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1.1. Introduction

Superalgebras appeared in a physical context in order to study, in a unified way,
supersymmetry of elementary particles. Jordan algebras grew out of quantum
mechanics and gained prominence due to their connections to Lie theory. In this
chapter, we survey Jordan superalgebras focusing on their connections to other
subjects. In this section we introduce some basic definitions and in section 1.2 we
give the Tits—Kantor—Koecher construction that shows the way in which Lie and
Jordan structures are connected. In section 1.3, we show examples of some basic
superalgebras (the so-called classical superalgebras). Section 1.4 is about the notion
of brackets and explains how to construct superalgebras using different types of
brackets. Section 1.5 explains Cheng—Kac superalgebras, an important class of
superalgebras that appeared for the first time in the context of superconformal
algebras. The classification of Jordan superalgebras is explained in section 1.6, and it
includes the cases of an algebraically closed field of zero characteristics, the case of
prime characteristic, both for Jordan superalgebras with semisimple even part and
with non-semisimple even part, and the case of non-unital Jordan superalgebras.
Finally, in section 1.7, we give some general ideas about Jordan superconformal
algebras. Throughout the chapter, all algebras are considered over a field F,
charF' # 2.
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DEFINITION 1.1.— A (linear) Jordan algebra is a vector space J with a linear binary
operation (x,y) — xy satisfying the following identities:

) xy =yx (commutativity);
J2) (22y)xr = 22 (yx) Va,y e J (Jordan identity).

Instead of (J2) we can consider the corresponding linearized identity:

(1'2) (zy)(zu) + (22)(yu) + (zu)(y2) = ((zy)2)u + ((zv)2)y + ((yu)2)z Yz,
Y, 2, u € J.

REMARK 1.1.— A Lie algebra L is a vector space with a linear binary operation
(x,y) — [z, y] satisfying the following identities:

LD [z,y] = —y, x] (anticommutativity);

(L2) [[z,y], 2] + [y, 2], z] + [[2,2],y] = O for arbitrary elements x, y, z € J
(Jacobi identity).

EXAMPLE 1.1.— If A is an associative algebra, then (A(+)7 -), where a-b = ab+ba is
a Jordan algebra, and (A), [, ]), where [a, b] = ab — ba is a Lie algebra. Both A+
and A=) have the same underlying vector space as A.

DEFINITION 1.2.— A superalgebra A is an algebra with a 7/27-grading. So
A = Ag + Az is a direct sum of two vector spaces and

A()A() - A(), Ain - A@, and A()Aj,AiA() - Aj.

Elements of Az U Ai are called homogeneous elements. The parity of a
homogeneous element a, denoted |a|, is defined by |a| = 0 ifa € Ag and |a| = 1 if
a € Aj.

Elements in Ag are called even and elements in Aj are called odd.

Note that Ay is a subalgebra of A, but A1 is not, instead it can be seen as a
bimodule over Ag.

EXAMPLE 1.2.—If V is a vector space of countable dimension, then G = G(V)
denotes the Grassmann (or exterior) algebra over V/, that is, the quotient of the tensor
algebra over the ideal generated by the symmetric tensors v @ w + w @ v, v, w € V.
This algebra G(V) is Z/2Z-graded. Indeed, G(V) = G(V)g + G(V)1, where the
“even part” is the linear span of all tensors of even length and the “odd part” G(V)7
is the linear span of all tensors of odd length.

G(V) is an example of a superalgebra.
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DEFINITION 1.3.— Consider a variety of algebras V defined by homogeneous
identities (see Jacobson (1968) or Zheviakov et al. (1982)). We say that a
superalgebra A = Ag + Az is a V-superalgebra if the even part of A ®@p G(V) lies
in the variety, that is

A @ G(V)g+ A1 @ G(V); € V.

DEFINITION 1.4.— The algebra Az @ G(V )+ A1 @ G(V)7 is called the Grassmann
envelope of the superalgebra A and will be denoted as G(A).

Let us consider V the variety of associative, commutative, anticommutative, Jordan
or Lie algebras, respectively. Then we get:

EXAMPLE 1.3.— A superalgebra A = Ay + Aj is an associative superalgebra if and
only if it is a Z/27Z-graded associative algebra.

EXAMPLE 1.4.— A superalgebra A = Ag + A7 is a commutative superalgebra if it
satisfies:

zy = (D)Wl

for any x, y homogeneous elements of A.

EXAMPLE 1.5.— A superalgebra A is an anticommutative superalgebra if
zy = —(=1)ll¥lyy

for every x, y homogeneous elements of A.

EXAMPLE 1.6.— A Jordan superalgebra is a superalgebra that is commutative and
satisfies the graded identity:

(2y)(zu) + (=11 (@2) (yu) + (=1 (u) (y2)
= ((zy)2)u + (_1)|tu\+\ZHyI+\Z\Iu\((xu)z)y + (_1)Ir\(|y|+\ZI+\u|)+\2Hu\((yu)z)x
for every homogeneous elements x, y, z, u € Ag U Aj.

EXAMPLE 1.7.— An anticommutative superalgebra A is a Lie superalgebra if it
satisfies:

91,2+ (=114 g, 2], ] (—1) 92, 0], ] — 0

for every x, y, z € Ay + Aj.
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DEFINITION 1.5.—- If J = J5 + Ji is a Jordan superalgebra and z, y, z € J5 U Ji,
then their triple product is defined by:

{2y, 2} = (2y)z + 2(yz) — (~)Wly(ez).

Note that every algebra is a superalgebra with the trivial grading, that is, A = Aj.

1.2. Tits—Kantor—Koecher construction

Tits (1962, 1966) made an important observation that relates Lie and Jordan
structures. Let L be a Lie superalgebra whose even part Lg contains an sly-triple
{e, f, h}, that is,

e, fl="h, [h,e]=2e, [h,f]=-2f.

DEFINITION 1.6.— An sly-triple e, f, h is said to be “good” if ad(h) : L — L is
diagonalizable and the eigenvalues are only —2, 0, 2.

Insuchacase, L = L_s + Lo + Lo decomposes as a direct sum of eigenspaces.
We can define a new product in Ly by:

aob=/a, f],b] Va,b€ Ls.

With this new product, J = (Ls, o) becomes a Jordan superalgebra.

