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The World in Equations 

Written in the second half of the 19th Century, the novels by French writer Jules 
Verne (1828–1905) recall the scientific and technological progress of his century. 
Verne shared the positive conception of technological progress, theorized by the 
French philosopher Auguste Comte (1798–1857) among others. Confident in human 
inventiveness, he expressed it in these terms to the French explorer Charles Lemire 
(1839–1912), his first biographer: “Everything I imagine will always remain below 
the truth, because there will come a time when the creations of science will exceed 
those of imagination.”  

Published in 1870, Twenty Thousand Leagues Under the Sea is one of his most 
translated works [VER 92]. Nowadays, it is also one of the top 20 best-selling books 
in the world, and has given rise to numerous adaptations for cinema, television and 
comic strips. Professor Aronnax, a leading expert at the Paris Museum of Natural 
History, Conseil, his servant, and Ned Land, an experienced sailor and harpooner, 
board the Abraham Lincoln, in search of a sea monster. The extraordinary beast is 
actually a machine of steel and electricity: the Nautilus, a formidable machine 
designed, built and commanded by Captain Nemo in order to rule the underwater 
world like a master. During their long stay aboard the submersible, the three heroes 
of the novel will discover magnificent landscapes and experience incredible 
adventures. They will measure the vastness of the ocean, its resources and wealth. A 
dream journey for Professor Aronnax, a golden prison for Ned Land, this strange 
epic will take them more than twenty thousand leagues under the sea. Verne lends 
these words to Captain Nemo: 

If danger threatens one of your vessels on the ocean, the first 
impression is the feeling of an abyss above and below. On the 
Nautilus men’s hearts never fail them. No defects to be afraid of, for 
the double shell is as firm as iron; no rigging to attend to; no sails for 
the wind to carry away; no boilers to burst; no fire to fear, for the 
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4     Numerical Simulation, An Art of Prediction 1 

– the control of technical risks. It allows the creation of regulatory dossiers, the 
demonstration of safety and reliability, the preparation of environmental impact 
studies, etc.; 

– economic performance. It contributes to the optimization of products, the 
demonstration of their robustness, the prediction of their performance or the 
reduction of their manufacturing and operating costs [COZ 09]. 

From their design to their dismantling, including their production, 
commissioning and operation, simulation becomes a general tool that benefits from 
the development of digital techniques. Nowadays, computer calculation makes it 
possible to model* many physical phenomena with satisfactory accuracy. It is 
improving as ECU performance accelerates. So much so that we can even imagine 
the possibility of conducting prototype tests before a product is put into service. The 
French aeronautical manufacturer Dassault Aviation, for example, has announced 
that it has designed one of its aircraft with the exclusive help of simulations  
[JAM 14]! 

1.1.2. Understanding, designing, forecasting, optimizing 

Simulation is thus the exploitation of the mathematical modeling of the real 
world as contained in the equations accounting for physical phenomena and its 
coupling with the computing power offered by modern computers, in order to 
understand, design, forecast and optimize: 

– understand? Because numerical simulation makes it possible to accurately 
represent many physical, chemical, biological – or social and human – phenomena 
(as in economics or demography). Computer calculations make it possible to provide 
an alternative to tests or observations carried out under real or laboratory conditions. 
They allow researchers to test hypotheses or theories – especially for objects of 
study that are sometimes inaccessible to experimentation, such as those found, for 
example, in the infinitely large (in astrophysics, to understand the formation of 
planets or black holes) or in the infinitely small (as in chemistry or biology); 

– design? Because numerical simulation is used by industry engineers to offer 
innovative products (e.g. integrating new materials, such as composites or those 
from 3D printing) or completely new products (e.g. a hydrodynamic turbine, used to 
recover the energy contained in underwater currents); 

– forecast? Because, to a certain extent, numerical simulation has the ability to 
provide data useful for analysis by technical experts. Engineers in many industrial 
sectors use it to demonstrate the expected performance of a construction (speed 
achieved by a ship in given sea conditions, resistance of a bridge or building to the  
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effects of storms or earthquakes, fuel consumption of an engine, yield of an 
agricultural plot, congestion of a road network, etc.). It also makes it possible to test 
scenarios of interest to manufacturers – particularly in the case of accidental or 
exceptional events. It thus contributes to improving the safety and reliability of the 
various means of transport, production and products we use on a daily basis; 

– optimize? Because numerical simulation can be used to compare the different 
alternatives for a product that engineers help to design. It can help them in the search 
for optimal performance, by exploring several options at a lower cost without 
resorting to systematic experiments on prototypes. It thus becomes a decision-
making tool and is used as such in different sectors of activity. 

How is it possible to understand, design, predict and optimize through 
simulation? On what assumptions is a numerical simulation based? How is this 
technique used in industry – and in other sectors of economic or scientific activity? 
What are the limits of its use? How does it fit into the range of current digital 
technologies? It is these questions that we propose to answer in this book.  

1.2. Putting the world into equations: example of mechanics 

There is no numerical simulation without mathematical modeling! In the words 
of French mathematician Jean-Marie Souriau (1922–2012), equations are the 
grammar of nature [SOU 07]. Physicists, engineers or researchers have found in 
mathematics a simple and universal way to describe and explain some of their 
observations. Mathematics is thus a language developed by humans and, in its 
modern form, is a foundation shared by different scientific and technological 
communities. 

The idea of putting the world into equations has crossed the history of mechanics 
in various forms. It also evolves according to mathematical discoveries and the 
conceptual means that they make available to physicists and mechanics. Let us 
review very briefly the main stages of this evolution. 

1.2.1. Construction of classical mechanical models 

In the 17th Century, the Italian physicist Galileo Galilei (1564–1642) proposed 
in his book The Assayer, published in 1623, a first mathematical approach to 
physics. His ambition was to study the movement of bodies, celestial or terrestrial, 
which can only be understood through abstract representations. 
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Figure 1.3. Galileo’s manuscript relating his experiences on the fall of bodies 
(Source: National Central Library of Florence) 

COMMENT ON FIGURE 1.3.– Galileo was a complete thinker: mathematician, 
physicist and astronomer. Against the dogmas imposed by 16th Century religion, he 
supported the theory of heliocentrism, conceived by Polish mathematician and 
astronomer Nicolaus Copernicus (1473–1543). He made mathematics an instrument 
for understanding the Universe and the movement of celestial bodies. He developed 
experimental tools, such as the astronomical telescope, allowing him to compare his 
theories with observations. The approach he adopted in studying the fall of bodies is 
a model of a scientific method. Galileo commenced by distinguishing the forces 
influencing the falling movement of an object: weight, air resistance, friction on an 
inclined plane. He then ignored the resistance of the air and friction, to focus only 
on weight. He hypothesized that this movement follows a mathematical law, that is, 
that the speed increases in proportion to the falling time. He then drew a 
consequence from his hypothesis: the distance traveled is proportional to the square 
of time. He then developed an experiment that would confirm, or refute, his 
prediction. The figure reproduces folio no. 116 verso, taken from a manuscript 
found in Florence in 1972. In this document, Galileo noted, for example, readings of 
object path lengths, and various other measurements relating to his experiments on 
inclined planes. The latter confirm his hypotheses on the parabolic shape of the 
trajectories of launched objects and on the evolution of their speed. The study of the 
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notes he left shows that his demonstration was built in a back and forth between his 
intuitions and their confrontation with the results of experiments – his initial 
hypothesis, later invalidated, was even that the speed of a falling object was 
proportional to the distance! 

According to Galileo: 

Philosophy is written in that great book which ever lies before our eyes — 
I mean the universe — but we cannot understand it if we do not first learn 
the language and grasp the symbols, in which it is written. This book is 
written in the mathematical language, and the symbols are triangles, 
circles and other geometrical figures, without whose help it is impossible 
to comprehend a single word of it; without which one wanders in vain 
through a dark labyrinth. [GAL 23] 

The mathematical tools of his time were limited compared to the formal arsenal 
available to mechanics today. He had no equations at his disposal. Mathematical 
concepts were expressed through words or geometric figures. Galileo used them to 
formalize his observations on movement and it was the test of experimentation that 
then validated the modeling he proposed. 

