +g6)ga'gﬁ'}=Zs7(e1,...,e6)8a”
off o

A ’ =
D,[s (e1+£],...,e6+£6|£1 e rE )+0'(t)}:

A¥
.8 (el,...,e6 . 0,...,0)

o o

a?
0,...,0)+Z€ %(el,...,e6

, 5™ -
. +§8a j(@l,...,eﬁ|0,...,0)+0'(t)

o

where ga'gﬁ' is infinitely small of the second order. At the

equilibrium, we get

0,...,0)=0

“Ar
s (e],...,e6

Thus, the first vector equation of small movements of the solid
O,...,O)

(S) around the position of equilibrium (e) =(e,.....¢

o X o5 ()

;F(e)ea” =25
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We will obtain, in the same way, the development at the first order
of the vector equation of the moment of small movements of (.5)

around the equilibrium position (e)

— Qo oy
mg (e)e, =) &, ~(e)+ D &, ——(e)+ult
S (e =L o (0 Ze = o al)

1.4.2.2. Applications
1.4.2.2.1. Problem 1

The solid (S) to which is joined the frame (S)= <O|;c; Vs §> is in
a perfect rotoid link of axis (0|2) in relation to the Galilean frame
< g> = <O|;c )7 2>, where x is vertical descending. Its kinetic
characteristics are as follows:

—mass m;

— center of inertia G defined by OG= ax, ;

A -F -E
— inertial matrix [Io]/(S)E -F B -=-Dj.
-E -D C

The spring (R), of stiffness &k and free length 7, ties a fixed

point of the solid A to a point A" also fixed in the Galilean frame.
It works under pulling up and down actions according to the law:

R=k 1—€:°, AA
A1

where O_A::cxas,m-':b;c.

g is the intensity of the local gravity field.
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e l
[

Il

8

X

Figure 1.1. Configuration of the oscillator

Question 1. Determine the reduction elements at O of the torsor
associated with the action exerted by the spring (R) on the solid (S).

Uy |5

AA’
AA’

[R>S}, =[R0] , R=k|1-

with

AA’=0A’-0A =bx—cx;=(b—ccosy)x—csinyy

HA—A-' = Jb? +¢* —2bccos y

= E{R—>S}

. =k[l‘ - ][(”‘“057)3—0“75]

\/b2 +c* —2bccosy
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oMy {R — S} =oll, {R - S} +O0A As{R = S}

" —_kbesiny| 1- b p
\/b2 +c* —2bccos y

Question 2: Write the differential equation governing the motion of
(S) in relation to (g).

~{ere}, :[mﬁ?)(c;)

1oaf vl n |
@:a@,@:ﬁ:y’g,ﬁg =yz

W (G)=ay s, I (G)=a(-y 5+ 7vs)
Iy ==EY % =Dy ys +CY'zg

I, =—Ey'x; =Dy ys+Cyz

(ot =[mal-r "% +773,)

(DY =EY)x;~(EY*+ DY) ys +CY'z |

- {§—>S} =R S}+{r>S}+{z, )
{ﬂ'%S}G z[mg;c‘(ﬂ
oMy {m — Sy=cll;{m — S}+0G A S{x — S} =—mgasinyz

As for the torsor associated with the action exerted by the link on
the solid, we state

2,5} = [X}; + Yy + 22| Lxg + My, + NE]
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As the link is perfect in the motion of () in relation to (g}, we
write

79z J={slelz, ]
R :a_):;,%{gg_)s}-p\@(())'g{g

g-8

}=Ny=0
With this result being valid V', the condition of perfect link
becomes
N=0

These various elements allow us to write the scalar consequences
of the fundamental principle applied to the motion of the solid (S) in

relation to <g> .

, l
—may’’ =X +mgcosy+k|1- — 0 (bcosy—c)
\/b +c¢” —2bccosy

4, .
csiny
\/b2 +¢’ —2bccosy

may’ =Y —mgsin 7—k[1—
0 =7

D}//Z —E?/” :L
-EY?-Dy =M

» . 14
Cy =—mgasiny —kbcsiny| 1 - L
\/b2 +¢’ —2bccosy

We note that, with regard to these six equations, the first five
contain link terms. They will be particularly appropriate for
determining these links when the motion will be known. Only the last
one is a differential equation iny, this is therefore the sought

movement equation.
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” ! .
Cy"+| mga+kbc| 1- L siny=0
\/b2+c2—2bccosj/

Question 3: Write the equation that helps to determine the
equilibrium position of () in relation to (g).

The values of the situation parameter of (S) in relation to (g), for

which the solid is at equilibrium, are given as

y=7. = 7, =0,7"=0

and verify the relation

4, .
mga + kbc| 1- siny, =0
\/b2 +c° —2bccosy,

Question 4: Deduce from the previous question what is the free
length of the spring that allows () to reach the equilibrium position

72=§-

The equation of equilibrium leads to the following possibilities
—-siny,=0 = y,=0,7,=rx,

— mga+kbc| 1— fo =0
\/bz +c? —2bccosy,

=/, :(1+%j\/b2 +c? —2bccosy,
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Question 5: Determine the equation of the oscillator associated
with (S), which governs its small movements in <g> around the

equilibrium position ¥, = % We will determine the natural frequency

@ of these vibrations depending on k,a,b,c,mg,C .

We therefore consider a variation of the situation of (S ) around

the position of equilibrium y, by stating
y=7,+e = y=¢,y=¢

We apply these values in the movement equation that we then
linearize to the first order in &

L

Ce"+ D3| mga+kbe| 1- > sin(y, +€) =0
\/b2 +c —2bccos(7/e +€)

The development limited to the first order of the function /() in

the neighborhood of the value y =y, has the following expression:

_ efdf) _eldf
D, [f(?’e +£)] =f(7.) +1—![E/jy_% _T!{d_ifl_n

where f(7,)=0

f(y)=| mga+kbc| 1- b sin y
\/b2 +c¢’ —2bccosy
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iz mga+kbc| 1- b cosy ...
dy \/b2+cz—2bccos7

kb*c*( sin® y

(b2 +c* —2bccos 7/)%

- [ﬁj _ kb*c*(,sin’ y,
Y )yer, (b* +¢* —2bccosy,

>A

taking into account the relation between ¢, and y,. For 7, =3

[df) _ 3bc(kbe+mga)
dy y=t 4(b2+cz—bc)

thus the equation of the associated oscillator

, 3bc(kbc+mga)
Ce"+———¢=0
4(b2 +c’ —bc)

We notice that
b +ct—be=b*+¢* —2bc+bc=(b—c)2 +bc>0

As the coefficient of € in the equation of the associated oscillator
is positive, we can write this equation under the following form:

e+o’e=0

where the natural frequency of this oscillator has the following
expression:

3 3bc(kbe +mga)
- 4C(b2+cz—bc)
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1.4.2.2.2. Problem 2
We consider the solid (S), to which is joined the frame
<S>E<Os|g Vs 2}, animated by a motion with fixed plane in the

Galilean frame < g> = <O’|;c )7 2> where x is vertical descending.

g refers to the intensity of the local field of gravity.