Moreover, (Tits 1962, 1966; Kantor 1972) and (Koecher 1967) showed that every
Jordan superalgebra can be obtained in this way. The corresponding Lie superalgebra
is not unique, but any two such Lie superalgebras are centrally isogenous, that is,
they have the same central cover. Let us recall the construction of L = TKK(J), the
universal Lie superalgebra in this class (see Martin and Piard (1992)).

CONSTRUCTION.— Consider J a unital Jordan superalgebra, and {e; };c; a basis of J.

Let

¢ t
{ei,ej,er} = Z%jkeu where ;. € F.
t
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Define a Lie superalgebra K by generators {zj, x; }jer and relations

@ f] 0= [z7,25],
[[zz ) _] Zrh]kxt )
[[z; ,:c] Z%Jk:ct , foreveryi,j kel

This Lie superalgebra has a short grading K = K_1 + Ky + K; where

K 1 =F(x; )ier, K1 =F(@))ier, Ko=F(z;, 2 )ijer

)

K is the universal Tits—Kantor—Koecher Lie superalgebra of the unital Jordan
superalgebra J:

K = TKK(J).

1.3. Basic examples (classical superalgebras)
Let A = Aj + Aj be an associative superalgebra. The new operation in the
underlying vector space A given by:

Gob= %(am (=1)1*lba)  Va,b e AgU Aq,

defines a structure of a Jordan superalgebra on A that is denoted A().

DEFINITION 1.7.— Those Jordan superalgebras that can be obtained as subalgebras
of a superalgebra AY), with A an associative superalgebra, are called special.
Superalgebras that are not special are called exceptional.

REMARK 1.2.— If we consider in the original associative superalgebra the new product
given by:

[a,b] = ab— (—1)1*lbg Va,b e A5 U A3,

we get a Lie superalgebra that is denoted as A(~).

DEFINITION 1.8.— A superalgebra A is simple if it does not have non-trivial graded
ideals. A graded ideal is an ideal I < A such that for every a = ag + a1 € 1, it
Sollows that ag, a1 € I. So every graded ideal I satisfies I = (AgNI)+ (A;NI).
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Wall (1963, 1964) proved that an arbitrary simple finite dimensional superalgebra
over an algebraically closed field is isomorphic to one of the following two types:

0 A=t =ae i 4= {30000 = {(2))
D) A:Q(n)={<22)

Consequently, we can easily get the first examples of simple finite dimensional
Jordan superalgebras as explained above.

abe Mn(F)} < Mpin(F).

EXAMPLE 1.8.— J = M\ (F),m >1,n> 1.

m+n
EXAMPLE 1.9.— J = Q(n)"), n > 2.

DEFINITION 1.9.— Let A be an associative superalgebra. A map x : A — Ais a
superinvolution if it satisfies:

i) (a*)* =a, VYa€ A;
ii) (ab)* = (=1)lellbly*a* Va, b e AgU Ay
If x : A — A is asuperinvolution of the associative superalgebra A, then the set of
symmetric elements H (A, %) is a Jordan superalgebra of A(*). Similarly, the subspace

of skew-symmetric elements K (A, ) = {a € A | a* = —a} is a Lie subsuperalgebra
of A,
The following two subsuperalgebras of Mi:zn are of this type.

EXAMPLE 1.10.— Let I,,, I,,, be the identity matrices and let ¢ be the transposition.

0 -1,
Let us denote U = (Im 0 )

Then U! = U~! = —U, and * : My, 1o, (F) — My 2., (F) given by

ab\" (I, 0\ (a* —c\ (I, 0
cd) —~\0U)\v d 0 Ut
is a superinvolution.
The superalgebras
OSPp2m = K(Mn+2m<F>7 *) and JOSpn,Qm(F) = H(Mn+2m(F)’ *)

are the Lie and Jordan orthosymplectic superalgebras, respectively.
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EXAMPLE 1.11.—The associative superalgebra M, ., (F) has another
superinvolution given by:

ab\®  [dt b
cd) —\c a )"
The Lie and Jordan superalgebras (respectively) that consist of skew-symmetric

and symmetric elements, respectively, are denoted as P,,(F") and JP, (F') (and are
also called “strange series”).

EXAMPLE 1.12.— The three-dimensional Kaplansky superalgebra K3 = Fe + (Fz +
F'y) with multiplication table:

2 1 1 2 2
e =e er=,z, ey=gy, T =y =0, z-y=—-y-x=e

is a simple Jordan superalgebra. Note that K3 is not unital.

EXAMPLE 1.13.— The one-parametric family of four-dimensional superalgebras D (t)
defined as D(t) = (Fe; + Fes) + (Fz + Fy) with the product

1
e?:ei7 eres =0, eixzix, eiyziy, xy=-e1+teg, t€F, 1 =12.

The superalgebra D(t) is simple if ¢ # 0. In the case ¢ = —1, the superalgebra
D(—1) is isomorphic to M1 (F)(+).

EXAMPLE 1.14.— Let V be a vector space that is Z/2Z-graded, V' = V5 + V7, and
has a superform (| ) : V' x V — F, which is symmetric on Vj, skew-symmetric in
Vi and (V5|V5) = 0 = (V4|V5). Then J = F14+V = (F1 + Vj) + V5 is a Jordan
superalgebra, where the product of two arbitrary elements a1 + v and 1 4+ w in J is
given by

(al 4+ v) - (Bl +w) = abl + (v|lw)l + (cw + Bv)

for arbitrary v, w € V.
We will refer to J as the superalgebra of a superform.

J is simple if and only if the form (| ) is non-degenerate.
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EXAMPLE 1.15.— Kac (1977a) introduced a 10-dimensional Jordan superalgebra .J
whose even part has dimension 6 and splits as the direct sum of a superalgebra of a

superform and a one-dimensional algebra. Thus, J; = (Fe+ > Fu;)@® Fy has the
1<i<4
multiplication given by:

e’ =e, ev;=v;, vivy=2e=uv30y, f'=Ff

and any other product of two basic elements is 0.
The odd part J; has a basis {21, x2, y1, y2 } and the following multiplication table:

iy = e —3f, 9322 =0= yf, T1Y2 = U3 = —Y2&1, L2Y1 = V4 = —Y172,
1o = 0= T2X1, Y1Y2 = V2 = —Y2Y1, 1= 1,2

Finally, the action of .J5 over Jy is given by:

1 1 1 1 .
exj =55, ey =gy fri=gv5, fyi=gy, =12
viz; =0, viy1 = T2, VY2 = —x1, v2y; =0, v2T1 = —Y2, V2T2 = Y1

v3zy = 0 = v3y2, U3T2 =T1, U3Y1 = Y2,
vaxg = 0 = vay1, V4TI = T2, VaY2 = Y1.

