PART 1

Flooding






Modelling Flooding in Edge- or
Node-weighted Graphs

1.1. Summary of the chapter

This chapter opens Volume 2 of Topographical Tools for Filtering and
Segmentation, which is, devoted to flooding. In the Introduction we stressed the
importance of flooding for filtering and segmenting images. Flooding is the perfect
companion for a watershed, as it is able to suppress regional minima by filling them
with lakes. The catchment zone of a suppressed regional minimum is entirely
absorbed by the catchment basin of a remaining regional minimum [MEY 02].

For the sake of generality, we model topographic surfaces as node- or
edge-weighted graphs.

A node-weighted graph may represent a topographic surface at pixel level. The
nodes represent the pixels, and the edges link neighboring pixels. The nodes have
two weights: the lower weight represents the ground level, and the higher weight
represents the flooding level, which cannot be below the ground level. The edges are
unweighted.

An edge-weighted graph may represent a flooding at a larger scale. The nodes
represent the catchment zones of a topographic surface, and the edges represent the
pass points between neighboring basins. The node weights indicate the level of
the lake covering the corresponding basin, equal to —oo if the basin is unflooded.
The edge weights represent the altitude of the corresponding pass point.

Thus, we obtain two models of graphs that are able to represent the same flooding
of the same topographic surface on two scales: a micro scale with the node-weighted
graph and a macro scale with the edge-weighted graph. We will call them, respectively,
micro and macro models of flooding.
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We then propose two physical models ensuring that a particular flood distribution is
in an equilibrium state, one for node-weighted graphs and the other for edge-weighted
graphs. Before, finally, showing the coherence between these models.

1.2. The importance of flooding
1.2.1. Flooding creates lakes

In Topographical Tools for Filtering and Segmentation 1, we studied watersheds
in node- and edge-weighted graphs. The watershed theory is based entirely on the
trajectory of a drop of water deposited at a particular node. For node-weighted graphs,
a drop of water never glides upwards. For edge-weighted graphs in which the nodes
have no weights, a drop of water deposited on a node follows the lowest adjacent
edge. This drop of water ultimately ends up in a regional minimum of the graph. A
catchment zone is associated with each regional minimum of the graph.

Regional minima, however, do not all have the same importance. Some are at the
bottom of large and deep catchment basins. Others simply are small fluctuations of
the surface due to the presence of noise. A watershed will be largely useless if we are
not able to regularize the fluctuations producing these minima. Flooding a topographic
surface is an efficient way to simplify a topographic surface; indeed, flooding creates
lakes that are flat surfaces, totally or partially filling the catchment basins.

The term “flooding” is borrowed from the physical situation in which a graph
represents a topographic surface. A flooding of a topographic surface creates several
lakes in the catchment basins, as shown in Figure 1.2(a). After flooding, this
topographic surface has less minima than the initial topographic surface. Some
catchment basins contain a lake which is full: adding a drop of water would provoke
an overflow into a neighboring basin. In the flooded surface, such a catchment basin
is no longer a regional minimum and does not appear in the watershed segmentation
of the flooded surface. Other lakes completely cover several regional minima of the
initial topographic surface; the catchment basin associated with such lakes are the
union of several catchment basins of the unflooded surface. Only the unflooded
catchment basins or the lakes of the flooded surface, which are still regional minima,
give birth to a catchment basin of the flooded surface.

1.2.2. Flooding for controlling watershed segmentation
Watersheds are frequently used for segmenting images. A gradient image is

derived for the image to be segmented. The contours of the object follow crest lines
of the gradient image. The inside and outside of the object constitute regional
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minima, and the catchment basins of these minima constitute segmentation of the
object. Unfortunately such an ideal situation almost never happens. Instead of
obtaining a partition in which each region represents one object or the background,
we obtain a tessellation of several small fragments, an oversegmentation of the
image. Each regional minimum of the gradient image gives birth to a catchment
basin. In order to reduce the oversegmentation, we have to reduce the number of
minima. An appropriate flooding of the topographic surface will suppress unwanted
minima, while preserving and merging others, such that the watershed partition
associated with the flooded surface yields the desired segmentation.

1.2.3. Flooding, razing, leveling and flattening

More generally, flooding is a powerful filter for simplifying images. Razing is
derived from flooding by duality. Duality is based on negation or complementation. If
g is a topographic surface (Figure 1.1(a)), its negation will be —g (Figure 1.1(b)). The
peaks become wells and vice versa. The negated surface may then be flooded (Figure
1.1(c)). The flooded surface is then negated again (Figure 1.1(d)). The result is called
razing, as some peaks have been razed. A peak of g which has been filled by a lake in
the function —g appears as a razed peak after the second negation.

C D

Figure 1.1. a) A function g representing a topographic surface. b) The negated surface
—g. ¢) The surface —g is flooded and lakes are created. d) The flooded surface is
inverted. The resulting surface constitutes a razing of the original surface g. For a color
version of the figures in this chapter, see www.iste.co.uk/meyer/topographical2.zip
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Thus, flooding fills wells and valleys while peaks and crest lines are razed. When
combined, they produce powerful filters for simplifying images or weighted graphs
such as leveling and flattening (see [MEY 98]).

Razing is obtained by duality, it is sufficient to develop the flooding theory, as all
the flooding properties are easily transposed to razing.