B’ of Al T
Z F ]
§‘@n}

Figure 1.2. Configuration of the oscillatory device

The kinetic characteristics of the solid (S ) are as follows:
—mass m;

— center of inertia G defined by ayG:axT, ;

A -F -E
— inertial matrix [Ios ]/(S) =-F B -D|;
-E -D C

where the component ]OS} is orthogonal to the plane I (g,};)

= X, Iy z=y5 1o z2=0
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The solid is hanged through two springs (R,) and (R,) attached,
respectively, to the Galilean frame at points A' and B' defined as
BO=0A'=cy

The respective attachment points A and B of the springs on to the
solid are fixed points on it and are defined as:

BO, =0,A=hy,

The spring (R,) is attached by its ends to points A and A', the
spring (R, ), to points B and B'. They work under pulling up and

down action, have the same stiffness & and the same free length 7, .

A point O tied to < g> , defined as O'O :xe;c, is selected so that

when (S) is unbalanced in relation to (g), the points O and Oj
coincide and we get

(5), =% o (30) =5
The situation of () in relation to ( g> is defined as:
~ 00 =xx+yy;
- g:cos7}+siny;;

where x,y,y are functions of time twice derivable.

Question 1: Determine, through their components in the basis (g)
the reduction elements at O of the torsors associated with actions
exerted, respectively, on (S) by the spring (R, ), the spring (R,) and
the field of gravity, depending on x,y and the trigonometric functions
of 7.
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)4 —il=
~{r, -8}, = k[l—-H—i’v“}AA 0

=A0, + 0, 0+00'+0'A" ...
"o :—(x+x€—bsm}/)x—(y—c"'bCOS?/);

g

non _\/ x+x 2 C‘ y bz—2b(x+xe)sin7—2b(c—y)0057

oMy {R, = S}= oM R, = S}+0,A As{R, = S}

¢ -
non kb[(x+xe)COS?’JF(J’_C)Sin?’][l_'—-_O,}Z
AA]

4,
{r, >S5}, = k[l—-BB “}BB 0

=BO; +0,0+00' +0'B' ...
"o :—(x+xe+bsm7/)x—(y+c—bCOS7);/

-

"non —\/x+x 2 c+y +b +2b(x+x)sm}/ 2b(C+y)COS7’

oty {R, > S} =cl,{R, > S}+OBAs{R, > 5}

"non =—kb|:(x+xe)Cosy+(y+C)Sin}/][1_ Bgl(;'ulg

_ {7‘[ N S}G :[mg;c‘bl
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oMy {7 — S} =%{7I—)S} +OS—G/\§{7Z'—>S} = —mgasin yz

Question 2: Determine the relation that joins k,b,c,mg,l,,x, at

equilibrium. Since the situation at the equilibrium — as it is defined —
is symmetrical, the two springs will then have the same length, written
as /.

The fundamental principle of dynamics applied to the motion of
(S) in (g) is expressed by:

{re}={5 - sh={R > S} +{R, > Sh+{z > 5} +{<, .}
with

{2}, =[xx+vy+zZix+ My +nz]
As this link is perfect in the motion of (S) in relation to (g), we

get

I EREULEME

T = a ol {20 (00) 5%, )

with @f =7z, 00, =xx+yy = v (0;)=xx+)"y

thus the condition of perfect link

@(g) {SZ

g8

=N/ +X+1'=0

Because this link is perfect throughout the entire motion, meaning
Vy', Vx' and V)’, this condition of perfect link ultimately is

expressed by

X=0, Y=0, N=0
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Among six scalar consequences of the fundamental principle, there
are three that contain no link term. As there are three situation

parameters of the solid in <g>: x,y,Y, we have three differential
equations with three unknowns to study the motion of (). They are

the movement equations of () in relation to (g) .

Those three equations are given as:

=1

s{esg}=x[s{R > S}+5{R, > S}+s{r > 5}

s{ere} =3 s{R - Sh+s{R, > St+s{x > S}]

<

'%{Q%/Sg}

N

- =z oty {R > S}y+olly {R, > SY+oly {x > 5}

At the equilibrium, the terms of the first member of each of the
equations above are null since the dynamic torsor, which provides the
three equations of equilibrium is null for the values at equilibrium:

x| s{R = S}+5{R, > S}+s{r > 5}]|=0
v [{R = S}+5{R, > S}+5{x > 5}]|=0
2| olly {R = St+ o4y {R, > S+ o/l {m— S}]=0
Since the positions of O and Oy at the equilibrium coincide, this
equilibrium is expressed by these values
x,=0, y,=0, =0

which must satisfy the three equations above. Furthermore, we have

AA'e BB'e :x82+(b_c)2
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thus, the three equations of equilibrium

/
—k| 1 -——=——|x, -k l—l—0 x,+mg=0
x+ (b—c)2 x+ (b—c)2
lO ZO
k|l - ——— (b—c)+k l-— (b—c)=0
xe2 +(b—c)2 xe2 +(b—c)2
kb l—l—0 x, —kb 1—1—0 x,=0
xez+(b—c)2 Jxez+(b—c)2

which can be reduced to one single relation

lO
x2+(b-c)

2

mg =2k|1- x,, where /x> +(b—c) =¢

Question 3: Determine the developments limited to the first order
of the reduction elements at O of the dynamic torsor of (S) in its
motion in relation to < g> .

= e} =mI (G),

6@:a)z+®:(x+acos}/);c+(y+asin7)}/

) (G)=(x"—ay’sin 7/);5 +(y'+ay cos 7);

J¥(G)= (x”—a}/”sin y—ay” cos ;/)x

ot (y”+ ay’cosy—ay’sin }/);

— _— _

— oMy {2} =mOG AT (0g) + 1o, F +F A,
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Since, according to the statement,

Xg 1o, 2=Xg:(~Ex; =Dy +Cz)==E =0

Vs+lo,z2=ys-(~Exg =Dy +Cz)==D=0

-

%A]OSE:()

0,G A J® (04)=a(~x"siny+y"cos y)z

we therefore have

REAE m[(x”— ay’siny—ay”cosy)x ...

...+(y"+a}/"cos y—ay” sin }/)ﬂ

%{o&?{sg} = [ma(—x"sin y+y cosy)+ C;/'P

In order to simplify the development limited to the first order of

these two reduction elements of the dynamic torsor, we note that

— E{o&isg } has a linear part in Qa” and a quadratic part in Qa'Qﬂ',
under the form

slerg} =Y 570, +3570, 0
o a,p

— oty {o;?/ s } only has a linear part in Qa” and has the following

form

oMo et} = Xm0
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The small movements of the solid (S) around its equilibrium

position are characterized by
0,=0, +e, = 0/=¢,. 0/ =¢,
In the present problem
O =x+&, O,=y +&, O,=7,+¢&
with x,=0, y,=0, 7, =0.
The study of small movements of the solid (S) around its

equilibrium position (e) leads to linearizing to the first order the

movement equations provided by the scalar consequences of the
fundamental principle, i.e. the scalar consequences of the dynamic

resultant projecting on x and ; and that of the dynamic moment

theorem projecting on z
E{OKX/ i } =g

D, F{o@/j }] = ZSQ(e)é‘a” = ..

o

— s’ s’
PotY | — | g, + e,
2% g(aQJJ ;(BQJL

(e)

T ot} =M

Dl[c/—%/c;{oﬁ?/sg}:lzz“nﬁ(e)s;z

S oMA oMA
2 A 2 O 2 Og ’
o MOS (5’) + o E Sa + [24 E ga

(e)

Identifying
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1 _ : z 1 -0

my, =—-masinyz = mos(e)—O
— z 2

Mo, =MACOSYz = mo  =maz

my, =Cz = m—és(e)=C2

we get

D, [E{c@/sg}} =me X+ m(gz” + ae!)y

D, [%{o&f/;}] = (magz” + C€3”)Z

Question 4. Write the equations of the oscillators associated
with the motion of the solid (S) wunder the form
aaﬂé‘ﬁ”-lrbaﬁé‘ﬁ:(), a=123, f=1,2,3. We will explain the
coefficients a,; and b,; depending on m,a,b,c,C,k,0,0,g .