This superalgebra is simple if char F' # 3. In case of char F' = 3, it has an ideal
of dimension 9 that is spanned by e, v;, 1 < i < 4, x;, y;, 1 < 7 < 2. It is called
degenerated Kac superalgebra and is denoted by Kg.

In Medvedev and Zelmanov (1992), it is proved that the Kac superalgebra K is
not a homomorphic image of a special Jordan superalgebra.

Benkart and Elduque (2002) realized K as the space of K3z @ Ks +F'1 (with a
new product) where K3 is the Kaplansky superalgebra.

Another (octonionic) construction of Ky was suggested in Racine and Zelmanov
(2015).
1.4. Brackets

DEFINITION 1.10.— Let A be an associative commutative superalgebra. A binary map
{, }: Ax A— Aiscalled a Poisson bracket if

1) (A,{, }) is a Lie superalgebra;



Jordan Superalgebras 9

2) {ab, ¢} = a{b, c} + (—1)INel{a, c}b for arbitrary a,b,c € A5 U Az.

EXAMPLE 1.16.—Let F[p1,...,Pn,q1,---,qs] be a polynomial algebra in 2n
variables. The classical Hamiltonian bracket:

& (0f 09 g Of
{fvg};(apzaql aplaqz)7 fagEF[plaapTMQMaqn]

is a Poisson bracket.

EXAMPLE 1.17.— Let

G(n)=(&,..., &)

be the Grassmann algebra over an n-dimensional vector space V. Then the bracket

N~ 1 9f 99
(o= (2L 2

i=1

for arbitrary f, g € G(V)5U G(V)1 is a Poisson bracket.

DEFINITION 1.11.— Given A = Ag + Aj an associative commutative superalgebra,
a bilinearmap { , } : A x A — A s called a contact bracket if:

i) (A, {, }) is a Lie superalgebra;

i) {ab,c} = a{b,c} + (—=1)lel{a, c}b + abD(c) for arbitrary homogeneous

elements a, b, cin A.

Note that a Poisson bracket is a contact bracket with D = 0.

EXAMPLE 1.18.— Let F'[t] be the polynomial algebra. Then the bracket { f(¢), g(t)} =
f'(®)g(t) — f(t)g'(¢) is a contact bracket.

EXAMPLE 1.19.— Let A(1 : n) be the polynomial superalgebra in one (even) Laurent
variable and n (odd) Grassmann variables &i,...,&,, A(l : n) =
Flt,t71,&,...,&). Consider D = £ or D = t-2 a derivation of F[t,t~']. The
bilinear map defined on generators of A(1 : n) by:

[t,&] = %&D(t), [€i,8] = 0ij, 1<4,j<n

can be extended to a contact bracket on A(1 : n).
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DEFINITION 1.12.— [Kantor double] Let A be an associative commutative
superalgebra with a bilinear map { , } : A x A — A Assume that
{A;, A3} C A;. Consider a direct sum of vector spaces KJ(A,{, }) = A+ Av
where |’U| =1 Deﬁne a new product in J(A,{ , }) that coincides with the original
one in A and is given by:

a(bv) = (ab)v, (bw)a = (1)1 (ba)v, (av)(bv) = (=1)*{a,b}.
The superalgebra KJ(A, {, }) is called the Kantor double of (A,{, }).

Kantor (1990) proved that if the bracket { , } is a Poisson bracket, then
KJ(A,{, }) is a Jordan superalgebra.

DEFINITION 1.13.— The bilinear map { , } is called a Jordan bracket on the
superalgebra A if KJ(A,{, }) is a Jordan superalgebra (see King and McCrimmon
(1992)).

Cantarini and Kac (2007) showed that there is a 1-1 correspondence between
Jordan brackets and contact brackets. Indeed, if [a,b] is a contact bracket with
derivation D, D(a) = [a, 1], then the new bracket

{a,b} = [a,b] + %(D(a)b —aD(b))

is a Jordan bracket.

Applying this to example 1.19, we get the following:

EXAMPLE 1.20.— The values {;,t} = 0, {&;,&,;} = 0;; for 1 < ¢,j < n extend to
a Jordan bracket of A(1 : n). Applying the Kantor double process to this bracket, we
get Jordan superalgebras .J,, = KJ(A(1:n),{, }).

1.5. Cheng-Kac superalgebras

Given an arbitrary unital associative commutative (super)-algebra with an (even)
derivation d : Z — Z, Martinez and Zelmanov constructed (Martinez and Zelmanov
2010) a Jordan superalgebra JCK(Z, d) named the Cheng—Kac Jordan superalgebra.

The even part of JCK(Z7 d) is a rank 4 free module over Z with basis
{1, wy,wa,ws}, J5g = Z + Z w;Z, and multiplication given by w,w; = 0 if

1<i#j<3uw=1= w2, w3 = —1. The odd part of this superalgebra is also a
rank 4 free module over Z with basis {x, x1, 22,23}, J1 = ©Z + Zi:l ;7.
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The action of the even part on the odd part and the products of two elements,
respectively, are given by the following multiplication tables:

g w;g xg x;ig
af | x(fg)  x;(fg?) xf | flg—fg* —w;(fg)
zif | xi(fg) xixj(fg) z;f w;(fg) 0
where ;5 ; = 0, Z1x2 = —Tox1 = T3, T1x3 = —T3x1 = T2, —Tax3 = T1 = T3x2-

The superalgebra JCK(Z, d) is simple if and only if Z is d-simple, that is, Z does
not contain proper d-invariant ideals (see Martinez and Zelmanov (2010)).

Let us remark that for Z = C[t,¢~] the above construction leads to the Cheng—
Kac superconformal algebra, that is, CK(6) = TKK(JCK(6)), where

JCK(6) = JCK(C[t,t '], D)

with D = % (see section 1.8).

1.6. Finite dimensional simple Jordan superalgebras
1.6.1. Case F is algebraically closed and char F = 0

Let us assume now that F' is algebraically closed and char F' = 0. Kac derived
the classification of finite dimensional simple Jordan F'-superalgebras from his
classification of simple finite dimensional Lie superalgebras via the
Tits—Kantor—Koecher construction.