In this volume we develop the theory of floodings with the same level of
abstraction used to cover watersheds in Volume 1, remaining within the framework of
node- or edge-weighted graphs. We start from the elementary laws of physics which
govern the equilibrium state of a flooding and derive from them the theoretical
properties of flooding, including the algorithms for effectively constructing them.

1.3. Description of the flood covering a topographic surface
1.3.1. Observing the same flooding on two levels of abstraction

Consider flooding of a topographic surface as illustrated in Figure 1.2(a) and
Figure 1.2(b). While Figure 1.2(a) shows all the topography details of the flooding
and of the ground level, Figure 1.2(b) is a sketch retaining only the interconnections
of the catchment basins and the level of the lakes covering them. The first describes
the flooding at a micro scale, the second at a macro scale.

In Figure 1.2(b), each catchment basin of Figure 1.2(a) appears as a tank. Tanks
are connected by a pipe if the corresponding catchment basins are neighbors, and the
pipe level is equal to the level of the pass point making it possible to pass from one
catchment basin to the other. If a catchment basin is flooded, as shown in Figure 1.2(a),
then its corresponding tank, as shown in Figure 1.2(b), is also filled at an identical
level. On the contrary, an unflooded catchment basin (as is the case for the catchment
basin b) in Figure 1.2(a) corresponds to an empty tank in Figure 1.2(a).

A unique lake covers the regional minima e and f; adding a drop of water to this
lake slightly increases its level, without provoking an overflow into another lake. This
is true in both the topographic surface in Figure 1.2(a) and the tank network in Figure
1.2(b).

On the contrary, the catchment basin a in Figure 1.2(a) is covered by a full lake,
which reaches the level of the lowest pass point between the catchment basins a and
b. Adding a drop of water to this lake does not change its altitude but provokes an
overflow into the neighboring catchment basin b. The same overflow occurs in Figure
1.2(b) if we add a drop of water. The overflow passes through the pipe connecting
tanks a and b and flows into tank b.
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Figure 1.2. a) Flooding of a topographic surface. b) Its modeling as
a pipe network. c) A physically impossible flooding of a topographic
surface. d) Its modeling as a pipe network

Because the lakes covering the regional minima e and f have merged in Figure
1.2(a), they form a unique lake, with a uniform level. In Figure 1.2(b), both tanks also
have the same level, as the pipe connecting them has a lower level. In the following, we
present the equations governing the hydrostatic equilibrium of fluid on a topographic
surface or a tank network.

1.3.2. Modeling the two scales of flooding: at the pixel level or at the
region level

We have thus considered the same flooding of Figure 1.2(a) on two scales. We
now model each scale of observation and establish the relationships between the two.
The fine scale will be modeled as a node-weighted graph, at the pixel level. The coarse
scale will be modeled by an edge-weighted graph, at the level of the catchment basins.
We then derive from the laws of physics criteria characterizing an equilibrium state of
flooding on each of these scales and show that both models are coherent, producing
identical flooding levels on the fine and coarse scales.

1.3.2.1. The fine scale modeled as a node-weighted graph

A gray tone image defined on a grid of pixels may be modeled as a node-weighted
graph. The pixels of the image become the nodes of the graph. A function v represents
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the gray tones of the image and the weights of the nodes in the graph. If the image is
considered as a topographic surface, the function v represents its ground level.

Neighboring pixels in the image are connected by an unweighted edge. The second
function 7 > v defines the flooding level of each node. The nodes of the graph thus
hold two weights: a lower weight v equal to the altitude of the node and the second
weight 7 > v indicating the level of the flooding at each node. We say that the flooding
7 is an n-flooding of the node-weighted graph. A node for which 7 = v is unflooded
or dry.

In the following, we establish the relationships between 7 and v on neighboring
nodes, in order to model a physically realistic flooding, observed at the scale of the
pixels. By physically realistic, we mean a flooding that behaves as a real flooding on
a topographic surface.

1.3.2.2. The coarse scale modeled as an edge-weighted graph

On a coarse scale, we only consider the catchment basins of the topographic
surface, classically modeled as a region adjacency graph. The nodes represent the
catchment basins. Neighboring nodes are connected by an edge: the edge ey
connecting the nodes p and ¢ is weighted by the altitude 7,, of the pass point
between the two basins. The nodes are weighted by the altitude 7 of the lake inside
the corresponding catchment basin or covering it. In the absence of any lake, this
altitude is equal to —oo. In the following sections, we establish the relationships
between 7 and 1 on neighboring nodes, in order to produce a flooding following the
laws of hydrostatics.

This model correctly represents the flooding of a topographic surface seen on a
coarse scale.

REMARK 1.1.— We aim to model the flooding such that it behaves as a real flooding
on a topographic surface. However, node- or edge-weighted graphs are able to model
many types of networks. Flooding a weighted graph will, by creating lakes, highlight
some salient features and hide others.

1.3.3. Modeling a flooded topographic surface as a node-weighted graph

1.3.3.1. The fine scale of flooding

In this section, we describe the mechanisms governing the distribution of water on
a flooded topographic surface at pixel level. We first observe what happens when a
surface is flooded and then identify the laws governing the creation and distribution of
lakes on the surface.

