PART 1

Theory of Stochastic Processes
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Properties. Trajectories,
Finite-dimensional Distributions

1.1. Definition of a stochastic process

Let (2, F, P) be a probability space. Here, € is a sample space, i.e. a collection of
all possible outcomes or results of the experiment, and F is a o-field; in other words,
(Q,F) is a measurable space, and P is a probability measure on F. Let (S,X) be
another measurable space with o-field 3, and let us consider the functions defined
on the space (€2, F) and taking their values in (S, ). Recall the notion of random
variable.

DEFINITION 1.1.— A random variable on the probability space (2, F) with the values

in the measurable space (S,Y) is a measurable map ) 5 S, i.e. a map for which the
following condition holds: the pre-image £~*(B) of any set B € X belongs to F.
Equivalent forms of this definition are: for any B € 3, we have that
¢'(B) e F,
or, for any B € X, we have that
{w:&(w) € B} € F.
Consider examples of random variables.

1) The number shown by rolling a fair die. Here,

Q= {wl,WQ7W3,W4,W5,W6},f = 2958 = 1a253747576a Y= 28'
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2) The price of certain assets on a financial market. Here, (€2, ) can depend on
the model of the market, and the space S, as a rule, coincides with R = [0, +00).

3) Coordinates of a moving airplane at some moment of time. People use
different coordinate systems to determine the coordinates of the airplane that has
three coordinates at any time. The coordinates are time dependent and random, to
some extent, because they are under the influence of many factors, some of which are
random. Here, S = R3? for the Cartesian system, or S = R? x [0,27] for the
cylindrical system, or S = R x [0, 7] x [0, 27] for the spherical system.

Now, we formalize the notion of a stochastic (random) process, defined on
(Q,F,P). We will treat a random process as a set of random variables. That said,
introduce the parameter set T with elements ¢ : ¢t € T.

DEFINITION 1.2.—  Stochastic process on the probability space (Q,F,P),
parameterized by the set T and taking values in the measurable space (S,X), is a set
of random variables of the form

X ={Xi(w),t € T,w e Q},

where Xi(w) : T x @ — S.

Thus, each parameter value ¢ € T is associated with the random variable X, taking
its value in S. Sometimes, we call S a phase space. The origin of the term comes
from the physical applications of stochastic processes, rather than from the physical

problems which stimulated the development of the theory of stochastic processes to a
large extent.

Here are other common designations of stochastic processes:
X(t)a f(t)a gta X = {Xtat € T}
The last designation is the best in the sense that it describes the entire process as

a set of the random variables. The definition of a random process can be rewritten as
follows: for any ¢t € T and any set B € X

X YB)e F.
Another form: for any ¢t € T and any set B € X
{w: Xi(w) € B} € F.
In general, the space S can depend on the value of t, S = S, but, in this book,
space S will be fixed for any fixed stochastic process X = {X;,t € T} If S = R,

then the process is called real or real-valued. Additionally, we assume in this case
that ¥ = B(R), i.e. (§,%) = (R, B(R)), where B(S) is a Borel o-field on S. If
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S = C, the process is called complex or complex-valued, and if S = Rd, d > 1,
the process is called vector or vector-valued. In this case, (S,%) = (C,B(C)) and
(S, %) = (R, B(R?)), respectively.

Concerning the parameter set T, as a rule, it is interpreted as a time set. If the time
parameter is continuous, then usually either T = [a, b], or [a, +00) or R. If the time
parameter is discrete, then usually either T=N=1,2,3,...,or T =Z* =NUOor
T =7Z.

The parameter set can be multidimensional, e.g. T = R™ m > 1. In this case,
we call the process a random field. The parameter set can also be mixed, the so-
called time—space set, because we can consider the processes of the form X (¢,z) =
X(t,z,w), where (t,7) € Ry x R% In this case, we interpret ¢ as time and © € R?
as the coordinate in the space R¢.

There can be more involved cases, e.g. it is possible to consider random measures
p(t, A,w), where t € R, A € B(R?), or random processes defined on the groups,
whose origin comes from physics. We will not consider in detail the theory of such
processes.

In what follows, we consider the real-valued parameter, i.e. T C R, so that we can
regard the parameter as time, as described above.