THEOREM 1.1 (see Kac (1977a) and Kantor (1990)).— Let J = Jg + J7 be a simple
Jordan superalgebra over an algebraically closed field F', char ' = 0. Then J is
isomorphic to one of the superalgebras in examples 1.8, 1.9 and 1.10-1.15 or it is the
Kantor double of the Poisson bracket in example 1.17.

REMARK 1.3.— We will assume always in this section that J; # (0).

1.6.2. Case char F' = p > 2, the even part J5 is semisimple

Let us assume next that char F' = p > 2 and the even part J; is a semisimple
Jordan algebra.
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Recall that a semisimple Jordan algebra is a direct sum of finitely many simple
ideals.

This case was addressed in Racine and Zelmanov (2003) and the classification
essentially coincides with the one of zero characteristic, expect of some differences if
char F' = 3.

EXAMPLE 1.21.— Let H5(F'), K5(F') denote the symmetric and skew-symmetric 3 x 3

matrices over F, char F' = 3. Consider J5 = H3(F') and J; = K3(F') @ K3(F') the
sum of two copies of K3(F’). We have a Jordan superalgebra structure on J = J5+ J;
viaa-b=a-bin M3(F)*" ifa, b € H3(F), that is,

a-+b=ab+ ba,
¢-d=cd+dce Hy(F) forc,de Ks(F),

K3(F) - K3(F) = (0) = K3(F) - K3(F), and

at =ac+ca, ac=ac+ca ifa € H3(F), c € K3(F).
This superalgebra is simple.

EXAMPLE 1.22.— Let B = B + By with Bg = M»(F), B = Fmy + F'ms, where
F'is a field, char F' = 3. The product in By is given by:

2 2
my = —€21, Mg = €12, M1M2 = €11, M2 = —€22.

The action of Bj over Bj is defined as follows:

ennmy =my, epnme =0=mye1n, maer; = my,
miege =My, ezamy = 0= mgeg, eama=ma,
e12my =mg, eigmg =0=mgoeiz, Mmie1z = —mo,
eg1mg = my, egmy =0=myez, maea =—my.
Shestakov (1997) proved that B is an alternative superalgebra and has a natural

involution * given by (a + m)* = @ — m, a € Bg, where a — a is the symplectic
involution, and m € Bj.

If H3(B, *) denotes the symmetric matrices with respect to the involution *, then
H3(B, x) is a simple Jordan superalgebra. It is i-exceptional, that is, it is not a
homomorphic image of a special Jordan superalgebra.

THEOREM 1.2 (Racine and Zelmanov (2003)).—Let J = Jj + Ji be a finite
dimensional central simple Jordan superalgebra over an algebraically closed field F'
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of char F = p > 2. If J; # (0) and Jj is semisimple, then .J is isomorphic to one of
the superalgebras in examples 1.8, 1.9, 1.10-1.14 or char /' = 3 and J is the
nine-dimensional degenerate Kac superalgebra (see example 1.15) or J is isomorphic
to one of the superalgebras in examples 1.21 and 1.22.

1.6.3. Case char F' = p > 2, the even part J5 is not semisimple

This case shows similarities with infinite dimensional superconformal Jordan
algebras (see section 1.8) in characteristic 0.
a? = 0] the algebra of truncated
(m) ® G(n) be the tensor product of
(1,&1,...,&,). Then B(m,n) is an

Let us denote B(m) = Flai,...,am
polynomials in m variables. Let B(m,n) =
B(m) with the Grassmann algebra G(n)
associative commutative superalgebra.

|
B

THEOREM 1.3 (Martinez and Zelmanov (2010)).— Let J = Jz + Ji be a finite
dimensional simple unital Jordan superalgebra over an algebraically closed field F' of
characteristic p > 2. If the even part Jj is not semisimple, then there exist integers
m, n and a Jordan bracket { , } on B(m,n) such that
J = B(m,n) + B(m,n)v = KJ(B(m,n),{, }) is a Kantor double of B(m,n) or
J is isomorphic to a Cheng-Kac Jordan superalgebra JCK(B(m),d) for some
derivation d : B(m) — B(m).

1.6.4. Non-unital simple Jordan superalgebras

Finally, let us consider non-unital simple Jordan superalgebras. As we have seen,
K3 the three-dimensional Kaplansky superalgebra and Kg the nine-dimensional
degenerate Kac superalgebra are examples of such superalgebras.

EXAMPLE 1.23.— Let Z be a unital associative commutative algebra, D : 7 — Z a
derivation. Assume that Z is D-simple and that the only constants are elements a1,
acF.

Let us consider in Z the bracket { , } given by:
{a,b} = (aD)b— a(bD) Va,be Z.

The above bracket is a Jordan bracket, so the Kantor double V(Z, D) = Z+ Zv =
KJ(Z,{, }) is a simple unital Jordan superalgebra.

Now we will change the product in V' (Z, D), modifying only the action of the
even part on the odd part and preserving the product of two even (respectively, two
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odd) elements. Denote with juxtaposition the product on V(Z, D). Let a, b € Z. We
define the new product - by:

a-b=ab, a-bv= %(ab)v, av - bv = {a, b} = (av)(bv).

In this way, we get another Jordan superalgebra V; /5(Z, D) that is simple but not
unital.

It was proved in Zelmanov (2000) that:

THEOREM 1.4.—Let J be a finite dimensional simple central non-unital Jordan
superalgebra over a field F. Then J is isomorphic to one of the superalgebras on
the list:

i) the Kaplansky superalgebra K3 (example 1.12);

i) the field F' has characteristic 3 and J is the degenerate Kac superalgebra
(example 1.15);

iii) a superalgebra V; /2(Z , D) (example 1.23).

DEFINITION 1.14.— Let A be a Jordan superalgebra and let N be its radical, that

is, the largest solvable ideal of A. The superalgebra A is said to be semisimple if
N = (0).

EXAMPLE 1.24.— Let B be a simple non-unital Jordan superalgebra and let H(B) =
B + F'1 be its unital hull. Then H(B) is a semisimple Jordan superalgebra that is not
simple.

THEOREM 1.5 (Zelmanov (2000)).—Let J be a finite dimensional Jordan
superalgebra. Then J is semisimple if and only if

J=2@ U@ @ T, + Kil)+ Jay & & Ty
=1

where J(1y,. .., J() are simple Jordan superalgebras and for every i = 1,...,s, the
superalgebras J;; are simple non-unital Jordan superalgebras over the field extension
K i of F.