When we examine the second members of the equations of
dynamics, we note that the torsor {S - S} is only the function of the

parameters O, and not of their derivatives Qa'. In the equations of
ds* ;
the oscillators only the terms 5 and 5 % will remain.

o o

We set



30 Movement Equations 4

? z‘muz\/(x+xe —bsin}/)2 +(y—C+bCOS?’)2

l,= ‘B—B'”z\/(x+xe +bsin}/)2 +(y+c—bcos;/)2
51(8) = £2(e) =4

?:k[l_i_oj[—()ﬁxe —bsin;/);c—(y—c+bcosy/)ﬂ
1

2
. +mg;c+ZE

I :kb(l—%nuxe>cosy+<y—c>sin7]5

1

: —kb[l—i—oj[(x+xg)cos}/+(y+c)sin}/]§
2
. —mgasinyz+Lx+My

We will not take the time here to develop the different derivatives
of these two expressions depending on the three variables x,y,y; we
will leave it up to the readers to do so themselves. We finally obtain
the three equations of the associated oscillators

m81”+2k(1—€—°+€—2x92j€1 =0
A

4 n
me, +mag,

: +2k[1—%°+i—§(b—c)2)82—Zkb(b—c)i—;’xgeg=0

4 ”
maé&, +Cé&,

: —2kb(b—c)i—2x682 +{2kb(l—%+ﬁ—§x€2)+mga}g3 =0
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We observe, according to these results, that the vertical oscillation
in x is decoupled from the two others. It is a sinusoidal motion with
pulsation.

The other two oscillators, in y and ¥, are coupled and will need to
be the objects of a separate analysis (see Chapter 3).

1.4.2.2.3. Problem 3

In the Galilean frame ( g>E<O g‘g y: g> , wWhere % is vertical
ascending, we consider a plate (S), to which we join the basis
(S )E(g y?%) Its mechanical and kinetic characteristics are as
follows:

— it is homogeneous, with a negligible thickness and a mass m;

— it is limited by an equilateral triangle B B,B,, of height 3a,
pierced in its center with a circular hole;

— it has with a center of inertia G;
— it has with a moment of inertia of C = ofG‘; =ma’. (G|g) is the
principal inertial axis of the plate and subsequently the following
products of inertia containing this axis, i.e. D=9 —— and E=2"—

- G‘zs Xg - G‘ys zg

are null. The inertial matrix of the solid in the basis () thus has the

2

following form:

A -F 0
(1, (S)]/(S) =|-F B 0
0 0 ma’
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The basis (S) is defined by

X, = GB, , zg orthogonal to the plane of (S).
GB,

2a

Figure 1.3. Triangular plate

The plate (S) is hanged in its three summits B,,B,,B; to summits
ALA, A, of a fixed triangle defined as

O,A =2ax,, O,A,= 2a&(%”} 0,A, = 2aﬁ[%”j

by three inextensible and perfectly flexible wires, with the same
length ¢ and negligible thicknesses and masses, which we will

consider taut and not crossed.

We also consider that during its motion, the plate will never hit the
materialized plane A A,A,.

The plate is in a pivot sliding linkage of axis (G| g) that coincides

with the axis (Og|g) .
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—

We set Ongzzg, Xy, Xg =Y measured on Zg .

5 i
0y Tg(:!
;s Iy
o A4
xy/
¥
, L
Ll B
i \ &
| ol
'S
A~
" By

Figure 1.4. Configuration of the studied device

Question I: Express z° according to ¥ .

Consider A the orthogonal projection of A, on the plane of (S).
We have

AAl= zz, = AB/= AAT+AB, AATLAB,

Consider the isosceles triangle GA/B,, with an angle y in G, and

the orthogonal projection H of G on A’B, = A/H=HB, .
In the triangle GA'H , we have

A;H,=sin7—/ = AIH:2asinZ = Hﬁ”zﬁzsinj—/
GA, 2 2 2
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According to Pythagoras’s theorem, we have

2 52 —2
AB, =AA, +AB,

J +16a2sin2%’ — =0 _16a’sin> L

Question 2: Write the scalar equations deduced from the
fundamental principle of dynamics, with the moments calculated in
G, projected onto the basis (g).

{O%Sg}={§—>5}={ﬂ'—>S}

. +{AB, > S}+{A,B, 5 S}+{A,B, > S}+{<, }

Aere}, =[mﬁ(G)

IGE‘E +E§/\]G;‘)E}

o =y

g
= {QQ/Sg}G = [m Z”g‘ mazj/'gJ
0]

-{AB, > S} =T —
sk |

0 |, where 7, is the tension of the

wire.

B’I—A;=(m—(07}+(§;)=2axg—(zz:+2axs)

nn

=2a(1—cos7/)xz —2asin 7y:—zz:
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We also have "B1A1H = "BZA2" = "B3A3" =/

olg{AB, > St=cil, {AB, — S} +GB, As{AB >S5} ...

— B A
. =2axS/\T]%

— — T
. :(—2azsin yx, +2azcosyy, —4a’sin }/zg)zl

B,A,

B,A,

{Asz _>S}Bz =T 0

- (2 - ~ 5
B,A, OgAZ_(OgG+GB2>=2au(Tﬂj_|:ZZg+zau(7+7”j:|

" =—a(1—0057—\/§sin7>x:+a(\/§+5in7_\/gcos7)y:_zz

g

olg{A,B, > S} =0/, {A,B, > S} +GB, As{A,B, >S5} ...

. :2aﬁ(7/+2§j/\T2B2€A2:[az(sin}/—\/gcosy)g

) —az(cos y++3sin 7/)2 —4a’*sin 7/5}%

B.A
- {A3B3 _>S}33 = Eﬁ

3773

0

— . . ~( 2 — - 2
B,A,=0,A,~(0,G+GB,)= 2au(—?ﬂ-j—[zzg +2au(}/—?”j:|

- :_a(l_cosﬁ\/gsiny)x:_a(\/g—siny—\/gcosy)y:—zz

g
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ol {AB, - S}=od, {AB, - S}+GB; As{A;B, >S5} ...

. :2aﬁ(7—2§j/\

i B3?3 =[az(5iny+\/§cosy)xz

: —az(cos y—~3sin }/)Z —4a’ sin yg}%

SCANIE P ERS S

“g-S

Ly, +My,+Nz, | .
The link is perfect in the motion of () in relation to (g):

,—
z Zg

7N J={s)elz =0 wim {5} <[rZ

= ZZ+Ny=0 V7,Vy = Z=N=0 .

We therefore obtain six scalar consequences of the fundamental
principle:

O=Za%(l—cos}/)—a%(l—cos}/—\/gsin }/)

. —a%(l—cosy+\/§sin7)+)(

0 :—Za%sin Y+ a%(\/g+sin }/—\/gcos 7)
—a%(l—sin y—\/gcosy/)+ Y

L+T,+T,
-——z
V4

”
mz =—-mg
2

0 =—2a§zsin Y+ a%z(sin }/—\/gcos }/)

. +a%z(sin }/+\/§cos}/)+L
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0= 2a§zcos y—a%z(cos ¥+ J3sin ;/)
—a%z(cos 7—\/§sin 7)+M

» T+T +T. .
ma’y’ =—4a’ %sm y

Question 3: Express T=T1 +T,+7,, sum of the suspension
tensions by the three wires, depending on 7,7’,7” and the data of the
problem. Deduce a movement equation that only involves ¥ and its
two first derivatives in time.

