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Random Motions in Higher Dimensions

In this chapter, we discuss many of the previous results in further detail. Section

1.1 focuses on the study of an isotropic random motion at constant absolute velocity,

where the direction alternations occur at renewal epochs of the Erlang or a general

distribution. In recent years, the study of random walks with non-Markov switching

processes is a topic of research. Many researchers have given special attention to the

Pearson–Gamma random walk where the length of steps are Gamma distributed. In

addition, the number of steps is related to the Dirichlet distribution. This type of

motion is called a Pearson–Dirichlet motion. Apparently, the first study in this

direction was done by Franceschetti (2007), in which the author studies a random

walk in R
d (d = 1, 2) with uniformly distributed directions and the steps are i.i.d.

random vectors of exponential length, and the walker travels a fixed total path. This

means that the steps of the walk have joint Dirichlet distribution with all parameters

equal to q = 1. By using the characteristic function technique, the author obtained a

closed-form expression for the conditional distribution for the particle position after

n steps, and he found a necessary condition for the uniform density of the particle

position for a given number of steps in dimension d. It is mentioned in the paper that

for dimensions d ≥ 3 the random walk does not lead to a uniform density. Le Caër

(2010, 2011) generalizes most of the results in Franceschetti (2007) to the case of

multidimensional Pearson–Dirichlet random walk, whose parameters are all equal to

q > 0. In Le Caër (2010), the author introduces and studies the so-called

“Hyperspherical Uniform” (HU) Pearson–Dirichlet random walk. At renewal epochs

(i.e. when the direction is changing), the HU random walk has a distribution in a unit

disc identical to the distribution of the projection on the disc of a point uniformly

distributed over the surface of a sphere of higher dimension. By using this HU

property, Le Caër finds the pdf of the particle position that can be written in a

closed-form expression with parameters q = n− 1, n ≥ 2 and q = n/2− 1, n ≥ 3.

Another family of random motions is presented in Le Caër (2011), and it also has

a closed-form expression for the distribution under the condition q = n. In this work,
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the author generalizes the approach developed in the paper by Beghin and Orsingher

(2010a) for the parameter q = 2 on the plane, since he considers solutions for all

integer q = n ≥ 2.

In all of these works, the distribution of the particle position at renewal epochs of

the switching directions process is studied. Basically, for the case of the non-Markov

switching process, this task is reduced to studying the distribution of the non-Markov

process through its embedded Markov chain. Here, we should mention also the paper

by Letac and Piccioni (2014), in which the authors study Stiltjes transitions for a

Pearson–Dirichlet walk, and by using these transitions they simplify the proof of

similar results obtained by Le Caër, Orsingher and Beghin, as well as the limiting

properties of the Dirichlet walk in the infinite growth of the number of steps.

We have contributed in high-dimensional random motions and these findings will

be presented in this chapter. For instance, in section 1.1.1 we obtain formulas for the

recursive calculations of the conditional characteristic functions of a random walk,

where we are considering non-Markov switching processes with Erlang distribution

for the interarrival times. Namely, we study changes of the conditional characteristic

functions at each Poisson event (Pogorui and Rodríguez-Dagnino 2011).

In section 1.1.2, we derive the renewal equation for the characteristic function of

the transition density for this multidimensional motion. Furthermore, by using this

renewal equation we investigate some properties of the distribution function for the

isotropic motion in two- and three-dimensional spaces. Section 1.2 is devoted to

random motion with uniformly distributed directions and random velocity with

examples for one-, two-, three- and four-dimensional cases. In section 1.2.1, the

renewal equation for the characteristic function of isotropic motion with random

velocity in a semi-Markov environment is obtained. Section 1.3 deals with

multidimensional isotropic random motion at random speed, where the direction

alternations occur according to the renewal epochs of a general distribution. Such a

model represents a generalization of the model that only considers a constant

velocity, which has been the typical assumption in most works related to this topic

(Orsingher 1985; Orsingher and De Gregorio 2007; Orsingher and Ratanov 2007;

Pinsky 1991; Franceschetti 2007; Le Caër 2010, 2011; Letac and Piccioni 2014;

Pogorui and Rodríguez-Dagnino 2011; Pogorui 2011). We find the distribution at a

fixed time of the random motions with some velocity distribution for one-, two-,

three- and four-dimensional cases.

Section 1.3 deals with the characteristic function for the jump telegraph process in

higher dimensions. In section 1.6.1, the explicit formula for this characteristic function

is obtained. In section 1.4, we study the correspondence between a telegraph-type

equation and random motion in three- and five-dimensional spaces.
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1.1. Random motion at finite speed with semi-Markov switching
directions process

In this section, we study random motions in R
n having uniformly distributed

changes of direction at finite speed. The direction alternations occur according to a

non-Markov switching process. In recent years, there have been many important

works related to these processes (Beghin and Orsingher 2010a; Franceschetti 2007;

Le Caër 2010, 2011; Letac and Piccioni 2014; Pogorui and Rodríguez-Dagnino

2011). In these studies, most of the authors are interested in non-Markov cases,

where they can find closed-form expressions for the pdf and the conditional

characteristic function of these semi-Markov transport processes.

In section 5.1 of volume 1 (Volume 1, Chapter 5), an isotropic random motion at

finite speed with Erlang-k-distributed direction alternations is studied. Now, we will

develop some relations for the recursive calculation of conditional characteristic

functions of the random motion in the Erlang media considering that the switching

process is not Markov. Namely, we study changes in the conditional characteristic

functions at all Poisson epochs. In addition, we obtain the integral Volterra equation

for the characteristic function of a Pearson–Gamma random walk with an integer

parameter. This formulation aims to achieve a better understanding of the

characteristic function of a random walk in the general semi-Markov medium as it

satisfies a renewal integral equation.

In section 5.1 of volume 1 (Volume 1, Chapter 5), we also studied the case where

the switching process is a general renewal process. In this section, we investigate

some properties for the distribution function of the position of a particle in two- and

three-dimensional space by using the integral equation for the characteristic functions

of this distribution.

Let {ξ (t) , t ≥ 0} be a renewal process such that ξ (t) = max {m ≥ 0 : τm ≤ t},

where τm =
∑m

k=0 θk, τ0 = 0 and θk ≥ 0, k = 1, 2, . . . , are independent random

variables denoting interarrival times. We assume that these random variables are

identically distributed with cumulative distribution function (cdf) Gθ(t) and that

there exists the pdf gθ (t) = d
dtG (t). We will study the random motion of a particle

that starts from the coordinate origin 0 = (0, 0, . . . , 0) of the space Rn, at time t = 0,

and continues its motion with a constant velocity v along the direction η
(n)
0 , where

η
(n)
0 = (x1, x2, . . . , xn) is a random n-dimensional vector uniformly distributed on

the sphere

Ωn−1
1 =

{
(x1, x2, . . . , xn) : x2

1 + x2
2 + . . .+ x2

n = 1
}
.

At instant τ1, the particle changes its direction to η
(n)
1 , where η

(n)
1 and η

(n)
0 are

i.i.d. random vectors on Ωn−1
1 . Then, at instant τ2 the particle changes its direction to

η
(n)
2 , where η

(n)
2 , η

(n)
1 and η

(n)
0 are i.i.d. random vectors, and so on.
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Denote by x(n) (t), t ≥ 0, the particle position at time t. We have that

x(n) (t) = v

ξ(t)∑
j=1

η
(n)
j−1 (τj − τj−1) + v η

(n)
ξ(t)

(
t− τξ(t)

)
.

Now let us denote as ν (t) the number of velocity alternations occurred in the

interval (0, t), and let us assume first a Poisson process for the epochs of these

alternations. Then, the random variables θk are exponentially distributed with

parameter λ, hence gθ (t) = λe−λt
I{t≥0}.

Furthermore, let us denote as x
(n)
m (t) the particle position at time t > 0 when

ν (t) = m ≥ 0, i.e.

P
(
x(n)
m (t) ≤ y

)
= P

(
x(n) (t) ≤ y| ν (t) = m

)
.

It is not difficult to see that x
(n)
m (t) is given by

x(n)
m (t) = v

m+1∑
j=1

η
(n)
j−1 (τj − τj−1), [1.1]

where τm+1 = t.

The probabilistic properties of the random vector x
(n)
m (t) are completely

determined by those of its projection x
(n)
m (t) = v

∑m+1
j=1 η

(n)
j−1 (τj − τj−1) on a fixed

line, where η
(n)
j is the projection of η

(n)
j on the line.

Indeed, let us consider the conditional cdf

Fx (y| ν(t) = m) = P
(
x(n)
m (t) ≤ y| ν(t) = m

)
.

Then, the conditional characteristic function (Fourier transform)

Hm (t, α) = Hm(t) of x(n)(t), where α = ‖α‖ =
√

α2
1 + α2

2 + . . .+ α2
n, is given

by

Hm(t) = E
[
exp

{
i
(
α,x(n)(t)

)}
| ν(t) = m

]
= E

[
exp

{
i
(
α,x(n)

m (t)
)}]

= E
[
exp

{
i ‖α‖

(
e,x(n)

m (t)
)}]

= E
[
exp

{
i ‖α‖x(n)

m (t)
}]

=

∫ ∞

0

exp {i ‖α‖ y}dFx (y| ν(t) = m),

where x
(n)
m (t) is the projection of x

(n)
m (t) onto the unit vector e = α

‖α‖ and it has a

conditional cdf Fx (y| ν(t) = m).
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Let denote by fη(n) (x) the pdf of the projection η
(n)
j of the vector η

(n)
j onto a

fixed line. It is shown in Pogorui (2009b) that fη(n) (x) is of the following form:

fη(n) (x) =

{
Γ(n

2 )√
πΓ(n−1

2 )

(
1− x2

)(n−3)/2
, x ∈ [−1, 1] ,

0 , x /∈ [−1, 1] .
[1.2]

We can also consider the case n = 1 and it is easily seen that

fη(1) (x) =
1

2
δ (|x| − 1) .

It is also straightforward to verify that

Hm(t) = E

⎡⎣exp
⎧⎨⎩i ‖α‖ v

m+1∑
j=1

η
(n)
j−1 (τj − τj−1)

⎫⎬⎭
⎤⎦

=
m!

tm

∫ t

0

ds1

∫ t

s1

ds2 . . .

∫ t

sm−1

dsmE

⎡⎣exp
⎧⎨⎩i ‖α‖ v

m+1∑
j=1

η
(n)
j−1 (sj − sj−1)

⎫⎬⎭
⎤⎦

=
m!

tm

∫ t

0

ds1

∫ t

s1

ds2 . . .

∫ t

sm−1

dsm

⎧⎨⎩
m+1∏
j=1

ϕη(n) (‖α‖ v (sj − sj−1))

⎫⎬⎭ ,

where s0 = 0, sm+1 = t and ϕη(n) (λ) = E
[
e−iλη

(n)
j

]
=

∫∞
−∞ e−iλx fη(n) (x)dx

is the characteristic function of η
(n)
j . It is well known that (Pogorui and Rodríguez-

Dagnino 2011)

ϕ(t) = 2
n−2
2 Γ

(n
2

) Jn−2
2

(αtv)

(αtv)
n−2
2

· [1.3]

1.1.1. Erlang-K-distributed direction alternations

Let us assume a fixed integer K ≥ 2. Now, suppose that the particle changes its

direction just at epochs τKj , j = 1, 2, . . ., i.e.

x(n)
m (t) = v

�m
K �∑

j=1

η
(n)
K(j−1)

(
τKj − τK(j−1)

)
+v η

(n)

K�m
K �

(
τm+1 − τK�m

K �
)
, [1.4]

where τm+1 = t and
∑0

j=1 η
(n)
K(j−1)

(
τKj − τK(j−1)

)
= 0.
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Hence, defining c = αv, we have for m = lK + r, l = 0, 1, 2, . . ., 0 ≤ r < K

H
(r)
l (t) = H

m
(t) = E

[
exp

{
icx(n)

m (t)
}]

=
(lK + r)!

tlK+r

∫ t

0

ds1

∫ t

s1

ds2 . . .

∫ t

slK+r−1

dslK+r

×
⎧⎨⎩

l∏
j=1

ϕ ((sKj − sKj−K))ϕ ((t− sKl))

⎫⎬⎭ ,

where
∏0

j=1 ϕ
((
sKj − sK(j−1)

))
= 1.

We should note that H
(r)
0 (t) = ϕ(t).

The random variables τKj − τK(j−1), j ≥ 1, are Erlang-K distributed, and we

may define the renewal process ξK(t) = max
{
j ≥ 0 : τ

(K)
j ≤ t

}
, t ≥ 0, where

τ
(K)
j =

∑j
l=0 θ

(K)
l , τ

(K)
0 = 0 and θ

(K)
l , l = 1, 2, . . . , are i.i.d. interarrival times

having an Erlang-K pdf gθ(t) =
λKtK−1

(K−1)! e
−λtI{t≥0}.

Thus, the stochastic process x(n)(t) can be considered as the random evolution of

the particle in the non-Markov Erlang-K medium ξK(t).

The functions H
(r)
l (t), l = 0, 1, 2, . . . are the conditional characteristic functions

of x(n)(t). We should remember that ν(t) = m represents m Poisson events occurred

in [0, t), and the number of direction alternations νK(t) of x(n)(t) is given by νK(t) =⌊
ν(t)
K

⌋
.

For l = 0, 1, 2, . . .; 0 ≤ r < K, let us consider the following multiple integral:

I
(r)
l (t) =

∫ t

0

ds1

∫ t

s1

ds2 . . .

∫ t

slK+r−1

dslK+r

×
⎧⎨⎩

l∏
j=1

ϕ ((sKj − sKj−K))ϕ ((t− sKl))

⎫⎬⎭ , [1.5]

where s0 = 0. Let us state the notation ψK(t) =
tK−1

(K − 1)!
ϕ(t).
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THEOREM 1.1.– For any l ≥ 0, we have the following recursive relation:

I
(r)
l+1(t) =

∫ t

0

uK−1

(K − 1)!
ϕ ((u)) I

(r)
l (t− u) du = ψK ∗ I(r)l (t), [1.6]

where we have by assumption that I
(r)
0 (t) =

tr

r!
ϕ(t), r = 0, 1, . . . ,K − 1.

PROOF.– Let us prove [1.6] by induction arguments. First, suppose that l = r = 0,

then

I
(0)
1 (t) =

∫ t

0

ds1

∫ t

s1

ds2 . . .

∫ t

sK−1

dsK

{
ϕ ((sK)) I

(0)
0 (c (t− sK))

}

=

[
s1

∫ t

s1

ds2 . . .

∫ t

sK−1

dsK

{
ϕ ((sK)) I

(0)
0 (c (t− sK))

}]t

0

+

∫ t

0

s1

∫ t

s1

ds3 . . .

∫ t

sK−1

dsK

{
ϕ ((sK)) I

(0)
0 (c (t− sK))

}
ds1

=

∫ t

0

s21
2

∫ t

s1

ds4 . . .

∫ t

sK−1

dsK

{
ϕ ((sK)) I

(0)
0 (c (t− sK))

}
ds1

...

=

∫ t

0

sK−1
1

(K − 1)!
ϕ ((s1)) I

(0)
0 (c (t− s1)) ds1 = ψK ∗ I(0)0 (t). [1.7]

Now, suppose that [1.6] is valid for any l ≤ N − 2, for a fixed N > 2 and r = 0.

The integral I
(0)
l+1(t) for l = N − 1 can be represented in the following form:

IN =

∫ t

0

ds1 . . .

∫ t

sK−1

dsK

{
ϕ (sK)

∫ t

sK

dsK+1

. . .

∫ t

s2K−1

ds2K

{
ϕ ((s2K − sK))

∫ t

s2K

ds2K+1 . . .

{∫ t

sK(N−1)−1

dsK(N−1)

. . .

∫ t

sKN−1

dsKNϕ
((
sKN − sK(N−1)

))
ϕ ((t− skN ))

}
. . .