1.7. Finite dimensional representations

Jacobson (1968) developed the theory of bimodules over semisimple finite
dimensional Jordan algebras.
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In this section, we discuss representations (bimodules) of finite dimensional Jordan
superalgebras.

DEFINITION 1.15.— The rank of a Jordan superalgebra J is the maximal number of
pairwise orthogonal idempotents in the even part.

Unless otherwise stated we will assume char ' = 0.

DEFINITION 1.16.— Let V' be a 7Z./27-graded vector space with bilinear mappings
VxJ =V, JxV = V. Wecall V aJordan bimodule if the split null extension
V' + J is a Jordan superalgebra.

Recall that in the split null extension the multiplication extends the multiplication
on J, products V - J and J - V are defined via the bilinear mappings above and
V-V =(0).

Let V = V5 + Vi be a Jordan bimodule over J. Consider the vector space V°P =
VPP + V5P, where V2° is a copy of V; with different parity. Define the action of .J on
VP via

av®P = (—1)|“|(av)°p, vPa = (va)°P.
Then V°P is also a Jordan bimodule over J. We call it the opposite module of V.

Let V be the free Jordan J-bimodule on one free generator.

DEFINITION 1.17.— The associative subsuperalgebra U(J) of Endp V' generated by
all linear transformations Ry (a) : V — V, v — wva, a € J, is called the universal
multiplicative enveloping superalgebra of J.

Every Jordan bimodule over J is a right module over U (J).

DEFINITION 1.18.— A bimodule V over J is called a one-sided bimodule if
{J.V.J} = (0).

Let V(1/2) be the free one-sided Jordan J-bimodule on one free generator.

DEFINITION 1.19.— The associative subsuperalgebra S(J) of EndpV(1/2)
generated by all linear transformations Ry (1,2)(a) : V(1/2) — V(1/2), v+ wa,
a € J, is called the universal associative enveloping algebra of J.

Every one-sided Jordan J-bimodule is a right module over S(J).

Finally, let J be a unital Jordan superalgebra with the identity element e. Let
V(1) denote the free unital J-bimodule on one free generator. The associative
subsuperalgebra U, (J) of Endp V(1) generated by { Ry (12)(a)}acs is called the
universal unital enveloping algebra of J.
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For an arbitrary Jordan bimodule V, the Peirce decomposition
V={e,Viet@d{e,V;1—e}d{l—e,V,1—¢e}

is a decomposition of V' into a direct sum of unital and one-sided bimodules. Hence
UJ)=2U(J)® S(J).

1.7.1. Superalgebras of rank > 3

In this section, we consider Jordan bimodules over finite dimensional simple
Jordan superalgebras of rank > 3, that is, superalgebras M&i)n, m+n > 3;
Josp(n,2m), n +m > 3; Q(n)H), n > 3; JP(n), n > 3.

In this case, the universal multiplicative enveloping superalgebra U(J) is finite
dimensional and semisimple (Martin and Piard 1992). Hence every Jordan bimodule
is completely reducible, as in the case of Jordan algebras.

The superalgebras Josp(n, 2m) and JP(n) are of the type
H(A,x)={ac Ala* =a}

where A is a simple finite dimensional associative superalgebra and * is an involution.

EXAMPLE 1.25.— An arbitrary right module over A is a one-sided module over
H(A,x).

EXAMPLE 1.26.— The subspace K(A,*) = {k € A | k* = —k} with the action
k-a=ka+ak;k € K(A,x),a € H(A,x)is aunital H(A, x)-bimodule.

THEOREM 1.6 (Martin and Piard (1992)).— An arbitrary irreducible Jordan bimodule
over Josp(n,2m),n +m > 3, or JP(n), n > 3, is a bimodule of examples 1.25 and
1.26 or the regular bimodule.

The superalgebras M, ) Q(n)™) are of the type AH), where A is a simple

m—+n®
finite dimensional associative superalgebra.

EXAMPLE 1.27.— Every right module over A gives rise to a one-sided Jordan
bimodule over A,

Suppose now that the superalgebra A is equipped with an involution x.

EXAMPLE 1.28.— The subspaces H(A,*) and K(A,x) become Jordan A(H)-
bimodules with the actions:
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1)hoa=ha+a*h;
2) hoa = ha* + ah;
3Ykoa=ka+a*k;
4) koa=ka*+ ak;

where h € H(A, %), k € K(A,%),a € A.

The associative superalgebras M,,, 1, (F'), where both m, n are odd, and Q(n), are
not equipped with an involution, but they are equipped with a pseudoinvolution.

DEFINITION 1.20.— A graded linear map x : A — A is called a pseudoinvolution if
(ab)* = (=1)leltlp*a*, (a*)* = (=1)l%la for arbitrary elements a, b € A5 U A1.

t STt
EXAMPLE 1.29.— The mapping <§j Z) - ( N a}b) is a pseudoinvolution

on Q(n).

t_
EXAMPLE 1.30.— The mapping <i Z) — (Zt df

Mo in(F).

t
) is a pseudoinvolution on

Replacing the involution * in example 1.28 with the pseudoinvolutions of examples
1.29 and 1.30, we get unital Jordan bimodules over M, (F'), where m, n are odd,
and over Q(n)(*).

THEOREM 1.7 (see Martin and Piard (1992), Martinez et al. (2010)).— An arbitrary
irreducible Jordan bimodule over M,(,l++)n, m-4+n > 3or Q(n)(+), n > 3, is one of
examples 1.27 and 1.28 with an involution or a pseudoinvolution, or a regular

bimodule.

The exceptional Jordan superalgebra K;g has rank 3. Jordan bimodules over K;q
have been classified by Shtern (1987).

THEOREM 1.8 (Shtern (1987)).— All Jordan bimodules over K;o are completely
reducible. The only irreducible Jordan bimodules over Ky, are the regular bimodule
and its opposite.

1.7.2. Superalgebras of rank < 2
If J is a Jordan superalgebra of rank < 2, then, generally speaking, it is no longer

true that its universal multiplicative algebra is finite dimensional and that any Jordan
bimodule is completely reducible.
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1.7.2(a) In the case J = Q(2)H), however, it is true (see Martinez et al. (2010)).
The universal multiplicative enveloping algebra U (Q(2)(*)) is finite dimensional and
semisimple and the description of irreducible Jordan bimodules is similar to that of
Q(n)*),n > 3.