From the above scalar consequences, we extract the two following
equations that contain no link terms:

’ L+5+T,
mz'=-mg-——-—2—3;7
l
” T+T +T, .
ma’y’ =-4a> 1 —2—siny

” +g . . .
= mdy =4ma* =" Esiny with 2*=/>—164sin’
z

N R

. 16a* sin®
zZ =-4a’sinyy = z'2=—7}/2

0* —16a* sin®

R

22" +2% =-4d° (sin vy +cos }/}/2)

4 . ” /7 1 *sin’ 7
= zz :—4a2(s1n7/7/ +cos}/}/2)—M ?

7 ~164%sin* ¥
2

. + " .
Since 2 g:%+§ and z=— |0 -164"sin’ L
z z z 2




38 Movement Equations 4

we deduce the movement equation in ¥y

. 16ma’siny | . ,
ma’y =—————"—|sinyy +| cosy+

* =164’ sin’

2 .2
4a”sin” y ’s

N R

¢ 16’ sin’ £
2

4mga’ siny

2 ~16a"sin> L
2

Question 4: Demonstrate that the position of equilibrium y=0 is a
position of stable equilibrium. We will give the natural frequency of
the oscillations around this equilibrium position. Express y(¢)
according to ¢,%,,7, and determine the development limited to the
first order of the global tension of the wires T .

At equilibrium, y=y,, ¥, =0, /=0. With these equilibrium

e

values, the above movement equation gives us:
4mga’siny, =0
We note that it is verified for 7, =0.

The position corresponding to =0 is in fact a good equilibrium
position.

Consider now a disturbance £ of the situation parameter 7 around

this equilibrium value. The small movements that ensue from this
disturbance are expressed by

4

y=y,te=¢ , y=¢ , y'=¢

and the development limited to the first order of the movement
equation gives
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loma*sin®y | D —4mga’ siny

—}/7 I
> —16a’ sm2 [* —164 sinZ
© 21

because the term in 7/, of the second order, is negligible. Thus

ma’e”+ D,

16ma* sin® Y o

D, —7 = ..
0? —16a° sin® 27
2
16ma” sin’ , _,d| 16ma’sin’
ma”sin” ¥, &+ ge d_ ma” sin” y 0
f2—16a2sin2% 7| 1> ~164*sin 72/

()

b 4mga’sin(y, +€) _

1
\/ez —16a’ sin® (r.+e)
2

with,
4mga’ siny, te d dmga’ siny
\/E —164a’ sin® a 4 €2—16azsin2?—/
2 2 )
dmga’ siny

dy
’// 164’
¥

4mga’ sin 7(/2 — 164’ sin )+l6mga sin® y )
2 _ 4mga

A% ot
Z—l6asin5
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The equation of small movements around the position of
equilibrium y, =0 can therefore be presented as follows:

It is of the form &”+ @’ =0 where @ :47g. The solution to this

equation that expresses the oscillations of the studied mechanical
device is of the following form:

’

g .
£=¢,co8@t +—sin@t
o

But as we can assimilate € and y for the small movements, we
can write

7

¥ =Y, cosdt +ﬁsinwt
)

According to the sixth scalar consequence of the fundamental
principle:

mly"+4(T, + T, +T,)siny=0

the first-order limited development of the above relation offers the
following:

mte”+ D [4(T + T, + T))siny] =mle” +[4(T + T, + T,)siny] | ...
+g[4(Tl+TZ+T3)cos;/]()+£4sin7{di(Tl+T2+T3)} =0
’ Y

(e)
or

mle"+4(T,+T,+T,) =0 with & =-mre=—28¢

= (L,+7, +T3)e=mg.
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This result confirms what we expected; at equilibrium, the tension
in the wires maintains the plate subjected to its own weight.

1.4.2.3. Torsor equation of small movements of a solid

The dynamic torsor of small movements of a solid has the
following reduction elements at Oy :

- TN B! ’
S:ZSaQa +Z'SaﬂQ¢z Qﬁ
o off
—_— PN PN ’
oMo, =2 m5 0, + D m30, 0,
o off

The moment at Q of this torsor is given by

oMy =clly +Q0; A=Y mi 0+ mP0, 0,
o of
+Q—w(zs79;+zs7ﬂgggﬁ'j
o of
My =Y (m5, +Q0; As7)Q,
+Z(Jg§ +QO, A s_‘”E)Qa'Qﬁ'
off

By introducing the two following torsors:

{Aa}os =|:S7 m—g’s] and {A“ﬁ}os :[STﬁ

ofp
such as

(A= +30; AT

Ty A} =i +Q0; A5
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we can therefore write

olly = ;J/;{A 0+ ;JQ{A ) Qi Of
and, lastly

()=Z{aJo +Z{rnle o)

Accounting for the first-order limited development of the external
efforts torsor, we established previously

p[+]- z{g g; (e)+e, 3; (e)}at)
D, [@%ZOAS :| = ;[ga a;Q:)s' (e)+ ga' %(3)] +,Tl(t)

and by setting

fev, = %()

do/ OA :

%0, (e)] {al,

—a—U] (e, =+
20,

|95
(o), | St

g, ()|

the first-order linearized torsor equation of small movements in ( g> of

the free solid (S'), around its equilibrium position (e), is written as:
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1.4.3. Analytical mechanics of free solids

1.4.3.1. Canonical form of kinetic energy

The position vector of the solid (S) in (g) has the following

expression:
OgOS = F(QIJQZ’Q3)

and the rotation rate vector of (S) in relation to < g) ,

o =Y 16(0,,0.,0,)0/

=4

This leads us to

k ag_'
; aQ,- Q1,Q27Q3)Q

The general expression of kinetic energy
—_ 2
21 (5)={:}@{pt} = m| v (0,)
20, (@ n0.G )+ {1, )

is then written under the canonical form

oY ma 'F aa 00’

i=l j=I j

+222m Gl ?AOTG)Q,-’Q/
+ii75( 5)0/o;

~

=4 n=
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In this formulation, three types of scalar functions appear

a(g)f a(g)
90, 00,

—-E, ='61,"6
with E;:zma(g)ﬁ.(%/\os—G)zo because ;)Fzﬁ and 'S =0,
1 1
Setting
_Eg+Ey,
of — 2

we express the kinetic energy in terms that are all symmetrical, under
the following canonical form:

ZTZZZEaﬁ Q... Q@ 0, Q/j

=1 f=1

1.4.3.2. Equations of analytical mechanics

The fundamental principle of dynamics applied to the motion of a
free solid (.S) in the Galilean frame < g) is written as:

{or} =t}

REMARK.— In the case where the frame </1> from which the motion is

observed would not be Galilean, the drive and Coriolis inertial
torsors of this frame’s motion in relation to a reference Galilean one
would be incorporated in the term {A} of the above expression.
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The resulting Lagrange equation has the following expression:
(La) = {S 0:} ®{(Mg} {Sa} ®{A}
or

d o dT

(Le) = ————-=+
dtyg’ 90,

Z{s,ga}@){A}:Hi

Calculating these terms requires that we operate a double index
identification of the expression of kinetic energy, meaning

2T=ZzEaﬂ(Qla Qs Q Qﬁ ZZ Q]s Qs QﬁQ
a B

that leads to

oT

/= EO‘Q’

20, 2.
d oT
dta _zﬂ: EyQy

thus the canonical form of the first member of the Lagrange equation
(L,)is given as:

d ar .
L MR B L

dt BQ 7



46 Movement Equations 4

The second member of the Lagrange equation (L, ) is provided by
the partial power of known efforts {A}

(0,000t ={ 5] @ {a}
with
_a@x (&7 —
—fori=1,2,3,{¢} = o|2_F l=a F @
"7 0s aQi aQi

~for/=45.6. {&} :[%

N

0| = 1 =504,

1.4.3.3. State of equilibrium of the solid

The state of equilibrium of () throughout the interval of time

[ti,t f] is identified by the following values of situation parameters:

”

QO{ = eO{ :> Qa, = O’ QU{ = 0

When the partial powers do not depend explicitly on time,
Yte [t,. ,tf] , they must be null in order to have equilibrium, so

I (e,....¢]0,...,0) =0

These relations are the equations that characterize the state of
equilibrium of the solid.