Figure 1.3(a) shows an unflooded surface v defined on five consecutive pixels, and
Figure 1.3(b) shows a valid flooding of this surface. The function v represents the
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ground level of the surface before flooding. The flooded surface in Figure 1.3(b) is a
function 7 > v. Some pixels (in yellow) for which 7 > v are covered by water, and
the others for which 7 = v are dry. The distribution of water is at equilibrium.

We have to describe the relationships between the unflooded surface and the
flooded surface. Let us start with the unflooded surface in Figure 1.3(a). The nodes a
and d are regional minima of the function v. The flooded surface 7 in Figure 1.3(b)
has only one regional minimum lake covering the pixels ¢ and d. A drop of water
falling on nodes ¢ or d will slightly increase the level of the lake covering these
nodes. A drop of water falling on the nodes a or b provokes an overflow of the lake
on top of a into the lake (¢, d) covering ¢ and d. A drop of water falling on e will also
glide down towards the lake (¢, d).

a b c d e a b c d e a b c d e

Figure 1.3. a) A topographic surface at the pixel level. b) A physically
possible flooding. ¢c) A physically impossible flooding

1.3.3.2. The laws of gravity govern the flood

We suppose that the laws of gravity apply to our topographic surface. A drop of
water falling on a node p will glide downwards towards a neighboring node ¢, if the
n-flooding level 7, is higher than the n-flooding level 7,. This is the case in Figure
1.3(b), where no drop of water may stay on top of the node b, as 7, > 7; hence, the
node b is necessarily dry: v, = 7.

Figure 1.3(c), in contrast, shows an example that violates the laws of gravity, as
the n-flooding on top of node b should disappear and be absorbed by the lake covering
the neighboring nodes ¢ and d. Moreover, the nodes a, b, c and d are covered by some
water and thus form a lake with an unequal surface, a phenomenon that never occurs
in nature.

In order to avoid the occurrence of such a phenomenon, it is sufficient that the
flooding verifies this property: if a flooded surface has two nodes whose flooding
level is unequal, then the highest node is necessarily dry. This is expressed by the
following criterion (first established in [MEY 98]).
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CRITERION 1.— The distribution T of water on the nodes of the graph G|N, E] with
unweighted edges and ground level v is an n-flooding of this graph, i.e. it is a stable
distribution of fluid if it verifies the criterion: T > v and for any couple of neighboring
nodes (p, q), we have 1, > T, = T, = V. (criterion nl)

Figure 1.4(a) presents a valid flooding, whereas the flooding in Figure 1.4(b)
violates the criterion n1 at nodes p and g. The lake covering the leftmost regional
minimum ends as a wall of water, not constrained by solid ground.

A B

Figure 1.4. a) A valid flooding, verifying criterion n1. b) This
flooding is not valid, as the criterion n1 is violated for the
neighboring pixels p and q: 7, > tq and m, > v,

1.3.3.3. Notations

Given a graph G[N, E|] with node weights v, we write: 7 & v when the function 7
is an n-flooding of the graph G[v, nil].

1.3.3.4. Equivalent criteria

As 7 > v, the relation 7, = v, is equivalent to 7, < v,. We have the following
equivalences:

{p>mg=17<vte {n <ryorr <y} {r, <71, Vy,} (criterion n2)

Applying this criterion to all neighbors of p yields (1, < v, V N Ty
(p,q) neighbors
which is equivalent to 7, = 7, A (vp V N 1) = (T Avp) V(T A A
(p,q) neighbors (p,q) neighbors
7q) = (¥ V eT)p, where (e7), = 7p A /\ 7, is the erosion assigning to a node
(p,q) neighbors
the minimum weight of itself and all its neighbors. This is a well-known criterion (see
[MEY 98]) for recognizing and constructing n-floodings on images: 7 = (v V e7)

(criterion n).

This relation is also the basis of the classical algorithm for closing reconstructions
or n-floodings. If a function 7 > v is not a flooding of v, then it does not verify the
relation 7 = v V eT.
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The following algorithm will progressively lower the value of 7 until criterion n
is satisfied. I proposed this algorithm in my master’s thesis in 1975; it has then been
applied in the first version of the texture analyzer, a hardwired image processing device
developed by J.C. Klein at the CMM (see [KLE 76]):

— 7—(0) =T,

— repeat until stability: 7"+ = v g7 ("),

This algorithm necessarily converges, as ¢ is anti-extensive (¢ < Id). Thus, v V
e7(") decreases and is lower bounded by v. At convergence, the limit 7(°°) verifies
7() = v er(), and we will see in the next chapters that it is the highest n-flooding
of v under the function 7, or dominated flooding of v under 7.
1.3.3.5. Flooding properties of a node-weighted graph

Consider a graph G = [v, nil| with a ground-level distribution on the nodes equal
to a function v, with unweighted edges, and 7 > v as an n-flooding of this graph.
1.3.3.5.1. Wet and dry nodes

There are two types of nodes in an n-flooding:

—{pisawetnode}<={ 7, > v}

—{pisadrynode}<={ 7 = 1}

1.3.3.5.2. Flooding is a connected operator

An n-flooding is a connected operator, i.e. each flat zone of the ground level v is
also flat for any n-flooding of the graph, which is expressed by the relation: for any
two neighboring nodes pand g : v, = v, = 7 = 7.