}
. [1.8]

Let us consider the following interior integral in I0N (t) (with respect to

sK(N−1)+1) in [1.8]. Let us make the change of variables
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ξj = sK(N−1)+j − sK(N−1), j = 1, 2, . . . ,K, and by taking into account [1.7], we

obtain ∫ t

sK(N−1)

dsK(N−1)+1 · · ·
∫ t

sKN−1

dsKNϕ
((
sKN − sK(N−1)

))
ϕ ((t− sKN ))

=

∫ t−sK(N−1)

0

dξ1

∫ t−sK(N−1)

ξ1

· · ·
∫ t−sK(N−1)

ξK−1

dξKϕ (ξK)ϕ
((
t− sK(N−1) − ξK

))
= ψK ∗ I(0)1

(
t− sK(N−1)

)
.

Now, let us deal with the next interior integral in [1.8] (with respect to sK(N−2)+1).

By defining the change of variables ξj = sK(N−2)+j − sK(N−2), j = 1, 2, . . . ,K,

we obtain∫ t

sK(N−2)

dsK(N−2)+1 . . .

∫ t

sK(N−1)−1

dsK(N−1)ϕ
((
sK(N−1) − sK(N−2)

))
×I

(0)
1

(
t− sK(N−1)

)
=

∫ t−sK(N−1)

0

dξ1

∫ t−sK(N−1)

ξ1

· · ·
∫ t−sK(N−1)

ξK−1

dξKϕ (ξK)

×I
(0)
1

(
t− sK(N−2) − ξK

)
= ψK ∗ I(0)1

((
t− sK(N−2)

))
.

This is in accordance with [1.7] and the induction assumption.

By continuing this procedure, we can obtain, after the (N − 1)th step,

I
(0)
N (t) = ψK ∗ I(0)N−1(t).

Next, it can be easily verified that for any 0 ≤ r ≤ K − 1∫ t

sK

dsK+1 · · ·
∫ t

sK+r−1

dsK+r =
(t− sK)

r

r!
.

Hence, for all 0 < r ≤ K − 1, we have

I
(r)
1 (t) =

∫ t

0

ds1

∫ t

s1

ds2 . . .

∫ t

sK−1

dsK {ϕ ((sK))ϕ ((t− sK))}
∫ t

sK

dsK+1

· · ·
∫ t

sK+r−1

dsK+r
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=

∫ t

0

ds1

∫ t

s1

ds3 · · ·
∫ t

sK−1

dsK

{
ϕ ((sK))

(t− sK)
r

r!
ϕ ((t− sK))

}

=

∫ t

0

sK−1
1

(K − 1)!
ϕ ((s1)) I

(r)
0 (c (t− sK)) ds1 = ψK ∗ I(r)0 (t)

and by using the recursive relation [1.6] it can be proved for 0 < r ≤ K − 1, in a

similar manner as we did for the case r = 0.

COROLLARY 1.1.– It follows from [1.7] and [1.8] that

I
(r)
l (t) = ψl∗

K ∗ I(r)0 (t).

where l∗ is the l-fold convolution, l > 0, I
(r)
0 (t) =

tr

r!
ϕ(t), r = 0, 1, . . . ,K − 1.

COROLLARY 1.2.– For any l ≥ 0, the conditional characteristic functions satisfy the

following equations:

H
(r)
l+1(t) =

(K (l + 1) + r)!

tK(l+1)+r (Kl + r)!

∫ t

0

uKl+rψK (u)H
(r)
l (t− u) du.

PROOF.– From [1.6], it follows that

H
(r)
l+1(t) =

(K (l + 1) + r)!

tK(l+1)+r
I
(r)
l+1(t)

=
(K (l + 1) + r)!

tK(l+1)+r (Kl + r)!

∫ t

0

uKl+rψK (u)

[
(Kl + r)!

uKl+r
I
(r)
l (t− u)

]
du

=
(K (l + 1) + r)!

tK(l+1)+r (Kl + r)!

∫ t

0

uKl+rψK (u)H
(r)
l (t− u) du.

From equation [1.11] and using H
(r)
0 (t) = ϕ(t), we can calculate H

(r)
l (t) for all

l ≥ 1, r = 0, 1, . . . ,K − 1.

Many authors (such as Le Caër 2010, 2011; Beghin and Orsingher 2010a;

De Gregorio and Orsingher 2012; and De Gregorio 2014), have studied the

conditional distributions of the particle position at renewal epochs with velocities

switched by a renewal process with Dirichlet-distributed interarrival times. These

authors studied the characteristic functions H
(0)
l (t), l ≥ 1 in terms of the conditional

characteristic function H
(r)
l (t).
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THEOREM 1.2.– The characteristic function H(t) = E
[
exp

{
icx(n)(t)

}]
, t ≥ 0, of

the random motion x(n)(t) is a solution of the following renewal equation:

H(t) = e−λt
K−1∑
r=0

tr

r!
ϕ(t) + λK

∫ t

0

ψK (t− u) e−λ(t−u)H (u) du, [1.9]

or in the convolution form

H(t) = ϕ(t) (1− FK(t)) + (ϕfK) ∗H (u) ,

where FK(t) is Erlang-K distributed and fK(t) = d
dtFK(t).

PROOF.– It is easily seen that

H(t) = exp
{
i
(
α,x(n)(t)

)}
=

+∞∑
l=0

K−1∑
r=0

H
(r)
l (t)P (ν(t) = Kl + r)

= e−λt
∞∑
l=0

K−1∑
r=0

λKl+rI
(r)
l (t).

Now, we need to show that for any t > 0 the series
∑∞

l=0

∑K−1
r=0 λKl+rI

(r)
l (t)

uniformly converges with respect to c = αv.

Indeed, taking into account that |ϕ (λ)| =
∣∣∣E [

e−iλη
(n)
j

]∣∣∣ ≤ 1, we have

∣∣∣I(r)l (t)
∣∣∣ ≤ ∫ t

0

ds1

∫ t

s1

ds2 . . .

∫ t

slK+r−1

dslK+r =
tlK+r

(lK + r)!
.

By using this bound, we state∣∣∣∣∣
∞∑
l=0

K−1∑
r=0

λKl+rI
(r)
l (t)

∣∣∣∣∣ ≤
∞∑
l=0

K−1∑
r=0

tlK+r

(lK + r)!
= eλt.

Therefore, H(t) can be represented by the uniformly convergent series as follows:

H(t) = e−λt
∞∑
l=0

K−1∑
r=0

λKl+rI
(r)
l (t) = e−λt

∞∑
l=0

K−1∑
r=0

ψl∗
K ∗ I(r)0 (t). [1.10]

Hence, we have

H(t) = exp
{
i
(
α,x(n)(t)

)}
=

+∞∑
l=0

K−1∑
r=0

H
(r)
l (t)P (ν(t) = Kl + r)
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= e−λt

{
K−1∑
r=0

tr

r!
ϕ(t) +

∫ t

0

ψK (t− u)

( ∞∑
l=1

K−1∑
r=0

λKl+rI
(r)
l−1 (u)

)
du

}

= e−λt

{
K−1∑
r=0

tr

r!
ϕ(t) + λK

∫ t

0

ψK (t− u)

( ∞∑
l=0

K−1∑
r=0

λKl+rI
(r)
l (u)

)
du

}

= e−λt

{
K−1∑
r=0

tr

r!
ϕ(t) + λK

∫ t

0

ψK (t− u) eλuH (u) du

}
.

In the following sections, equation [1.9] is generalized for an arbitrary distribution

of time between consecutive changes of the particle direction and for random absolute

velocity of the particle.

EXAMPLE 1.1.– Let us consider a three-dimensional random motion with Erlang-2

distribution for times between consecutive changes of the particle direction. In this

case, fη(3) (x) = 1
2I {−1 ≤ x ≤ 1}. Therefore, ϕ(t) = E

[
eictη

(3)
]
= sin ct

ct , and

H
(0)
0 (t) = ϕ (αvt) = sinαvt

αvt = H
(1)
0 (t), where α =

√
α2
1 + α2

2 + α2
3.

It is well known that the function 4πR
sinαR

α
is the Fourier transform for the

function of simple layer δS(R) (Vladimirov 1996).

Denote by H l(t) = H
(0)
l (t)P [ν(t) = 2l] + H

(1)
l (t)P [ν(t) = 2l + 1], the

characteristic function of the particle position x
(3)
l (t) at time t provided that l

changes of velocity are occurred. Hence,

P
(
x(3)(t) ∈ dx/ν2(t) = 0

)
= P

(
x
(3)
0 (t) ∈ dx

)
= F−1

(
H0(t)

)
dx1dx2dx3 =

δS(vt)

4π(vt)
2

(
e−λt + λte−λt

)
dx1dx2dx3,

where x = (x1, x2, x3).

Let us calculate H
(0)
1 (t) and H

(1)
1 (t). It is easily verified that for the

three-dimensional space, we have

H
(0)
1 (t) =

2

t2

∫ t

0

ψ (t− u)H
(0)
0 (u) du

=
2

α2t2v2

∫ t

0

(t− u) sin (αv (t− u))

(t− u)

sin (αvu)

u
du

=
2

α2t2v2

∫ t

0

sin (αv (t− u)) sin (αvu)

u
du
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=
1

α2t2v2
(Si (2αvt) sin (αvt) + Ci (2αvt) cos (αvt)

− (ln (2αvt) + γ) cos (αvt))

=
1

α2t2v2

(
Si (2αvt) sin (αvt) +

∫ 2αvt

0

cos ξ − 1

ξ
dξcos (αvt)

)
,

where γ is Euler’s constant.

Denote by f (x | ν(t) = 2) dx = P
(
x(3)(t) ∈ dx | ν(t) = 2

)
the conditional pdf

of a particle position assuming that there was only one change of speed occurred and

after this no more Poisson event occurred.

Then we have f (x | ν(t) = 2) = F−1
(
H

(0)
1 (t)

)
, where F−1 is the inverse

Fourier transform.

Hence,

f (x | ν(t) = 2) =
1

4π ‖x‖ (vt)2 ln
(
vt+ ‖x‖
vt− ‖x‖

)
→ ∞, ‖x‖ ↑ vt.

Consequently, for the continuous part fc (x) of the distribution of the particle

position, we obtain

f (x | ν(t) = 2) ≤ fc (x) → ∞, ‖x‖ ↑ vt.

Thus, in this case, the explosion effect holds in a similar manner as the case of the

exponential switching process.

For the conditional pdf f (x | ν(t) = 3) of the particle position assuming that only

one change of speed occurred and after that exactly one Poisson event occurred, we

have f (x | ν(t) = 3) = F−1
(
H

(1)
1 (t)

)
. For H

(1)
1 (t), we obtain

H
(1)
1 (t) =

6

α2t3v2

∫ t

0

u
(t− u) sin (αv (t− u))

(t− u)

sin (αvu)

u
du

=
6

t3v2α2

∫ t

0

sin (αv (t− u))sin (αvu)du = 3
sin (αvt)− αvtcos (αvt)

t3v3α3

= χ (α) .

Since the function χ (α) depends only on α =
√

α2
1 + α2

2 + α2
3, the function

f (x | ν(t) = 3) depends only on ρ = ‖x‖ =
√
x2
1 + x2

2 + x2
3, that is

f (x | ν(t) = 3) = φ
(1)
1 (ρ), ρ ≤ vt.
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Thus, we have

χ (α) =
(2π)

3/2

√
α

∫ vt

0

φ
(1)
1 (ρ) ρ3/2J1/2 (ρα)dρ

=
4π

α

∫ vt

0

φ
(1)
1 (ρ) ρ sin (ρα)dρ.

It is easily verified that if φ
(1)
1 (ρ) =

3

4πt3v3
I{ρ≤vt}, then

4π

α

∫ vt

0

3

4πt3v3
ρ sinαρdρ = χ (α) .

This means that f (x | ν(t) = 3) = 3
4πt3v3 I{‖x‖≤vt} is the inverse

three-dimensional Fourier transform of the function χ (α).

Therefore, after exactly three Poisson events the particle position is uniformly

distributed over the unit ball B (vt) = {‖x‖ < vt} as follows:

f (x | ν(t) = 3) =
3

4πt2v3
I{‖x‖≤vt}.

1.1.2. Some properties of the random walk in a semi-Markov
environment and its characteristic function

Now, we consider the general cdf G(t), which has the pdf g(t). By using renewal

theory one can easily prove that the characteristic function H(t) is a solution of the

following Volterra renewal-type integral equation:

H(t) = (1−G(t))ϕ(t) +

∫ t

0

g (u)ϕ (u)H (t− u) du. [1.11]

We will generalize equation [1.11] in the following lemma to the case where the

absolute velocity of the particle is a random variable. We should recall that equation

[1.11] has a unique solution in the case of a continuous kernel g ϕ, since it is a Volterra

equation.

LEMMA 1.1.– Suppose that g(t) > 0 for all t ≥ 0. Then for n = 2, 3, we have

fn (t,x) ↑ ∞ as ‖x‖ ↑ vt.

PROOF.– Since fn (t,x) = F−1 (H(t)), where F−1 is the n-dimensional inverse

Fourier transform of H(t) = (H (t, ‖α‖)) with respect to α, then it follows from

[1.11] that

fn (t,x) = F−1 (H(t)) = (1−G(t))
Γ
(
n
2

)
δ
(
v2t2 − ‖x‖2

)
2π

n
2 (vt)

n−1
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+

(
Γ
(
n
2

))2
4πn

∫
‖u‖≤vt

∫ t

0

(1−G (t− s)) δ
(
v2(t− s)

2 − ‖x− u‖2
)

(v (t− s))
n−1

×
g (s) δ

(
v2s2 − ‖u‖2

)
(vs)

n−1 dsdu+ . . .

For n = 3, we have ϕ(t) =
sin(vt ‖α‖)

vt ‖α‖ .

It is well known that

L
(
sin(vt ‖α‖)

vt ‖α‖
)

=
1

v ‖α‖arctg
(
v ‖α‖
s

)
.

Thus, we have(
Γ
(
3
2

))2
4π3

∫
‖u‖≤vt

∫ t

0

δ
(
v2(t− s)

2 − ‖x− u‖2
)

(v (t− s))
2

δ
(
v2s2 − ‖u‖2

)
(vs)

2 dsdu

= F−1

(
1

v2‖α‖2L
−1

[(
arctg

(
v ‖α‖
s

))2
])

=
1

4πv2t2 ‖x‖ ln
(
vt+ ‖x‖
vt− ‖x‖

)
.

Since for any s ≥ 0, the function g (s) > 0, we have

Ct = inf
0≤s≤t

(1−G (t− s)) g (s) > 0

and

Ct

4πv2t2 ‖x‖ ln
(
vt+ ‖x‖
vt− ‖x‖

)
≤ f3 (t,x) .

Hence, f3 (t,x) ↑ ∞ as ‖x‖ ↑ vt, i.e. we have the explosive effect.

For the case n = 2 (i.e. u, x ∈ R
2), we have

2

4π2

∫ t

0

∫
‖u‖≤vt

δ
(
v2(t− s)

2 − ‖x− u‖2
)

(v (t− s))
2

δ
(
v2s2 − ‖u‖2

)
(vs)

2 dsdu

=

(
v2s2 − ‖u‖2

)− 1
2

4πvt
.

By following the same approach, we can show that f2 (t,x) ↑ ∞ as ‖x‖ ↑ vt.

In the case of an Erlang pdf g(t), the explosive effect also holds because in these

spaces of dimension n = 2, 3 there are not enough directions to leave the “layer”

around the sphere of singularity.
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1.2. Random motion with uniformly distributed directions and random
velocity

Now, we deal with uniformly distributed direction of motion or isotropic motion

at random speed or velocity where the direction alternations occur according to the

renewal epochs of a general distribution. We derive the renewal equation for the

characteristic function of the transition density of the multidimensional motion.

Then, by using the renewal equation, we study the behavior of the transition density

near the sphere of its singularity for one-, two-, three- and four-dimensional cases. To

illustrate our solution methodology, we present detailed calculations of many

solvable examples.