When the partial powers depend explicitly on time, they must be
under this form

Hg(Ql,...,Qé 000,

(=112 (0.0 0/ 0/ )+ I
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and in order to have equilibrium in the time interval [tl.,tf} with

M5 (..06,]0,...,0)=0 and TI)'=0 Vre[t,t, |

1.4.3.4. Small movements of the solid around the state of
equilibrium

The small movements around the state of equilibrium identified by
the values of situation parameters

Qp=e5, f=1,...,6
are characterized by
Op=es+es Of =€, O =¢;
where £;,¢ ﬁ' ,E ﬂ” are infinitely small of the first order.

The developments limited to the first order of the two members of
the Lagrange equations (L, ) are

d oT dT " ”
o gt et

- D[y +11y |=D,[ 11y [+ 11y
However

A* ’ , _
D{Ha (el +&,...,6,tE|0+E ,...,0+& ”_

)8 bl
0,...,0)+ E = ,eene |0,...,0)E
) 5 aQﬁ (el eﬁ| ) B

0,...,0)&,

A*
. IO, (el,...,e6

ore”

+Z = (el,...,e6

5 00,
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A* A*
therefore D, [1‘[2*] = ; aal;“ (e)e, + ; E;g”‘, (e)e, .
A 5

The system of linear differential equations that govern the small
movements of (S) around the position of equilibrium (e) is therefore

oIy’ oIy’

E(e)e; = (e)e, + < (e)e, +I1
; ’ ? ; aQﬂ g ; aQﬂ g
By stating
oIty oIty
a .=F e, ba - a s Cop=— = R da t =Hi[
af aﬁ( ) B aQﬂ/ B aQﬁ ( )

we find the general form of the system governing the small
movements of a free solid around a position of equilibrium

6

Z(aaﬂgﬂ” +bh,uE5 + caﬂeﬂ) =d,(t)
=

1.4.3.5. Application: problem 4

The system () is composed of four homogeneous rods, each

with a same mass m and a same length ¢, forming a jointed rhomb
ABCD with a center of inertia G and diagonals AC and BD.

We will suppose that, for each rod, the moment of inertia in
relation to its axis is null. But this moment in relation to an axis going

through the center of inertia of this rod and orthogonal to its axis is
2

equal to

The links between these rods are perfect pivot linkages.
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We study the motion of the rhomb in the Galilean frame
( g> = <O|;c ;/ E>, where x is vertical descending.

We set O_G:x;c+y; and Q:E,KG, ezi,ag,around z.

Figure 1.5. Layout of the rhomb

Question I: Calculate the kinetic energy of each bar and that of the
rhomb.

Consider G, the center of inertia of the bar AB.
—— — GA+GB
0G, =0G + ————

with szécosaﬁ(Q), G—Bzfcosaﬁ(9+§J

= 0G, =[x-kgcos(oH—0)}é+[y+§sin(0{+6)};
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AB=GB—-GA =—(cos(—8)x+/sin(cx—6)y
" ":fcos[ﬂ'—(a—6?)];c+£sin[7r—(0(—9):|)7

= @z[ﬂ'—(d—&)}lgz(ﬁ'—a’)}:@

We obtain similarly

O—G2:{x—gcos(a—6)};+{y+§sin(a—9)}y

ﬁl:Ecos[iz+(a+6)];c+€sin[7r+(0{+9)};

= of =[r+(a+0)] i=(0+a):i=w

0G, ={x—gcos(a+9)}z+{y—gsin(aﬂﬂ}y
CD =(cos(@—a)x+/sin(6—a)y

_ -

= 0f=0-0)z=(0-)z=0,

0G, =[x+§cos(a—6’)};+[y—§sin(a—€)}y
DA =/cos(6+a)x+Isin(6+a)y

= @ =(0+0a) z=(0+d)z=0,

2719 (AB) =27, =¥ (G,) + @ -1, (AB)@

B d(g)—~’ ¢ -
V& (G,) = " OGI:[x'—Esin(6+a)(6"+o/)}x

: +{y'+§cos(6+a)(9'+a')}y
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o =" -y
a2

-1

L

2
oT =m{x'2 e +%(9'2 +0?)=1x'(6'+a)sin(0+a) ...

2
.+ (6 + o )cos(6+a) +%9’a’}

We obtain similarly

2

ZTZ:m[x'2+y'2+%((9'2+0['2)+€x'(9'—0/)sin(9—a)
gz
| —fy'(@'—a')cos(@—a)—?0'0/}

2
2T, = n{x’2 +y7 +%(9’2 +o )+ 0 (6 +a)sin(0+a) ...

2
. —zy'(ma')cos(e+a)+%e'a}

2

2T, = m[x'z +y7? +%(0'2 +0/2)—£x'(6"—0/)sin(9—05)
gz
. +£y'(9'—0/)cos(t9—0{)—?6'0/}
As (7)=(AB)uU(BC)uU(CD)uU(DA) is a set of disjoint parts
gz
2T = 2T, + 2T, + 2T, + 2T, :4;7{){2 +y"? +?(<9’2 +a’2)}

Question 2: We suppose that (/) is only subject to efforts due to

the links between the bars and those resulting from gravity. Calculate
the Galilean power developed by these efforts and write the movement

equations of (7).
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The links between the bars are internal to the system and are
perfect. The set ()is then considered globally, the only power

developed throughout its motion is that of the efforts resulting from
gravity.

PNG > Ty =2z > T ={s |&{r > T}

n n

=g -0+ 4mg ;c‘(x';c + y';) =4mgx’

The four Lagrangian equations that result from the fundamental
principle applied to the motion of (/) are written as:

iaT,_a_Tznig){@_)@} s dmx’—0=dmg
dt ox”  ox
iaT,_a_T:H(g){@_)@} — 4my"—0:0
dtdy’ dy Y

_ 2
ia_T,_a_T:Hgg){@_)‘@} - 4m€—¢9"—0:0
dt 06" 00 3

— 2
iaT,_a_T:H(f){@—)@} = 4ma’—0=0
dt oo Jdo 3

The set (7) globally knows a uniform accelerated vertical falling

motion along x under the effect of gravity, while its other parameters
y,0, vary in a linear way throughout a lateral motion along ;/, a

global linear rotation @ and a variation in & of the opening of the
rhomb.

Question 3: The plane of the rhomb coincides with H(O|;c )7) and

() is in perfect pivot link of axis (O|2) = (C|E) with the Galilean.