1.2. Trajectories of a stochastic process. Some examples of stochastic
processes

1.2.1. Definition of trajectory and some examples

A stochastic process X = {X;(w),t € T,w € Q} is a function of two variables,
one of them being a time variable ¢ € T and the other one a sample point (elementary
event) w € ). As mentioned earlier, fixing ¢ € T, we get a random variable X;(-). In
contrast, fixing w € € and following the values that X (w) takes as the function of
parameter ¢t € T, we get a trajectory (path, sample path) of the stochastic process. The
trajectory is a function of ¢ € T and, for any ¢, it takes its value in S. Changing the
value of w, we get a set of paths. They are schematically depicted in Figure 1.1.

Let us consider some examples of random processes and draw their trajectories.
First, we recall the concept of independence of random variables.

DEFINITION 1.3.— Random variables {&,,a € A}, where A is some parameter set,
are called mutually independent if for any finite subset of indices {1, ..., ap} C A
and, for any measurable sets A1, . .., Ag, we have that

P{,, € A1,... 60, € A} =TI | P{&,, € Ai}.
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Figure 1.1. Trajectories of a stochastic process. For a color version of
the figure, see www.iste.co.uk/mishura/stochasticprocesses.zip

1.2.1.1. Random walks

A random walk is a process with discrete time, e.g. we can put T = Z7T. Let
{&n,m € Z*} be a family of random variables taking values in R¢,d > 1. Put
X, = Y i, &- Stochastic process X = {X,,,n € Z, } is called a random walk in
R, In the case where d = 1, we have a random walk in the real line. In general, the
random variables £; can have arbitrary dependence between them, but the most
developed theory is in the case of random walks with mutually independent and
identically distributed variables {&,,,n € ZT}. If, additionally, any random variable
&, takes only two values a and b with respective probabilities P{{,, = a} = p and
P{&, =b} =¢=1-p € (0,1), then we have a Bernoulli random walk. If a = —b
andp=q= %, then we have a symmetric Bernoulli random walk. The trajectory of
the random walk consists of individual points, and is shown in Figure 1.2.

1.2.1.2. Renewal process

Let {£,,n € ZT} be a family of random variables taking positive values with
probability 1. Stochastic process N = {N;,t > 0} can be defined by the following
formula:

N, — 0,t <&
P sup{n > 1: 300 & <tht>&.

Stochastic process N = {N, t > 0} is called a renewal process. Trajectories of a
renewal process are step-wise with step 1. The example of the trajectory is represented
in Figure 1.3.
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Figure 1.2. Trajectories of a random walk
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Figure 1.3. Trajectories of a renewal process

Random variables T} = &1,7T> = &1 + &o, . . . are called jump times, arrival times
or renewal times of the renewal process. The latter name comes from the fact that
the renewal processes were considered in applied problems related to moments of
failure and replacement of equipment. Intervals [0,74] and [T}, T;,4+1],n > 1 are
called renewal intervals.

1.2.1.3. Stochastic processes with independent values and those with
independent increments

DEFINITION 1.4.— A stochastic process X = {X,t > 0} is called a process with
independent values if the random variables { X, t > 0} are mutually independent.
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It will be shown later, in Example 6.1, that the trajectories of processes with
independent values are quite irregular and, for this reason, the processes with
independent values are relatively rarely used to model phenomena in nature,
economics, technics, society, etc.

DEFINITION 1.5.— A stochastic process X = {X;,t > 0} is called a process with
independent increments, if, for any set of points 0 < t1 < to < ... < t,, the random
variables X¢,, X, — X4, ..., Xy, — X4, , are mutually independent.

Here is an example of a random process with discrete time and independent
increments.

Let X = {X,,,n € Z*} be a random walk, X,, = > &, and the random
variables {&;,7 > 0} be mutually independent. Evidently, for any 0 < n; < ng <
... < ny, the random variables

ni n2 2
Xn1 = Zfl? an _an = Z gi"“’ Xnk _Xnk71 - Z fi
=0

i=ni+1 i=np_1+1

are mutually independent; therefore, X is a process with discrete time and independent
increments. Random processes with continuous time and independent increments are
considered in detail in Chapter 2.