Later in the 17th Century, the English mathematician and physicist Isaac Newton 
(1643–1727) formulated the laws of movement in his book Philosophiae naturalis 
principia mathematica. Published in 1687, it is one of the first treatises on modern 
mechanics. We owe the translation of this text, originally written in Latin, to a 
woman, the French Gabrielle-Émilie le Tonnelier de Breteuil, Marquise du Châtelet 
(Figure 1.4). Dated 1756, a few years after the death of Émilie du Châtelet, we can 
still read it today. 

 

Figure 1.4. Émilie du Châtelet (1706–1749) 
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COMMENT ON FIGURE 1.4.– French mathematician and physicist, Émilie du Châtelet 
contributed to the progress of mechanical knowledge in the 18th Century. She made 
Newton and Leibniz’s work known in France. She translated Newton’s book and 
verified some of the latter’s theoretical proposals through experience. In her 
translation of Newton, she thus makes theoretical corrections to the text regarding 
the calculation of the energy of a body, accurately establishing that it is the product 
of the mass and the square of the velocity [CHA 06b]. It should be noted that the 
equations and models encountered in simulation bear the names of the scientists – 
men almost exclusively – who helped to establish them. However, women have also 
participated, where possible, in the development of mathematics and physics. The 
importance of women’s contributions to science is highlighted, for example, by the 
French philosopher Gérard Chazal. The latter defended the following theory: “The 
fact of keeping (women) away (from science) is more due to ideological, social or 
religious reasons than to biological ones”[CHA 06b]. This theory was confirmed by 
recent results from researchers in cognitive sciences, showing that there are no 
intrinsic differences between the scientific aptitudes of men and women: “Analyses 
consistently revealed that boys and girls do not differ in early quantitative and 
mathematical ability” [KER 18]. Gérard Chazal demonstrated this with many 
examples, covering different disciplines and historical periods. Like Émilie du 
Châtelet, women are just as gifted as men for the so-called “hard” sciences 
(mathematics, physics or chemistry) and their past – and especially future – 
contribution is as decisive as that of men for the progress of knowledge and its 
applications for the benefit of humanity (Source: Madame du Châtelet at her desk, 
18th Century, oil on canvas, Château de Breteuil). 

The laws of inertia, dynamics and action/reaction are set out by Newton [NEW 56]. 
They form the basis of classical mechanics and many of the equations encountered in 
this book are an expression of this, in one form or another: 

– the first law of movement is the law of inertia: an object at rest stays at rest and 
an object in motion stays in motion at a constant speed and direction unless acted 
upon by an unbalanced force; 

– the second law of motion is that of dynamics, which Newton formulated as 
follows: the changes that occur in movement are proportional to the driving force; 
and are made in the straight line in which that force has been printed; 

– the third law of movement is that of action/reaction: action is always equal to 
reaction; that is, the actions of two bodies on each other are always equal and in 
opposite directions. 

In order to solve the equations of motion, Newton laid the foundations of 
infinitesimal calculus, which gives meaning to the notions of derivation and  
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integration of a mathematical function. The differential and integral calculus, 
discovered in the same period by the German mathematician and philosopher 
Gottfried Leibniz (1646–1716) in a context of rivalry between the two personalities 
[DUR 13], makes it possible to describe motion by means of differential equations*. 
These would gradually become, with partial differential equations*, the language of 
mechanics and remain so today. The d’Alembert equation (Box 1.1) is an example 
of a partial differential equation, typical of classical mechanics. 

 

Figure 1.5. Handnotes by Gottfried Leibniz on infinitesimal calculus  
(Source: Gottfried Wilhelm Leibniz Bibliothek) 

COMMENT ON FIGURE 1.5.– Newton and Leibniz helped to develop infinitesimal 
calculus. The derivative of a function describes the small variations of a quantity 
dependent on a variable, when the integral of a function corresponds to a 
continuous sum of this quantity over a given interval. The usual image illustrating 
these notions is that of movement: if ߶(ݐ) represents the speed of an object over 
time, the derivative ݀߶ ⁄ݐ݀  corresponds to the acceleration it undergoes and the 
integral ׬  to the distance it travels. In order to give a mathematical ݐ݀(ݐ)߶
existence to these notions, it is necessary to think of the ratio and the sum of 
quantities becoming infinitely small (they are noted ݀߶ and ݀ݐ). How to define 
them, measure them? Are they calculable quantities and under what conditions? It is 
a question of thinking in “asymptotic” terms: the notion of “limit” is thus one of the 
contributions of Newton and Leibniz’s work to mathematics. It is useful for 
representing the dynamics of the physical world in an abstract manner. 
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NOTE.– Ideal models for understanding reality 

The physical phenomena that mathematical models aim to represent are inherently 
complex and multiple. Their construction is the result of a long process, in 
perpetual renewal. The latter advances according to the sensitive or intellectual 
experiments that physicists have imagined in order to understand the world. Like 
Galileo, who studied the fall of bodies by first ignoring friction, they often use 
ideal models. Far from certain complexities of reality, they allow us to better 
understand it and then enrich its mathematical representation. For example, the 
mechanical description provided by static models does not fully correspond to 
reality: systems evolve in an intrinsically dynamic way. Nevertheless, static 
modeling allows us to think about the relative importance of different forces acting 
on systems. 

For instance, fluid mechanics is initially conceived by neglecting the effects of 
compression or friction developing within the flows: we thus assume the perfect 
fluid, which makes it possible to write equations suitable for analytical calculation. 

       

Figure 1.6. Overflow, Luka Fineisen, 2009, plastic film and adhesive tape,  
work from the installation Perfect Fluid (Source: Luka Fineisen). For a color version 

of this figure, see www.iste.co.uk/sigrist/simulation1.zip 

COMMENT ON FIGURE 1.6.– A fluid is said to be “perfect” if it is possible to 
describe its movement without taking into account the effects of viscosity (the fluid 
tends to adhere to the wall), capillarity (the free surface tends to deform in the 
presence of a wall or at the interface with another fluid) and thermal conductivity 
(the fluid carries energy and its temperature varies accordingly). The Swiss 
physicist and mathematician Leonhard Euler (1707–1783) proposed one of the 
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COMMENT ON FIGURE 1.7.– Pierre-Simon Laplace was the author of many 
contributions in mathematics applied to astronomy, mechanics and other fields. To 
Napoleon I, who asked him why his treatise on cosmology did not mention God, he 
gave this answer: “God? Sire, I didn’t need that assumption!” (Source: Pierre-
Simon Laplace by Jean-Baptiste Paulin Guérin, 1838, oil on canvas, Château de 
Versailles). 

Laplace came to think that the universe was entirely representable by 
mathematics and, if we had a tool effective enough to solve the problems formulated 
by equations, the knowledge we would have of it would be total! He wrote as 
follows: 

We must therefore consider the present state of the universe as the 
effect of its former state and as the cause of the one that will follow. 
An intelligence that, for a given moment, would know all the forces 
whose nature is animated, and the respective situation of the beings 
that compose it, if it were vast enough to submit these data to 
Analysis, would embrace in the same formula the movements of the 
largest bodies in the universe and those of the lightest atom: nothing 
would be uncertain for it and the future, as the past, would be present 
in its eyes (quoted by [SUS 13]).

 

Some mechanical systems can be described by a differential equation whose 
initial conditions are known, which physicists formulate as follows: ݀߶݀ݐ = ߰(߶, ݐ)߶(ݐ = 0) = ߶௢ 

The unknown quantity, a physical quantity whose evolution is monitored, is 
denoted ߶. We know its initial value, ߶௢, and its law of evolution is given by the 
equation describing its derivative as a known function, ߰(߶,  depending on the ,(ݐ
magnitude itself and time. According to Laplace, such an equation can therefore in 
theory be fully calculated at any time with infinite precision! 

The mathematical discoveries of the 20th Century brought strong downsides to 
Laplace’s assertion. By studying a solar system containing only three bodies (Earth, 
Moon, Sun), the French mathematician Henri Poincaré (1854–1912) discovered, for 
example, the chaos [GLE 87] potentially hidden in classical mechanical models. He 
understood that it was impossible to calculate the interactions of these three bodies 
over a long period of time because this simplified system, although perfectly 
described by the equations, contained an unpredictable part. 
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Even in a deterministic context, the accuracy required by a calculation is not 
always sufficient to know what will happen, as also demonstrated by American 
meteorologist Edward Lorenz (1917–2008), following Poincaré. He was interested 
in the movement of the atmosphere, of which modeling is one of the most complex.  