1.2.1. Renewal equation for the characteristic function of isotropic
motion with random velocity in a semi-Markov media

Most papers concerning isotropic random motion on the multidimensional space

are devoted to the analysis of models in which motions are driven by the

homogeneous Poisson process. Another typical assumption is to consider constant

speed or constant velocity; their models are basically Markov processes (e.g.

(Orsingher and De Gregorio 2007; Orsingher and Beghin 2006; Pinsky 1991;

Pogorui and Rodríguez-Dagnino 2011; Pogorui 2011) and references therein). In this

section, we consider multidimensional random motions with uniformly distributed

directions having random velocity. We will find a renewal equation for the

characteristic function of the distribution of the particle position of this motion.

For the case of four-dimensional space, we give an example having an explosive

effect, i.e. the pdf of the particle position goes to infinity when approaching the sphere

of singularity if the absolute speed of the particle is some random variable.

As mentioned before, we consider the renewal process

ν(t) = max {m ≥ 0 : τm ≤ t}, t ≥ 0, where τm =
∑m

k=0 θk, τ0 = 0 and θk ≥ 0,
k = 1, 2, . . ., are i.i.d. random variables denoting the interarrival times. Let G(t) be

the cdf of θ1 and we assume that there exists the pdf g(t) = d
dtG(t).

We will study the random motion of a particle that starts from the coordinate

origin 0 = (0, 0, . . . , 0) of the space Rn at time t = 0 and continues its motion with a

velocity γ0 > 0 along the direction η
(n)
0 , where γ0 is a random variable with the

cdf Z (v) and there exists the pdf z (v) = d
dvZ (v), v ≥ 0, and the direction

η
(n)
0 = (x1, x2, · · · , xn) is a random n-dimensional vector uniformly distributed on

the sphere

Ωn−1
1 =

{
(x1, x2, · · · , xn) : x

2
1 + x2

2 + . . .+ x2
n = 1

}
.
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The random variables γ0 and η
(n)
0 are independent.

Then, the particle moves in straight lines and it changes its direction at renewal

epochs τm, m = 1, 2, . . . , much in the same manner, which was considered in

Volume 1, Chapter 5, with the only difference that at epoch τk the particle changes

not only the direction of its movement from η
(n)
k−1 to η

(n)
k but with the direction it

also changes the absolute velocity from γk−1 to γk, where γk−1 and γk are i.i.d. with

the distribution Z(v).

Denote by x(n)(t), t ≥ 0, the particle position at time t. As in the previous section,

we have

x(n)(t) =

ν(t)∑
j=1

η
(n)
j−1γj−1 (τj − τj−1) + η

(n)
ν(t)γν(t)

(
t− τν(t)

)
. [1.12]

Let us consider the projection x(n)(t) of x(n)(t) onto a fixed line. Then we have

x(n)(t) =

m+1∑
j=1

η
(n)
j−1γj−1 (τj − τj−1) + η

(n)
ν(t)γν(t)

(
t− τξ(t)

)
where η

(n)
j is the projection of η

(n)
j onto the line.

Denote as Fx (y) = P
(
x
(n)
m (t) ≤ y

)
. For the characteristic function of x(n)(t),

we have

H(t) = E
[
exp

{
i
(
α,x(n)(t)

)}]
= E

[
exp

{
i ‖α‖

(
e,x(n)(t)

)}]
= E

[
exp

{
i ‖α‖x(n)(t)

}]
=

∫ ∞

0

exp {i ‖α‖ y} dFx (y),

where ‖α‖ =
√

α2
1 + α2

2 + · · ·+ α2
n.

Thus, the probabilistic properties of x(n)(t) are completely defined by the

properties of x(n)(t).

Denote by fη(n) (x) the pdf of η
(n)
j . From [1.2], it follows that

fη(n) (x) =

{
Γ(n

2 )√
πΓ(n−1

2 )

(
1− x2

)(n−3)/2
, x ∈ [−1, 1] ,

0 , x /∈ [−1, 1] .
[1.13]



Random Motions in Higher Dimensions 19

Hence, it is easily verified that Fη(n)υ (x) = P
(
η
(n)
j γj ≤ x

)
is of the following

form:

Fη(n)γ (x) =

⎧⎪⎨⎪⎩
1
2 +

Γ(n
2 )√

πΓ(n−1
2 )

∫ 1

0
Z
(
x
t

) (
1− t2

)(n−3)/2
dt, x ≥ 0,

1
2 − Γ(n

2 )√
πΓ(n−1

2 )

∫ 1

0
Z
(−x

t

)(
1− t2

)(n−3)/2
dt, x < 0.

[1.14]

Let us denote by ϕ(t) = E
[
eitαγjη

(n)
j

]
=

∫∞
−∞ eitαxdFη(n)γ (x) the

characteristic function of the random variable η
(n)
j γj . As it is mentioned in section

1.5.1., if γj = v= const > 0, then the function ϕ(t) is as follows:

ϕ(t) = 2
n−2
2 Γ

(n
2

) Jn−2
2

(αtv)

(αtv)
n−2
2

,

where α = ‖α‖ .

In the case where γj is a random variable with pdf z (v), v ≥ 0, it is easy to verify

that ϕ(t) is of the following form:

ϕ(t) = E
[
eitαγjη

(n)
j

]
= 2

n−2
2 Γ

(n
2

)∫ ∞

0

Jn−2
2

(αtv)

(αtv)
n−2
2

z (v) dv. [1.15]

THEOREM 1.3.– The characteristic function H(t), t ≥ 0, is a solution of the following

Volterra renewal-type integral equation:

H(t) = (1−G(t))ϕ(t) +

∫ t

0

g (u)ϕ (u)H (t− u) du. [1.16]

PROOF.– From equation [1.12], it follows that

H(t) = E
[
exp

{
i
(
α,x(n)(t)

)}]

= E

⎡⎣exp
⎧⎨⎩i

⎛⎝α,

ξ(t)∑
j=1

η
(n)
j−1γj−1θj + γξ(t)η

(n)
ξ(t)

(
t− τξ(t)

)⎞⎠⎫⎬⎭
⎤⎦

= (1−G(t))Ee
itγ0

(
α,η

(n)
0

)
+

∫ t

0

g (u)Ee
iuγ0

(
α,η

(n)
0

)
H (t− u) du.

To complete the proof, we mention that ϕ(t) = E

[
e
itγ0

(
α,η

(n)
0

)]
.
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Now let us denote by fn (t,x) the pdf of the particle position at time t. Therefore,

fn (t,x) = F−1 (H(t)), where F−1 is the n-dimensional inverse Fourier transform

with respect to α.

Let us study functions fn (t,x) for n = 1, 2, 3, 4.

1.2.2. One-dimensional case

Let us consider the one-dmensional case, i.e. n = 1, with constant velocity v > 0,

ϕ(t) = cos (αtv) . We have, for the exponential pdf g(t) = λe−λt
I{t≥0}, the renewal

equation

H(t) = e−λtcos (αtv) + λ

∫ t

0

e−λucos (αuv)H (t− u) du. [1.17]

We should note that the process x(1)(t) is not the telegraph process because at

renewal epochs the particle may not change its direction.

Denote by h(t) = H(t)eλt, then from equation [1.17] it follows that

h(t) = cos (αtv) + λ

∫ t

0

cos (αuv) h (t− u) du.

Since L (cos (αtv) ) =
∫∞
0

e−sucos (αuv)du = s
s2+v2α2 , then after applying the

Laplace transform to [1.17] (or its equivalent in h(t)) we obtain

L (h(t)) =

∫ ∞

0

e−sth(t)dt =
s

s2 − λs+ v2α2
.

Thus, the inverse Laplace transform gives

H(t) = e−λth(t) = e−
λt
2

(
cosh

(
t

2

√
λ2 − 4v2α2

)

+
λsinh

(
t
2

√
λ2 − 4v2α2

)
√
λ2 − 4v2α2

)
. [1.18]

We should recall the formula from Bateman (1954, p. 57, no. 47).

sinh
(
t
√
1− α2

)
√
1− α2

=
1

2

∫ t

−t

I0

(√
t2 − x2

)
eixαdx.

This can be tailored to our case as

λsinh
(
t
2

√
λ2 − 4v2α2

)
√
λ2 − 4v2α2

=
λ

2v

∫ tv

−tv

I0

(
λ

2v

√
(tv)

2 − x2

)
eixαdx.
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Therefore, by applying the inverse Fourier transform (with respect to α) to

equation [1.18], we obtain

f1 (t, x) =
1

2
δ
(
(vt)

2 − x2
)
e−

λt
2

+
e−

λt
2

2v

[
λ

2
I0

(
λ

2v

√
(tv)

2 − x2

)
+

∂

∂t
I0

(
λ

2v

√
(tv)

2 − x2

)]
=

1

2
δ
(
(vt)

2 − x2
)
e−

λt
2 +

λ

4v
I0

(
λ

2v

√
(tv)

2 − x2

)
e−

λt
2

+
λt

4

I1

(√
(tv)

2 − x2

)
√

(tv)
2 − x2

e−
λt
2 .

Thus, f1 (t, x) is a solution of the following telegraph equation:

∂2f

∂t2
+ λ

∂f

∂t
− v2

∂2f

∂x2
= 0, f (x, 0) = δ (x) ,

which defines the process with the exponential distribution with parameter λ/2 for

interarrival times of the switching directions process. This is because the switching

process for this random walk is a Markov process with the phase space {0, 1} and the

following infinitesimal matrix:

Q =

(−λ/2 λ/2
λ/2 −λ/2

)
.

We should recall that for the Goldstein–Kac process the infinitesimal matrix is as

follows:

2Q =

(−λ λ
λ −λ

)
.

Therefore, if we consider only real change of direction, the previous process is a

Goldstein–Kac process with the parameter λ/2.

Suppose that γ1 is a random variable with pdf

z (v) =
2

π
√
1− v2

, 0 ≤ v ≤ 1.

This pdf is the density of distribution of the projection of a vector uniformly

distributed on a unit semicircle onto a line that passes through the center of the circle

(see section 1.4.2). Then, we obtain

ϕ(t) =

∫ 1

0

cos (αtv)
2

π
√
1− v2

dv = J0 (αt) . [1.19]
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For g(t) = λe−λtI{t≥0}, we have

H(t) = e−λtJ0 (αt) + λ

∫ t

0

e−λ(t−u)J0 (α (t− u))H (u) du. [1.20]

Let us state as h(t) = eλtH(t). Then equation [1.20] is of the form:

h(t) = J0 (αt) + λ

∫ t

0

J0 (α (t− u))h (u) du. [1.21]

It is well known (Bateman 1954) that the Laplace transform of the Bessel function

J0 (αt) with respect to t is as follows:

L (J0 (αt)) =
1√

s2 + α2
.

By obtaining the Laplace transform in equation [1.21], we have

L (h(t)) =
1√

s2 + α2
+

λ√
s2 + α2

L (h(t)) .

Hence,

L (h(t)) =
1√

s2 + α2 − λ
=

1

λ

∞∑
n=1

(
λ√

s2 + α2

)n

.

The inverse Laplace transform of the function 1
λ

(
λ√

s2+α2

)n

with respect to s is

of the following form:

L−1

(
1

λ

(
λ√

s2 + α2

)n)
=

√
π

Γ
(
n
2

)(λ2t

2

)n−1
2 Jn−1

2
(αt)

α
n−1
2

.

Therefore,

H(t) = e−λt
∞∑

n=1

√
π

Γ
(
n
2

)(λ2t

2

)n−1
2 Jn−1

2
(αt)

α
n−1
2

.

Then, by reducing the inverse Fourier transform to the Hankel transform, we obtain

f1 (t, x) = F−1 (H(t)) = e−λt
∞∑

n=1

λn−1(
Γ
(
n
2

))2
2n−1

(
t2 − x2

)n−2
2

(2t)
n−1
2

I{t>|x|}.

For the first term, F−1
(
e−λtJ0 (αt)

)
= e−λt

π
√
t2−x2

I{t>|x|}. Hence, it is easily seen

that the pdf f1 (t, x) satisfies f1 (t, x) = F−1 (H(t)) → +∞, |x| ↑ t.

Therefore, we have an explosive effect at lines |x| = t while for the constant

velocity v the explosive effect does not appear.
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1.2.3. Two-dimensional case

We should note that in case of constant velocity γj = v > 0, we have

ϕ(t) = J0 (αtv).

Now, let us suppose that the velocity γj is a random variable with the following

heavy-tail pdf:

z (v) =
v

(1 + v2)
3
2

, v ≥ 0.

Then,

ϕ(t) =

∫ ∞

0

J0 (αtv) z(v)dv =

∫ ∞

0

J0 (αtv) v

(1 + v2)
3
2

dv = e−tα.

Now, let us assume an exponential pdf g(t) = λe−λt
I{t≥0}; hence, we have the

renewal equation

H(t) = e−λte−αt + λ

∫ t

0

e−λ(t−u)e−α(t−u)H (u) du. [1.22]

By solving equation [1.22], we have

H(t) = e−αt.

Now, we can obtain the two-dimensional inverse Fourier transform of H(t) =
H (t, α) with respect to α, and we can apply the Hankel transform (Bochner and

Chandrasekhar 1949) to obtain the pdf of x(2)(t)

f2 (t, x) =
1

2π

∫ ∞

0

e−αtαJ0 (αx) dα =
t

2π(t2 + x2)
3
2

,

x = |x| , x = (x1, x2) .

1.2.4. Three-dimensional case

1.2.4.1. Isotropic transport process with random velocity in R
3

The isotropic random motion of a particle at constant velocity in R
n driven by a

homogeneous Poisson process has been intensively studied by many researchers. For

planar (n = 2) random motion, the explicit form of the pdf for the particle position at

a fixed time was obtained by several methods (Stadje 2007; Masoliver et al. 1993b).

However, for the most important three-dimensional case, the pdf for the continuous

part of the distribution of the process was given in the form a complicated integral
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(Stadje 2007), which can hardly be evaluated precisely. We remove the condition of

constant velocity of the particle, and consider the case of a random speed, but

distributed in the way such that it is close to a constant speed. We obtain the closed

form for the pdf of the particle position in R
3.

Let {ν(t)} be a Poisson process with rate λ > 0 starting at ν (0) = 0. We define

the time of the kth jump by τk = inf {t : ν(t) = k}, k ≥ 0. The random variable τk
is also called the Poisson event and θk = τk+1 − τk is called the kth waiting time (or

interarrival time).

We will study the random motion of a particle that starts its motion from the origin

0 = (0, 0, 0) of the space R3, at time t = 0, and it continues its motion with a velocity

v0 > 0 along a direction η0 in R
3. At instant τ1, the particle changes its direction to

η1 and continues its motion with a velocity v1 > 0 along η1. At instant τ2, the particle

changes its direction to η2 and continues its motion with a velocity v2 > 0 along η2,

and so on. We assume that {vi, i = 0, 1, 2, . . .} is a sequence of i.i.d. positive random

variables with cdf Z (s) and pdf z (s) = dZ (s)/ds, s ≥ 0, and ηi, i = 0, 1, 2, . . .
are i.i.d. random three-dimensional vectors uniformly distributed on the unit sphere

Ω2
1 =

{
(x1, x2, x3) : x

2
1 + x2

2 + x2
3 = 1

}
. The random variables vi are independent

of the random variables ηj , i, j ∈ {0, 1, 2, . . .}.

Denote by x(t), t ≥ 0 the particle position at time t. We have that

x(t) =

ν(t)∑
j=1

ηj−1vj−1θj−1 + ην(t)vν(t)

(
t− τν(t)

)
. [1.23]

As we know (Pogorui and Rodríguez-Dagnino 2012), the characteristic function

H(t) = E [exp {i (α,x(t))}] satisfies the following renewal equation:

H(t) = e−λtϕ(t) + λ

∫ t

0

e−λuϕ (u)H (t− u) du, [1.24]

where

ϕ(t) =

∫ ∞

0

z (v)
sin (αtv)

αtv
dv, α = |α| .