1.2.2. Trajectory of a stochastic process as a random element

Let {X;,t € T} be a stochastic process with the values in some set S. Introduce
the notation ST = {y = y(t), ¢t € T} for the family of all functions defined on T
and taking values in S. Another notation can be ST = x;c1S;, with all S; = S or
simply ST = x;c75, which emphasizes that any element from ST is created in such
a way that we take all points from T, assigning a point from S to each of them. For
example, we can consider S>> or SI%T] for any T' > 0. Now, the trajectories of a
random process X belong to the set ST. Thus, considering the trajectories as elements
of the set ST, we get the mapping X : Q — ST, that transforms any element of
into some element of ST. We would like to address the question of the measurability
of this mapping. To this end, we need to find a o-field =T of subsets of ST such that
the mapping X is F-XT-measurable, and this o-field should be the smallest possible.
First, let us prove an auxiliary lemma.

LEMMA 1.1— Let Q and R be two spaces. Assume that Q is equipped with o-field
F, and R is equipped with o-field G, where G is generated by some class K, i.e.
G = o(K). Then, the mapping f : Q — R is F-G-measurable if and only if it is
F-K-measurable, i.e. for any A € K, the pre-image is f ~1(A) € F.
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PROOF.— Necessity is evident. To prove sufficiency, we should check that, in the case
where the pre-images of all sets from K under mapping f belong to F, the pre-images
of all sets from G under mapping f belong to F as well. Introduce the family of sets

Ki={BegG:f!(B)eF}.

The properties of pre-images imply that K is a o-field. Indeed,

fil (U Bn) = Ufil(Bn)e}—a

iff_l(Bn) e F,
FTHCN\Cy) = 71 (Co) \ f7H(Ch) € F,

if f71(Cy) € F,i=1,2,and f~}(R) = Q € F. It means that K; D o(K) =G,
whence the proof follows. O

Therefore, to characterize the measurability of the trajectories, we must find a
“reasonable” subclass of sets of ST, the inverse images of which belong to F.

DEFINITION 1.6.— Let the point ty € T and the set A C S, A € X be fixed.
Elementary cylinder with base A over point t, is the following set from S™:

Clto, A) = {y = y(t) € " : y(to) € A}.

If S = R and A is some interval, then C(¢q, A) is represented schematically in
Figure 1.4. Elementary cylinder consists of the functions whose values at point %,
belong to the set A.

Let K,; be the class of elementary cylinders, and K.; = o(K,;), with the o-field
being generated by the elementary cylinders.

THEOREM 1.1~ For any stochastic process X = {Xy,t € T}, the mapping X :
Q — ST, which assigns to any element w € Q) the corresponding trajectory X (-,w),
is F-IKg;-measurable.

PROOF.— According to lemma 1.1, it is sufficient to check that the mapping X is F—
K.;-measurable. Let the set C(ty, A) € K,;. Then, the pre-image X ~1(C(tg, A)) =
{we Q: X(ty,w) € A} € F, and the theorem is proved. O

COROLLARY 1.1.— The o-field K.;, generated by the elementary cylinders, is the

smallest o-field X7 such that for any stochastic process X, the mapping
w s {X4(Q),t € T} is F-XT-measurable.
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Figure 1.4. Trajectories that belong to elementary cylinder.
For a color version of the figure, see
www.iste.co.uk/mishura/stochasticprocesses.zip

1.3. Finite-dimensional distributions of stochastic processes:
consistency conditions

There are two main approaches to characterizing a stochastic process: by the
properties of its trajectories and by some number-valued characteristics, e.g. by
finite-dimensional distributions of the values of the process. Of course, these
approaches are closely related; however, any of them has its own specifics. Now we
shall consider finite-dimensional distributions.

1.3.1. Definition and properties of finite-dimensional distributions

Let X = {X;,t € T} be a stochastic process taking its values in the measurable
space (S, ). For any k > 0, consider the space S (*), that is, a Cartesian product of
S:

SF =8xSx...x8=xk8.
~————
k

Let the o-field ©(*) of measurable sets on S(*) be generated by all products of
measurable sets from 3.