Indeed, criterion n-2 states 7, < 7, V v, = 74 V V4 = 74. Inverting p and q yields
74 < 7p. Hence, 7, = 7.
1.3.3.5.3. The upstream of a dry node is dry

The following property is obviously verified on any topographic surface.

LEMMA 1.1.—If p, q are two neighboring nodes verifying v, > vy, then if p is a dry
node, so is q.

PROOF.—- pis a dry node, so 7, = v. As v, > v, it follows v; > 7,. On the contrary,
the n-flooding level of g verifies 7, < 7, V vy < vy as 4 > T,. As an n-flooding
cannot be lower than the ground level, we have 7, = v, showing that ¢ is also dry. (]



12 Topographical Tools for Filtering and Segmentation 2

Applying the same lemma on all the nodes of a non-descending connected path,
we get another lemma:

LEMMA 1.2.— If a point p of a surface is dry, then all the nodes q linked with p by a
non-descending path with p are also dry.

These lemmas have important algorithmic consequences for speeding up the
construction of n-floodings. The upstream of a flat zone containing a dry node is also
dry. Fast algorithms able to construct these zones are derived from these properties.

1.3.3.6. Properties of n-floodings
In the following proofs, p and q are neighboring nodes on the graph.

1.3.3.6.1. The function v is an n-flooding of G[v, nil]

The function v itself is a valid n-flooding of G[v, nil], in which all the nodes are
dry.

Indeed, for two neighboring nodes p, g, the criterion n2 is verified: v, < v, V v,

1.3.3.6.2. The flooding of an n-flooding is an n-flooding
{rdvandoWr}=0cWv

{rov}={r, <1yVy,band7 >v
{owr}=>{op<ogVm}tando >
From which, we derive 0, < 0, V7, <oy VTV, =04 Vpaso, > 7,

1.3.3.6.3. The algebra of n-floodings
{rWvand 7 Wv} = (V7 )drvand (TAT)Wv:

T < T V vy and 7, < 77V vy, which implies 7, V 7, < 7, V 7, V 1, and

Tp/\TI/) < (Tq /\Té) V vp.

The flooding family of a node-weighted graph forms a complete lattice for the
ordinary order relation <. The minimal flooding has the level v, whereas the maximal
flooding has the level €2 or co, the highest value taken by the node weights.

1.3.3.6.4. n-floodings of increasing topographic surfaces
{rWrvandv <V <7} =7WV"

If 7 is an n-flooding of G[v, nil], then it is possible to increase the ground level
below the lakes without disturbing the flooding 7:

Indeed, {7, < g Vip} = {1 <7q Vi <7g Vi } = 700/
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1.3.3.7. The special role of p,,v
We have analyzed the closing ¢, = ¢€peden Of node-weighted graphs in

Topographical Tools for Filtering and Segmentation 1.

Any closing is extensive: ¢,v > v. The only nodes for which ¢,v > v are the
regional minimum nodes. For all other nodes, ¢, v = v.

If s is an isolated regional minimum node and ¢ its lowest neighbor, then

(‘Pnl/>s = Vg.

If rwvand 7, < (pnpv), = 14, then each neighboring node ¢ of s verifies
Tq > Vg > V¢ = (pnV), > Ts. The criterion n1 then applies and 7, > 74 = 7, = v4.
This shows that regardless of the value 7, < (¢, ), taken by 7 on the isolated regional
minimum s, we have 7, = v, on all neighbors q of s.

1.3.3.7.1. The function ¢, is an n-flooding of G[v, nil]

(ppV W v since:

—if p and ¢ are not isolated regional minima, then (pnv), = vp < (Pnv), V 1y
and (¢nv), = vg < (nV), V vg.

— if p is an isolated regional minimum, then ¢ is not an isolated regional minimum
and (p,v), = vq < (¢nr), V V4. On the other hand, (¢,v),, is equal to the weight
of the lowest neighboring node of p; hence, (¢nv), < vg = (¢nv),. And (pnv), <

(SDnV)q < (‘pn’/)q V vp.

1.3.3.7.2. The function 7V ¢, v

Let 7 be a flooding of G[v, nil]. Since ¢,V is a particular flooding of G[v, nil], the
supremum 7 V @, is also a flooding of G[v, nil].

Asv < v < 7V @, the function 7 V @, is also a flooding of G|y, v, nil].

Inversely, if 7 V ¢, is a flooding of G[p, v, nil], then 7 V @, v is a flooding of
Glv, nil), as pyv is a flooding of G[v, nil].

Summarizing

{ryv}={(tVer)Wrt s {7V, rvde,r}
Interpretation of TV @,V
Ifr>opuv,thentVp,v=r1

Else, the inequality 7 < ¢, implies v < 7 < ¢,v, which only happens on
isolated regional minima nodes of G[v, nil]. All other nodes verify v = @, v.
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If s is an isolated regional minimum node on which 75 < (¢, v), and t is one of
the lowest neighbors of s, then (7 V ¢, V), = (pnv), = v;. In other terms, if for each
node s (or only some of them) verifying 75 < (), we replace 7, by (p,v),, then
the new function 7 V ¢,,v is still an n-flooding of v.