As far as we know, in the three-dimensional case for a constant velocity of a

particle, the distribution of the particle position has not been obtained before, and this

case is relevant for applications. Now, we consider the case of random velocity where

the particle velocity has the following pdf:

z (s) =
4s2

π
√
1− s2

, 0 ≤ s < 1. [1.25]
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This velocity is “almost equal” to v = 1. By making this assumption, we are able

to obtain the distribution of particle position in the closed form.

ϕ(t) =

∫ ∞

0

4v2

π
√
1− v2

sin (αtv)

αtv
dv =

2J1 (at)

at
.

Hence, we have the following equation:

H(t) = ϕ(t)e−λt + λ

∫ t

0

ϕ (u) e−λuH (t− u) du.

This renewal equation [1.24] has a unique solution of the following form

Kovalenko et al. (1983):

H(t) = e−λt
∞∑

n=0

λn[ϕ(t)]
∗(n+1)

The relation for the Bessel function (Prudnikov et al. 1986, p.190, formula

2.12.33.8), is well known.∫ t

0

Jm (a (t− u))

t− u

Jn (au)

u
du =

m+ n

mn

Jn+m (at)

t
. [1.26]

By using equation [1.26], we obtain

[ϕ(t)]
∗(k)

=
(k − 1) 2k−1

ak−1

∫ t

0

Jk−1 (a (t− u))

(t− u)

2J1 (au)

au
du = k 2k

Jk (at)

akt
,

k = 2, 3, . . .

where [ϕ(t)]
∗(1)

= ϕ(t).

It is easily verified that

[ϕ(t)]
∗(k)

= k 2k
Jk (at)

akt
.

The inverse Fourier (Hankel) transform of [ϕ(t)]
∗(k)

is as follows:

Ik = F−1
(
[ϕ(t)]

∗(k)
, α
)
=

⎧⎪⎨⎪⎩
k2k

√
2/π

(k+1)!tk+1

√
(t2 − x2)

2k−3
, k is even

k2k
√

2/π

k!tk+1

√
(t2 − x2)

2k−3
, k is odd,

where x = ‖x‖ .
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Therefore, the pdf f (t,x) of the particle position at time t is as follows:

f (t, x) = F−1 (H(t))

= e−λt
√
2/π

(
e−λt

√
2/π

( ∞∑
m=1

(2m− 1) 2(2m−1)λ(2m−1)

(2m− 1)! t2m

×
√
(t2 − x2)

4m−5
+

∞∑
l=1

2l 4lλ2l

(2l + 1)! t2l+1

√
(t2 − x2)

4l−3

))
. [1.27]

The following formula is well known (Arfken et al. 2012, pp. 544–545 and

547–548):

Γ

(
n+

1

2

)
=

(2n− 1)!

2n
√
π. [1.28]

By using [1.28] and calculating the sum of series, we get for x2 < t2

f (t, x) = F−1 (H(t)) = e−λt
√
2

( ∞∑
l=1

l 2lλ2l

Γ (l + 3/2) t2l+1

√
(t2 − x2)

4l−3

+

∞∑
m=1

(2m− 1) 2(m−1)λ(2m−1)

Γ (m+ 1/2) t2m

√
(t2 − x2)

4m−5

)

=
e−λt

√
2

4
√
πλt2Λ3

[
4λtΛ3/2 + 8λ2 Λ

5/2
+

(
λ2

√
128Λ5 − t2

√
8Λ

+
16λ3

√
2Λ7

t

)
e

2λ2Λ2

t2

∫ √
2λΛ/t

0

e−y2

dy

]
,

where Λ = t2 − x2.

REMARK 1.1.– It is well known that random walks are used to model polymers
(Banchoff 1976). One important characteristic of a polymer is the distribution of the
distance between starting and ending points of its molecules and the result obtained
may be interesting from this point of view.

1.2.4.2. Isotropic transport process with random velocity in R
3: small

parameter approximation

Now, we will study a random motion in R
3 with random velocity, distributed

according to Maxwell’s law of distribution of velocities. We believe that this model is

a natural alternative to the Wiener model of Brownian motion. In fact, this is a more

realistic model because of the two following facts: first, the velocity of the particles

in this model has the Maxwell distribution, unlike the Wiener process, where the
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absolute particle velocity is infinite. Second, unlike the Wiener particle path, the

particle in this model has a non-zero free path.

Let us consider a random motion x(t), which is determined by equation [1.23],

where the random velocity vi is distributed according to the Maxwell distribution with

pdf

z (v) =

√
2

π
v2 e−

1
2 v

2

, v > 0.

Then, it follows that

ϕ(t) =
√

2/π

∫ ∞

0

v2 e−
1
2v

2 sin (αtv)

αtv
dv = e−

t2α2

2 .

Hence, the equation for the characteristic function of the distribution of particle

position is as follows:

H(t) = e−λte−
t2α2

2 + λ

∫ t

0

e−λue−
u2α2

2 H (t− u) du.

Denote as h(t) = eλtH(t), then we have

h(t) = e−
1
2 t

2α2

+ λ

∫ t

0

e−
1
2u

2α2

h (t− u) du.

Since the parameter ε = 1/λ is very small (e.g. in most gas models), we will study

the perturbed integral equation

εh(t) = εe−
1
2 t

2α2

+

∫ t

0

e−
1
2u

2α2

h (t− u) du.

A solution of such equations can be found by using the following expansion

(Angell and Olmstead 1987; Shubin 2006):

h(t) =
∞∑
k=0

εk (uk(t) + wk (τ)), [1.29]

where τ = t/ε, the terms uk(t) are called regular, and wk (τ) are called singular terms

of [1.29].

For u0(t), we have

εu0(t) = εe−
1
2 t

2α2

+

∫ t

0

e−
1
2u

2α2

u0 (t− u) du. [1.30]
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From [1.30], it follows∫ t

0

e−
1
2u

2α2

u0 (t− u) du = 0. [1.31]

It is well known that equation [1.31] has only the trivial solution

u0(t) = 0.

For w0 (τ), we have

εw0 (τ) = εe−
1
2 t

2α2

+

∫ t

0

e−
1
2 (t−u)2α2

w0

(u
ε

)
du.

By letting s = u
ε , we have

w0 (τ) = e−
1
2 τ

2α2ε2 +

∫ τ

0

e−
1
2 (τ−s)2α2ε2w0 (s) ds. [1.32]

In equation [1.32], we can only use the first term of the expansion for the exponent,

so

e−
1
2 τ

2α2ε2 = 1− 1

2
τ2α2ε2 +

1

4
τ4α4ε4 + · · · , [1.33]

e−
1
2 (τ−s)2α2ε2 = 1− 1

2
(τ − s)

2
α2ε2 +

1

4
(τ − s)

4
α4ε4 + · · · .

Hence, we obtain

w0 (τ) = 1 +

∫ τ

0

w0 (s) ds.

It is easily verified that

w0 (τ) = eτ .

Next, for u1(t) we have

ε2u1(t) = εe−
1
2 t

2α2

+ ε

∫ t

0

e−
1
2 (t−u)2α2

u1 (u) du

or

e−
1
2 t

2α2

=

∫ t

0

e−
1
2 (t−u)2α2

u1 (u) du.
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For w1 (τ), we have

ε2w1 (τ) = ε
(
e−

1
2 t

2α2 − 1
)
+ ε

∫ t

0

e−
1
2 (t−u)2α2

w1

(u
ε

)
du.

Hence, by changing variable s = u
ε , we have

w1 (τ) = −ε
1

2
τ2α2 +

∫ τ

0

e−
1
2 (τ−s)2α2ε2w1 (s) du

or

w1 (τ) =

∫ τ

0

e−
1
2 (τ−s)2α2ε2w1 (s) du

and as a consequence w1 (τ) = 0.

For w2 (τ)

ε3w2 (τ) = ε
(
e−

1
2 t

2α2 − 1
)
+ ε2

∫ t

0

e−
1
2 (t−u)2α2

w1

(u
ε

)
du

+

∫ t

0

(
e−

1
2 (t−u)2α2 − 1

)
w0

(u
ε

)
du.

Introducing the change of variable s = u
ε , we have

ε3w2 (τ) = ε
(
e−

1
2 t

2α2 − 1
)
+ ε3

∫ τ

0

e−
1
2 (t−u)2α2

w2 (s) ds

+

∫ τ

0

(
e−

1
2 (τ−s)2α2ε2 − 1

)
w0 (s) ds.

Whence, we have

w2 (τ) = −1

2
τ2α2 +

∫ τ

0

w2 (s) ds− 1

2
α2

∫ τ

0

(τ − s)
2
w0 (s) ds.

Taking into account that w0 (τ) = eτ , we have

w2 (τ) = −1

2
τ2α2 +

∫ τ

0

w2 (s) ds− 1

2
α2

(
2eτ − τ2 − 2τ − 1

)
w2 (τ) =

∫ τ

0

w2 (s) ds− α2eτ + α2τ +
1

2
α2

w2 (0) =
1

2
α2
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d

dτ
w2 (τ) = w2 (τ)− α2eτ + α2

w2 (τ) = −α2 − α2τeτ + Ceτ

C =
1

2
α2

w2 (τ) =
1

2
α2eτ−α2 − α2τeτ .

εε4w4 (τ) = εε4
1

4
τ4α4 + ε4

∫ t

0

e−
1
2 (t−u)2α2

w4

(u
ε

)
du

+ε2
∫ t

0

e−
1
2 (t−u)2α2

w2

(u
ε

)
du+

∫ t

0

e−
1
2 (t−u)2α2

w0

(u
ε

)
du

w4 (τ) =
1

4
τ4α4 +

∫ τ

0

w4 (s) ds−
∫ τ

0

(τ − s)
2
α2

2
w2 (s) ds

+

∫ t

0

(τ − s)
4
α4

4
w0 (s) ds.

Hence,

d

dτ
w4 (τ) = w4 (τ) +

α4

12

(
12τeτ + 42eτ − 30τ2 − 54τ − 42

)
.

Since w4 (0) = 0, we obtain

w4 (τ) = 13α4 +
19

2
α4τ +

5

2
α4τ

2
+

7

2
α4τeτ +

1

2
α4τ

2
eτ − 13α4eτ .

The following recursive formula holds:

w2k (τ) =
(−1)

k

2kk!
α2kτ2k +

∫ τ

0

w2k (s)ds−
∫ τ

0

α2 (τ − s)
2

2
w2k−2 (s) ds

+

∫ τ

0

α4 (τ − s)
4

2 · 2! w2k−4 (s) ds−
∫ τ

0

α6 (τ − s)
6

2 · 3! w2k−6 (s) ds+ · · · .

Taking into account equation [1.29], we have

h(t) = e−
1
2 τ

2α2ε2 + ε2
∫ τ

0

e−
1
2 (τ−s)2α2ε2esds

+ε4
∫ τ

0

e−
1
2 (τ−s)2α2ε2

(
1

2
α2es−α2 − α2ses

)
ds+ · · · .
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Consider the following approximation:

h(t) = e−
1
2 τ

2α2ε2 + ε2
∫ τ

0

e−
1
2 (τ−s)2α2ε2esds.

After obtaining the inverse three-dimensional Fourier transform with respect to α
(by using the Hankel transform), we get

g (τ, x) = F−1 (h (τ)) =
1

2π2τ3
e−

x2

2τ2 +
ε2

2π2

∫ τ

0

1

(τ − s)
3 e

− x2

2(τ−s)2 esds

=
1√

8π3τ3
e−

x2

2τ2 +
ε2√
8π3

eτ
∫ τ

0

1

u3
e−

x2

2u2 e−udu+ o
(
ε2
)
.

Then, for the pdf f (t, x) of particle position at time t we have

f (t, x) = e−λtg (λt, x) =
e−λt

√
8π3(λt)

3 e
− x2

2(λt)2

+
1√

8π3λ2

∫ ∞

0

1

u3
e−

x2

2u2 e−udu+ o

(
1

λ2

)
.

F−1
(
e

1
2 t

2α2
)
=

1√
8π3

∫ ∞

0

e−
1
2 t

2α2

α2
J 1

2
(αx)√
αx

dα =
1√
8π3

1

t3
e−

x2

2t2 .

1.2.5. Four-dimensional case

We have that ϕ(t) = J1(αtv)
αtv when v = const > 0 in the four-dimensional case.

Now, let us assume that the velocity vj is a random variable with the pdf

z (v) =
v√

1− v2
, 0 ≤ v < 1.

From [1.14], it follows that

ϕ(t) =

∫ 1

0

J1 (αtv)

αtv

v√
1− v2

dv = 2

(
sin (αt/2)

αt

)2

,

with the corresponding renewal equation

H(t) = e−λt

(
sin (αt/2)

αt

)2

+2λ

∫ t

0

e−λ(t−u)

(
sin

(
α
2 (t− u)

)
α (t− u)

)2

H (u) du, [1.34]

for the exponential pdf g(t) = λe−λt
I{t≥0}.
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We cannot solve equation [1.34] but it is easily seen that

f (t,x) = F−1 (H(t)) ≥ e−λtF−1

((
sin (αt/2)

αt

)2
)
.

We have, by using the Hankel transform (Bochner and Chandrasekhar 1949), that

F−1

((
sin (αt/2)

αt

)2
)

=
1

4π2

∫ ∞

0

J1 (αtx)

αtx
α3

(
sin (αt/2)

αt

)2

dα

=
1

4π2tx2

1√
t2 − x2

, x < t, x = |x| , x = (x1, x2, x3, x4) .

Hence,

f (t,x) → ∞, x → t.

This explosive effect phenomenon was not observed in the four-dimensional case

for constant velocity, for the absolute continuous part of the distribution of the particle

position.

1.3. The distribution of random motion at non-constant velocity in
semi-Markov media

This section deals with random motion at a non-constant speed, with uniformly

distributed directions where the direction alternations occur according to renewal

epochs having a general distribution. We derive the renewal equation for the

characteristic function of the transition density of the multidimensional motion. By

using the renewal equation, we study the behavior of the transition density near the

sphere of its singularity, for two- and four-dimensional cases and variable velocity

and the three-dimensional case for constant velocity. As an example, we have derived

the distribution for one-, two- and three-dimensional random motion.

As in the case of one-dimensional random motion, many of the papers on random

motion with uniformly distributed directions on the multidimensional space are

devoted to the analysis of models where the motions are driven by a homogeneous

Poisson process, so their processes are Markov. In various studies (Di Crescenzo

2001; Pogorui 2011), a non-Markov generalization of one-dimensional random

evolutions of the telegrapher’s random process, where the motion is driven by an

alternating semi-Markov process with Erlang-distributed interrenewal times, is

considered. Random flights in R
n, with K-Erlang-distributed displacements and

uniformly distributed directions, have been studied in Pogorui and

Rodríguez-Dagnino (2011). A planar random motion performed by a particle that
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changes direction at even-valued Poisson events is studied in Beghin and Orsingher

(2010a). In previous studies (Le Caër 2010, 2011), a random walk with steps of a

uniform orientation and Dirichlet-distributed lengths is considered. The transition

density, which has simple analytical forms for two- and four-dimensional Markov

random motion, has been derived by Orsingher and De Gregorio (2007). In this work,

we consider multidimensional random motions with uniformly distributed directions,

with general distributed steps and non-constant velocity, and we have extended some

results of Pogorui and Rodríguez-Dagnino (2005), Pogorui (2011) and Pogorui and

Rodríguez-Dagnino (2011). We show some interesting solvable cases that have not

been reported by other studies.

Let us consider the renewal process ν(t) = max {m ≥ 0 : τm ≤ t} , t ≥ 0,

where τm =
∑m

k=1 θk, τ0 = 0 and θk ≥ 0, k = 1, 2, . . . , are i.i.d. with a distribution

function G(t) and the probability density function g(t) = d
dtG(t).

We assume that a particle starting from the coordinate origin (0, 0, . . . , 0) of the

space Rn, at time t = 0, continues its motion with a velocity v (s) > 0, 0 ≤ s < θ1
along the direction of η

(n)
0 , where η

(n)
0 = (x1, x2, · · · , xn) is a random n-dimensional

vector uniformly distributed on the unit sphere

Ωn−1
1 =

{
(x1, x2, · · · , xn) : x2

1 + x2
2 + · · ·+ x2

n = 1
}
.