DEFINITION 1.7.— Finite-dimensional distributions of the process X is a family of
probabilities of the form

P={P{(X:,X1,,..., Xs,) €AW} k> 1,t; e T,1 <i <k, A® ¢ Oy,



Stochastic Processes. General Properties 11

REMARK 1.1.—  Often, especially in applied problems, finite-dimensional
distributions are defined as the following probabilities:

P, = {P{th S Al,...,th S Ak},k‘ >1,t;, €T, A, €3,1<i< k‘}
Since we can write
P{X;, € A1,..., Xy, € A} =P{(Xy,,..., Xp,) € X[ 1 4},

and >< 14, € »(¥), the following inclusion is evident: P; C P. The inclusion
is strlct because the sets of the form x%_; A do not exhaust £(*) unless k& = 1.
However, below we give a result where checking some properties for P is equivalent
to checking them for P;.

1.3.2. Consistency conditions

Let 7 = {l1,...,l;} be a permutation of the coordinates {1,...,k}, i.e. [; are
distinct indices from 1 to k. Denote for A*¥) € $(¥) by (A(*)) the set obtained from
A by the corresponding permutation of coordinates, e.g.

k k
T (x5 As) = X A
Denote also m(X¢,,..., Xy, ) = (X, ,..., Xy, ) the respective permutation of
vector coordinates (X, ,...,Xt, ). Consider several consistency conditions which

finite-dimensional distributions of random processes and the corresponding
characteristic functions satisfy.

Consistency conditions (A):

1)Forany 1 < k <[, any points t; € T, 1 < i < [, and any set A¥) ¢ x(¥)
P{(Xtrs oy Xigr Xtprs o r Xpy) € AW x SU=RY
=P{(X,,,..., X, ) e A®}

2) For any permutation 7

P{n(X,,...,X;) € n(A¥)} = P{(Xy,,..., Xy, ) € AP}, [1.1]

REMARK 1.2.— Assume now that S = R and consider the characteristic functions that
correspond to the finite-dimensional distributions of stochastic process X. Denote

V(A1 Aeste, ..o tk) = Eexp ZAXt ,
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Aj € R, t; € T. Evidently, for ¢»(A\1,..., Ag;t1, ..., k), consistency conditions can
be formulated as follows.

Consistency conditions (B):

1) Forany 1 < k <landanypointst; e T,1 <: <[, N\, e R, 1 <<k

w(/\l,...,)\k,07...,O;tl,...,tk,tk_;,_l,...,tl) :ﬂ)()\l,...,)\k;tl,...,tk).
——
l—k

2)Forany k> 1,\, e Rjt; e T,1 <<k

’(/)(TF(X),W(%)) = w()\l,...,)\k;tl,...,tk),

wherew(X) = ()\i17"'7>\ik)7ﬂ-(t) = (til,...,tik).

From now on, we assume that S is a metric space with the metric p, and X is a o-
field of Borel sets of S, generated by the metric p. We shall use the notation (S, p, ¥).
Sometimes, we shall omit notations ¥ and p yet assuming that they are fixed. Note
that, for any k > 1, the space S(*) is a metric space, where the metric p;, on the space
S is defined by the formula

k
p(@y) =Y plwi,vi), [1.2]

i—1
and z = (z1,...,2) € S® y = (y1,...,yr) € S*). Moreover, we can define

the o-field (%) of the Borel sets on S*), generated by the metric pj. (Note that it
coincides with the o-field generated by products of Borel sets from S.)

LEMMA 1.2.— Let the metric space (S,p,X) be separable and let the
finite-dimensional distributions of the process X satisfy the following version of
consistency conditions.

Consistency conditions (A1)

I)Forany 1 < k < [, any points t; € T, 1 < ¢ < [ and any set AR =
xk_| A;, A; € %, the following equality holds

P{X;, € A,.... Xy, € Ay, Xy, ., €S,..., Xy, €S}
= P{th S Al,...,th S Ak}
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2) For any permutation 7 = (i1, ...,1x),

P{XtH GAil,...,th EAik}:P{th EAl,...,th EAk}

i

Then the finite-dimensional distributions of the process X satisfy consistency
conditions (A), where ©(*) is a o-field of Borel sets of S(*). Therefore, for the
stochastic process with the values in a metric separable space (S,X), consistency
conditions for the families of sets P and P; are fulfilled simultaneously.