Describing the situation at a given moment requires knowing the temperature, 
pressure and speed at all points on the globe. This is a major theoretical and practical 
issue in mathematics and physics, some aspects of which we will study in Chapter 4 
of Volume 2. In an attempt to understand some of the principles of atmospheric 
dynamics, Lorenz oversimplified the problem of its motion [LOR 63], as does any 
mathematician wishing to understand the nature of equations. He proposed a model 
based on a three-variable differential equation, explicitly written as: 

۔ۖەۖ
ۓ ݐ݀(ݐ)ݔ݀ = (ݐ)ݕ൫ߪ − ݐ݀(ݐ)ݕ൯݀(ݐ)ݔ = (ݐ)ݔߩ − (ݐ)ݕ − ݐ݀(ݐ)ݖ݀(ݐ)ݖ(ݐ)ݔ = (ݐ)ݕ(ݐ)ݔ − (ݐ)ݖߚ  

The interest of the simplification introduced by Lorenz is to describe the 
evolution of the atmosphere through a movement that can be graphically represented 
in a three-dimensional space. On the other hand, this model is so simplified that this 
representation does not reflect the real changes in the atmosphere! 

The dynamic system proposed by Lorenz allowed him to uncover the 
intrinsically chaotic behavior of the system he was studying. The trajectories drawn 
depend on the initial conditions in an unpredictable way: thus, for two close starting 
points, the paths followed can suddenly move away... However, all the paths are 
found on longer ones in a given region of the space, designated “attractors”. The 
Lorenz system attractor, which he discovered in 1963, looks like a butterfly (Figure 
1.8). It can be conceived as the well-known symbol of chaos theory, formulated in 
this question: “can the flapping of a butterfly’s wings in Brazil cause a hurricane in 
Europe?” 

With Lorenz’s study, chance entered the scientific description of the world  
[LEC 16], questioning the fundamentally deterministic, and in some respects rigid, 
character of Newton’s and Laplace’s mechanics. The theory of chaos, developed  
in the middle of the 20th Century, and to which Lorenz contributed, has made part  
of this uncertainty a little more understandable to mathematicians and physicists  
[WER 09].  
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Figure 1.8. Lorenz’s attractor (Source: www.commons.wikimedia.org). For a color 
version of this figure, see www.iste.co.uk/sigrist/simulation1.zip 

COMMENT ON FIGURE 1.8.– Lorenz studied a differential equation that allowed him 
to represent the atmosphere in a very simplified way. By modifying the initial 
conditions of this equation, he demonstrates that a low initial uncertainty results in 
an increasing uncertainty in the forecasts, and that this uncertainty becomes 
unacceptable after a long time. He concluded that this sensitivity to initial 
conditions makes one lose all hope of long-term forecasting. He also showed that all 
the trajectories corresponding to the dynamic system he was studying tended to meet 
in a privileged region, forming an “attractor”. It is not always possible to 
accurately calculate the behavior of a system composed of a very large number of 
interacting elements. If it is possible to determine an attractor for the system under 
study, one can to some extent study the system by working on the attractor instead of 
solving the differential equation system itself, which includes a fundamentally 
unpredictable part. 

In 1984, Czech filmmaker Miloš Forman invented in Amadeus a rivalry between 
Antonio Salieri (1750–1825) and Wolfgang-Amadeus Mozart (1756–1791) for the 
purpose of a film illustrating the power of creative genius and the work of artistic talent 
[FOR 84]. A sequence shows Salieri secretly discovering a Mozart score: Serenade No. 
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11 in E flat major (K-361), known as Gran Partita. Reading the signs on the paper, he 
hears in his head the beginning of the third movement (Adagio) and the contribution of 
each of the wind instruments. 

Comfortably seated in the armchair of an opera house, at the table of a jazz or blues 
café or among the crowd at an open-air concert, we have a different experience of Salieri 
from Forman’s, discovering musical works in a variety of listening conditions. Attentive to 
the quality of sound, we can physically feel the emotions it conveys. Wave propagation, 
like sound waves, corresponds to vibrations from one material to another, like those of 
musical instruments or a fluid, like the air that transmits their harmony [CHA 01]. 

The equation that describes the propagation of waves was formulated by the French 
mathematician Jean le Rond d’Alembert (1704–1780) in his Recherches sur la courbe que 
forme une corde tendue mise en vibration in 1747, when he was trying to understand the 
physics of strings. 

For neophytes, musical symbols are as unintelligible as mathematical symbols! Yet, 
everyone can be touched by their graphic beauty, and, without understanding them, feel 
that they contain information, describe a reality or express an emotion... The equation that 
d’Alembert establishes takes the following form: 

ߩ        డమథడ௧మ = ܧ డమథడ௫మ  ߶ refers to a given physical quantity, such as the pressure in the air or the vibration of 
a string. The wave equation reflects Newton’s second principle. It stipulates that the 
acceleration of a piece of a violin string (first member of the equation) is proportional to 
the average variation in motion of the neighboring pieces of string (second member of the 
equation). 

It involves the physical characteristics of the rope:  ߩ the density of the metal of which 
it is made and its Young’s modulus ܧ characterizing its resistance to tension. The ratio 
between these two quantities defines the speed of vibration propagation in the string: 
more precisely ܿ = ඥߩ/ܧ is the speed of the wave in the material. 

Each instrument has its own sound, rendered by the long and patient work of a 
luthier... The shapes of an instrument evolve with the experience, fashions or expectations 
of the musicians. In order to make people aware of the diversity of the world and the 
sometimes conventional nature of its representations, Spanish painter Pablo Picasso 
(1881–1973) and the Cubists revisited the forms of instruments such as the violin and the 
guitar. The acoustic quality of the latter depends on their shape, the materials used, the 
finishes and adjustments specific to each luthier (varnish, strings, adjustments, etc.). In 
concert, the temperature and especially the humidity of the room influence the sound: the 
mechanical characteristics of the wood, which determine its vibrations, depend among 
other things on these physical quantities. 
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 Wood is an inhomogeneous and orthotropic material: its rigidity and density evolve 
according to the fibers, the presence of knots, etc. Vibrations are damped in any material: 
the propensity of wood to absorb energy by dissipating it by friction in the fibers depends 
on its vibration frequency, temperature and water content. These properties are related to 
the notion of viscoelasticity of materials. This variability is measured experimentally and 
can be represented by empirical formulas useful for simulations. Violin makers, musicians 
or music lovers know this from experience... But who can say with certainty which of 
these parameters most influence the vibrations of the instrument? 

Is it possible to account for it by a calculation with sufficient reliability to guide the 
luthier’s choices – helping them to confirm their intuition or their empirical approach? To 
answer this question of both scientific and practical interest, Romain Viala, a French 
acoustic researcher, proposed an algorithm using digital models of instruments, such as 
the guitar (Figure 1.9) [VIA 18a, VIA 18b]. 

       

Figure 1.9. From the model resulting from computer-aided  
design to the result of calculating the vibrations of a guitar [VIA 18c]. For a color 

version of this figure, see www.iste.co.uk/sigrist/simulation1.zip 

The result of more than three years of development, numerical tests and experimental 
validation, the methodology implemented is based on vibration calculations, reproducing 
an industrial approach. 

It is rather rare to find analytical solutions to mechanical equations, such as sound 
propagation, and the use of a numerical technique is generally necessary. The principle of 
a numerical method is to calculate an approximate solution for the equations of the 
physical model. As will be discussed below in section 1.3, the finite element method* is, 
among many numerical methods, the most commonly used today in the calculation codes 
used by engineers. 

Operated automatically by computer programs, these tools make it possible to create a 
virtual experimental design during which the shape of the instrument, the stiffness and 
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 damping properties of the wood and the position of parts in the resonance chamber evolve 
within configurable limits (Figure 1.10). 

  

Figure 1.10. Models of the soundbox of a guitar for two wood species with 
two positionings of the braces [VIA 18c]. For a color version  

of this figure, see www.iste.co.uk/sigrist/simulation1.zip 

Wood species and the position of the reinforcements (braces) determine the acoustic 
quality of the guitar: which is most important? 

The 5,000 calculations of the experimental design seeking to answer this question are 
carried out in a few days, a few weeks at most depending on the case, by a machine with 
standard capacities, such as a simple laptop computer. The numerical model contains 
more than 500,000 unknowns, which means that the result is obtained “immediately”! 