At instant τ1, the particle changes its direction to η
(n)
1 , where η

(n)
1 and η

(n)
0 are

independent and identically distributed on Ωn−1
1 , and continues its motion with the

velocity v (s), 0 ≤ s < θ2 along the direction of η
(n)
1 . Then at instant τ2, the particle

changes its direction to η
(n)
2 , where η

(n)
2 is also uniformly distributed on Ωn−1

1 and

independent of η
(n)
0 , η

(n)
1 , and continues its motion with the velocity v (s),

0 ≤ s < θ3 along the direction of η
(n)
2 , and so on.

Denote by x(n)(t), t ≥ 0 the particle position at time t. We have that

x(n)(t) =

ν(t)∑
j=1

η
(n)
j−1

∫ θj

0

v (s) ds+ η
(n)
ν(t)

∫ t−τν(t)

0

v (s) ds, [1.35]

where we assume that
∑0

j=1 η
(n)
j−1

∫ θj
0

v (s) ds = 0.

Basically, equation [1.35] determines the random evolution in the semi-Markov

medium ν(t).

The counting process {ν(t)} gives the number of velocity alternations that have

occurred in the interval (0, t).
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The probabilistic properties of a random vector x(n)(t) are completely determined

by its projection x(n)(t) =
∑ν(t)

j=1 η
(n)
j−1

∫ θj
0

v (s) ds+η
(n)
ν(t)

∫ t−τν(t)

0
v (s) ds on a fixed

line, where η
(n)
j is the projection of η

(n)
j on the line.

Indeed, let us consider the distribution function Fx (y) = P
(
x(n)(t) ≤ y

)
. Then,

the characteristic function H(t) of x(n)(t) is given by:

H(t) = Eexp
{
i
(
α,x(n)(t)

)}
= Eexp

{
i ‖α‖

(
e,x(n)(t)

)}
= Eexp

{
i ‖α‖x(n)(t)

}
=

∫ ∞

0

exp {i ‖α‖ y} dFx (y),

where ‖α‖ =
√

α2
1 + α2

2 + · · ·+ α2
n.

Let us denote by fη(n) (x), the pdf of the projection η
(n)
j of vector η

(n)
j onto a fixed

line. In Pogorui (2010b), we proved that:

fη(n) (x) =

{
Γ(n

2 )√
πΓ(n−1

2 )

(
1− x2

)(n−3)/2
, x ∈ [−1, 1] ,

0, x /∈ [−1, 1] ,
[1.36]

and

ϕ (t, α) = ϕη(n)

(
α

∫ t

0

v (s) ds

)
= E

[
e
i
∫ t
0
v(s)ds

(
α,η

(n)
j

)]

=

∫ 1

−1

eiα
∫ t
0
v(s)dsx fη(n) (x)dx,

where α = ‖α‖.

It is not hard to verify that

ϕ (t, α) = 2
n−2
2 Γ

(n
2

) Jn−2
2

(
α
∫ t

0
v (s) ds

)
(
α
∫ t

0
v (s) ds

)n−2
2

.

1.3.1. Renewal equation for the characteristic function

THEOREM 1.4.– The characteristic function H(t) = E
[
exp

{
i
(
α,x(n)(t)

)}]
, t ≥ 0,

of the random motion x(n)(t) is a solution of the following Volterra integral equation:

H(t) = (1−G(t))ϕ (t, α) +

∫ t

0

g (u)ϕ (u, α)H (t− u) du. [1.37]
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PROOF.– It follows from equation [1.35] that

H(t) = E
[
exp

{
i
(
α,x(n)(t)

)}]
= E

⎡⎣exp
⎧⎨⎩i

⎛⎝α,

ν(t)∑
j=1

η
(n)
j−1

∫ θj

0

v (s) ds+ η
(n)
ν(t)

∫ t−τν(t)

0

v (s) ds

⎞⎠⎫⎬⎭
⎤⎦

= (1−G(t))E

[
e
i
∫ t
0
v(s)ds

(
α,η

(n)
0

)]

+

∫ t

0

g (u)E

[
e
i
∫ u
0

v(s)ds
(
α,η

(n)
0

)]
H (t− u) du.

To complete the proof, observe that ϕ (t, α) = E

[
e
i
∫ t
0
v(s)ds

(
α,η

(n)
0

)]
.

Denote by fn (t,x), the pdf of the particle position at time t. It is easily seen that

fn (t,x) = F−1 (H(t)).

Our purpose is to study fn (t,x). It is not hard to verify that fn (t,x) is a radial

function, i.e. fn (t,x) = fn (t,y), for ‖x‖ = ‖y‖ and we will also use the notation

fn (t, x), where x = ‖x‖.

1.3.2. Two-dimensional case

In the two-dimensional case, ϕ (t, α) = J0

(
α
∫ t

0
v (s) ds

)
. Let us consider the

case where g(t) = λe−λt
I{t≥0}, v (s) = c

2
√
s

, c > 0. Therefore,

ϕ (t, α) = J0
(
αc

√
t
)

and we have

H(t) = e−λtJ0

(
αc

√
t
)
+

∫ t

0

λe−λuJ0
(
αc

√
u
)
H (t− u) du.

We first define h(t) = eλtH(t), and then we obtain

h(t) = J0

(
αc

√
t
)
+ λ

∫ t

0

J0
(
αc

√
u
)
h (t− u) du. [1.38]

Denote by ĥ (p) = L (h(t), p) =
∫∞
0

e−tph(t)dt, the Laplace transform of h(t).

By applying the Laplace transform in equation [1.38], we have

ĥ (p) =
1

p
e−

α2c2

4p +
λ

p
e−

α2c2

4p ĥ (p) .
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Hence,

ĥ (p) =
1

λ

∞∑
n=1

(
λ

p
e−

α2c2

4p

)n

.

Since this series converges uniformly for Re (p) ≥ λ + σ, where σ is a fixed

positive number, we can obtain the inverse Laplace, which is given by

h(t) =

∞∑
n=1

(
4tλ2

nα2c2

)n−1
2

Jn−1(αc
√
tn)

or equivalently

H(t) = e−λt
∞∑

n=1

(
4tλ2

nα2c2

)n−1
2

Jn−1(αc
√
tn).

It is well known that

F−1
(
J0

(
αc

√
t
))

=
1

2π
δ
(
c2t− x2

)
,

where F−1 is the two-dimensional inverse Fourier transform, and δ (·) is the Dirac

delta function.

To calculate the two-dimensional inverse Fourier transform of H(t), we use the

Hankel transform as follows:

1

2π

∫ ∞

0

(
4tλ2

nα2c2

)n−1
2

αJn−1

(
αc

√
tn
)
J0 (αx) dα

=
1

π

λn−1
(
nc2t− x2

)n−2

Γ (n− 1)nn−1c2n−1
, n ≥ 2.

It is well known (Di Crescenzo 2001; Orsingher and De Gregorio 2007) that

f2 (t,x) = s2 (t,x) + c2 (t,x) ,

where s2 (t,x) is the singular part and c2 (t,x) is the continuous part of the pdf

f2 (t,x).

It is not hard to verify that

s2 (t,x) =
1

2π
δ
(
c2t− x2

)
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and

c2 (t,x) =
e−λt

π

∞∑
n=2

λn−1
(
nc2t− x2

)n−2

Γ (n− 1)nn−1c2n−1
.

Hence, for c2t ≥ x2, we have

f2 (t,x) = F−1 (H(t), α) =
e−λt

2π
δ
(
c2t− x2

)
+
e−λt

π

∞∑
n=2

λn−1
(
nc2t− x2

)n−2

Γ (n− 1)nn−1c2n−1
.

It is easily seen that the series c2 (t,x) converges uniformly for |x| ≤ c
√
t and

there is no explosion effect as |x| → c
√
t, i.e.

lim
|x|→c

√
t
c2 (t,x) = lim

|x|→c
√
t

e−λt

π

∞∑
n=2

λn−1
(
nc2t− x2

)n−2

Γ (n− 1)nn−1c2n−1

=
e−λt

π

∞∑
n=2

λn−1
(
(n− 1) c2t

)n−2

Γ (n− 1)nn−1c2n−1

=
e−λt

πc3

∞∑
n=2

λn−1
((
1− 1

n

)
t
)n−2

Γ (n− 1)n
< +∞.

Therefore, c2 (t,x) does not go to infinity, as |x| goes to the circle of singularity

C
(
0, c

√
t
)
=
{
x = (x1, x2)|x2

1 + x2
2 = c2t

}
of f2 (t,x), which takes place for the

movement of a particle with a constant velocity on a plane (Orsingher and De Gregorio

2007). The absence of the explosion effect can be explained by the consideration that

the particle velocity v (s) = c
2
√
s
, which is very large just after renewal epoch, makes

the particle leaves very quickly from the layer closest to the singularity area.

1.3.3. Three-dimensional case

It was proved in Kolesnik and Pinsky (2011), that in the case of

g(t) = λe−λt
I {t ≥ 0} and v (s) = v = constant, the n-dimensional random

evolutions (n ≥ 3) are driven by the hyperparabolic operators composed of the

telegraph operators and their integer powers. However, it is not easy to find

closed-form solutions in this case.

We consider the case where g(t) is Erlang-2 pdf and v (s) = v = const. We

will show that these three-dimensional random evolutions are driven by the

three-dimensional telegraph equation.
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Let us consider the case where g(t) = λ2te−λt
I {t ≥ 0} and v (s) = v = const.

Thus, we have

ϕ (t, α) =
sin (αvt)

αvt
, α =

√
α2
1 + α2

2 + α2
3

Therefore,

H(t) =
(
e−λt + λte−λt

) sin (αvt)
αvt

+

∫ t

0

λ2 (t− u) e−λ(t−u) sin (αv (t− u))

αv (t− u)
H (u) du

=
(
e−λt + λte−λt

) sin (αvt)
αvt

+
λ2

αv

∫ t

0

e−λ(t−u)sin (αv (t− u))H (u) du. [1.39]

The pdf f3 (t,x) = F−1 (H(t), α), where F−1 is the three-dimensional inverse

Fourier transform with respect to α, is a radial function (i.e. it depends only on

x =
√

x2
1 + x2

2 + x2
3), and it has the following form:

f3 (t, x) = s3 (t, x) + c3 (t, x) ,

where s3 (t, x) is the singular part and c3 (t, x) is the continuous part of the pdf

f3 (t, x).

It is well known that the function 4πR sinαR
α is the Fourier transform of the simple

layer δS(R), (Vladimirov 1996, p. 154). Hence,

s3 (t, x) = F−1

((
e−λt + λte−λt

) sin (αvt)
αvt

)
=
(
e−λt + λte−λt

) δS(vt)

4π(vt)
2 .

Denote by Hs(t) =
∫
R3 e

i(α,x)s3 (t,x)dx and by Hc(t) =
∫
R3 e

i(α,x)c3 (t,x)dx.

It is easily seen that H(t) = Hs(t) +Hc(t).

Since Hs(t) =
(
e−λt + λte−λt

) sin(αvt)
αvt from equation [1.39], then it follows

that

Hc(t) =
λ2

αv

∫ t

0

e−λ(t−u)sin (αv (t− u)) (Hs (u) +Hc (u)) du
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or equivalently,

Hc(t) =
λ2

αv
e−λt

∫ t

0

sin (αv (t− u)) (1 + λu)
sin (αvu)

αvu
du

+
λ2

αv

∫ t

0

e−λ(t−u)sin (αv (t− u)) Hc (u) du.

Let us consider

h(t) = λ2

∫ t

0

sin (αv (t− u))

αv
(1 + λu)

sin (αvu)

αvu
du

+
λ2

αv

∫ t

0

sin (αv (t− u)) h (u) du, [1.40]

where h(t) = eλtHc(t).

Differentiating equation [1.40] with respect to t two times, we obtain

dh(t)

dt
− λ2

∫ t

0

cos (αv (t− u)) h (u) du

= λ2

∫ t

0

cos (αv (t− u)) (1 + λu)
sin (αvu)

αvu
du,

and

d2h(t)

dt
− λ2h(t) + λ2αv

∫ t

0

sin (αv (t− u)) h (u) du

=
(
λ2 + λ3t

) sin (αvt)
αvt

− λ2

∫ t

0

sin (αv (t− u)) (1 + λu)
sin (αvu)

u
du.

[1.41]

Combining the equations [1.40] and [1.41], we obtain

d2h(t)

dt
− λ2h(t) + α2v2h(t) =

(
λ2 + λ3t

) sin (αvt)
αvt

. [1.42]

Denote by g (t,x) = F−1 (h(t), α) (recall that h(t) depends on α), the

three-dimensional inverse Fourier transform. Here, we use the notation g (t,x), and

we should remember that g is a radial function and g (t,x) = g (t,y) for all

x, y ∈ R
3, such that |x| = |y|.

After obtaining the three-dimensional inverse Fourier transform of equation [1.42],

for 0 ≤ x ≤ vt we have

∂2g (t,x)

∂t2
− λ2g (t,x)− v2

3∑
i,j=1

∂2g (t,x)

∂xi∂xj
=
(
λ2 + λ3t

) δS(vt)

4π(vt)
2 . [1.43]
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Since eλtc3 (t,x) = F−1 (Hc(t), α) = g (t,x) from equation [1.43], for 0 ≤ x ≤
vt we obtain

∂2c3 (t,x)

∂t2
+ 2λ

∂

∂t
c3 (t,x)− v2

3∑
i,j=1

∂2c3 (t,x)

∂xi∂xj

=
(
λ2 + λ3t

)
e−λt δS(vt)

4π(vt)
2 , [1.44]

with the initial conditions c3 (t,x) = 0 and
∂c3(t,x)

∂t

∣∣∣
t=0

= 0, which can be obtained

directly from equation [1.40]. We have s3 (t,x) =
(
e−λt + λte−λt

) δS(vt)

4π(vt)2
by

solving equation [1.44]. Therefore, we obtain the pdf f3 (t,x).

REMARK 1.2.– It was the subject of discussion among researchers on whether the
multidimensional random flights could be described by the telegraph equations,
similarly to the one-dimensional case (Kolesnik and Pinsky 2011). We think that for
the three-dimensional case, equation [1.44] answers this question. Then, it seems
natural to call equation [1.44] the generalized Goldstein–Kac equation in three
dimensions.

1.3.4. Four-dimensional case

In this case

ϕ (t, α) =
J1

(
α
∫ t

0
v (s) ds

)
α
∫ t

0
v (s) ds

,

where J1 is the Bessel function of order 1.

Let us consider the case for a 2-Erlang pdf, i.e. g(t) = λ2te−λt
I {t ≥ 0} and

velocity v (s) = 1
2
√
s

.

Therefore,

H(t) =
(
e−λt + λte−λt

) J1 (α√t
)

α
√
t

+

∫ t

0

λ2ue−λu J1 (α
√
u)

α
√
u

H (t− u) du,

or

h(t) = (1 + λt)
J1

(
α
√
t
)

α
√
t

+
λ2

α

∫ t

0

J1
(
α
√
u
)√

u h (t− u) du, [1.45]

where h(t) = H(t)eλt.
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After obtaining the Laplace transform in equation [1.45], we have

ĥ (p) =
2− 2e−

α2

4p

α2
+

λe−
α2

4p

2p2
+

λ2e−
α2

4p

2p2
ĥ (p) .

Hence,

ĥ (p) =
2− 2e−

α2

4p

α2
+

λe−
α2

4p

2p2
+

2− 2e−
α2

4p

α2

∞∑
n=1

(
λ2e−

α2

4p

2p2

)n

+
1

λ

∞∑
n=2

(
λ2e−

α2

4p

2p2

)n

. [1.46]

By obtaining the Laplace transform in equation [1.46], we have

h(t) = (1 + λt)
J1

(
α
√
t
)

α
√
t

+

∞∑
n=1

λ2nt
2n−1

2 2n

×
(
(n+ 1)

n− 1
2

nn− 1
2

J2n−1

(√
nα

√
t
)

α2n+1
− nn− 1

2

(n+ 1)
n− 1

2

J2n−1

(√
n+ 1α

√
t
)

α2n+1

)

+
∞∑

n=2

2n−1λ2n−1
√
n

nn

t
2n−1

2 J2n−1

(√
nα

√
t
)

α2n−1
.