1.7.2(b) Let us discuss bimodules over Kantor superalgebras. Recall that the
Kantor superalgebras Kan(n) are Kantor doubles of the Grassmann superalgebras
G(n), n > 1, with respect to the Poisson bracket

N~ q1719f g
£ =2 (o gl 28,

i=1

Let Kan(n) = G(n) + G(n)v. The Grassmann superalgebra G(n) is embeddable

in the associative commutative superalgebra A = F'[t,&1,...,&,] = F[t] @F G(n).
For an arbitrary scalar « € F, the Poisson bracket [ , ] extends to the Jordan

bracket on A defined by [t,¢&;] = 0, [&,&,;] = —6&;j, [&,1] = 0, [t,1] = at. The

Kantor double Kan(n) = G(n) + G(n)v embeds in the Kantor double

Kan(A4,[, ]) = A+ Av. The subspace V() = tG(n) + tG(n)v is an irreducible
unital Jordan bimodule over K (n). The square of the multiplication operator by the
element v acts on V' («) as the scalar multiplication by .

The simple superalgebras Kan(n), n > 2 are exceptional (see Martinez et al.
(2001)). Therefore, they do not have non-zero one-sided Jordan bimodules.

THEOREM 1.9 (Stern (1995), Martinez and Zelmanov (2009), Solarte and Shestakov
(2016)).— Every finite dimensional irreducible Jordan bimodule over Kan(n), n > 2
is isomorphic to V(&) or V(«)°P, o € F.

In Solarte and Shestakov (2016), the theorem above was proved for algebras over
a field of characteristic p > 2.

1.7.2(c) Jordan superalgebras of a superform. Let V' = V5 4+ Vi be a
7. /27-graded vector space with a non-degenerate supersymmetric bilinear form.
Assume dimg V5 = m, dimp V3 = 2n and choose a basis ey, ..., e,, in Vg with
(€i,€;) = d;; and a basis vy, w1, ..., vp, wy in V7 such that

<vi;wj> :61']'; <'Ui,’l)j>:<’w7;,’w]'>:07 1 §Z7j§n
Let Cl(m) be the Clifford algebra of the restriction of the form (, ) to Vj, and let

Wo =Lz, y,1 <i <n|lx,y;] = 0ij, [xs,75] = [yi,y;] = 0)
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be the simple Weyl algebra.

Then the tensor product S = Cl(m)® g W, is the universal associative enveloping
superalgebra of the Jordan superalgebra J =V + F - 1.

Since the algebra W,, n > 1 is infinite dimensional, it follows that the
superalgebra J does not have non-zero finite dimensional one-sided Jordan
bimodules unless n = 0.

Consider in the algebra S the chain of subspaces
L.CS5,C5%=F-1CS5 C...,

where S, = (0) forr < 0,5, = >  V---V forr > 1. Clearly, S = |J S..

i<r ; r>0

THEOREM 1.10 (Martin and Piard (1992)).—
1) For every r > 1, S,./Sy_2 is a unital irreducible Jordan bimodule over J.

2)Let V! = Fu @ V, where |u| = 0. Extend the bilinear form (, ) to V' via
(u,u) = 1, (u, V) = (0). Then for every even r > 0, the quotient w.S, /uS,_z is a
unital irreducible Jordan bimodule over J.

3) Every unital irreducible finite dimensional .J-bimodule is isomorphic to
Sy/Sr—2 or to uS, /uS,_o for even r.

The classification of irreducible Jordan bimodules over M; 1 (F)™), D(t), K3,
JP(2) is too technical for an Encyclopedia survey. For a detailed description of finite
dimensional irreducible Jordan bimodules, (see Martinez and Zelmanov (2003),
Martin and Piard (1992), Martinez and Zelmanov (2006), Martinez and Shestakov
(2020)). We will make only some general comments.

1.7.2(d) The universal associative enveloping superalgebra of J = M1+1(F)(+)
is infinite dimensional, and finite dimensional one-sided Jordan bimodules over J are
not necessarily completely reducible.

There is a family of 4-dimensional unital Jordan J-bimodules V («, 3, ), which
are parameterized by scalars o, 3,y € F.If 42 — 1 — 4a # 0, then the bimodule
V (e, 8,7) is irreducible. If 2 — 1 — 4a3 = 0, then it has a composition series with
2-dimensional irreducible factors.

Every irreducible finite dimensional unital Jordan J-bimodule is isomorphic to
V(a, B,7), ¥ — 1 — 4aB # 0, or to a factor of a composition series of V («, 3,7),
7% — 1 — 4aB = 0 (see Martinez and Zelmanov (2009); Martinez and Shestakov
(2020)).
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1.7.2(e) Now let us discuss the superalgebras D(t) and K3. Recall that

D(t) = Fey + Fes + Fx + Fy;

6% = e, 6% = €9, €1€2 = 0, €, r = %.Z‘, €Yy = %y, Ty = €1 + teg.
Then D(0) = F - 1 + Kz, D(—1) 2 M, 1 (F)), D(1) is a Jordan superalgebra
of a superform.

We will assume therefore that ¢t # —1, 1.

One-sided bimodules. The superalgebra K3 does not have any non-zero
one-sided Jordan bimodules (it has non-zero one-sided bimodules if char F' > 0). All
finite dimensional one-sided Jordan bimodules over D(t), t # —1, 1, are completely
reducible. The superalgebra D(t) does not have non-zero one-sided bimodules unless

1
t=— ort:—&,wheremeZ,mz1.F0rt:— m , there exists
m+l o om . . o omA1
one (up to opposites) irreducible one-sided J-bimodule of dimension 2m + 3; for
p= 0 + , there exists one (up to opposites) irreducible one-sided .J-bimodule of

. . m
dimension 2m + 1.

Unital bimodules. If J = D(t) and ¢ cannot be represented as f%, m €
m

m + . . .
Z, m > 0or ———, m € Z, m > 1, then there is one (up to opposites) series of

m
irreducible finite dimensional unital J-bimodules parameterized by positive integers.
All finite dimensional bimodules in this case are completely reducible.

m+2

ft=——meZ m?> 1,ort:—%,meZ,mZO,thentbereis

m m
one (up to opposites) additional irreducible bimodule.

Remark. A finite dimensional irreducible bimodule over K3 is a unital finite
dimensional irreducible bimodule over D(0). Hence the above description of unital
finite dimensional irreducible bimodules over D(0) applies to K.