The mathematical model is based on the equation used in the vibration calculations: 

       (−߱ଶM + ݅߱C(߱, (ߦ + K)X = F 

It simply expresses what the guitarist or listener feels. Vibration at a given frequency 
is represented by X, which includes the half a million unknowns of the model. ω 
represents a low or high-pitched sound, varying in the entire range of sounds of the 
instrument. The vibration depends on the force applied to the guitar (F like famous 
guitarist Keith Richards demonstrates plucking on the strings!), the mass (M) and rigidity 
(K) of the resonance box. The damping characteristics of wood (contained in C(߱,  ((ߦ
vary according to frequency and different parameters. Rated ߦ, these represent, for 
example, temperature or humidity. 
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 Among the simulation results, there is a set of curves. They represent the intensity of 
the instrument’s vibration intensity according to frequency and associate a quantifiable 
amount with a perception. They show how the vibration evolves according to its shape or 
the wood species chosen... by the algorithm. 

The algorithm can also work backwards – mathematicians call it the “reverse 
method”. Starting from a criterion defining a precise sound quality or timbre, it finds 
among the possible combinations of shapes and wood species the one that will give the 
guitar the desired acoustics. However, it is necessary to restrict in advance the values that 
the algorithm can take, as the potential solutions are so diverse and numerous. Preliminary 
analyses determine which parameters should be included in the calculation. 

The data review also provides answers to the questions asked at the origin of the 
research. In order of importance, the parameters that influence the sound quality of the 
instrument are its shape (table thickness, number and position of dams), then the materials 
(density and rigidity of the wood) and finally, the environment (room humidity and 
temperature). 

The accuracy of the algorithm is based on two main guarantees: 

– the reliability of the data. The mechanical characteristics of the wood are the result 
of experimental campaigns that take into account the conditions of use of the instrument 
and consolidate a database; 

– the validity of numerical models. This is established by comparing the different 
forms of vibration, calculated by the algorithm, on the one hand, and measured according 
to a precise experimental protocol, on the other hand. The comparison criteria are both 
qualitative and quantitative: for example, they relate to the shape of the instrument and its 
audible frequency. 

Simulation opens up many applications: first, as a design tool for luthiers, it can also 
produce data that can be used for sound synthesis. A digital guitar can charm expert ears: 
luthiers heard the subtleties of timbre rendered by three different digital instruments, for 
which only the shape of the body and the number of braces had been modified! 

Will we manage without the know-how of the craftsmen? Is the human being here 
overtaken by the computing machine? The young researcher behind the simulation 
provides an answer: 

The algorithm is a design tool: it allows you to choose the most suitable shape 
and material for the soundboard, thus avoiding costly operations to design it. 
The finesse of the instrument lies in its finishes, which require the work of the 
luthier... 

Numerical simulation demonstrates the quality of a virtual object: it remains to be 
manufactured and it is human know-how that remains its origin... As for calculations, they 
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 take time. The size of numerical models, the number of unknowns they contain, largely 
determine the accuracy of simulations and the computer resources they require. The 
information in models and equations is, in some cases, overabundant. It is then possible to 
extract more targeted information from these data to accurately solve the problem. How? 
By trying to characterize the vibrations of the instrument with global information. 

The deformations of any object, regardless of its size, whether a suspension bridge or 
a computer component, can be represented by vibration modes that have a particular 
shape and a given frequency. The vibration modes are contained in the d’Alembert 
equation and appropriate algorithms are used to calculate them [CHA 88]. There are an 
infinite number of modes, which express the complexity of vibrations and can be ordered 
as if they were a parade, from the smallest to the largest, according to a frequency or 
energy criterion. Knowing the vibration modes of an object makes it possible to determine 
how it can respond to the stresses of its environment: this is a useful element of analysis 
for engineers in order to ensure, for example, the safety of the systems they design. 

Hollows and bumps in the deformation of the material of which an object is made: the 
shape of the vibration mode is a characteristic of the latter. The frequency, the number of 
beats per second, is also specific to the mode: it is 577 Hz for the violin vibration mode 
shown in Figure 1.11. Frequency and modal form can be calculated or measured and are 
compared to validate a model for example. 

          

Figure 1.11. Vibration mode of a violin [VIA 18a]. For a color version of  
this figure, see www.iste.co.uk/sigrist/simulation1.zip 

An object is completely characterized by its vibration modes [CHA 01]. Its movement 
involves a combination of its modes. At any given moment, its vibratory state is described 
by a mathematical equation, written as a symphony. We hear the contribution of all the 
orchestra’s instruments, each one playing its score more or less intensely – depending on 
what the conductor decides and asks for in order to perform it. 
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 Physicists write that the mechanical state of the system they are studying results from 
the linear combination of its different specific states, the modes of vibration. In 
mathematical terms, this translates into: 

                            
    

        is the vibratory state of the system,       represents a vibration mode and  
      its amplitude. The sign      

    indicates that vibration results from the 
contributions of all modes. The representation takes into account the   most significant 
modes according to the criteria that mathematicians and physicists indicate to engineers. 
Calculating the dynamics of a system with a few well-chosen modes makes it possible to 
considerably reduce the calculation times! 

Each mode contributes to the vibration without being coupled to the other modes. 
There is no interaction between the scores: the instruments play the one assigned to them 
and contribute to the overall harmony. A musical ear can distinguish in the whole melody 
the contribution of each one: here the violin, there the bassoon... If there is no ear, let’s 
take a look at the mixing table: the microphones arranged in the orchestra record each 
instrument and a signal superimposing their frequencies. It is possible to switch from an 
overall description of an object... to a reduced description: from the orchestra to each 
instrument and vice versa. This description generalizes in some respects the concepts of 
the Fourier analysis, which aims for example to calculate the components of a periodic 
signal (Figure 1.12). 

       

Figure 1.12. Joseph Fourier (1768–1830) invented mathematical  
tools useful for signal processing 

COMMENT ON FIGURE 1.12.– Joseph Fourier was a French mathematician who developed 
calculation tools that are still widely used today. He established that any signal that 
repeats itself over time can be calculated as the sum of simple signals, such as sinusoids. 
The larger the number thereof, the more precise the decomposition. The mathematical 
transformation that bears his name is a tool to represent any signal evolving over time 
using its frequency components. On the example presented in the diagram, we see how a 
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 periodic signal is decomposed into two sinusoids at specific frequencies. The Fourier 
transform of this signal shows the amplitudes of the sinusoids as a function of their 
frequency. This tool is the basis of many modern algorithms and finds different uses, in 
particular in signal processing (images and sounds) or the transmission of digitized data 
(Source: Joseph Fourier par Jules Boilly, 1823, gravure extraite de l’ouvrage, photo 
taken from the book Portraits et Histoire des Hommes Utiles, Collection de Cinquante 
Portraits Société Montyon et Franklin, 1839). 

Mathematicians also talk about model reduction methods*. Let us look at an example 
of the industrial application of such an approach. The vibrations of a marine propeller are 
responsible for noise in the ocean, with various consequences: impact on wildlife, 
indiscretion of a ship, etc. In order to calculate the vibration response of a propeller 
accurately, it is necessary to take into account the damping phenomena of these 
vibrations.  

These are mainly due to two phenomena: 

– the dissipation of energy in the propeller materials, more or less important, 
depending on their nature: metal or composite, for example; 

– the diffusion of energy in water by radiating waves in all directions. 

The calculation can use a numerical model of the propeller and solve d’Alembert’s 
equation on this large model with several hundred thousand unknowns... It is nevertheless 
accessible with a standard computer and gives results considered accurate in the state of 
engineers’ knowledge (Figure 1.13). 

                           

Figure 1.13. Numerical model of a submerged propeller [LEB 16].  
For a color version of this figure, see www.iste.co.uk/sigrist/simulation1.zip 

COMMENT ON FIGURE 1.13.– The numerical model is that of a marine propeller, made of a 
metallic material. It is immersed in a fluid domain of infinite extension, represented by a 
sphere of a size larger than the object. The propeller vibrations are damped by special 
devices made of materials with viscoelastic properties. The numerical model allows 
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 vibrations to be calculated over a wide frequency range, representing their damping due 
to friction in viscoelastic materials and radiation in water. The model takes into account 
different physical phenomena and becomes voluminous, therefore expensive to calculate. 
Model reduction methods, which require less computation time, are effective in this type 
of problem and become accessible to engineers [OHA 14, SIG 15]. 