PROOF.— The statement follows immediately from theorem A2.2 by noting that both
sides of [1.1] are probability measures, and the sets of the form x%_, A;, A; € X form
a m-system generating the o-field (%), g

1.3.3. Cylinder sets and generated c-algebra

DEFINITION 1.8.— Let {t1,...,t;} C T, the set A*) € X.(*)_ Cylinder set with base
A®) over the points {t1, ...t} is the set of the form

Olty, ..ty A = {y = y(t) € ST : (y(tr),...,y(ty)) € AP},

REMARK 1.3.— If A®) is a rectangle in S*) of the form A®®) = xk_ | A;, then
C(ty,...,tr, A®)) is the intersection of the corresponding elementary cylinders:

k
C(tla s 7tk7A(k)) = {y = y(t) € ST : y(tz) € Aia 1<i< k} = m C(tlvAZ)
i=1

Denote by K., the family of all cylinder sets.

LEMMA 1.3.—
1) The family of all cylinder sets K, is an algebra on the space ST.

2) If the set S contains at least two points, and the set T is infinite, then the family
of all cylinder sets is not a o-algebra.

PROOF.— 1) Let C(t},...,th, A®) and C(#3,...,t2,, B"™) be two cylinder sets,
possibly with different bases and over different sets of points. We write them as
cylinder sets with different bases but over the same set of points, namely over the set

{t1,..., i} ={ti,..., t. } U{t3, ..., 12 }. Specifically, define projections

pr(xy,...,20) = (x4,t; € {t%,...,ti}),pg(ﬂ;‘l,...,xl) = (x;,t; € {t?,...,t?n}).
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Then
c (t}, . ,t}C,A(’“)) =C (tl, . ,tz,pfl(A(k))) ;
c (tf, . ,tEn,B<m>) =C (tl, . ,tz,pgl(B(m))) :

so the set

C (t%,-..,t}g,A(k)) ucC (t?,... £2 B(m))

»Ym

= C (ti st (AD) U Ry (B™))
belongs to K, because
it (A®) upy ' (BM) e 5.
Similarly, the set
c (t}, . ,t,lwA(k)) \C (tf, . ,tfn,B(m))
= O (st (AW \py (B
belongs to K. Finally, for any ¢t € T
8" ={y=y(t) : y(to) € S} € Koy,

whence it follows that the family of cylinder sets K is an algebra on the space ST.

2) Let S contain at least two different points, say, s; and s, and let T be infinite.
Then T contains a countable set of points {t,,,n > 1}. The set

(U C(t2, {51})> U (U C(tait1, {52})>

is not a cylinder set because it cannot be described in terms of any finite set of points
from T. It means that, in this case, the family of cylinder sets K, is not a o-field on
the space S™. 0

Denote by K.,; the o-algebra generated by the family K.,; of cylinder sets:
Kcyl = U(Kcyl)-
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LEMMA 1.4.— Forany k > 1, K.y = K¢

PROOF.— Evidently, o-algebra K.; = o(Ko) C Ky = 0(Key), because any
elementary cylinder is a cylinder set. Vice versa, for a fixed subset {t1,...,t,} C T,
define the family

K= {Be s® . C(ty, ... ty, B) eKel}.

This is clearly a o-algebra, which contains sets of the form Ay x - - - x Ay, A; € 3,
and therefore, K = 2(F), Consequently, we have K¢; D K.y, whence K¢ D Ky, as
required. d

1.3.4. Kolmogorov theorem on the construction of a stochastic process
by the family of probability distributions

If some stochastic process is defined, then we know in particular its
finite-dimensional distributions. We can say that a family of finite-dimensional
distributions corresponds to a stochastic process. Consider now the opposite
question. Namely, let us have a family of probability distributions. Is it possible to
construct a probability space and a stochastic process on this space so that the family
of probability distributions is a family of finite-dimensional distributions of the
constructed process? Let us formulate this problem more precisely.