This condition remains valid for the following questions.
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Express x and y and the kinetic energy of the rhomb according to
o and 6.

The point C coinciding with O
0G =CG =€cosa;t(¢9) =xx+yy

x=/lcosacosl, x' =—la'sinacos@— (8 cosasiné
y=/lcosasin®, y' =—(co'sinasin@+ (6 cosacosd

2T = 4m/l? Kcos2 0{+%)6’2 + (sin2 o+ %)0{'2}

Question 4: A device outside of (7/) exerts on summit A a torsor
of resultant vector F =kAC (k>0). Calculate the power developed
by the efforts exerted over (7).

Write the theorem of energy power and deduce a prime integral of

motion, considering that the rhomb is dropped with no initial velocity,
with A located on the axis (O|;) at a distance 2/ from O.

{@a@}={7z—>@}+{%%g}+{F—>@}
where {F—)@}A:[kﬁ‘(ﬂ i

As the pivot linkage of (%) with the Galilean frame is perfect, the

power it develops is null. We therefore get

@(g){@e@}={_§,}®{7£—>@}+{§}®{F%@}
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d(g) . d(g)

e} = (4)= dt dt

(250050{1;(9))

n o =—2m’sina&(9)+2w’cosa£¢'(9+§)

()01 - 7)=3{:) 8477 (3} 430

no =4k’ sinacosa
{:1®{r > T} =4mgx’ =-4mg( (o sinacos 0+ ¢ cos arsin )

P {?/ - _5/?} =—4mg(§ cosasin @+ 4/ (klcosa —mgcos6) o siner

d d
noon =4mg1/—(cosac056)—k1/2—COSZO!
dt dt

The theorem of energy power can be expressed as follows:

I (7 )
di

Integrating this expression directly in relation to ¢, we find the
following prime integral

2ml? Kcos2 a+%j &+ (sin2 0{+%j0/2

: —(cos2 o, +%)9(;2 —(sin2 o, +§ja§2}

. =4mgl(cosacosd—cose, cosb,)— k!’ (cos2a —cos2a, )

Yet, at the date t =0

a,=0, 6 =0 nullinitial velocity,
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6, =% as A is on the axis (OD),

o,=0 as CA=2/.

The prime integral then becomes

2ml Kcos2 o+ %) 6%+ (sin2 o+ %) o'’ }

=4mg cosacos@+kl(1—cos2or)

/4 .
Question 5: We suppose that 0 <o < 2 7 <@ <. Determine

the positions of equilibrium for (?) and specify the ones that are

stable. Calculate the periods of oscillation of both angular parameters
o and @ around these stable positions.

As a preliminary remark, we note that, considering the area of
variation of & we have

sina#1, cosa#0;
If we identify the position of equilibrium with a=¢«,, 6=6,,
= o =0,0 =0, =0, 60=0

At the equilibrium, the first members of the Lagrange equations are
null; the conditions of equilibrium ¢, and 6, verify the relations

obtained by stating that the second members are also null, i.e.

(La) = 4/(klcosa, —mgcosb,)siner, =0
(L,) = —4mglcosa,sing, =0
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We then see two sets of solutions appear

sina, =0
Setl: < . = a,=0, 6,=0
sing, =0

Set 2 klcose, =mgcosB, (coser, #0)
et2:
cosa,sin@, =0 = sinf, =0, cosé, =1

thus cosaezg, 8 =0.
k¢

e

In order to study the stability of these two equilibriums, we must
write the Lagrangian equations relative to the two parameters ¢ and
€ and linearize them in the first order for small movements around
these sets of equilibrium positions. Thus

(L,) = %;T,—glznj){@e’@}
o o

ia_T,_a_T:Hg@{T%@}
dt 06" 96

Q

or

(L,) = mfa”(sin2a+%j+m€(0/2+9'2)sinacosa

=(klcosa—mgcosf)sinx
(L,) = EH"(COSZ 0{+%) —200/¢' sinacosor =—gcosasin @

To describe the small movements around the equilibrium positions,
we state

’ ’ ” ”
a=o0,+& = o =g, d =¢

, ’ ” ”
0=60,+¢, = O=¢,, 0 =¢,
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— For the stability of state 1: «, =0, 6,=0
a=¢ = o=¢ ,d =¢
O=¢, => O=¢ ,0=¢

DL, = m—gel”ze {i[ klcoso —mg cos6) sm(x]l
3 let J

d
. +E, [—(kécosa— mg cos 6)sin 0{}
ae (P)

Thus
» 3
D[L)] = & +—(mg—kl)g =0
m/l

Similarly, we obtain

” 3g
D[L] = ¢ +ﬂ€2=0

1

We note that, considering these two equations of small movements:

- the second indicates that the equilibrium position &, =0 is
stable, with its oscillation period

T,=2r A

g
- the first indicates that the position of equilibrium ¢, =0 is only

stable if we have mg —k/ >0 and in this case, the oscillation period is

Ta =2 m—g
3(mg—kl)
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— for the stability of set 2:

2
6 =0, cos0t'(,=E = SiHZOJP:l—(Ej
k¢ kt

n

, ’ ” ”
a=a,+& = od=¢,ad =¢

’ ’ ”
O=¢, = O0=¢,, 0=¢,

In the same way as before, we obtain the developments limited to
the first order of the two Lagrangian equations, which, with the above
data, gives:

D[L,] = g”+% (M)z_(mg)z g =0
e : m4(k€)2—3(mg)2 :

” mg
DI|L| = & +3kg——=——¢ =0
1[ a] ? (kf)2+3(mg)2 ?

We note that

- the second equation indicates that the position of equilibrium
6, =0 is stable, with its oscillation period

(kt)' +3(mg)’

T,=2r
¢ 3kmg®

- the first equation indicates that the position of equilibrium
defined by cose, :%<1 (according to the properties of the
function) is only stable if

(kt) ~(mg)’
4(kt)’ =3(mg)

> >0, which is verified since % <l1.
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1.5. Matrix expression of small movements of a free solid

To illustrate this form of representation of the equation of the small
movements in < g) of a free solid () around the equilibrium position

(e), it is preferable to use an example. Consider, therefore, in a
Galilean frame < g> E<Og|x: Z g> , the motion of free solid (5) to
which is joined the frame <S> = <Os|g Vs 2> .

We consider that at equilibrium both frames coincide.

The situation parameters of the solid in < g> are defined by

0,04 =F(x,y,2) =xx,+yy,+tzz,

— —

Yo Azg=vsinQ,, z,V=05, v,x;=0,.