The calculation can also be based on a reduced order model constructed from 
vibration modes that a specific algorithm is able to determine [LEB 16]. The reduced 
problem then involves only a few dozen unknowns and provides the same information. 
Vibration calculations are then performed very quickly and require few IT resources. To 
illustrate the effectiveness of model reduction, Leblond et al. [LEB 17] developed a 
program on a digital tablet (Figure 1.14). 

                      

Figure 1.14. Calculation with a reduced order model on a digital tablet [LEB 17] . 
For a color version of this figure, see www.iste.co.uk/sigrist/simulation1.zip 

The application calculates the vibration of a propeller, of a given design, using a 
reduced model. It is indeed a calculation, mobilizing the available resources of the tablet 
and not a reading in a database, which would give an immediate result! 

This simulation strategy makes it possible to take advantage of computing power in an 
optimal way, by separating two phases: 

– the construction of simulation databases uses the computing power of computers 
when they are available. It can be carried out as it happens, using the most complete 
models, capable of providing the most accurate information possible; 
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COMMENT ON FIGURE 1.16.– At the beginning of the 20th Century, the Solvay 
conferences brought together the greatest contributors to the advances in the 
physical sciences. Organized thanks to the patronage of Ernest Solvay (1838–1922), 
a Belgian industrialist and philanthropist, they contributed to major advances in 
quantum mechanics. The photograph was taken at the 1927 conference, in which 
Marie Curie (1867–1934), Niels Bohr (1885–1962), Paul Dirac (1902–1984), Albert 
Einstein (1879–1955), Werner Karl Heisenberg (1901–1976), Wolfgang Pauli 
(1900–1958) and Erwin Schrödinger (1887–1961) participated among others. 
Quantum mechanics disrupted the conceptions and understanding of the physical 
world then in force and pushed some of the physicists who built it to new 
philosophical questions. The discoveries of these scientists owe much to the 
exchanges and controversies that have animated their community, illustrating 
Schrödinger’s words: “the isolated knowledge obtained by a group of specialists in 
a narrow field has no value of any kind in itself; it is only valuable in the synthesis 
that brings it together with all the rest of knowledge and only to the extent that it 
really contributes, in this synthesis, to answering the question: Who are we?”  
[MAR 18]. 

Quantum mechanics aims to describe the behavior of physical systems on the 
scale of the infinitely small: the atoms and particles that compose them, for example. 
The essential is invisible to the usual eyes: the electron, this electrically charged 
particle that gravitates around the nucleus of an atom like the earth around the sun, 
has a diameter of 3×10-15 m. The equivalent of a glass bead reported at the distance 
between the Sun and Pluto, the planet furthest from it! On this scale, classical 
mechanics, which reflects the organization of our immediate world, is no longer 
valid. It is a special case of quantum mechanics. 

A well-known physics experiment reveals the limitations of classical description. 
At the beginning of the 19th Century, the English physicist Thomas Young  
(1773–1829) understood the behavior of light by conducting an interferometry 
experiment, consisting of two beams interacting from the same light source. 

The two sources can be obtained by means of two light-intercepting slits 
arranged at a short distance from each other. The interference fringes obtained have 
the same shape as those observed in the laboratory on the surface of a tank filled 
with water1: the light behaves like a wave (Figure 1.17). 

The models on classical mechanics, on which the wave propagation equation and 
the laws of optics established by the French physicist Augustin Fresnel (1788–1827) 
are based, explain its behavior. 

                            
1 In a book by the American photographer Berenice Abbott (1898–1991), the reader will also 
find magnificent images of physical science experiments, including interferometry [ABB 12]. 
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a) Interference of light waves b) Fringes 

Figure 1.17. Simulation of an interferometry experiment  
(Source: www.commons.wikimedia.org) 

COMMENT ON FIGURE 1.17.– In the figure, the light sources are located at the two 
points at the bottom of the image. They emit light that propagates in a cylindrical 
waveform. The interference pattern shows how contributions are added (light areas) 
or submerged (dark areas). On a screen positioned on the upper part of the image, 
there are alternating light and dark areas, indicating the interference. 

Performing a similar experiment with particles of matter, such as electrons, we 
expect to observe randomly arranged impacts on a screen downstream of the 
sources. By taking the image of ping-pong balls bombarded on the slots, the latter 
pass through one or the other and touch the screen at a point. There is no reason why 
one region should be more privileged than another and by performing the 
experiment with a continuous ball flow, a series of impact points should be observed 
being randomly drawn on the screen. The experience gained on several occasions 
shows that this is not the case: the impacts gradually draw fringes similar to those 
obtained by wave interference (Figure 1.18). 

Quantum systems have a dual nature, both wave and matter, and classical 
mechanics cannot explain the results of this experiment. In the world of the 
infinitely small, the results of experiments are often contrary to physical intuition – 
and overturn the models patiently built by physicists... 
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Figure 1.18. Fringes of electron interference observed by the team of Japanese 
physicist Akira Tonomura (1942–2012) in 1989 [TON 89] 

COMMENT ON FIGURE 1.18.– Young’s initial experience was refined in the 20th 
Century so that the source emits one particle at a time. The figure shows the results 
of an electron interference experiment performed in 1989. Electrons are sent 
through Young’s slit device: in the measurement area, we observe the progressive 
construction of the fringes in their successive impacts – in (a) for 11 electrons, in (b) 
for 200, in (c) for 6,000, in (d) for 40,000 and in (e) for 140,000. Demonstrating that 
“each electron interacts with itself”, the experiment is in accordance with the 
predictions of quantum theory and illustrates the dual character of matter at this 
scale, both wave and particle. The models of classical mechanics, which can only 
explain one or the other of the behaviors, are caught in the wrong place by this 
interferometry experiment (source: www.commons.wikimedia.org) 

For quantum mechanics, the world is a probabilistic one, as expressed in the 
words attributed to the Danish physicist Niels Bohr (Figure 1.19) in the foreword of 
this book: “Prediction is very difficult, especially about the future”2. 

The state of a quantum system can be represented by a probabilistic function, 
which physicists are used to noting ߰. For an electron, for example, it represents the 
probability of the particle being in a region of space. The probability function obeys 
a wave equation, Schrödinger’s equation (Box 1.2): this formalism reflects the dual  
nature of the quantum world. By interpreting the interference experiment with the 
wave functions of particles interacting with themselves, quantum theory shows that 
the probability of impact is calculated according to a mathematical formula giving 
the shape of the observed fringes. 

                            
2 The author of this quotation is not known with certainty. According to the online 
encyclopedia Wikipedia, these words are generally attributed to Mark Twain, Tristan 
Bernard... or Niels Bohr. We choose to retain the latter, giving the aphorism the probabilistic 
character that interests us! 
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Figure 1.19. Niels Bohr (1885–1962) 

COMMENT ON FIGURE 1.19.– Niels Bohr was known for his contributions to quantum 
mechanics [DAM 17], among other things, and set out some of its principles. Niels 
Bohr’s exchanges with Albert Einstein on the nature of quantum theory are a model 
of intellectual debate between two great scientists on the interpretation of their 
knowledge [BER 04]. The probabilistic nature of quantum mechanics posed a 
conceptual problem for Albert Einstein, which he expressed for example in the 
famous sentence: “God does not play dice!” The discoveries of the properties of 
matter made possible by Niels Bohr’s work, among others, led to the control of 
nuclear energy in the 1940s. The physicist quickly engaged in known uses. Bombs 
and power plants are two sides thereof, which it is sometimes difficult for us to 
accept together. Of Jewish origin, Niels Bohr fled Europe for the United States 
during the war in 1943. He contributed to the Manhattan project, which was the 
source of the American nuclear bomb launched on Japan in August 1945. After the 
war, he militated for the peaceful use of nuclear energy (Sources: https://www. 
atomicheritage.org/profile/niels-bohr, [BEL 19b]). 

Conventional mechanical models can predict, with some accuracy, the results of 
an experiment or phenomenon, such as wind speed or wave height during a storm. 
Quantum models can be used to describe, for example, the state of the electron in 
terms of the probability of a measurement, such as its velocity or position. It also 
establishes that these measurements cannot be accessed at the same time with the 
same accuracy, although this is (theoretically) possible for the sea or wind! This 
impossibility is known as the principle of uncertainty, as stated by the German 
physicist Werner Karl Heisenberg. Quantum mechanics also relies on equations, 
such as those of classical mechanics [SUS 13, SUS 14]. It uses mathematical 
concepts and tools that have their own existence, invented by mathematicians for 
purposes other than explaining the mechanics of the infinitely small. 
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David Lynch is a well-rounded artist who is interested in many modes of expression: 
photography, painting, drawing, and film. One of his most beautiful cinematographic 
works, at the same time the most emblematic, is perhaps Mulholland Drive, presented for 
the first time at the Cannes Film Festival in 2001 [LYN 01a]. Hailed by critics as one of 
the major cinematographic works of the 21st Century, it continues to intrigue many film 
lovers. “When I watch this film again, I am still confused, whereas I thought I understood 
it the previous time!” says one of them, for example. 