Let (S, p,X) be a metric space with Borel o-field and T be a parameter set, and
consider the family of functions

(P{tl, ot B™Y > 1t €T, 1<i<n, B™ e 2<”>) : [1.3]

where (™ is a Borel o-field on S(™. Assume that, for any t1,...,t, € T, the
function P{¢1,...,%,, -} is a probability measure on x),

THEOREM 1.2.— [A.N. Kolmogorov] If (S,X) is a complete separable metric space
with Borel o-field 3, and family [1.3] satisfies consistency conditions (A1), then there
exists a probability space (0, F,P) and stochastic process X = {X;,t € T} on
this space and with the phase space (S,Y), for which [1.3] is the family of its finite-
dimensional distributions.

PROOF.— We divide the proof into several steps. Step 1. At first, recall that according
to lemma 1.2, for the separable metric space (S, p, ) conditions (A) and (A1) are
equivalent and continue to deal with the condition (A4). Put @ = ST, F = K.
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Recall also that K.,y = 0 (K1), where Ky is the algebra of cylinder sets. Let C' be
the arbitrary cylinder set, and let it be represented as

C=0C(ty,...,tn, AM).
Construct the following function defined on the sets of Ky ;:
P'{C} = P{t1,... t,, AM}.

Note that, generally speaking, the cylinder set C' admits non-unique representation.
In particular, it is possible to rearrange points t1, ..., ¢, and to “turn” the base A(")
accordingly. Moreover, it is possible to append any finite number of points s1, . .., Sm,
and replace A with A(™ x S(™) However, consistency conditions guarantee that
P’{C} will not change under these transformations; therefore, function P'{-} on K.,
is well defined.

Step 2. Now we want to prove that P’{-} is an additive function on K,;. To this
end, consider two disjoint sets

»¥mo

C,=C (t}w..,t}”A(”)) and Cy = C (t%, ot B(m)) ,

and let {t1,...,t;} = {ti,...,t1} U {¢3,...,¢2,}. Defining projection operators

pl(ifl,...,fl,'l) = (Z'i,ti € {t},...7t}l}),p2(x1,...,xl) = (xi,ti S {t%ﬂf%n}),
we have

(A e (i, e, B™)

=C (tl, ot pr HA™) Upgl(B(’”))) .

The bases p; ' (A™)) and p, ' (B(™)) are disjoint, since the sets C; and Cy are, so
it follows from the fact that P{t}, ... t. -} is a measure with respect to the sets A(")
and also from consistency conditions that the following equalities hold:

P{Cl @] CQ} = P{tl, R ,tl,p;1<A(n)) U p;l(B(m))}
=P{t1,....t;,p7 (A"} + P{t1,...,t;,p3 {(B™)}
=P{t!, .. LAY L P2, 12 B} = P{C} + P{Cy).
Step 3. Now we shall prove that P’ is a countably additive function on K.,;. Let

the sets {C,Cp,n > 1} C K¢y, Cp, N Cy, = 0 for any n # k, and moreover, let
C =, C,.Itis sufficient to prove that

P'{C} = ip’{cn}. [1.4]
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Let us establish [1.4] in the following equivalent form. Denote D,, = U,;“;n Ck.
Then Dy D Dy D ..., and (,—, D,, = 0. Besides this, it follows from the additivity
of P’ on K that

n—1

P{C} =Y P{Cy} +P'{Dn}.

Therefore, in order to prove [1.4], it is sufficient to establish that

lim P'{D,} =0.

n—oo

Since the sets D,, do not increase, this limit exists. By contradiction, let

. /
nlgroloP {Dn} =a>0.

Without any loss of generality, we can assume that the set of points, over which
D,, is defined, is growing with n. Let the points be {t,...,tx }, and B, € %(Fn)
be the base of D,,. In other words, let D,, = C(t1,...,tx,, By). Taking into account
the fact that S is a completely separable metric space, we get from theorem Al.1 that
the space S*») is also a completely separable metric space. Therefore, according to
theorem A1.2, there exists a compact set K,, € 2 (k) such that K,, C B,, and

P{t1,...,tg, , B \Kp) <

(0%
2n+1'