The position of equilibrium is characterized by

IS

The small movements of the solid around this position of
equilibrium are represented by the following values of the situation
parameters:

’ ’ ’ ’ ’ ’
Ql :x,:gl’ Q2 :y,:€2’ Q3 :Z,:g3

’ ’ ’ ’ ’ ’
0, =¢&, O =&, O =&

and Q" =¢/, a=1,..,6.
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1.5.1. Using vector representation

Accounting for the derivative values of the situation parameters
around the position of equilibrium, the expression of dynamic
resultant is composed of linear terms in Qa’ and quadratic terms in

Qa'Qﬁ', which are of second order and subsequently negligible in a

development limited to the first order. Under these conditions, the
dynamic resultant is written as follows:

JOF
90,

.+ quadratic term

E{@%/Sg}zmi Qi”+mi(%/\OS—G)Q,”
i=l =4

thus its limited development D,

a(g)f ” 6 Te ~~ ”
ele +m oA0.Gl(e)e
o5 ()& +m2(610,G)()e

;?(e)ea” = mli:

and taking account of the calculation of the development limited to the
first order of the rotation rate of (.S) in relation to < g) performed in

section 1.6:
a(g)F . a(g)f ) . a(g)ﬁ( ) .
=X,=x , el=y, =y , el=z =z
29, ¢ 00, ¢ 20, ¢

Let us also state that at the equilibrium

0,G(e)=ax+by+cz

4

” - ” ” =
s%(e)e, zm(£] x+§& y+e& Z)

=M

”n - ” = ” - - - -
. +m(€4 x+e y+ég z)/\(ax+by+cz)
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Similarly, we have

g

“111

Gr3 s

S (e)e, = )e! + 1o, (")

ignoring the terms of order 2. With the following inertial operator

A -F -E
[Ios ]/(}}2) =|-F B D
-EFE -D C

= ngs (e)gw”:|:m(bg3”_ng”)+Ag4”_F€5”_E€6”:|;C
: +|:m(081”_a€3”)_F€4,’+B€S”—D€6’}; e

.o+ [m(agz” —bg,”) ~Ee, - Dgs” + C£6"F

To obtain a very synthetic matrix form of the equations of
equilibrium, we state

0 s~
Q ;Cka Xe > = Z

90,

o

ao ao

a :_Z pot p ’ aQa :_Z pa p

e)=Zam5fZ ’ m_&(e)=2% x,
ZO'kxk Zd X ,uo Z/‘o X —dexp
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with, at the equilibrium, in the studied problem

Xy=X =X, X=X, =Y, Xg=X;=2Z

We therefore get the following two index relations to express the
considered equilibrium

> (e +b &)+t ) =dy k=123

ka
o

Z(apaé‘a” +bpa€a' +cpa8a) = dp, p=4,5,6

o

which we can group into one expression

Z(aﬁaea”+bﬂaga’+cﬁaga):dﬁ, B=1,...,6

o

which then is suitable for the following matrix form

lalle”]+[pl[e']+[e]le] =[]
where [a],[b],[c] are (6x6) matrices and [£”],[€],[€],[d] are

(6x1) columns

In the case used here as an illustration, we have

0 0 0 me  —mb|

m
0 m 0 —-mc 0 ma
|0 0 m mb -ma 0
[a]— 0 -mc mb A -F -F
mc 0 -ma —-F B -D
|-mb ma 0 -E -D C |

and  [b]=[c]=[0] .



Equilibrium, Stationary Movement and Oscillation of a Free Solid 63

1.5.2. Using analytical mechanics

The kinetic energy 2T (&) (S) can be expressed as a matrix under
the following matrix form:

27" (§)=QEQ

with
ol
o(61)=| i |, ae)=[o’ -~ o]
Q)
E11 ‘ E16
E(6,6) =
E6l | E66

The different terms of the matrix E of dimensions (6,6) have the

following expressions, respectively

Q®F oW F
—from E,, to E;;: E =m . ,

o

OF —
aan { )

—from E, to Ey;: Ez=m

. (o) F
—from E, to E;: E, =m(°’§/\OSG)~a

—from E,, to E: Eop :(IOS Té‘)ﬂ_é ’
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In the example used, the characteristics of the state of equilibrium
are

7 7 ’ ’ ’ 7
{Ql =x'=¢g, 0O, :y':gz, Q3 =z'=¢,
Q4 545 Qs =&, Q6 =€

OSG(e)=a;c+b;+cZ
a(g)fv . a(g)fv . a(g)fv L
=X, =X, e)= =Y, e)l=z, =z
ag, (=% =r g (= re=r o=z
6(e)=x, ‘6(e)=y, ‘6(e)=z
We get
[ m 0 0 0 mc —mb
0 m 0 —mc 0 ma
. 0 0 m mb —ma 0
1o -mc mb A -F  -FE
mc 0 -ma —-F B -D
_—mb ma 0 -FE -D C |

The equations governing the small movements of (S) in ( g>

around the position of equilibrium (e) use the general matrix form

[alle”]+[p]le]+[c]le]=[4]
which develops as follows:

me,” +mce, —mbe, +b,€, +c,, L =h(t)

la%a

me, —mce, +mae, +b,,€, +c,,6, =1 (1)
A

me,” +mbe,” —mae,” +b

3a a +c3a o
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4 4 ” 4 I 4 ’
—mce, +mbe;, +Ae, —Fe; —Eg; +b,,&, +c,,6,=1,(t)

4
mcée,

4 4 4
—-mag, —F&, +B&

Sa*e

- De. +b,e +c6,= (1)

—mbe, +mae, —Ee,” — D&, +Ce,” +b,,e, +c,€, = 1, (1)

1.5.3. Relative situation of frames at the equilibrium

We will continue to use the previous example to illustrate our ideas
and consider the situation at equilibrium of the frame <S> in relation

to the Galilean frame <g> The relative position of both frames is

represented in Figure 1.6.

Figure 1.6. Relative position of the bases

The table of the change in bases appears

Xs Vs Zs

— | cosQ,cosQ;sinQ;  cosQ, cos O cos Qg .

x, - - ) —sin Q, cos O;
+sinQ; cos O —sinQ; sin O,

}; sinQ, sinQ, sinQ, cos O, cosQ,

— | —cosQ,sinQ,sinQ, —cosQ,sinQ;cosQ, , .

z, i sinQ, sin O;
+cosQ, cos O, —cosQ, sinQ,
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and becomes at the equilibrium position and then, at the first order
around this position

Xg¢ Vs Zg Xg Vg Zg
x, |1 0 0 x, | 1 —& &
v l0 1 0 y e 1 -g
z, |0 0 1 oz |-& & |1

Around this equilibrium position, the rotation rate, of general
expression

w5 =Q4,V+Q5,yg +Q6,ZS
becomes upon first approach

D, [_ag} =D, |:€4/ QJ +& y, +D, [86’ ZJ

since the vectors v and Z are variable in relation to < g) .

- — = T S 4 -
v=cosQ; z, +sin Qs x, =Cos E+€5 z, +sin E+€5 X,

nn __ : -
=-—sIn&z, +COSE; X,
9 — — ,— ,—
= Dl[v]:x —&2Z,, Dl[a‘v}=€4 X,

z, =—sinQ, cosQ5)7g+cosQ4Z+SinQ4 SianZ

nn __ : :
=COSE, SINE X, —SINE, ¥, +COSE, COSE, Z,

_ ) —

— - ,—
= Dl[zs}:gsxg—g4yg+zg, Dl[g6 ZS:|=€6 Z,
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The first-order limited development of the rotation rate of the basis
(S) inrelation to the basis (g) and that of its derivative in relation to

time are therefore

T ’r— ’r— ’r— ’r— ’r— ’r—
D, a)ﬂ:@ X, HE Y, +E Z, = Xg+E Vs +E& Zg

"o—g x+E yre z= 84'T5(e)+€5'%(e)+€6,§(€)

7 = _ =
D,| & }=84”x+€5”y+86”z

1.6. Stationary movement

Among the solutions for equilibrium of a solid, there are some
of them for which that equilibrium will have the following
characteristics:

— for a part of the parameters each has a constant value;
— for the other part, each prime derivative in relation to time is also

constant.

The solution for equilibrium is then a motion to which correspond
fixed values of a few parameters and linear evolutions depending on
time for the others. Such a movement is said to be stationary.