Set in Los Angeles, the birthplace of the American film industry, the film tells a love 
story. Mulholland Drive is a road in the heights of the city, where a tragedy is taking 
place: a woman has escaped death following a road accident. She loses her memory, seeks 
refuge in another woman’s apartment, who will help her in her quest for identity. The 
story seems to constantly mix two versions of the same story, oscillating between one 
reality and another – or between dream and reality? – and jumping from one story to 
another. Shortly after its theatrical release, David Lynch published in the press certain 
indications that were supposed to guide the viewer in his experience of the film. Everyone 
has since made an attempt to explain the proposed story – and a French documentary even 
aims to provide a coherent interpretation to a work that seems to escape all rationality 
[ROU 03]. 

One of David Lynch’s artistic projects is to invite the viewer to experience the film: 
intuition is, in his opinion, the means to access understanding [LYN 01b]. One story has 
no more validity than another and only our experience, our observation, gives us one this 
magnificent film seems to say. In some respects, can it illustrate some of the principles set 
out by quantum mechanics – such as the superposition of states, the duality of matter or 
uncertainty? 

                                     

Figure 1.20. Mulholland Drive poster 
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In 1925, the Austrian physicist Erwin Schrödinger proposed an equation to determine 
the energies of any quantum particle. These particles behave in a “quantified” way: they 
are only entitled to certain energies and suddenly jump from one state to another. This is 
also how Mulholland Drive’s story proceeds, jumping from one state of reality to another – 
in the film, this transition is symbolized by the opening of a small blue box... 

The modern form of the equation proposed by Schrödinger is: 

              ℏଶ2݉ ∆߰ + ܸ߰ = −݅ℏ ݐ߲߲߰  

߰ refers to the wave function of the quantum system: it describes the probability of 
the quantum system occupying a given energy state. The equation indicates how this 
quantity changes over time. 

The wave function contains all the possible states of the particle (or set of particles 
studied): it is the principle of “superposition of states”, a property of the world of the 
infinitely small, inconceivable in the world around us. A living being must be alive or 
dead, but it cannot be both (Figure 1.21)! 

                            

Figure 1.21. Thinking of the superposition of two states makes it possible to 
understand the quantum world, but not the classical world, that of our daily lives 

COMMENT ON FIGURE 1.21.– Schrödinger illustrated the difference between “classical” 
and “quantum” systems with a famous experience of thinking. He imagined a cat (a 
classic system) enclosed in a box containing a radioactive substance (a quantum system). 
It has a probability of disintegration, as established by discoveries on radioactivity, and a 
device correlated to this disintegration releases a lethal substance, fatal to the cat  
locked in the box. It is impossible to know if the disintegration and death of the animal 
occurs or not, unless you make an observation: open the box and see if the cat is still 
purring! The discoveries of quantum mechanics show that at the scale of the infinitely 
small, the superposition of states is a reality. Schrödinger’s experience suggests, among 
other things, that this property is not verified on a larger scale. The challenge of some 
quantum physics research is to understand how it can be observed in increasingly 
complex systems. Nowadays, researchers know how to develop, under certain conditions, 
“Schrödinger cats”: the quantum computer is one of them, even if it does not meow! One 
of the difficulties is that the state of superposition tends to disappear for complex systems 
because of the many interactions they have with their environment – it is impossible to 
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isolate them in a box, as Schrödinger does with his thought experience! This mechanism 
is known to physicists as “decoherence”. 

Mathematics allows us to think abstractly about superposition, for example by writing 
the wave function as a combination of the different states: 

              ߰ = ෍ ௡߰௡௡ୀஶߙ
௡ୀଵ  

where ߰௡  represent the quantum states of the system. 

The formalism and properties of conceptual objects, such as vector spaces, that the 
German mathematician David Hilbert (1862–1943) helped to establish at the beginning of 
the 20th Century provide a mathematical framework for quantum mechanics. From this, 
other properties of quantum systems can be predicted. Some of them have been verified, 
years after they were stated, by means of experiments, reproduced by different 
researchers. This is the case of “entanglement”, this property of certain quantum systems 
to be in correlated or intertwined states – that is, totally dependent on each other, as the 
two protagonists of David Lynch’s film seem to be... 

Quantum mechanics models stipulate that the state of a quantum system, a particle for 
example, can be described using a mathematical function of a probabilistic nature, the 
wave function proposed by Schrödinger. The latter makes it possible to calculate the 
probabilities of the possible states of the observed system (such as heads or tails for a 
piece, with a 50% chance for either of the results to occur). This probabilistic function is a 
solution of deterministic equations, that are explicitly known, describing its evolution in 
time and space, such as the equation proposed by Schrödinger. When we are interested in 
a system composed of two particles, there are different possible and observable states with 
a given probability for a single particle. Among these states, there are the so-called 
separate states, in which each of the two particles evolves completely independently of the 
other (the probability function of the set is written as a multiplication of the individual 
probability functions). 

Measurements can be made on either one or the other, with results that will be 
described by probabilities, for both, as if they were alone. On the other hand, there are  
so-called entangled states, for which this observation is not made: the state of the two 
particles can be partially or totally correlated. In this case, the measurements taken on one 
indicate what is happening on the other. Information is transmitted between systems, even 
if they are too far apart to have time to exchange information at the speed of light. The 
entanglement shows that on a quantum scale the physical world is “non-local”: it is 
disconcerting for physicists and incomprehensible for others – to the point that some 
propose interpretations (non-physical and non-scientific) of this property. 
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American physicist Richard Feynman (1918–1988) is credited with these humorous 
words: “I think I can safely say that no one understands quantum mechanics...” Perhaps 
this is also what makes it interesting and beautiful for physicists who seek to unravel its 
mysteries – just like those of David Lynch’s cinematographic works? 

Box 1.2. Schrödinger’s equation 

At the end of the 20th and beginning of the 21st Century, putting the world into 
equations continued to stimulate scientists’ thinking. American cosmologist Max 
Tegmark believes that the physical and mathematical worlds are inseparable. He 
formulated his philosophical position as follows: “the physical world is a 
mathematical object that we build little by little” (quoted by [DEL 99]). 

The French physicist Pablo Jensen, for his part, opposes an exclusively 
mathematical conception of the world: “equations make it possible to combine the 
different forces exactly [...] but we do not need a mathematical world to understand 
their effectiveness for physics” [JEN 18]. 

Further away from these theoretical questions, engineers are now developing 
robust methods to solve physics equations at the scale where classical mechanics is 
applied – but also at the quantum scale. These techniques exploit algorithms* whose 
current use goes beyond the sole field of scientific calculation: the 21st Century also 
becomes the time of algorithms [ABI 17], which change our relationship to the 
world beyond their technical uses [SLA 11]. 

1.3. Solving an equation 

By simplifying the subject, engineers generally have two alternatives for solving 
equations: find an analytical solution – an explicit mathematical formula – or 
calculate a solution using a computer. 

1.3.1. Finding a mathematical formula 

In some situations, it is possible to find an exact solution to the equations of a 
physical model. This takes the form of an abstract expression that can be written 
using mathematical functions whose values are known. The latter are accessible in a 
database, in computer or paper format or using more or less elaborate calculators. 

This is the case, for example, in an acoustic problem studied by Leblond et al. 
[LEB 09]. A pressure wave in water can be generated by an underwater explosion  
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and is likely to damage offshore installations (an energy production station, a water 
pumping station, an exploration or transport vehicle). It can also be caused by the 
vibrations of a ship. Due to the excessive humming of its engines or fluctuations in 
its propeller, these can produce significant noise in the ocean and keep aquatic 
species away from their living areas. Detected by a military ship, they signal the 
presence of an enemy ship: the race for acoustic discretion of submarines is a major 
technical challenge that the cinema knows how to stage admirably [PET 15, POW 57, 
TIE 90]. 