Now construct a cylinder set (),, with the base K, over the points ¢1,...,tx, and
consider the intersection G,, = ﬂ?zl Q;. Let M, be the base of the set G,,. The
sets (G, are non-increasing, and their bases M,, are compact. Indeed, the set M, is
an intersection of the bases of the sets ;, 1 < ¢ < n, but in the case where all
of them are presented as the cylinder sets over the points {¢1,...,%x, }. With such
a record, the initial bases K; of the sets @); take the form K, x Skn=ki) and thus
remain closed although perhaps no longer compact, while the set K, is compact. An
intersection of closed sets, one of which is compact, is a compact set as well; therefore,
M, is a compact set. The fact that GG,, are non-increasing means that any element of
Grntp,p > 0 belongs to G,,. Their bases M,, are non-increasing in the sense that, for
any point (y(t1),...,y(tk,,,)) € Myyp, its “beginning” (y(t1),...,y(tr,)) € Mp.
Now let us prove that the sets G, and consequently M,, are non-empty. Indeed, it
follows from the additivity of P’ that

P/{Dn\Gn} = P/{Dn \ ﬂ Qz} =P {U(Dn \ Qz)} < ZP/ {Dn \ Qz}

n n o N
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It means that P'{G,} > &, whence the sets G,, are non-empty. In turn, it means

that M, # (), and we can choose the points (y§”)7 o 7yl(:)) € M,,, and moreover, [,,

is non-decreasing in n. Take the sequence (ygn), . ,yl(:)) and consider its
“beginning” (ygn), ey yl(ln)) As has just been said, the sequence
(ygn), e ,yl(ln)) € M,. Therefore, it contains a convergent subsequence, and then
any sequence {y,i"), n > 1} for 1 < k < Iy contains a convergent subsequence. Take
(yi"), ... ,yl(:)) € Moy; at once, any “column” {y,(cn), n > 1} for 1 < k < I3 contains
a convergent subsequence. Finally, any “column” {y,(cn), n > 1} for k > 1 contains a

convergent subsequence. Denote by y,(co) the limit of convergent subsequence

{yl(cnj), j > 1}. Applying the diagonal method, we can choose, for any n, a

convergent subsequence of vectors

n; n; n; 0 0 0
W8ty = ).

Since all the points (y§"1 ) yénj o, y,(cn-')

get that (ygo), e 71‘/1(31)) € M,,. Now, define a function y = y(t) € ST by the formula

n7 ) € M,, and the sets M, are closed, we
y(ty) = y,(go), k > 1 and define y(t) in an arbitrary manner in the remaining points
from T. Then arbitrary vector (y(t1),...,y(tk,)) € My; therefore, for any n > 1,
the function y € G, C D,,. This means that ()., D,, # (), which contradicts to
the construction of sets D,,. It means that the assumption lim,,_, o, P’(D,,) > 0 leads

to the contradiction and so is false. Therefore, P’ is a countably additive function on
Ky, and consequently, P’ is a probability measure on the algebra K.

Step 4. According to the theorem on the extension of the measure from algebra
to generated o-algebra, there exists the unique probability measure P, that is, the
extension of the measure P’ from K, to K.,;. Construct a stochastic process X =
{X¢,t € T} on (2, F,P) in the following way (recall that the elements w € ) are
presented by functions y € ST):

Xi(w) = w(t) = y(t).

We first check that X = {X;,t € T} is indeed a stochastic process. For any set
A € ¥ and for any tg € T, we have that

Xt_DI(A) ={w: Xy, (w) € A}
={y=y(t) 1 y(to) € A} = C(to, A) € Keys C Keyy = F.

Further,
P{(Xt17 s ath) € A(k)} = P{<y<tl>7 s >y<tk)) € A(k)}
=P{C(t1,...,tx, AP} = P{C(t1, ... tg, A¥N)} = P{t1,... 1, AP},
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Therefore, X = {X;,t € T} has the prescribed finite-dimensional distributions.
The theorem is proved. (]

In the case where S = R, the Kolmogorov theorem can be formulated as follows.

THEOREM 1.3.— Let a family Y(A1,..., Ak;t1, ... ),k > 1A € Rjt; > 0of
characteristic functions satisfy consistency conditions (B). Then there exists a
probability space (Q, F,P) and a real-valued stochastic process X = {X;,t > 0}

for which Eexp{i 35, Xy} =91, At - ).