Inversely
Let us show that for 7 > v : {(7 V p,v) Wr} = {T W}

Outside the isolated regional minima of G[v, nil], we have p,v = vand TV, v =
7. If p is a regional minimum and 7, > (¢nv),, then we also have (7 V 1), = 7.
In all such cases, the criterion n2: (7V @nv), < (7 V @nv), V v, simply becomes
Tp < Tq V Vp.

The last case to consider is when p is an isolated regional minimum and 7, <
(¢nv),. We then have (7 V onv),, = (pnv), = Vs, where s is the smallest neighbor
of p.

Any neighboring node ¢ of p is then not a regional minimum and (,,»/) ¢ =Va2
vs. Hence, 7, < (pnv), = Vs S vq < 7q < 74 V 1.

On the one hand, (7V ¢,v) W v implies (7V onv), < (TVonv), V v4. As
(¢nv), = vqand T > v, we have (T V ¢, 1), = 74. On the other hand, (7 V ¢,v), =
vs < vgand (TVonv), Vg = vy < 7 V 1. Putting everything together, we have
7g = (T Vuv), < (T Vonv), V vy <7, Vv, The function 7 verifies the criterion
n2 everywhere, showing that 7 & v. QED

Application

If 0 W, we may modify the function o on some isolated regional minimum nodes
of G[v, nil] on which 0 = (p,v). If s is an isolated regional minimum node and if
we replace the value o5 by a value 7, verifying v, < 74 < 04, then 7V @, v = o, and
applying the preceding implication, we have 7 & v.

Summarizing

Forr>v:{rWv} < {(tVeu)Wr} e {7Ve,vde,v}

Hllustration

Figure 1.5(a) shows a topographic surface v. The nodes b and e are isolated
regional minima. In Figure 1.5(b), these regional minima have been filled up to the

lowest neighboring node, producing the function ¢,,v. The increment from v to ¢, v
is in orange color. This topographic surface ¢, v is flooded by a flood o, increasing
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the level of water on the nodes d and e. Thus, 0 = o V p,v is a flooding of
G[pnv, nil] and as a result of G[v, nil].

Figure 1.5(c) shows another distribution of water on the nodes of G[v, nil]. On
the isolated regional minimum b, the flood 7 takes a value v, < 7, < (¢nv),. The
function 7 verifies 7V (¢, v) = oV (p,v) = 0. And, as o is an n-flooding of G[v, nil],
7 is also an n-flooding of G[v, nil].

a b cdef a b c d e f a b c d e f

Figure 1.5. a) A topographic surface G[v,nil]. b) The isolated regional minima have
been filled up to their lowest neighbor, producing the surface G|y, v, nil]. This surface
is then flooded by a flood ¢ = o V (¢nv). Thus, o is a flooding of G|pnv,nil] and of
G|v,nil]. c) The new distribution T of water in G[v, nil] verifies TV (pnv) = o V (onv).
And as o is a flooding of G[v, nil], T is also a flooding of G[v, nil]

1.3.4. Modeling an edge-weighted graph as a tank network

1.3.4.1. Modeling the flooding distribution of a topographic surface

Consider again the levels of the lakes in the flooding of Figure 1.2(a). Obviously,
the depth and shape of the catchment basins below the lakes have no influence on the
level 7 of the flood. Only the neighborhood relations of the catchment basins play a
role. The distribution of the flood depends on the levels of the pass points separating
neighboring basins. It is through the pass points that the flood progresses, in the form
of an overflow from one basin to the neighboring basin. On the contrary, a lake is
a regional minimum of the flooded surface if all its outside neighbors have a higher
altitude.

Since shape and depth of the catchment basin have no influence on the level of the
flooding, each basin may be modeled as an infinitely deep tank: in other terms, there is
no ground level. Two neighboring catchment basins ¢ and j separated by a pass point
of altitude 7;; are linked by a horizontal pipe at altitude 7;;, producing communication
between the two tanks. The weight 7; represents the level of water in the tank ¢; it is
equal to —oo if the tank is empty. Figure 1.2(b) shows the tank model corresponding
to the flooded topographic surface represented in Figure 1.2(a). For each catchment
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basin of a minimum in Figure 1.2(a) there is a corresponding tank in Figure 1.2(b).
The empty catchment basin b corresponds to the empty tank b. For all other catchment
basins, the levels of the lakes correspond to the levels of the tanks.

The tank network, in turn, may be modeled as an edge-weighted graph: each tank
is represented by a node; if two tanks p and q are linked by a pipe at altitude 7,4, then
the corresponding nodes are connected by an edge with this same weight 7,,,.

1.3.4.2. The hydrostatic equilibrium of a tank network

The laws of hydrostatics explain the equilibrium state of water in a network of
tanks linked together by pipes:

— If the level 7; in the tank ¢ is higher than the pipe ¢;;, then the levels are the same
in both tanks ¢ and j: 7; = 7;. This is the case in Figure 1.2(b), where the level of
flood in the tanks e and f is higher than the level of the pipe between them.

— The level 7; in the tank 7 cannot be higher than the level 7; unless 1;; > ;. This
is the case in Figure 1.2(b), where the level of flood in the tanks a is higher than the
level of the tank b (which is empty); this is possible as 7,, = 7,. Conversely, Figure
1.2(c) and (d) shows a situation violating the laws of hydrostatics, as the level of tank
a should go down, producing a flow through the pipe e,; until reaching the level of
the pipe 745 as in Figure 1.2(a).