Modeling the propagation of such a wave, the way it behaves when it encounters 
an obstacle, such as a ship’s hull, helps to protect against its effects... or to 
understand how dolphins communicate underwater! 

The propagation equation written above in Box 1.1 provides a fairly accurate 
model. When it applies to a geometry of simple shape and a wave of known shape 
(e.g. cylindrical), it is possible to find a calculable solution – using mathematical 
tools, such as the Fourier transform, and known formulas, such as Bessel functions 
(Box 1.3). 

To describe the propagation of sound in water, the pressure as a function of time and 
space is calculated for ݐ timed from a reference time, a distance ݎ and an angle ߠ counted 
from an observation point. In the case of a circular wave, we show that the pressure is 
written: 

,ݎ)߶                θ, t) = ෍ ߶௠(ݎ, t) cos(݉θ)௠ୀஶ
௠ୀଵ  

This expression indicates that the wave results from the addition of a series of 
wavelets that depend on distance and time and are modulated by the angle of observation. 
The symbol ∑(∎) represents this sum, called “discrete” because it refers to a sequence of 
integers (1, 2, 3, etc.). 

Each wavelet is represented by the symbol ݉ and has its own characteristics. The 
functions ߶௠(ݎ, t) are calculated as follows: 

           ߶௠(ݎ, t) = න ߮௠(ݎ, s)ஶ
଴ exp (−݅ݐݏ)݀ݏ 

They result from a “continuous sum” of functions ߮௠(ݎ, s) modulated by the 
exponential function, exp (−݅sݐ). 

The “continuous sum” is represented by the symbol ׬(∎). It generalizes in a way the 
“discrete sum”, by writing it on a set of numbers denser than that of integers. The 
previous formula expresses the Fourier transform, which allows a periodic signal to be 
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water deforms and vibrates. Two elastic waves (A0 and S0) develop in the hull, at a 
speed higher than the propagation speed of the acoustic wave in the water (about 
4,500 m/s for the former, against 1,500 m/s for the latter). These two waves 
communicate their movement to the water: their signature in the fluid is visible and 
is thus ahead of wave I. 

1.3.2. Calculating using a computer 

It is in fact rather rare to find analytical solutions to the equations of mechanics 
and the use of a numerical technique is generally necessary. This consists in 
representing a curve using a set of points: engineers speak of “discretization”. 

Such an operation changes from a continuous representation of the information 
(the curve takes values over a continuous set of points), to a discrete representation 
(the calculated values of the curve are calculated for a sequence of points). It is 
possible to construct an analogy with pointillist painting, for example that of French 
painter Georges Seurat (Figure 1.26). By points or by touches of color, it offers a 
landscape that does not need to be entirely designed to deliver its meaning. By 
looking at the scene, we intuitively reconstruct the missing information and guess 
the entire landscape. We can even imagine it beyond the limits of the painting! 

 

Figure 1.26. La Seine à la grande jatte, Georges Seurat (1859–1891), 1888, oil on 
canvas, Musées Royaux des Beaux-Arts de Belgique, Brussels. For a color version 

of this figure, see www.iste.co.uk/sigrist/simulation1.zip 
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The principle of a numerical method is to calculate an approximate solution to 
the equations of the physical model. Let’s take the example of an equation writing 
the evolution of a physical quantity as a function of position in space. 

Suppose that the exact solution, noted ߶, describes a curve represented on two 
axes. We are looking for an approximate solution such as a curve built from values 
calculated at specific locations. This collection of calculation points is noted (ݔ௜)ଵஸ௜ஸூ and it contains a total of ܫ points. In theory, the more points, the better the 
approximation. However, in practice, the quality of the approximation depends on 
many factors, which can be clarified by mathematical results. 

Between two points, the evolution of the physical quantity is rendered by the 
section of a curve constructed with a known mathematical function. The simplest 
describes the shortest path between the two points. A line segment is used to 
calculate at any point the value of ߶ from the values of this quantity at its ends 
(Figure 1.27). The distance between two calculation points is noted ℎ and is also 
called the discretization step. It defines the resolution of the calculation and 
determines its accuracy. 

 

Figure 1.27. Principle of discretization (between the two points xi and xi+1, the 
calculated curve is a line whose formula is given in the figure). For a color version of 

this figure, see www.iste.co.uk/sigrist/simulation1.zip 

The calculated curve thus corresponds to an approximation of the theoretical 
curve. We note the calculated curve ߶௛ the index h refers to the step and 
distinguishes it from the theoretical curve ߶ solution of the equations, which is not 
known. The approximation method used must allow the solution to be calculated 
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accurately. It is a matter of ensuring that, when the step is smaller and smaller, the 
calculated function is closer to the theoretical function.  

In mathematical language, it is a question of showing the convergence of the 
approximation process. In order to measure how ߶௛ approaches ߶ we use a 
mathematical instrument, a norm, which we note ‖∎‖. The error made by the 
approximation is then measured by the norm of the difference between the 
theoretical and calculated solutions, in mathematical terms ‖߶ − ߶௛‖. The method 
is called “convergent” if the error becomes small when the discretization step 
becomes small, which is what we write: ‖߶ − ߶௛‖ ௛⟶଴ሱۛ ሮ 0 

Among the many numerical methods available, the finite element method* is 
nowadays the most widely used in the calculation codes used by engineers. It is 
indeed very well adapted to many equations and can handle a wide variety of 
situations encountered in mechanical engineering. 

Let’s illustrate its principle for the d’Alembert equation: 

ߩ ߲ଶ߶߲ݐଶ − ܧ ߲ଶ߶߲ݔଶ = 0 

Solving the equation requires finding a function that renders the expression in 
the left side of the equation null (which is only possible in special cases). We bypass 
the problem in the same way as Hercules Poirot did in Murder On the Orient 
Express [CHR 34]. In order to solve the case, he must consider that all those present 
in a closed set, the train, are guilty. In mathematical language, we formulate this idea 
as follows. 

A function equal to zero everywhere and all the time is the solution of the 
equation ߶ = 0. It is also a function which, when multiplied by any function ߜ߶ also 
gives a zero result, everywhere and all the time. This is expressed by the relationship ߶ ∙ ߶ߜ = 0 for any function ߜ߶. Thus, the two problems are equivalent: ߶ = 0 ⟺ (߶, (߶ߜ = 0 

where the product in brackets is here a simple multiplication: (߶, (߶ߜ = ߶ ∙  ߶ߜ
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Let’s apply the same idea to the propagation equation. We then write a problem 
equivalent to the meaning: 

ߩ ߲ଶ߶߲ݐଶ − ܧ ߲ଶ߶߲ݔଶ = 0 ⟺ (߶, (߶ߜ = 0 

This time, the product between the brackets takes the following form: 

(߶, (߶ߜ = න ߶(x, Ω(x)ஐ݀(x)݀߶ߜ(ݐ  

It is a little more complex than a simple multiplication, but still calculable. It is 
in fact the continuous sum, over the entire calculation domain, of the product of the 
function searched for with any function. This expression is called the “weighted 
integral formulation” of the initial equation. For the propagation equation, it is 
written: 

න ߩ ߲ଶ߶߲ݐଶ (x, Ω(x)ஐ݀(x)߶ߜ(ݐ − න ܧ ߲ଶ߶߲ݔଶ (x, Ω(x)ஐ݀(x)߶ߜ(ݐ = 0
 

The transition from the propagation equation to its weighted integral formulation 
makes the problem somewhat more flexible. The equation is not satisfied point by 
point; it is satisfied on average, which better reflects the physics involved. The idea 
of integral formulation is basically one of the simplest and most effective – in 
mathematical terms, it is also one of the most elegant! 

The weighted integral formulation involves the second derivative of the desired 
function (the equivalent of acceleration for a movement). It can be difficult or 
expensive to calculate accurately. To avoid this problem and for convenience, we 
prefer to start from another expression of the weighted integral formulation. 
Obtained after a calculation called “integration by parts”, it is written: 

න ߩ ߲ଶ߶߲ݐଶ (x, Ω(x)ஐ݀(x)߶ߜ(ݐ + න ܧ ݔ߲߶߲ (x, (ݐ ݔ߲߶ߜ߲ (x)݀Ω(x)ஐ= න ߮(x, Γ(x)୻݀(x)߶ߜ(ݐ  
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It shows a boundary term, to the right of the equal sign in the equation. It reports 
on physical phenomena occurring at interfaces. The roots of trees sink into the 
ground to find the stability necessary for them to flourish. The forces of the earth 
hold the tree: this is what the second member of the previous equation would 
express if we wanted to model a rooting. 