The detailed description of irreducible and indecomposable D(t)-bimodules is
contained in Martinez and Zelmanov (2003), Martinez and Zelmanov (2006).
Trushina (2008) extended the description above to superalgebras over fields of
positive characteristics.

1.7.2(f) Jordan bimodules over JP(2) Representation theory of JP(2) is essentially
different from that of JP(n), n > 3.

The universal associative enveloping superalgebra S(JP(2)) is isomorphic to
Mo o(Ft]), where F[t] is the polynomial algebra in one variable (see Martinez and
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Zelmanov (2003)). Hence, irreducible one-sided bimodules are parameterized by
scalars @ € F' and have dimension 4, whereas indecomposable bimodules are
parameterized by Jordan blocks.

Let V be an irreducible finite dimensional bimodule over JP(2). Let
L = K(JP(2)) be the Tits—Kantor—Koecher Lie superalgebra of JP(2),
L = L_; + Ly + L;. The superalgebra L has one-dimensional center. Fix
0 # z € Ly, then L/Fz = P(3) (see Martinez and Zelmanov (2001)). The Lie
superalgebra L acts on the module V' (see Jacobson (1968); Martin and Piard
(1992)), and the element z acts as a scalar multiplication.

DEFINITION 1.21.— We say that V is a module of level o € F' if z acts on 'V as the
scalar multiplication by «.

For an arbitrary scalar « € F, there are exactly two (up to opposites)
non-isomorphic unital irreducible finite dimensional Jordan bimodules over JP(2) of
level a. For their explicit realization, see (Martinez and Zelmanov (2014)).

Kashuba and Serganova (2020) described indecomposable finite dimensional
Jordan bimodules over Kan(n), n > 1 and JP(2).

1.8. Jordan superconformal algebras

In this section, we will discuss connections between infinite dimensional Jordan
superalgebras and the so-called superconformal algebras that originated in
mathematical physics.

In view of importance of the Virasoro algebra and (especially) its central
extensions in physics, (Neveu and Schwarz 1971; Ramond 1971) and others
considered superextensions of the algebra Vir. These superextensions became known
as superconformal algebras. Kac and van de Leur (1989) put the theory on a
more formal footing and recognized that all known superconformal algebras are in
fact infinite dimensional superalgebras of Cartan type considered in Kac (1977b).
Following (Kac and van de Leur 1989), we call a Z-graded Lie superalgebra L =
> L; a superconformal algebra if
i€L

i) L is graded simple;

it) Vir C Lg;
iii) the dimensions dim L;, ¢ € Z are uniformly bounded.

EXAMPLE 1.31.— The Lie superalgebra of superderivations
W(l:n)=DerC[t,t ' &,...,&)]

graded by degrees of ¢ is a superconformal algebra.
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EXAMPLE 1.32.— Let o € C. Then S(n,a) = {D € W(1 : n) | div(t®*D) = 0} <
W (1 :n). Here if

0 - 0
D:foa—"_;fzai&? fie(c[tat_17€17"'7€n]

then

leD_% Z IlegéZ

If o« € Z, then [S(n, &), S(n, a)] is a proper ideal in S(n, «) and the superalgebra
[S(n,a),S(n,a)] is simple. This family of superalgebras appeared in physics
literature (Ademollo et al. 1976; Schwimmer and Seiberg 1987) under the name
“SU,-superconformal algebras”.

EXAMPLE 1.33.— Consider the associative commutative superalgebra
A(l:n)=Cltt &, ..., &)

and the contact bracket | , ] of example 1.19. The superalgebra
K(n) = (A(1 : n),[, ]) is simple unless n = 4. For n = 4, the commutator ideal
[K(4), K(4)] has codimension 1 and [K(4), K (4)] is a simple superalgebra. This
series is known in physics literature as “SO,,-superconformal algebras” (Ademollo
et al. 1976; Schoutens 1987).

EXAMPLE 1.34.— In section 1.5, for an arbitrary associative commutative algebra Z
with a derivation d : Z — Z, we constructed the Jordan superalgebra JCK(Z, d). The
Lie superalgebra CK(Z, d) is the Tits—Kantor—Koecher construction of JCK(Z, d).
Taking Z = C[t,t ] and d = 5; ord = tm, we get the Cheng—Kac superalgebras
CK(6) discovered by Cheng and Kac (1997) and independently by Grozman et al.
(2001).

Kac and van de Leur (1989) conjectured that examples 1.31-1.34 exhaust all
superconformal algebras.

The superalgebras K (n) and CK(6) appear as Tits—Kantor-Koecher constructions
of Jordan superalgebras.
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Let [, ] be the Jordan bracket on A(1: n) = C[t,t 1, &, ..., &,] of example 1.20,
= K(A(1:n),[, ])is the Kantor double of this bracket. Then

K(n+3) = TKK(J,), n>0.

In Kac er al. (2001), we classified “superconformal” Jordan superalgebras.

THEOREM 1.11 (Kac et al. (2001)).—Let J = Jj + J; be a Z-graded Jordan
superalgebra that is graded simple and the dimensions of all homogeneous
components dim J;, ¢ € Z are uniformly bounded. Then either

1) J has finitely many negative (respectively, positive) non-zero homogeneous
components;

2) or J is isomorphic to one of the superalgebras .J,,, JCK(6), n > 1 or a twisted
version of it.

This theorem agrees with the Kac—van de Leur conjecture on classification of
superconformal algebras.

1.9. References

Ademollo, M., Brink, L., d’Adda, A., d’Auria, R., Napolitano, E., Scinto, S., Del Giudice, E.,
Di Vecchia, P, Ferrera, S., Gliozzi, F., Musto, R., Pettorino, R. (1976). Supersymmetric
strings and color confinement. Phys. Lett., 62B, 105-110.

Benkart, G., Elduque, A. (2002). A new construction of the Kac Jordan superalgebra. Proc.
Amer. Math. Soc., 130(11), 3209-3217.

Cantarini, N., Kac, V.G. (2007). Classification of linearly compact simple Jordan and
generalized Poisson superalgebras. J. Algebra, 313(1), 100-124.

Cheng, S.-J., Kac, V.G. (1997). A new N = 6 superconformal algebra. Comm. Math. Phys.,
186(1), 219-231.

Grozman, P, Leites, D., Shchepochkina, I. (2001). Lie superalgebras of string theories. Acta
Math. Vietnam., 26(1), 27-63.