In fact, as we establish below, this second condition implies the first one. Hence,
we use it as a criterion to ensure the hydrostatic equilibrium:

CRITERION 2.— The distribution T of water in the nodes of the graph G[N,&] is an
e-flooding of this graph, i.e. it is a stable distribution of fluid if it verifies the
criterion: for any couple of neighboring nodes (p,q), we have: (1, > T4 = T
> 1,) (criterion el)

Figure 1.6 shows several configurations compatible with the laws of hydrostatics
and others which are not.
1.3.4.3. Equivalent criteria

The following criteria are equivalent to criterion el:

(Tp > Tqg = Npg > Tp) < (N0t (7, > T4) OL g > Tp)
& (1p S Tg0r Ty < Mpg) & (1p < Tq Vpg)  (criterion e2);

& (1 < A (T4 V1pg)  (criterion e3);
(p,q) neighbors

& (p=T7p A A (74 V Mpq)  (criterion e4).
(p,q) neighbors
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Figure 1.6. The water distributions marked OK are compatible
with the laws of hydrostatics; the others are not

1.3.4.4. Notations
Given a graph G[N, E|] with edge weights v, we write: 7 U 1 when the function T
is an e-flooding of the graph G[nil, 7).
1.3.4.5. Properties of the e-flooding of an edge-weighted graph
1.3.4.5.1. The algebra of e-floodings
{rUnand 7" Un} = (rVv7') Unand (rA7") Un:

Tp < g V pg and 7, < 7,V 14, Which implies 7, V 7, < 7, V 7, V 154 and
Tp AT) < (Tg ATh) V g

The flooding family of an edge-weighted graph forms a complete lattice for the
ordinary order relation <. The minimal flooding has the level —oo, whereas the
maximal flooding has the level 7.

1.3.4.5.2. e-floodings for increasing edge weights

{rUnandn <9’} =707 as:
{rUn} = {mp <7y Vet = {Tp < Tg Vpg STq\/m’)q} = {rUn'}.

1.3.4.6. The special role of ,,.n

The function (g,,.7) p 1s the weight of the lowest adjacent edge of p. Hence, if a
flooding 7 of G[nil, ] verifies 7, < (enen),, then its level can vary below (gnen),
without an influence on the flooding level of the neighboring node, as there is never an
overflow into a neighboring pipe of p. Inversely, if ¢ is a neighboring node of p, then

Tg < Tp V lpg < (EneM), V pg = Tpg, showing that there is no overflow from g to p.
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The function €,.n is a kind of ground level. If 7, < (snen)p, then any other
flooding level 7, < (g,,.7) p has no effect on the flooding level on the other nodes.

1.3.4.6.1. The function ¢,,.n is an e-flooding of G[nil, n]

For two neighboring nodes p and g, we have (5nen)p < 7pq. Criterion €2 is
verified: (€5e1), < Npg < (€nen), V Tpg- Hence, enen Un.

1.3.4.6.2. The function 7V €,.n

Since e,.nUn : {7 Un} = {7 VennUn}, as the supremum of two e-floodings
is an e-flooding.

1.3.4.6.3. Inversely

We now prove the inverse implication: {7V en.nUn} = {r Un}. We again
consider two neighboring nodes p and g:

— the case where 7, > (snen)p and 7, > (snen)q As TV e,en U 1, criterion e2
applies o 7, V (€nen),, = Tp and 7¢ V (€nen),, = Tqs

— the case where 7, < (gpen) p (the same reasoning applies if we exchange the
roles of p and ¢). Let us show that the criterion e2 is still satisfied for p and ¢.7, <
(Emn)p < Npg < Tq V Npg- AS TV enen U n, the criterion e2 applies: (7 V Emn)q <
(tv &:nen)p V npg Then 7, < (7 V 5ne77)q < (rVv snen)p V pg = (snen)p V pg =
Npg < Tp V Tpg-

Criterion e2 is satisfied for all pairs of nodes, showing that indeed 7 Un.
Summarizing

We thus have the equivalence {7V €,.n Un} < {r Un}

Hllustration

This result may be interpreted as follows. If  is a flooding of G[nil, 1], then the
exact value taken by p on all the nodes for which p < ¢,,.n has no importance and
may be replaced by any other value i/ < g,¢7.

Such a situation is shown in Figure 1.7, which presents two valid floodings 74 for
figure A and 7 for figure B. They verify 74 V epe) = 7B V €p7; they differ by the
level of flooding in the tank e, which is equal to (1), in Figure 1.7(a) but below the
lowest adjacent pipe in Figure 1.7(b). If one of them is an e — flooding of G[nil, ),
so is the other.