The weighted integral formulation lends itself much better than the initial 
equation to a numerical approximation – and that is one of the reasons for its 
interest! This approximation builds the function ߶௛ from the values at the 
calculation points xi  according to the relationship:  

߶௛(ݔ, (ݐ = ෍ N௛(xi, ௜ୀூ(ݐ)௜߶(ݔ
௜ୀଵ  

We count ܫ calculation points: these are the nodes of a mesh made of multi-sided 
elements – hence the name of the method. In a three-dimensional space, the 
elements provide a numerical representation of the system under study. The idea of 
discretization may called Cartesian: in order to solve a complex problem, it would 
be more effective to divide it into its simple elements. 

Each of the calculation points is associated with a curve – like a line for the point xi in Figure 1.27 is described by a mathematical expression. This curve is also called 
the approximation function and is noted N௛(xi,  ,In general, we use polynomials .(ݔ
which allow us to describe portions of lines, parabolas, or any other complex curve3. 

The variations of the approximation function (its derivatives) in space and time 
are calculated according to the following formulas: ߲߶௛߲ݔ ,ݔ) (ݐ = ෍ ߲N௛߲ݔ௜ୀூ

௜ୀଵ (xi,  (ݐ)௜߶(ݔ

߲ଶ߶௛߲ݐଶ ,ݔ) (ݐ = ෍ N௛(xi, ௜ୀூ(ݔ
௜ୀଵ

߲ଶ߶௜߲ݐଶ  (ݐ)

 

                            
3 On the curve shown in Figure 1.27, it can be seen that the first section looks like a piece of 
hyperbola and the second section approaches a line segment. It is possible to find 
mathematical functions describing these curves. 



The World in Equations     43 

If we report the calculation approximation in the weighted integral formulation, 

we obtain the following representation: 

ۻ ߲ଶ઴߲ݐଶ (ݐ) + ઴(t)ۻ = ۴(t) 

The unknown of this one is ઴(ݐ) grouping the values calculated for the different 
points of the mesh in a data column. The number of data stored (also called “degrees 
of freedom”) defines the size of the problem. ઴(ݐ) = ሼ߶௜(ݐ)ሽ௜ୀଵ,ூ 

The above equation is a differential and matrix equation. It concerns quantities 
that change over time and involves matrices: the mass matrix, noted ܯ and the 
stiffness matrix, noted K. These are calculated from the functions N௛(xi,  :according to (ݔ

M = න ,N௛(xiߩ ,N௛(xi(ݔ Ω(x)ஐ݀(ݔ  

K = න ߩ ݔ௛߲ࡺࣔ (xi, (ݔ ݔ௛߲ࡺࣔ (xi, Ω(x)ஐ݀(ݔ  

As the approximation functions are known, the matrices are calculated using a 
computer. They represent the mechanical energy of the system. The energy due to 
the movement of the system, or kinetic energy, is contained in the mass matrix; the 
energy due to the deformation of the system, or potential energy, is contained in the 
stiffness matrix. 

Matrices are tables of numbers stored in rows and columns. The latter represent 
the energies of the elements resulting from the discretization of the physical system. 
In the mesh, an element is connected with a few neighbors and exchanges energy 
with them; for distant elements, there is no energy exchanged. Thus, in the table of 
kinetic (mass matrix) or potential (stiffness matrix) energies, there are a large 
number of zeros (Figure 1.28). 

Folded diagonally, the upper and lower parts of the table overlap: the matrix is 
symmetrical. The practical consequence is that it is sufficient to store half of the 
numbers in the computer’s memory to perform the calculations. Efficient algorithms 
can significantly reduce the cost of storing matrices. 
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1, 2, 3, etc.). It also shows that the finite element method is convergent, an essential 
quality for its practical use. 

The finer the discretization step, the more precise the solution... and the greater 
the number of calculation points. Accuracy has a cost in calculation and data 
storage! A compromise must then be found between the size of the numerical model 
(the number of unknown values) and the precision expected. 

In order to determine ઴(ݐ) at each moment from the matrix equation obtained 
with the finite element method, a principle similar to spatial discretization is used. It 
is a question of finding values at given times tଵ, tଶ…t୬, t୬ାଵ…t୒ିଵ, t୒ and, 
between two moments t୬ and t୬ାଵ, calculating ઴(ݐ) from a numerical scheme 
involving this quantity and its successive values (Box 1.4). Step-by-step calculation 
methods making it possible to solve the differential equations encountered in 
mechanics were invented at the beginning of the 20th Century by the German 
mathematicians Carl David Tolmé Runge (1856–1927) and Martin Wilhelm Kutta 
(1867–1944). They are still widely used today by engineers for simulations from the 
simplest to the most complex. 

Acceleration is the variation of speed, itself a variation of displacement. It can be 
calculated using a scheme with finite differences. For example, we write: 

        డమ઴డ௧మ (t௡) = ଵଶఛ ቀ઴(୲೙శభ)ି઴(୲೙)ఛ − ઴(୲೙)ି઴(୲೙షభ)ఛ ቁ = ઴(୲೙శభ)ି઴(୲೙)ା઴(୲೙షభ)ଶதమ  

This formula means that the values at the time ݐ௡ିଵ, ݐ௡ and ݐ௡ାଵ of the displacement 
are used to calculate the acceleration at the time ݐ௡. (઴(t௡ାଵ) − ઴(t௡))/߬ represents the 
speed at the time ݐ௡ାଵ calculated as the variation in displacement between moments ݐ௡ 
and ݐ௡ାଵ; ߬ refers to the time step, i.e. the interval between these moments. In the same 
way, (઴(t௡) − ઴(t௡ିଵ))/߬ represents the speed at the moment ݐ௡ିଵ. The variation of 
these quantities, in relation to the time step between them (2߬) is the acceleration 
calculated at the time ݐ௡. It is expressed by the formula above, which involves differences 
between the displacement values at different times, hence the name of the approximation. 

By returning the mathematical expression of acceleration (and velocity) to the matrix 
equation it becomes possible to calculate the value of ߶ at a given time, depending on the 
values taken at the previous times. Mathematical results ensure that the calculation error is 
controlled by the chosen time step. The lower the latter, the better the accuracy of the 
calculation – and, as always, the longer the simulation times! 

Box 1.4. Moving forward in time... step by step 

Starting from the initial conditions, the dynamics of the studied system are 
rendered step by step. We can design this calculation process using an equivalence 
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with chronophotographs by English photographer Eadweard James Muybridge 
(1830–1904), who developed shooting techniques that decompose movement and 
allow it to be understood (Figure 1.29). 

 

Figure 1.29. A galloping horse and rider, Eadweard Muybridge, University of 
Pennsylvania, 1887 (Source: Wellcome Collection, www.wellcomecollection.org) 

To be of practical interest, the numerical scheme must correctly represent the 
derivation operations of the quantity it makes it possible to calculate: 
mathematicians say that it is “consistent”. An approximation always introduces an 
error: when calculating the evolution of a quantity over time, this error can spread 
from one person to another in the calculation, until it sometimes becomes too large. 
The schema must limit this propagation: in this case, mathematicians describe it as 
“stable”. For an increasingly smaller time step, the calculated quantity approaches 
the theoretical quantity: this is what is expected from a so-called “convergent” 
scheme. 

Consistency, stability and convergence are the expected properties of a 
calculation scheme. Without them, no accurate and reliable simulation can be 
envisaged. The analysis of the properties of a numerical scheme is entrusted to  
mathematicians. Begun in the middle of the 20th Century, it continues to be the 
subject of extensive research today, particularly in terms of calculation methods 
whose performance, such as speed of execution or robustness, is to be improved. 
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Beyond its application to the propagation equation, the finite element method is 
universal. It is adapted to the most diverse geometries and problems that can be 
represented with elements of various sizes and shapes. It also makes it possible to 
keep the same calculation structure for different problems. Whether it is a matter of 
ensuring the strength of a building during an earthquake, the resistance of a medical 
prosthesis to the weight of a patient’s walk or the quality of acoustic comfort on 
board an automobile, it is used by engineers in many situations, some of which we 
will discuss in the next chapter and several times in the second volume of this book. 



 