[1.47]

We will use the following Hankel transforms to calculate the four-dimensional

inverse Fourier transforms (Vladimirov 1996, p. 321):

∫ ∞

0

J2n−1

(√
nα

√
t
)

α2n+1
α2J1 (αx) dα =

2(nt)
n−1/2

(
1−

(
nt−x2

nt

)2n−1
)

22nxΓ (2n)
,

∫ ∞

0

J2n−1

(√
n+ 1α

√
t
)

α2n+1
α2J1 (αx)dα

=

2(nt+ t)
n−1/2

(
1−

(
(n+1)t−x2

(n+1)t

)2n−1
)

22nxΓ (2n)
,

∫ ∞

0

J2n−1

(√
nα

√
t
)

α2n−1
α2J1 (αx) dα =

8x
(
nt− x2

)2n−3

4n(tn)
n−1/2

Γ (2n− 2)
. [1.48]
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Then, by considering equation [1.48] we can obtain the four-dimensional inverse

Fourier transform in equation [1.47]. For instance, for t ≥ x2 we have

f4 (t,x) = F−1 (H(t), α) =

(
e−λt + λte−λt

)
2π

δ
(
t− x2

)

+e−λt
∞∑

n=1

λ2nt
2n−1

2

⎛⎜⎜⎝2(nt+ t)
n−1/2

(
1−

(
nt−x2

nt

)2n−1
)

2nxΓ (2n)

−
2(nt)

n−1/2

(
1−

(
(n+1)t−x2

(n+1)t

)2n−1
)

2nx Γ (2n)

⎞⎟⎟⎠
+e−λt

∞∑
n=2

λ2n−1t
2n−1

2
√
n

nn

4x
(
nt− x2

)2n−3

2n(tn)
n−1/2

Γ (2n− 2)
.

Therefore, the singular part of the pdf f4 (t,x) = s4 (t,x) + c4 (t,x) , is given by

s4 (t,x) =

(
e−λt + λte−λt

)
2π

δ
(
t− x2

)
and the continuous part of f4 (t,x) is

c4 (t,x) = e−λt
∞∑

n=1

λ2nt
2n−1

2

×

⎛⎜⎜⎝2(nt+ t)
n−1/2

(
1−

(
nt−x2

nt

)2n−1
)

2nxΓ (2n)
−

2(nt)
n−1/2

(
1−

(
(n+1)t−x2

(n+1)t

)2n−1
)

2nxΓ (2n)

⎞⎟⎟⎠
+e−λt

∞∑
n=2

λ2n−1t
2n−1

2
√
n

nn

4x
(
nt− x2

)2n−3

2n(tn)
n−1/2

Γ (2n− 2)
.

It is easily verified that the series c4 (t,x) converges uniformly for |x| ≤ √
t and

that there is no explosion effect, as |x| → √
t, i.e.

lim
|x|→√

t
c4 (t,x) = lim

|x|→√
t
e−λt

∞∑
n=1

λ2nt
2n−1

2

×

⎛⎜⎜⎝2(nt+ t)
n−1/2

(
1−

(
nt−x2

nt

)2n−1
)

2nxΓ (2n)
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−
2(nt)

n−1/2

(
1−

(
(n+1)t−x2

(n+1)t

)2n−1
)

2nx Γ (2n)

⎞⎟⎟⎠
+e−λt

∞∑
n=2

λ2n−1t
2n−1

2
√
n

nn

4x
(
nt− x2

)2n−3

2n(tn)
n−1/2

Γ (2n− 2)

= e−λt
∞∑

n=1

λ2ntn−1

⎛⎝2(nt+ t)
n−1/2

(
1− (

nt−t
nt

)2n−1
)

2nΓ (2n)

−
2(nt)

n−1

(
1−

(
nt

(n+1)t

)2n−1
)

2n
√
nΓ (2n)

⎞⎟⎟⎠
+e−λt

∞∑
n=2

λ2n−1tn
√
n

nn

4(nt− t)
2n−3

2n(tn)
n−1/2

Γ (2n− 2)
< +∞.

Therefore, c4 (t,x) does not go to infinity as |x| goes to the circus of singularity

C
(
0, c

√
t
)
=
{
x = (x1, x2, x3, x4)|x2

1 + x2
2 + x2

3 + x2
4 = c2t

}
of f4 (t,x).

1.4. Goldstein–Kac telegraph equations and random flights in higher
dimensions

In this section, we deal with random motions in dimensions two, three, and five,

where the governing equations are telegraph-type equations. Our methodology is first

applied to the second-order telegraph equation, then we refine the well-known results

found by other methods. Next, we show that the (2,λ)-Erlang distribution for sojourn

times defines the underlying stochastic process for the three-dimensional

Goldstein–Kac type telegraph equation. By finding the corresponding fundamental

solution of this equation, we have obtained the approximated expression for the

transition density of the three-dimensional movement. Our results are more complete

than previous ones, and may have important consequences in applications. We also

obtain the five-dimensional telegraph-type equation by assuming a random motion

with a (4,λ)-Erlang distribution for sojourn times. Such an equation can be factorized

as the product of two telegraph-type equations, where one of them is the

Goldstein–Kac five-dimensional telegraph equation. In our analysis, the dimension n
is related to the (n− 1,λ)-Erlang distribution for sojourn times of the random walks.

We should remember that the problem of a one-dimensional random motion,

defined by the movement of a particle at a constant velocity v, traveling in a direction
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for a random distance drawn from an exponential distribution, and the particle

change to the opposite direction under the same stochastic conditions, was studied

and solved by Goldstein (1951) and Kac (1974) in 1951 and 1956, respectively. This

problem is specified as a random motion governed by a switching Poisson process

with alternating directions, but having exponentially distributed sojourn times, i.e. it

is essentially a Markov process. The solution of this problem satisfies the

one-dimensional telegraph-type equation (this equation has a similar form as the

Heaviside telegraph equation for wave propagation in transmission lines)

∂2f (t, x)

∂t2
+ 2λ

∂

∂t
f (t, x) = v2

∂2f (t, x)

∂x2
, [1.49]

and it is called the Goldstein–Kac telegraph equation. Kac (1974) states the

possibility of extending the same analysis for modeling multidimensional random

motions, satisfying, Goldstein–Kac telegraph equations in higher dimensions. In the

last paragraph of his paper, Kac states:

This same proof goes also for a higher number of dimensions. Again it is

simply a matter of writing the Laplace transform and verifying the same

formula.

We should mention that the problem of assessing the validity of this statement

has been an elusive problem for researchers working in this area since then, i.e. to

find underlying stochastic processes describing multidimensional random evolutions

and that satisfy telegraph-type equations. Hitherto there is a definitive answer to this

problem, so we cannot ensure that multidimensional random flights can be described

by multidimensional telegraph equations, similarly to the one-dimensional case, i.e.

equations of the following type:

∂2f (t,x)

∂t2
+ 2λ

∂

∂t
f (t,x) = v2

n∑
i=1

∂2f (t,x)

∂x2
i

, [1.50]

where x = (x1, x2, . . . , xn) ∈ R
n, n ≥ 2.

Some remarkable efforts in this direction are presented in De Gregorio and

Orsingher (2012) and Garra and Orsingher (2014), where they show that for random

motions in three dimensions, with particles that only change direction at even-valued

Poisson events, the governing partial differential equation is a Goldstein–Kac

telegraph equation. However, the solution presented by these authors seems to be in

complete and it is not a true pdf.

In this work, we provide the governing partial differential equations for random

evolutions in two, three and five dimensions. We focus on these two odd dimension

cases since the first one is very important in applications. We are also including the

two-dimensional random flight, whose transition, density is the fundamental solution
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to the two-dimensional Goldstein-Kac telegraph equation. This problem has been

studied by several researchers in the past and our main purpose is to show that it is

also consistent with our assumption of having n-dimensional random flights with

(n − 1, λ)-Erlang-distributed sojourn times. Furthermore, we are adding some new

insights to the solution of this two-dimensional random flight.

1.4.1. Preliminaries about our modeling approach

Let ν(t) be the renewal process that starts with ν (0) = 0. We define the time of

the kth jump by τk = inf {t : ν(t) = k} , k ≥ 0. The random variables τk are called

jump times, θk = τk+1−τk is called the kth renewal interval (or interarrival time) and

θk, k ∈ are non-negative, independent, identically distributed random variables with

cdf G(t).

We will study the random motion of a particle that starts its motion from the origin

0 = (0, 0, . . . , 0) of the space R
n, at time t = 0, and continues its motion with a

constant velocity v > 0 along a direction η0 in R
n. At instant τ1, the particle changes

its direction to η1 and continues its motion with a velocity v > 0 along η1. At instant

τ2, the particle changes its direction to η2 and continues its motion with a velocity

v > 0 along η2, and so on. We assumed that ηi, i = 0, 1, 2, . . . are independent and

identically distributed random n-dimensional vectors uniformly distributed on the unit

sphere Ω
(n−1)
1 =

{
(x1, x2, . . . , xn) : x

2
1 + x2

2 + . . .+ x2
n = 1

}
.

Denote by x(t), t ≥ 0, the particle position at time t. We have:

x(t) = v

ν(t)∑
j=1

ηj−1θj−1 + v ην(t)

(
t− τν(t)

)
.

As we know, the characteristic function H (t, α) = E [exp {i (α,x(t))}], α =
(α1, α2, . . . , αn), α = |α|=

√
α2
1 + α2

2 + . . .+ α2
n satisfies the following renewal

equation (Pogorui and Rodríguez-Dagnino 2011, 2013):

H (t, α) = (1−G(t))ϕ(t) +

∫ t

0

g (u)ϕ (u)H (t− u, α) du,

where ϕ (t, α) = 2
n−2
2 Γ

(
n
2

) Jn−2
2

(αtv)

(αtv)
n−2
2

, G(t) is the (m,λ)-Erlang distribution

function, and g(t) = dG(t)
dt = λm

(m−1)! t
m−1e−λtI{t≥0} is the corresponding pdf.

In the following, we will omit α in H (t, α) and ϕ (t, α) to avoid cumbersome

formulas, i.e. H(t) = H (t, α), ϕ(t) = ϕ (t, α).

Denote by fn (t,x) the generalized pdf of the particle position at point x and time

t. It is well known that the function fn (t,x) is radial, i.e. it only depends on x = |x| =



46 Random Motions in Markov and Semi-Markov Random Environments 2

√
x2
1 + x2

2 + . . .+ x2
n Pogorui and Rodríguez-Dagnino (2011, 2013); Orsingher and

De Gregorio (2007). Thus, fn (t, x) = fn (t,x) = F−1 (H(t), α), where F−1 is the

n-dimensional inverse Fourier transform with respect to α. We will show that for an

n-dimensional space R
n (n ≥ 2), in the case where G(t) is an (n − 1, λ)-Erlang

distribution, the generalized pdf fn (t, x) is the solution of a telegraph-type equation

of order n. We will do this for important cases when n is equal to two, three and five

dimensions. The case n = 4 will be published elsewhere.

Hence, for g(t) = λn−1

Γ(n−1) t
n−2e−λt, we have

H(t) =

(
n−2∑
k=0

(λt)
k
e−λt

k!

)
2

n−2
2 Γ

(n
2

) Jn−2
2

(αtv)

(αtv)
n−2
2

+
λn−12

n−2
2 Γ

(
n
2

)
Γ (n− 1) (αv)

n−2
2

×
∫ t

0

(t− u)
n−2
2 e−λ(t−u) Jn−2

2
(α (t− u) v)H (u) du. [1.51]

It is well known that the function fn (t, x) = fn (t,x) = F−1 (H(t), α), where

F−1 is the n-dimensional inverse Fourier transform with respect to α, has the

following form (Pogorui and Rodríguez-Dagnino 2011, 2013; Orsingher and

De Gregorio 2007):

fn (t,x) = cn (t,x) + sn (t,x) .

In this expression, sn (t,x) represents the singular part and cn (t,x) is the

continuous part of the generalized pdf fn (t,x). We should note that the generalized

pdf fn (t,x) and functions sn (t,x), cn (t,x) are radial, i.e. fn (t,x) = fn (t, x),
sn (t,x) = sn (t, x), cn (t,x) = cn (t, x), where x = |x|. The singular term sn (t,x)

corresponds to event τ1 > t, which has probability
(∑n−2

k=0
(λt)ke−λt

k!

)
, and reflects

the fact that the particle has not yet become “smeared out” by the random velocity

alternation.

We define Hc(t) = Hc (t, α) =
∫
Rn ei(α,x)cn (t,x) dx, Hs(t) = Hs (t, α) =∫

Rn ei(α,x)sn (t,x) dx, hence H(t) = Hc(t)+Hs(t). The characteristic function for

the singular part is

Hs(t) =

(
n−2∑
k=0

(λt)
k
e−λt

k!

)
2

n−2
2 Γ

(n
2

) Jn−2
2

(αtv)

(αtv)
n−2
2

.

Thus, from equation [1.51] we have

Hc(t) +Hs(t) =

(
n−2∑
k=0

(λt)
k
e−λt

k!

)
2

n−2
2 Γ

(n
2

) Jn−2
2

(αtv)

(αtv)
n−2
2
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+
λn−12

n−2
2 Γ

(
n
2

)
Γ (n− 1) (αv)

n−2
2

×
∫ t

0

(t− u)
n−2
2 e−λ(t−u)Jn−2

2
(αv (t− u)) (Hc (u) +Hs (u)) du.

Furthermore,

Hc(t) =
λn−12n−2

(
Γ
(
n
2

))2
Γ (n− 1) (αv)

n−2

∫ t

0

(t− u)
n−2
2 e−λ(t−u)Jn−2

2
(αv (t− u))

×
(

n−2∑
k=0

(λu)
k
e−λu

k!

)
Jn−2

2
(αuv)

u
n−2
2

du

+
λn−12

n−2
2 Γ

(
n
2

)
Γ (n− 1) (αv)

n−2
2

∫ t

0

(t− u)
n−2
2 e−λ(t−u)Jn−2

2
(αv (t− u))Hc (u) du.

Now, by setting Hc(t)e
λt = hc(t), we have

hc(t) =
λn−12n−2

(
Γ
(
n
2

))2
Γ (n− 1) (αv)

n−2

∫ t

0

(t− u)
n−2
2 Jn−2

2
(αv (t− u))

Jn−2
2

(αuv)

u
n−2
2

×
(

n−2∑
k=0

(λu)
k

k!

)
du

+
λn−12

n−2
2 Γ

(
n
2

)
Γ (n− 1) (αv)

n−2
2

∫ t

0

(t− u)
n−2
2 Jn−2

2
(αv (t− u))hc (u) du. [1.52]

Suppose that Sn (R) is a sphere with a radius R in R
n and f is a continuous

function defined over Sn (R) . Let us consider the generalized function fδSn(R),
acting according to the following rule:

(
fδSn(R), ϕ

)
=

∫
Sn(R)

f (x)ϕ (x)μ (dx) ,

where ϕ is an infinitely differentiable function with compact support and μ is the

Lebesgue measure in R
n. The function is called a simple layer on the spherical surface

Sn (R) (Vladimirov 1996).
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1.4.2. Two-dimensional case

For n = 2, equation [1.51] can be written in the following form:

H(t) = e−λtJ0 (αtv) + λ

∫ t

0

e−λ(t−u)J0 (α (t− u) v)H (u) du

and equation [1.52] has the form

hc(t) = λ

∫ t

0

J0 (αv (t− u))J0 (αvu) du

+λ

∫ t

0

J0 (αv (t− u))hc (u) du. [1.53]

THEOREM 1.5.– The continuous part c2 (t,x) of the generalized pdf f2 (t,x) satisfies

the following equation for 0 ≤ x ≤ vt:

∂2c2 (t,x)

∂t2
+ 2λ

∂

∂t
c2 (t,x)− v2

(
∂2c2 (t,x)

∂x2
1

+
∂2c2 (t,x)

∂x2
2

)

= λ2e−λt δS2(vt)

2πvt
, [1.54]

with the initial conditions c2(0) = 0 and
∂c2(t)
∂t

∣∣∣
t=0

= λδ(x).