Jacobson, N. (1968). Structure and Representations of Jordan Algebras. American

Mathematical Society Colloquium Publications, American Mathematical Society,
Providence.

Kac, V.G. (1977a). Classification of simple Z-graded Lie superalgebras and simple Jordan
superalgebras. Comm. Algebra, 5(13), 1375-1400.

Kac, V.G. (1977b). Lie superalgebras. Adv. Math., 26(1), 8-96.

Kac, V.G., Martinez, C., Zelmanov, E. (2001). Graded simple Jordan superalgebras of growth
one. Mem. Amer. Math. Soc., 150(711).

Kac, V.G., van de Leur, J.W. (1989). On classification of superconformal algebras. In Strings
‘88 (College Park, MD). World Science Publishing, Teaneck, 77-106.



24  Algebra and Applications 1

Kantor, I.L. (1972). Certain generalizations of Jordan algebras. Trudy Sem. Vektor. Tenzor. Anal.,
16, 407-499.

Kantor, I.L. (1990). Connection between Poisson brackets and Jordan and Lie superalgebras.
In Lie Theory, Differential Equations and Representation Theory, Montreal, PQ, 1989.
University of Montréal, Montreal, 213-225.

Kashuba, 1., Serganova, V. (2020). Representations of simple Jordan superalgebras. Adv. Math.,
370.

King, D., McCrimmon, K. (1992). The Kantor construction of Jordan superalgebras. Comm.
Algebra, 20(1), 109-126.

Koecher, M. (1967). Imbedding of Jordan algebras into Lie algebras. 1. Amer. J. Math., 89, 787—
816.

Martin, C., Piard, A. (1992). Classification of the indecomposable bounded admissible modules
over the virasoro Lie algebra with weightspaces of dimension not exceeding two. Comm.
Math. Phys., 150(3), 465—493.

Martinez, C., Shestakov, 1. (2020). Jordan bimodules over the superalgebra M;1. Glasgow
Math. J., 62(3). [Online].

Martinez, C., Shestakov, 1., Zelmanov, E. (2001). Jordan superalgebras defined by brackets. J.
London Math. Soc., 64(2), 357-368.

Martinez, C., Shestakov, 1., Zelmanov, E. (2010). Jordan bimodules over the superalgebras
P(n) and Q(n). Trans. Amer. Math. Soc., 362(4), 2037-2051.

Martinez, C., Zelmanov, E. (2001). Simple finite-dimensional Jordan superalgebras of prime
characteristic. J. Algebra. 236(2), 575-629.

Martinez, C., Zelmanov, E. (2006). Unital bimodules over the simple Jordan superalgebra D(t).
Trans. Amer. Math. Soc., 358(8), 3637-3649.

Martinez, C., Zelmanov, E. (2009). Jordan superalgebras and their representations. In Algebras,
Representations and Applications. Futorney, V., Kac, V., Kashuba, 1., Zelmanov, E. (eds).
American Mathematical Society, Providence, 179-194.

Martinez, C., Zelmanov, E. (2010). Representation theory of Jordan superalgebras. 1. Trans.
Amer. Math. Soc., 362(2), 815-846.

Martinez, C., Zelmanov, E. (2014). Irreducible representations of the exceptional Cheng-Kac
superalgebra. Trans. Amer. Math. Soc., 366(11), 5853-5876.

Martinez, C., Zelmanov, E.I. (2003). Lie superalgebras graded by P(n) and Q(n). Proc. Natl.
Acad. Sci. USA, 100(14), 8130-8137.

Medvedev, Y.A., Zelmanov, E.I. (1992). Some counterexamples in the theory of Jordan
algebras. In Nonassociative Algebraic Models (Zaragoza, 1989). Nova Science Publishing,
Commack, 1-16.

Neveu, A., Schwarz, J. (1971). Factorizable dual model of pions. Nuclear Physics B, 31(1), 86—
112.

Racine, M.L., Zelmanov, E.I. (2003). Simple Jordan superalgebras with semisimple even part.
J. Algebra, 270(2), 374-444.

Racine, M.L., Zelmanov, E.I. (2015). An octonionic construction of the Kac superalgebra K.
Proc. Amer. Math. Soc., 143(3), 1075-1083.



Jordan Superalgebras 25

Ramond, P. (1971). Dual theory for free fermions. Phys. Rev. D, 3, 2415-2418.

Schoutens, K. (1987). A nonlinear representation of the d = 2 SO(4) extended superconformal
algebra. Phys. Lett., B194, 75-80.

Schwimmer, A., Seiberg, N. (1987). Comments on the n = 2,3,4 superconformal algebras in
two dimensions. Physics Letters B, 184(2), 191-196.

Shestakov, L.P. (1997). Prime alternative superalgebras of arbitrary characteristic. Algebra i
Logika. 36(6), 675-716, 722.

Shtern, A.S. (1987). Representations of an exceptional Jordan superalgebra. Funktsional. Anal.
i Prilozhen., 21(3), 93-94.

Solarte, O.F.,, Shestakov, 1. (2016). Irreductible representations of the simple Jordan
superalgebra of Grassmann Poisson bracket. J. Algebra, 455, 29-313.

Stern, A.S. (1995). Representations of finite-dimensional Jordan superalgebras of Poisson
brackets. Comm. Algebra, 23(5), 1815-1823.

Tits, J. (1962). Une classe d’algebres de Lie en relation avec les algebres de Jordan. Nederl.
Akad. Wetensch. Proc., A 65, 24, 530-535.

Tits, J. (1966). Algebres alternatives, algebres de Jordan et algebres de Lie exceptionnelles. 1.
Construction. Nederl. Akad. Wetensch. Proc., A 69, 28, 223-237.

Trushina, M. (2008). Modular representations of the Jordan superalgebras D(t) and K.
J. Algebra, 320(4), 1327-1343.

Wall, C.T.C. (1963, 1964). Graded Brauer groups. J. Reine Angew. Math., 213, 187-199.

Zelmanov, E. (2000). Semisimple finite dimensional Jordan superalgebras. In Combinatorial
and Computational Algebra, Chan, K.Y., Mikhalev, A.A., Siu, M.-K., Yu, J.-T., Zelmanov,
E. (eds). American Mathematical Society, Providence, 227-243.

Zhevlakov, K.A., Slin’ko, A.M., Shestakov, I.P., Shirshov, A.L. (1982). Rings That are Nearly
Associative (Translated by H.F. Smith). Academic Press, Inc., New York.