This lemma implies that from any e-flooding 6 of an edge-connected graph
G|[nil, ], it is possible to generate other e-floodings by lowering the flood level in all
tanks where 6, < (cnen),. We thus obtain a new flooding level ¢’ verifying
0" =0V epen.
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Figure 1.7. Two distributions of water T4 in A and g in B of the same graph G|nil, n).
They verify the relation T4 V enen = 7B V enen; they differ by the level of flooding in the
tank e, which is equal to (en.n)_ in A but is below the lowest adjacent pipe in B. If one

e

is an n-flooding of G[nil, n], so is the other

1.4. The relations between n-floodings and e-floodings
1.4.1. Modeling the flooding on two scales: equivalence of both models

We have modeled the same flooding of a topographic surface on two scales. At
the scale of the catchment basins, we have modeled it as an e-flooding of an
edge-weighted graph or as a tank network submitted to the laws of hydrostatics. At
the scale of the nodes, we have modeled it as an n-flooding of a node-weighted
graph: the n-flooding following the laws of gravity, which governs the flowing from
node to node. We thus have two models on two scales of the same phenomenon.
Although the models are different, we now verify that they result in the same
flooding, as stated in the following theorem.

THEOREM 1.1.— For 7 > v: the function T is an n-flooding of G|v, nil] if and only if
7 is an e-flooding of Gnil, dep V]

PROOF.— {7 > v is an e-flooding of G[nil,d.,v]} < {r>vand7, <7,V
Vg } (criterion €2) < {r>wvand7, <7,V v,} (criterion n-2) < {7 is an
n-flooding of GInil,d,v]}. The second equivalence is due to the fact that
Tq V Vg = Tg, SiNCE T > V. O

We now have three possible representations of a graph. Figure 1.8(a) shows a
topographic surface v defined on five adjacent nodes, modeled as a node-weighted
graph G [v, nil]. Figure 1.8(c) shows a tank network. The tanks corresponding to
neighboring nodes p and ¢ are linked by a horizontal pipe at a level
Mpg = Vp V Vg = (55nv)pq; this model represents the edge-weighted graph
G [nil, §¢n ). Figure 1.8(a) shows the function v within the tank network. We remark
that each pipe is the lowest pipe of one of its adjacent tanks. This property is linked,



20 Topographical Tools for Filtering and Segmentation 2

as was established in Topographical Tools for Filtering and Segmentation 1, with the
fact that the dilated function ., is invariant by the opening V. : VelenV = den
Ene(seny = 6eny-

A B ] C ]

a b c d e a b ¢ d e a b c d e
D E F

a b c d e a b ¢ d e a b ¢ d e

Figure 1.8. Various modelings of the same topographic surface. a) The pixel level is
modeled as a node-weighted graph G [v,nil]. b) The tank network in which a ground
level v is indicated in yellow and pipes at the level 6.,,v connect the neighboring pipes.
It corresponds to a node- and edge-weighted graph G [v,d.v]. ¢) The associated
tank network without ground level, which corresponds to an edge-weighted graph
G [nil, denv]. d), €) and f) The same flooding distribution is displayed on these three
graphs

Figure 1.8(d) shows a flooding 7 > v of G[v,nil], and Figure 1.8(f) shows the
same flooding on the tank network representing G[nil, §.,,v]. Figure 1.8(e) regroups
all functions on the nodes, i.e. in the tanks: v for the ground level, 7 the flooding, with
the pipes having the level n,q = v, V Vg = (6ent),,,-

In Figure 1.8(d,e) and (f), we present the same flood distribution, following the
laws of gravity in Figure 1.8(d) and the laws of hydrostatics in Figure 1.8(e) and (f).
Conversely, Figure 1.9(c) and (d) shows a case where these laws are violated. In Figure
1.9(c), the flooding 7 at nodes a and b verifies 7, > 7,, but the node b is not dry, as
Tp > Up. The criterion nl is thus violated and the water distribution is not a valid n-
flooding. The same distribution of water in the tank network of Figure 1.9(d) violates
criterion el of e-floodings: 7, > 7, should imply 7, < 7,4, Which is not verified.
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As aresult, it is possible to compute a flood distribution of a node-weighted graph,
indifferently with algorithms developed for n-floodings or developed for e-floodings.

B ._f

a b c d e a b ¢

a b c d e a b ¢ d e

Figure 1.9. a) an n-flooding of a topographic surface. b) the
e-flooding of its equivalent pipe network. c) an impossible
n-flooding. d) the equivalently impossible e-flooding

1.5. Flooding a flowing graph
1.5.1. Flowing graphs: reminder

A graph G|v,n] is a flowing graph if node and edge weights are coupled by the
following relations: v = €,.n and 1 = O, V.

Replacing v and n with their values, we get:
—V =Epell = Ene(senlL = Pnl;

=1 = benV = OenEne?) = Vel
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1.5.2. Starting from an edge-weighted graph G[nil, )

1.5.2.1. The case where v.n =1

We define v = ,,.n. The graph G[v, 7] is then a flowing graph as = ~.n =
OenEne” = Oen . We then have

{rUn}e{rVvenUn}t e {(rvr)Un}t < {(rVvrv)dv}
The first equivalence is true for all e-floodings of G[nil, ).
The second equivalence is obtained by replacing ¢,,.n with the value v.
The last equivalence is obtained by applying theorem 1.1 to the function 7V v.
REMARK 1.2.— As Glv, )] is a flowing graph: v = @,v

1.5.2.2. The case where vy.n <n

The edges of an edge-weighted graph verifying v.n > 7 are not the lowest
neighbors of any of their extremities.

We define v = e, and 7' = Jenl = Gentnel) = Vel
And ven' = vyeven = ven =1’
gnen/ = 51165@77,577,@77 = Epell = V.