1.4. Properties of os-algebra generated by cylinder sets. The notion of
c-algebra generated by a stochastic process

Let T = Ry = [0,+00), (S,X) be a measurable space and X = {X;,t € T}
be an S-valued stochastic process. Consider the standard o-algebra K.,; generated by
cylinder sets, and for any finite or countable set of points, T/ = {¢,,n > 1} C T
forms the algebra K., ({t,,n > 1}) of cylinder sets in the following way: A €
Keyi({tn,n > 1}) if and only if there exists a subset {t,,,...,tn, } C {tn,n > 1}
and B®) € $(*) such that

A=C"(tpys- - tn, BP) ={y T = S: (y(tn,),.-.,y(tn,)) € B®Y.

Consider the generated o-algebra K, ({¢,,n > 1}). We shall prove the statement
that describes K.,; in terms of the countable collections of points from T.

LEMMA 1.5.— The set A C ST belongs to Ky if and only if there exists a sequence
of points {t,,n > 1} C T and a set B € K¢y ({tn,n > 1}), such that the following
equality holds:

A=C({tn,n>1},B):={ycS": (y(t,),n > 1) € B}. [1.5]
PROOF.— Let C' be any cylinder set from algebra K.,
C={yeS": (yzn),...,y(zm)) € B™ c S},
Then C' admits the representation [1.5] if we consider the arbitrary sequence of
points {t,,,n > 1} such that ¢, = z,,1 <n <mand B = A(B(m)). Therefore, if
we denote by K the sets from K,; that admit the representation [1.5], then K.,; C K.

Let us establish now that K is a o-algebra. Indeed, ST € K, because we can take an
arbitrary sequence

T = {t,,n > 1} and B = 8" := x22,8 € K, (T),
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and get that the set ST has a form ST = {y € ST : (y(t,),n>1) € B = ST},
admitting with evidence the representation [1.5]. Further, if A;, A2 € K, they are
defined over the sequences of points T* = {t. n > 1} and T? = {t2,n > 1} and
have the bases B, Bs, correspondingly. Then, we can consider these sets as defined
over the same sequence of points, setting S = {tL,n > 1} U {t2,n > 1} and
introducing the maps p; : y € S — Yl € ST, i = 1,2. Then
A = C(S,pi_l(Bi)), 1 = 1,2. The bases pi_l(Bi), 1 = 1,2, are measurable, since
the maps p;, ¢ = 1,2 are measurable (even continuous in the topology of pointwise
convergence). Therefore,

A\ Ay = C(S,p7 1(B1) \ p; ' (B2)) € K.

Similarly, if {A,,r > 1} C K, and they are defined over the sequences of points
TTO: {tr,n > 1};‘ and bases B,.,r > 1, we can define T° = Uf’;o T" and p, : y €
ST = ylp. € ST, r > 1, s0 that

QAT = C(To,gp;l(&)).

Thus, we have that K is a o-algebra that contains Ky, i.e. K D K.y, but K C
K.y by the definition. It means that K = K,;, whence the proof follows. O

DEFINITION 1.9.— The o-algebra, generated by the process X is the family of sets
FX ={X"YA),A €Ky}

REMARK 1.4.— 1t follows from the properties of pre-images that for any o-algebra A,
the family of sets {X !, A € A} is a o-algebra; therefore, definition 1.9 is properly
formulated.

LEMMA 1.6.—- F¥X =o{X"1(A),A € K.,i}

PROOF.— Denote ;¥ = {X1(A),A € Kcy}. On the one hand, since ¥ is a
o-algebra and 7 contains all pre-images X ~'(A) under mapping A € K.y, then
FX > FiX. On the other hand, consider F;* and note that the mapping X is F;*-
K., i-measurable; therefore, according to lemma 1.1, the mapping X is F;*-Key;-
measurable, i.e. X 1(A) € F{* for any A € K,y It means that ;¥ O F¥, and the
lemma is proved. d

The following fact is a consequence of lemma 1.4.

COROLLARY 1.2.— The o-algebra generated by a stochastic process X is the smallest
o-algebra containing all the sets of the form

{weQ: X(t,w) € Ay, ..., X(tg,w) € A}, A €5,6, €T, 1 <i <k, k> 1.