DEMONSTRATION.– Let us consider the first two derivatives of hc(t)

∂

∂t
hc(t) = λJ0 (αvt)− λαv

∫ t

0

J1 (αv (t− u))J0 (αvu) du

+λhc(t)− λαv

∫ t

0

J1 (αv (t− u))hc (u) du [1.55]

and

∂2

∂t2
hc(t) = λ

∂

∂t
(J0 (αvt))− λ(αv)

2
∫ t

0

J0 (αv (t− u))J0 (αvu) du

+λ(αv)
2
∫ t

0

J1 (αv (t− u))

αv (t− u)
J0 (αvu) du+ λ

d

dt
hc(t)

−λ(αv)
2
∫ t

0

J0 (αv (t− u))hc (u) du

+λ(αv)
2
∫ t

0

J1 (αv (t− u))

αv (t− u)
hc (u) du. [1.56]
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The last integral in equation [1.56] can be written in a more convenient form by

doing some equivalent transformations∫ t

0

J1 (αv (t− u))

αv (t− u)
hc (u) du

= λ

∫ t

0

J1 (αv (t− u))

αv (t− u)

∫ u

0

J0 (αv (u− s))J0 (αvs) ds du

+λ

∫ t

0

J1 (αv (t− u))

αv (t− u)

∫ u

0

J0 (αv (u− s))hc (s) ds du

= λ

∫ t

0

∫ t−s

0

J1 (αv (t− s− u))

αv (t− s− u)
J0 (αvu) du J0 (αvs) ds

+λ

∫ t

0

∫ t−s

0

J1 (αv (t− s− u))

αv (t− s− u)
J0 (αvu) duhc (s) ds

=
λ

αv

∫ t

0

J1 (αv (t− s)) J0 (αvs) ds+
λ

αv

∫ t

0

J1 (αv (t− s))hc (s) ds,

where we used the formula 6.533 in Gradshteyn and Ryzhik (1980); we repeat that

formula here for easy reference,∫ x

0

J1 (x− u)

x− u
J0 (u) du = J1 (x) .

Thus, combining equations [1.53]–[1.56], and taking into account that

λ ∂
∂tJ0(αvt) + λαvJ1(αvt) = 0, we obtain

∂2

∂t2
hc(t) =

{
λ
∂

∂t
(J0 (αvt)) + λαvJ1(αvt)

}

−λ(αv)
2
∫ t

0

J0 (αv (t− u))J0 (αvu) du

−λ(αv)
2
∫ t

0

J0 (αv (t− u))hc (u) du+ λ
∂

∂t
hc(t)

+λ2αv

∫ t

0

J1 (αv (t− u)) J0 (αvu) du+ λ2αv

∫ t

0

J1 (αv (t− u))hc (u) du

= −(αv)
2
hc(t) + λ

∂

∂t
hc(t)− λ

(
∂

∂t
hc(t)− λJ0 (αvt)− λhc(t)

)
.

Therefore, we have the equivalent differential equation

∂2

∂t2
hc(t) + (αv)

2
hc(t)− λ2hc(t) = λ2J0 (αvt) . [1.57]
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with the initial conditions hc(0) = 0 and
∂hc(t)

∂t

∣∣∣
t=0

= λ, which can be obtained

directly from equation [1.53].

It is well known (it can be easily obtained from formula 4.644 of Gradshteyn and

Ryzhik 1980) that the function J0 (αvt) is the two-dimensional Fourier transform

with respect to x = (x1, x2) of the function
δS2(vt)

2πvt , where δS2(vt) is a simple layer

for a circle with radius vt. Thus, F−1 (J0 (αvt)) =
δS2(vt)

2πvt . Denote by g (t,x) =
F−1 (hc(t)) the two-dimensional inverse Fourier transform of hc(t) with respect to α.

Here, we use the notation g (t,x), where g is a radial function, and g (t,x) = g (t,y)
for all x, y ∈ R

2 such that |x| = |y|.
We have the following two-dimensional inverse Fourier transform:

F−1
(
α2hc(t), α

)
= −

2∑
i=1

∂2g (t,x)

∂x2
i

.

Here, we used the fact that F−1
(
α2
ihc(t), α

)
= −∂2g(t,x)

∂x2
i

. Passing to the

two-dimensional inverse Fourier transform in equation [1.57], for 0 ≤ x ≤ vt we can

obtain

∂2

∂t2
g (t,x) + (αv)

2
g (t,x)− λ2g (t,x) = λ2 δS2(vt)

2πvt
. [1.58]

Let us denote by c2 (t,x) = F−1 (Hc(t), α), the absolute continuous part of the

generalized pdf of the particle’s position at time t.

Since eλtc2 (t,x) = g (t,x), from equation [1.58] we obtain equation [1.54], with

the initial conditions c2(0) = 0 and
∂c2(t)
∂t

∣∣∣
t=0

= λδ(x), which can be obtained

directly from the initial conditions of equation [1.57].

The fact that c2 (t,x) is a fundamental solution of the two-dimensional

Goldstein–Kac equation, has been found in literature by using other methods.

However, in our case, equation [1.54] differs from the corresponding similar

published equation, and it is a consequence of specifying the expression on the right

side of the equation and the initial conditions.

At first glance, it may seem strange that on the right side of equation [1.54] we

have a singular function for the continuous part c2 (t,x) . But there is no contradiction

if we consider that the continuous part c2 (t,x) goes to infinity as |x| → vt, and it has

the so-called explosion effect for just the continuous part of the generalized density

(Pogorui and Rodríguez-Dagnino 2011, and the references therein).

Thus, the generalized pdf of the particle position is given by

f(t,x) = c2(t,x) + s2(t,x), where c2(t,x) is the solution of the two-dimensional

Goldstein–Kac telegraph equation [1.54] and s2(t,x) = e−λtδ(vt− x).
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REMARK 1.3.– We will apply the basic method developed for n = 2, to the cases
n=3 and n = 5 in the following sections. We should remark that most of the published
works in this area have solved the cases with even dimensions, and the cases of odd
dimensions remain as elusive cases. We will show, by using our method, that it is
possible to find the governing telegraph-type partial differential equations for these
odd dimensions, and we recall the corresponding solution in the three-dimensional
case.

1.4.3. Three-dimensional case

In this case for a (2, λ)-Erlang pdf (i.e. g(t) = λ2te−λt, t ≥ 0), the characteristic

function H(t) satisfies the following integral equation:

H(t) = (1 + λt) e−λt sin (αvt)

αvt

+
λ2

αv

∫ t

0

e−λ(t−u)sin (αv (t− u))H(u)du. [1.59]

The generalized pdf f3 (t, x) =F−1 (H(t), α), where x=
√

x2
1 + x2

2 + x2
3 = |x|,

F−1 is the three-dimensional Fourier transform with respect to α, can be written as

follows:

f3 (t, x) = s3 (t, x) + c3 (t, x) ,

where s3 (t, x) is the singular part and c3 (t, x) is the continuous part of the

generalized pdf f3 (t, x).

Let us define Λ∗ =

√
(tv)

2 − x2, then our main result in this section is established

in the following basic theorem.

THEOREM 1.6.– For 0 ≤ x ≤ vt, the generalized pdf f3 (t, x) is given by

f3 (t, x) = (1 + λt) e−λt δS3(vt)

4π(vt)
2 +

λ2e−λt

4πv2
I1
(
λ
vΛ∗

)
Λ∗

Θ(tv − x)

+
tλe−λt

(
λΛ∗I0

(
λ
vΛ∗

)− 2vI1
(
λ
vΛ∗

))
4πvΛ3∗

Θ(tv − x) + r (t,x) , [1.60]

where Θ(tv − x) is the Heaviside function and the reminder r (t,x) is non-negative,

r (t,x) = 0 for tv < x and satisfies (see Gradshteyn and Ryzhik 1980, formula 4.642)∫
|x|≤vt

r (t,x) dx = 4π

∫ vt

0

x2r (t, x)dx ≤ λ2t2

2
e−λt.
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DEMONSTRATION.– As shown in Vladimirov (1996), the function 4πR sinαR
α is the

three-dimensional Fourier transform of the simple layer δS3(R). Hence,

s3 (t, x) = F−1

(
(1 + λt) e−λt sin (αvt)

αvt

)
= (1 + λt) e−λt δS3(vt)

4π(vt)
2 .

It follows from equation [1.59] that

hc(t) = λ2

∫ t

0

sin (αv (t− u))

αv
(1 + λu)

sin (αvu)

αvu
du

+
λ2

αv

∫ t

0

sin (αv (t− u)) hc (u) du, [1.61]

The second derivative of equation [1.61] with respect to t is given by

∂2hc(t)

∂t2
− λ2hc(t) + λ2αv

∫ t

0

sin (αv (t− u)) hc (u) du

=
(
λ2 + λ3t

) sin (αvt)
αvt

−λ2αv

∫ t

0

sin (αv (t− u)) (1 + λu)
sin (αvu)

u
du. [1.62]

Combining equations [1.61] and [1.62], we obtain a differential equation for hc(t)

∂2hc(t)

∂t2
− λ2hc(t) + α2v2hc(t) =

(
λ2 + λ3t

) sin (αvt)
αvt

[1.63]

with the initial conditions hc (0) = 0,
∂hc(t)

∂t

∣∣∣
t=0

= 0 that can be calculated directly

from equation [1.61].

Since a solution of equation [1.63] with the given initial conditions is unique, we

can split equation [1.63] into a set of two equations. Namely,

∂2h
(1)
c (t)

∂t2
− λ2h(1)

c (t) + α2v2h(1)
c (t) = λ2 sin(αvt)

αvt
[1.64]

with the initial conditions h
(1)
c (0) = 0,

∂h(1)
c (t)
∂t

∣∣∣
t=0

= 0, and

∂2h
(2)
c (t)

∂t2
− λ2h(2)

c (t) + α2v2h(2)
c (t) = λ3 sin(αvt)

αv
[1.65]

with similar initial conditions h
(2)
c (0) = 0,

∂h(2)
c (t)
∂t

∣∣∣
t=0

= 0.
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The solutions of equations [1.64] and [1.65] with the given initial conditions are

also unique. Hence, the solution hc(t) of equation [1.63] is

hc(t) = h(1)
c (t) + h(2)

c (t).

It is easily verified that by solving equation [1.64], we can obtain

h(1)
c (t) =

λ2

2αvΛo

(
cos (tΛo) Ci (t (αv − Λo))

− cos (tΛo) Ci (t (Λo + αv)) + sin (tΛo) Si (t (Λo − αv))

− sin (tΛo) Si (t (Λo − αv)) + cos (tΛo) (ln (αv + Λo)− ln (αv − Λo))
)
,

where Λo =
√
α2v2 − λ2, Ci(·) is the cosine integral, and Si(·) is the sine integral.

Then, by solving equation [1.65], we obtain

h(2)
c (t) =

λ sin (tΛo)

Λo
− λ sin (αvt)

αv
.

By using formula 2.15.10 (4) of Prudnikov et al. (1986) and the Hankel transform

of order 1
2 , after some elementary mathematical simplifications, we obtain the

three-dimensional inverse Fourier transform of h
(2)
c (t) for x ≤ vt

g(2) (t,x) = F−1
(
h(2)
c (t), α

)
= λF−1

(
sin (tΛo)

Λo
− sin (αvt)

αv
, α

)

=
λ2

4πv2
I1
(
λ
vΛ∗

)
Λ∗

Θ(tv − x) .

We should note that this result coincides with the result obtained in Garra and

Orsingher (2014, equation 4.1). However, it represents only a partial result in our

analysis and to obtain c3 (t, x), we should calculate g(1) (t,x) = F−1
(
h
(1)
c (t), α

)
.

Unfortunately, we cannot obtain a closed-form solution for this expression. A good

approximated solution can be obtained by taking into account the inverse

three-dimensional Fourier transform F−1
(
α2h

(1)
c , α

)
= −∑3

i=1
∂2g(1)(t,x)

∂x2
i

, and

passing to the inverse three-dimensional Fourier transform of equation [1.63], it is

easily seen that for x < vt

∂2g(1) (t,x)

∂t2
− λ2g(1) (t,x)− v2

3∑
i=1

∂2g(1) (t,x)

∂x2
i

= 0. [1.66]

Here we used the fact that F−1
(

sin(αvt)
αvt , α

)
=

δS(vt)

4π(vt)2
= 0 for x < vt,

where δS(vt) is a three-dimensional simple layer.
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It is straightforward to verify that

g̃(1) (t,x) =
λ

4πv2
∂

∂t

I1
(
λ
vΛ∗

)
Λ∗

=
tλ
(
λΛ∗I0

(
λ
vΛ∗

)− 2vI1
(
λ
vΛ∗

))
4πvΛ3∗

is a solution of equation [1.66], for x < vt.

Then, since

lim
α→0

h(2)
c (t) = lim

α→0

(
λsin (tΛo)

Λo
− λsin (αvt)

αv

)
= sinh (λt)− λt,

and by using (Gradshteyn and Ryzhik 1980, formula 4.642) we have∫
|x|≤vt

g(2) (t,x) dx = 4π

∫ vt

0

x2g(2) (t, x) dx

=
λ2

v2

∫ tv

0

x2 I1
(
λ
vΛ∗

)
Λ∗

dx = sinh (λt)− λt.

Hence,

λ

v2

∫ tv

0

x2 ∂

∂t

I1
(
λ
vΛ∗

)
Λ∗

dx = cosh (λt)− 1− λ2t2

2
.

In a similar manner,∫
|x|≤vt

g̃(1) (t,x) dx =
λ

v

∫ tv

0

x2 t
(
λΛ∗I0

(
λ
vΛ∗

)− 2vI1
(
λ
vΛ∗

))
Λ3∗

dx

= cosh (λt)− 1− λ2t2

2
.

On the other hand, it can be easily verified that

lim
α→0

h(1)
c (t) = lim

α→0

λ2

2αvΛo

(
cos (tΛo) Ci (t (αv − Λo))

− cos (tΛo) Ci (t (Λo + αv)) + sin (tΛo) Si (t (Λo − αv))

− sin (tΛo) Si (t (Λo − αv)) + cos (tΛo) (ln (αv + Λo)− ln (αv − Λo))

)
= cosh (λt)− 1.
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Hence, taking into account (Gradshteyn and Ryzhik 1980, formula 4.642), we have∫
|x|<vt

g(1) (t,x) dx = 4π

∫ vt

0

x2g(1) (t, x) dx = cosh (λt)− 1.

By defining r(t, x) = g(1)(t, x)− g̃(1)(t, x) and considering that

c3 (t,x) = F−1 (Hc(t), α) =
(
g(1) (t,x) + g(2) (t,x)

)
e−λt

the proof is concluded. �

REMARK 1.4.– We should mention that c3 (t,x) satisfies

∂2c3 (t,x)

∂t2
+ 2λ

∂

∂t
c3 (t,x)− v2

3∑
i=1

∂2c3 (t,x)

∂x2
i

=
(
λ2 + λ3t

)
e−λt δS3(vt)

4π(vt)
2 . [1.67]

c3 (0,x) = 0,
∂c3 (t,x)

∂t

∣∣∣∣
t=0

= 0.

We have a singular function on the right side of equation [1.67] for the continuous
part c3 (t,x) since it goes to infinity as |x| → vt, and it has the explosion effect just
as well as in the two-dimensional case for c2 (t,x) .

Let us assume g (t,x) = F−1 (hc(t), α) , where hc(t) is a solution of equation

[1.63]. Since eλtc3 (t,x) = g (t,x), and in passing equation [1.63] to the

three-dimensional inverse Fourier transform, we obtain equation [1.67].