The graph G[v, '] is then a flowing graph and the results of the preceding sections
apply:

{rUn'} e {tVenn U} & {(rVvv)Un} e {(tVv)yr}
Conversely

As ' = v.n < n, we have 7 U7’ = 7 U 7. The inverse implication, however,
is not true. If 7 is not open by 7., there are edges €,, for which 1,4 > (7en),,. In
the section on watersheds, we have cut all these edges without disturbing the flowing
paths, the regional minima and the catchment zones. By cutting the edges, we indeed
obtained a flowing graph, but one which may be disconnected. Here, we deal with
flooding, and we cannot cut such edges: if we cut the edge e,4, then no lake can exist
covering both nodes p and q.

The problem is due to the fact that the edges of an edge-weighted graph verifying
Yen > n are not the lowest neighbor of any of their extremities. Hence, n-floodings
progressing from node to node do not cross this edge in the same way as an e-flooding
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crossing the same edge. This is illustrated in Figure 1.10. Figure 1.10(a) presents the
tank network for an edge-weighted graph G[nil,n], which does not verify v.n = 7.
Indeed, (7en),. < Mbe, the edge ey, of the graph is not the lowest edge of either
of its extremities. In Figure 1.10(a), the ground level v = ¢,.n shows that the pipe
ey 1s strictly above the ground level of both adjacent tanks. However, the floodings
in Figure 1.10(a) and (b) are perfectly correct, as they verify 7, < 7. V mp. and 7, <
7b V My However, the same flooding distribution in the associated topographic surface
of Figure 1.10(c) is not correct, as 7, > T, V Vp.

L

a b ¢ d e a b cd e
a b ¢ d e a b cde

Figure 1.10. a) The tank network associated with an edge-weighted graph G|nil,n),
which does not verify v.n = n. Indeed, (v.1n),. < M., the edge ey of the graph is not
the lowest edge of one of its extremities. b) The ground level v = e,.n is indicated in
yellow. The pipe e is strictly above the ground level of both adjacent tanks. However,
the floodings in A and B are valid, as they verifiy 7, < 7. V mue and 7« < 74 V Mpe. C)
The same flooding of the topographic surface associated with the graph Glenen, nil]
is not correct, as , > 1. \V v d) The tank network associated with an edge-weighted
graph Gnil, n], which does verify v.n = 1. €) The ground level v = e,,.n is indicated in
yellow. The pipe e is at the same level as the ground level of the tank b. The floodings
in D, E and F are identical and valid. For the tank network in D, it verifies 7, < 7. \V e
and . < 7, V .. For topographic surface of F, it verifies 1, < 7. V v, and 7. < 7, V v¢

In contrast, Figure 1.10(d) presents the tank network for an edge-weighted graph
G'[nil, n], which does verify 7.7 = 7. Here, (71),. = e, the edge ey, of the graph is
the lowest edge of the node b. In Figure 1.10(e), the ground level v = €,,.7 (in yellow)
clearly shows that the pipe e is at the same level as the ground level of the tank b.
In accordance with the lemma, the flooding of Figure 1.10(d), (e) and (f) is the same
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For the associated topographic surface of Figure 1.10(a), it verifies 7, < 7. V v}, and
Te < Ty V Ve

and perfectly correct. For the pipe network, it verifies 7, < 7.V My and 7. < 75 V pe.

1.5.3. Starting from a node-weighted graph G|v, nil]

We define = d.,v. As a result of a dilation, 1 is open: .n = 7. The results
of the preceding section apply to the flowing graph G(v/,7n), where v/ = e, =
EnedenlV = Ppl.

{rUn} e {tVennUnt e {(rVv)Un} = {(rVvV)w}

Replacing v/ by its value @, v, we get:

{rUn} {7 Venen) Un} & {(T Vo) Un} & {(TVonv) ¥ ouv}
In the section on n-floodings, we have established for any graph G[v, nil]:

forr >v:{rwr} e {(tVev)Wr} & {7V e, p,r}, which may be
rephrased for an arbitrary function 7, not necessarily verifying 7 > v:

{(rvv)urv} s {(tVer)Wr} e {TVe,rde,v}

Given a node-weighted graph G[v, nil] and defining n = d.,v, we may put all
equivalences together and obtain for an arbitrary function 7

{rUn} & {(rVenen) Unt & {(7Venr) Un}
S {(tVer)dovt S {(tVer)drv} e {(tVr)dr}
< {(rvv) Un}

the last equivalence by application of Theorem 1.1.

1.5.4. Summarizing

We have now multiple equivalences which may be used for flooding weighted
graphs.
— For an edge weighted graph G[nil, n]

— Case where v.n = 1 We define v = ¢,,.n. We then have:

{rUnte{rVepnUn}t < {(rvr)Unt e {(rVrv)yv}



Modelling Flooding in Edge- or Node-weighted Graphs 25

— Case where v.n < n We define v = e,en and 7' = enlV = Sennel) = Vel
We then have:

{rUn'te{tVenn U} & {(rVvv)Un} & {(rVrv)yr}

— For a node weighted graph G[v, nil|

— We define n = ., and we have:

{rUnte {tVennUnt {7V, vUn} < {(tVe,w)de,v}
s{(rtVeu)urt e {(rvr)yr} < {(tVvr)Un}