1.6.1. Cyclic parameters

In the case where the parameter O, possesses the following
properties:

— the partial power Hff) is null;

T
— the kinetic energy 7 does not depend on O, = E)_ =0;

200,
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the Lagrangian equation (L) is then written as:

daT:(): aT:C

ZaQa’ 00,

which leads to the prime integral

ZEaﬁQp' =G,
B

The parameters Q, that verify the two conditions above are called

cyclic parameters.

The other parameters are said to be non-cyclic.

1.6.2. Characterizing a stationary movement

A solid (S) is animated with a stationary movement in its frame of

reference, starting from date ¢=¢,, if among its & (k <6) situation

parameters O, , s some of them maintain a constant value while each
of the other £ —s has its prime derivative in relation to time which

has a constant value.
This is expressed for ¢ >¢,, as
-0,(1)=0,(t,)=¢, i=1...s;
—0/(1)=0/(ty)=w,, j=s+l...k.

The k values e,...,e,w

PESERRRE

w, characterize the stationary

movement of the solid (S) in its frame of reference < g> .
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1.6.3. Conditions of realization of a stationary movement

Consider the case where, among the & degrees of freedom of the
solid (5)

—the first s (s<k) parameters Q, are non-cyclic (i =1,...,5);

—the lastk —s are cyclic, meaning that

oT

=0, TI'¥'=0 for j=s+1...k
20,

. ’ ’ aE
with 27=>">"E, (Q,.....0,)0,0, = a/"7:0
sy Q./‘

We then look for the conditions that allow the solid to experience a
stationary movement characterized by

—for i=L...s , O=¢ = Qi,=O’Q[”=0;

—for j=s+l...k QO ,=wit+v, = 0 =w, 0 =0

For the first s values of Q,, the Lagrange equations of rank i

appear
Y Eg 05 - ZZ 0/ ZZ
p=1 ﬂ 1 y=1 B=1 y=1
Hi(Q],...,Qk Q,’,...,Qk’ t)

| 3E,, o
since, for y>s, 30 =0 (cyclic variable).
4

In the situation of equilibrium that represents the considered
stationary movement, considering that all terms Q” are null and for

Pand y<s, Qﬁ' =0, Qy' =0, the above Lagrange equations can be

written as:
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1 k k aE
—— > —ey,...e ) wew, = ...
2/}:s+1y:s+l aQI
Hi(el,...,es,ws+]t+vs+1,...,wkt+vk 0,...,O,ws+1,...,wk|t)

However, if the term of partial power II, is explicitly dependent
on time ¢, the stationary movement will be impossible. Similarly, the
parameters (), vary linearly with time; we will therefore limit
ourselves to the case where the partial powers I1, are independent of

these parameters. For such an equilibrium to be possible, we must
have

0.0 z) 11, (Ql,...,Qk Ql',...,Qk')+,u(t)

- H,.(Ql,...,Qk

with 4(¢)=0 for ¢2¢,.

In the previously defined conditions, the s relations that must
satisfy the stationary movement of solid (S) in <g> surrounding

parameters O, ,

RN O
_Eﬁ;ﬂ 7=Zs;f1 aéy (e ’es)WﬁWy
Hi(el,... e, 0,...,0,WY+1,... Wk)

For the s—k cyclic parameters O, (j=s+1,..,k), the

corresponding Lagrange equations, of rank j, are written as:

k ” k s aE , ,
DES0 +2 3 < 0,0, =u(t)
B=1 B=1 y=1 Qy

The studies developed in Chapter 4, which discuss gyroscopic
motions, will provide applications for stationary movement and its
stability.
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1.6.4. Neighboring motions and stability of a stationary
movement

We adopt the same conditions as before, i.e.
— s non-cyclic parameters Q,, i=1L,...,s;

— s—k cyclic parameters O, j=s+1,....k;

and a stationary movement defined by

’

O =¢,i=L....s; O =w, j=s+1,... k.

We now consider the respective variations of these parameters
around their equilibrium values

O =e+¢&; Qj' =w, +§;
The idea is then to linearize in the first order the aforementioned k&
Lagrange equations, keeping in mind that

4

4 ’ 4 4
O =& , 0 =¢&; Qj =¢;

’

1.6.4.1. Linearization of equations of rank j

For equations at rank j=s+1,...,k, the linearization to the first

order gives, with u(¢)=0 starting from time ¢=¢,, stating that
(e)=(e,....e,)
f=s+1 P=s+1 y=1

s , k , ks an/i (e) ,
;Em (e)ey + 2 Eple)es + 3 ngy wy =0
=] 14

1.6.4.2. Linearization of equations of rank i

The equations to linearize are the following:
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>£.0) 3 pRIE TS W 500/ = -

ﬁlafl ﬁl}'l

n,.(Ql,...,Qk 0.0, )+ﬂ(f)

with #(¢)=0 at the equilibrium. Then, we must linearize the terms of

the two members.

10,...,0,w,

)

k
- Zciﬁ €5~ Zbiﬁ g = D byeg
B=1 B=1 Bs+1

D, [Hi]:Hi(el" »€

where
oIl
” _B_Q[;(el’ ,e,10,...,0,w, .. ,wk), B=L..s
by =~ aHi}(el, e, O,...,O,wm,...,wk), B=1,...,k
00,
k& aE ’ ’ ’ k aE ’
$3 %m0 _{;gy +y§1(W7+8’)L_1 Yo,
with

o[ SeSiro)|-Se 3 S,

=1 P=s+1 aQI

o]
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k k aE
w 8 W
}’;—1 p=1 an ﬂ y=s+1 =s+1 aQ )
k v [ JE
+ w B (e)(w, +€
;/:ZS;I ;//J;ll: 20, ( )( s /j) aQ aQ

To simplify this expression, we state

oF
:Eﬁy(e), aﬂﬂ:aQﬁ.y(e)’ Ay = aQag (e)

Apy

As we also have

ZZ

ﬂ—.H—I y=s+1 Q
IO (el,

el, . )wﬂw},

e 0,...,0,w

s+10° Wk )

and we observe that via the set of indices and their ranges of
variations,

k s
Zg Z Qg5 = Wﬂzaﬂw‘gﬂ,
P=s+1 y=s+1 p=1
k k k

Z Z ApWy€p = Z Zaﬂyiwﬂgy

y=s+1 f=s+1 y=s+1 =1
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we obtain the s Lagrange equations (L, ), relative to the non-cyclic
parameters O, (i=L...,s), which complete the k—s previously

established equations,  relative to the cyclic parameters O,

(j=s+L...k)

s k s
(L) = Yaye + > ayes +> bye,
B=1 fs+1 B=1

K k k K
+28 D W (g, —ags )+ Do bis€s+ D cipts
7=l B=s+l B=stl p=1
k
=

P=s+1y=s+1

M~

1 S
w, (“ﬂngﬂ + 2" Z, Apyi€; J =0
J=

bl k s k
(L) = Daues + 2 aes +3.6] > aw;=0
B=1 B=s+1 7=1 P=s+1

This system of & linear differential equations of the second order
helps study variations in motion around the situation of equilibrium
represented by the stationary movement of the studied device.

It can be put into the matrix form we encountered earlier
[a]le”]+[p]le']+[c]le] =[]

and used as such with the methods that will be described in Chapter 2.

1.6.5. Applications

This chapter does not contain exercises or problems about
stationary movement. The subject will be addressed further in Chapter 4,
with the study of gyroscopic movement.