The generalized pdf f3(t, x) found in equation [1.60] depends on λ and v, and we

illustrate its behavior in Figure 1.1 for λ = 2 and v = 3.

Similarly, we plot equation [4.1] of Garra and Orsingher (2014) in Figure 1.2.

In order to do more comparisons, we will include the singular part to the

generalized pdf f (t,x) = f(t, x) found in Garra and Orsingher (2014), i.e.

f (t, x) = (1 + λt) e−λt δS(vt)

4π(vt)
2 +

λ2e−λt

4πv2
I1
(
λ
vΛ∗

)
Λ∗

Θ(tv − x) . [1.68]

We were not able to find a closed-form expression for r(t, x), however, we are

now including the singular part of f3(t, x)− r(t, x). The comparison of the integrals

on the whole range of equations [1.60] and [1.68] are shown in Figures 1.3–1.6 for

different combinations of λ and v.
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Figure 1.1. Approximated probability density function f3(t, x)− r(t, x)
for λ = 2 and v = 3. The singular term is not included in this plot. For a

color version of this figure, see www.iste.co.uk/pogorui/random2.zip

Figure 1.2. f(t, x) for λ = 2 and v = 3, according to Garra and
Orsingher (2014). For a color version of this figure, see

www.iste.co.uk/pogorui/random2.zip

The results in these plots show that f3(t, x) is a pdf and the contribution of r(t, x)
is not significant for t large, since the integral approaches 1 very quickly. We should

mention that the result in Garra and Orsingher (2014) seems to just concern the
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probability of finding the particle after an odd number of direction changes. So, it is
not a true pdf since “half” of the time particle moves after odd and “half” after even
direction changes. It is not surprising that f(t, x) goes to 1/2 as t is large.
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Figure 1.3. Integration of f3(t, x)− r(t, x) and f(t, x) for λ = 2 and
v = 2. The singular part is included in both cases. For a color version of

this figure, see www.iste.co.uk/pogorui/random2.zip
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Figure 1.4. Integration of f3(t, x)− r(t, x) and f(t, x) for λ = 0.2 and
v = 2. The singular part is included in both cases. For a color version of

this figure, see www.iste.co.uk/pogorui/random2.zip
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Figure 1.5. Integration of f3(t, x)− r(t, x) and f(t, x) for λ = 2 and
v = 0.2. The singular part is included in both cases. For a color version

of this figure, see www.iste.co.uk/pogorui/random2.zip
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Figure 1.6. Integration of f3(t, x) and f(t, x) for λ = 0.2 and v = 0.2.
The singular part is included in both cases. For a color version of this

figure, see www.iste.co.uk/pogorui/random2.zip

We should mention that equation 7.4.18 in Morse and Feshbach (1953) was
proposed as a model for the transmission of heat in a gas, where the velocity of the
propagation of the heat is included, or the velocity of the propagation of a
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disturbance in a gas. A similar reasoning was considered in Tautz and Lerche (2016)

for modeling the transport of solar energetic particles, where the authors emphasize

the fact that the telegraph-type equation has the potential to make a difference

between early ballistic motion and later diffusive transport (Kac’s limit). We should

emphasize that the underlying stochastic process for this random flight is governed

by 2-Erlang-distributed sojourn times. So, in this work we found that the

non-homogeneous three-dimensional Goldstein–Kac telegraph equation is the partial

differential equation for modeling this random flight.

1.4.4. Five-dimensional case

In this case, we have

ϕ (t, α) = 2
3
2Γ

(
5

2

)
J 3

2
(αvt)

(αvt)
3
2

= 3
sin (αvt) − αvt cos (αvt)

(αvt)
3 ,

where

α =
√
α2
1 + α2

2 + α2
3 + α2

4 + α2
5.

Considering the case of a (4, λ)-Erlang pdf, i.e. g(t) = 1
6λ

4t3e−λt
I{t≥0}, we

obtain

H(t) =

(
3∑

k=0

(λt)
k

k!

)
e−λt 3

sin (αvt)− αvt cos (αvt)

(αvt)
3

+
λ4

2(αv)
3

∫ t

0

e−λ(t−u) {sin (αv (t− u))− αv (t− u) cos (αv (t− u))}

×H (u) du. [1.69]

THEOREM 1.7.– The continuous part c5 (t,x) of the generalized pdf f5 (t,x) satisfies

the following equation for 0 ≤ x ≤ vt:(
∂2

∂t2
+ 2λ

∂

∂t
− v2

5∑
i=1

∂2

∂x2
i

+ 2λ2

)(
∂2

∂t2
+ 2λ

∂

∂t
− v2

5∑
i=1

∂2

∂x2
i

)
c5 (t,x)

= λ4e−λt

(
3∑

k=0

(λt)
k

k!

)
δS5(vt). [1.70]

DEMONSTRATION.– It is well known that the function 3 sin(αvt) −αvtcos(αvt)

(αvt)3
is the

five-dimensional Fourier transform with respect to x of the function
8δS5(vt)

3π2(vt)4 , where
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x = (x1, x2, x3, x4, x5), x = |x|, and S5 (R) is the simple layer on the spherical

surface, with radius R in R
5. So,

s5 (t, x) = F−1

((
3∑

k=0

(λt)
k

k!

)
e−λt 3

sin (αvt)− αvt cos (αvt)

(αvt)
3 , α

)

=

(
3∑

k=0

(λt)
k

k!

)
e−λt δS(x,vt).

From equation [1.69], it follows that

hc(t) =
3λ4

2(αv)
3

∫ t

0

{sin (αv (t− u))− αv (t− u) cos (αv (t− u))}

×
(

3∑
k=0

(λu)
k

k!

)
sin (αvu)− αvu cos (αvu)

(αvu)
3 du

+
λ4

2(αv)
3

∫ t

0

{sin (αv (t− u))− αv (t− u) cos (αv (t− u))}

×hc (u) du. [1.71]

Consider the following derivatives:

∂2

∂t2

∫ t

0

{sin (αv (t− u))− αv (t− u) cos (αv (t− u))}hc (u) du

=

∫ t

0

{
(αv)

2
sin (αv (t− u)) + (αv)

3
(t− u) cos (αv (t− u))

}
×hc (u) du, [1.72]

and

∂4

∂t4

∫ t

0

{sin (αv (t− u))− αv (t− u) cos (αv (t− u))}hc (u) du

=

∫ t

0

{
−3(αv)

4
sin (αv (t− u))− (αv)

5
(t− u) cos (αv (t− u))

}
×hc (u) du+ 2(αv)

3
hc(t). [1.73]

By combining equations [1.71]–[1.73], the following equation is obtained:(
∂4

∂t4
+ 2(αv)

2 ∂2

∂t2
+ (αv)

4 − λ4

)
hc(t)
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= 3λ4

(
3∑

k=0

(λt)
k

k!

)
sin (αvt)− αvt cos (αvt)

(αvt)
3 .

The initial conditions for hc(t) are given by hc (0) = 0,
∂hc(t)

∂t

∣∣∣
t=0

= 0,

∂2hc(t)
∂t2

∣∣∣
t=0

= 0 and
∂3hc(t)

∂t3

∣∣∣
t=0

= 0, which can be obtained directly from equation

[1.71].

Passing to the inverse Fourier transform of equation [1.74], for 0 ≤ x ≤ vt we

have ⎛⎝ ∂4

∂t4
− 2v2

5∑
i=1

∂4

∂x2
i ∂t

2
+ v4

∑
1≤i<j≤5

∂4

∂x2
i ∂x

2
j

− λ4

⎞⎠ g (t,x)

= λ4

(
3∑

k=0

(λt)
k

k!

)
δS5(vt), [1.74]

where g (t,x) = F−1 (hc(t), α).

After factorizing equation [1.74], we obtain:(
∂2

∂t2
− v2

5∑
i=1

∂2

∂x2
i

+ λ2

)(
∂2

∂t2
− v2

5∑
i=1

∂2

∂x2
i

− λ2

)
g (t,x)

= λ4

(
3∑

k=0

(λt)
k

k!

)
δS5(vt). [1.75]

Since eλtc5 (t,x) = g (t,x), then equation [1.70] follows from equation [1.75].

The left-hand factor of equation [1.70] is the five-dimensional version of the

Heaviside telegraph equation and the other factor is the five-dimensional version of

the Goldstein–Kac telegraph equation.

Under the Kac condition, i.e. when v2

λ → σ2, λ → +∞, and dividing the equation

[1.70] by λ3, we obtain the five-dimensional diffusion equation:

∂

∂t
w (t,x)− σ2

2

5∑
i=1

∂2

∂x2
i

w (t,x) = 0.
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1.5. The jump telegraph process in R
n

Let us consider a similar mathematical framework as before, i.e. let the following

renewal process ξ(t) = max {m ≥ 0 : τm ≤ t}, t ≥ 0, where τm =
∑m

k=0 θk,

τ0 = 0 and θk ≥ 0, k = 1, 2, . . . , are i.i.d. random variables with cdf G(t) and

corresponding pdf g(t) = d
dtG(t). Suppose that a particle starting from

(0, 0, . . . , 0) ∈ R
n, at t = 0, continues its motion with an absolute velocity v along a

direction η
(n)
0 , where η

(n)
0 = (x1, x2, · · · , xn) is a random vector in R

n, uniformly

distributed on the unit sphere

Ωn−1
1 =

{
(x1, x2, · · · , xn) : x

2
1 + x2

2 + . . .+ x2
n = 1

}
.

At instant τ1, the particle changes its direction to η
(n)
1 and jumps by a random

vector β1, where η
(n)
1 , η

(n)
0 and β1 ∈ R

n are independent. Then, at time τ2 the

particle changes its direction to η
(n)
2 and jumps by β2, where η

(n)
2 , η

(n)
1 , η

(n)
0 , β1 and

β2 are independent, and so on. We assume that all η
(n)
i , i = 0, 1, 2, . . . are identically

distributed and all βi, i = 1, 2, . . . are identically distributed and radial (isotropic).

Denoting by x(n)(t), t ≥ 0, the particle position at time t, we then have

x(n)(t) =

ξ(t)∑
j=1

{
vη

(n)
j−1 (τj − τj−1) + βj

}
+ vη

(n)
ξ(t)

(
t− τξ(t)

)
. [1.76]

Here, we have assumed
∑0

j=1 = 0.

Consider ϕ (t, α) = E

[
e
itv

(
α,η

(n)
0

)]
, where α = ‖α‖. We should note that the

function ϕ (t, α) is well known (Pogorui and Rodríguez-Dagnino 2012) and is of the

following form:

ϕ (t, α) = 2
n−2
2 Γ

(n
2

) Jn−2
2

(αtv)

(αtv)
n−2
2

. [1.77]

THEOREM 1.8.– The characteristic function H (t, α) = E
[
eitv(α,x(n)(t))

]
, t ≥ 0, is

a solution of the following integral Volterra equation of a convolution type:

H (t, α) = (1−G(t))ϕ (t, α)

+ϕβ(α)

∫ t

0

g (u)ϕ (u, α)H (t− u, α) du. [1.78]
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PROOF.– It follows from equation [1.76] that:

H (t, α) = E
[
exp

{
i
(
α,x(n)(t)

)}]
= E

[
exp

{
i
(
α,x(n)(t)

)}
I {θ1 > t}

]
+E

[
exp

{
i
(
α,x(n)(t)

)}
I {θ1 ≤ t}

]
= E

[
exp

{
i
(
α, vη

(n)
0 t

)}
I {θ1 > t}

]
+E

[
exp

{
i
(
α, vη

(n)
0 θ1 + β1 + Sξ + vη

(n)
ξ(t)

(
t− τξ(t)

))}
I {θ1 ≤ t}

]
= (1−G(t))E

[
e
itv

(
α,η

(n)
0

)]
+

∫ t

0

g (u)E

[
e
iuv

(
α,η

(n)
0

)]
×ϕβ(α)H (t− u, α) du,

where Sξ =
∑ξ(t)

j=2

(
vη

(n)
j (τj+1 − τj) + βj

)
, and ϕβ(α) = E

[
ei(α,β1)

]
.

Denote by fn (t,x) the pdf of the particle position at time t. By using the

n-dimension inverse Fourier transform F−1 with respect to α, we get

fn (t,x) = F−1 (H (t, α)).

1.5.1. The jump telegraph process in R
3

Let us consider the three-dimensional case, that is n = 3 and ϕ (t, α) = sin(αtv)
αtv .

For the Erlang-2 distribution g(t) = λ2te−λt
I{t≥0}, we have

H (t, α) =
(
e−λt + λte−λt

) sin (αtv)
αtv

+
λ2ϕβ (α)

αv

∫ t

0

e−λusin (αuv)H (t− u, α) du.

By denoting h (t, α) = H (t, α) eλt, we obtain

h (t, α) = (1 + λt)
sin (αtv)

αtv

+
λ2ϕβ (α)

αv

∫ t

0

sin (α (t− u) v)h (u, α) du. [1.79]

By differentiating equation [1.79] twice, we obtain

∂2

∂t2
h (t, α) +

(
α2v2 − λ2ϕβ (α)

)
h (t, α)

= 2
sin (αtv)− αtvcos (αtv)

αt3v
, [1.80]
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with initial conditions h (0, α) = 1, ∂
∂th (0, α) = λ, which can be obtained directly

from equation [1.79].

After solving equation [1.80] with the initial conditions, we get

H (t, α) = e−λth (t, α) =
sin (αtv)

αtv
e−λt +

sin (At)

A
λe−λt

+

[
ln

αv −A

αv +A
+ (Si (t (A− αv))− Si (t (A+ αv))) sin (At)

+ (Ci (t (A− αv))− Ci (t (A+ αv))) cos (At)

]
λ2ϕβ (α)

2Aαv
e−λt,

where A =
√
α2v2 − λ2ϕβ (α), Si (x) =

∫ x

0
sin(t)

t dt, Ci (x) =

γ + ln(x) +
∫ x

0
cos(t)−1

t dt, and γ is the Euler–Mascheroni constant.

1.5.2. Conclusions and final remarks

The core of our analysis is based on integral equations for the characteristic

function of the movement of a particle. For the Erlang case used in this work, the

proof of the integral equation was carried out in two different ways. First, in Pogorui

and Rodríguez-Dagnino (2011), the proof was carried out in a detailed manner and it

reduces to an exponential or Markov case, which is well accepted in other published

papers. Second, in Pogorui and Rodríguez-Dagnino (2013), the proof was carried out

on the basis of renewal theory and corresponds to the semi-Markov case.

Moreover, our results obtained for 2D do not contradict known results stating that

a continuous part of the density is a solution of a two-dimensional telegraph equation

with a zero right-hand side. However, we must remark that this statement is not the

complete view of this problem. For instance, for |x| < vt, the right-hand side is

also zero. At |x| = vt, the continuous part of the generalized pdf has singularity

(it goes to infinity as |x| → vt), and it has the so-called explosion effect for just

the continuous part of the density. In addition, in our approach we used the integral

equation for the characteristic function of motion on the plane for the Markov case,

and we formulated the characteristic function for the motion density as the sum of the

characteristic function of the singular part and the continuous part, which is barely

considered in other works. Some recent results in this area are associated with the

Dirichlet distribution (see De Gregorio and Orsingher 2012). However, it is not clear

that by considering the Dirichlet distribution, the three-dimensional telegraph equation

will appear as natural as it does for the Erlang case, and as a consequence it is not clear

that our explanation of the physical process related to three-dimensional telegraph

equation can be obtained from the Dirichlet distribution, as it has been done in our
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work. The physical relevance of our analysis can be appreciated after looking at the

physical models in Tautz and Lerche (2016) and Morse and Feshbach (1953). We have

to mention that the incomplete distribution density for the position of such a process

described by the three-dimensional telegraph equation, was recently obtained in Tautz

and Lerche (2016).

Furthermore, we are including plots of the main results to clarify some of the

theoretical issues stated in this work. We are also including the five-dimensional case

in our analysis, which may have some theoretical interest.
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