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Ground penetrating radar (GPR) represents a powerful technology able to 
investigate non-accessible scenarios in a non-invasive and non-destructive way, as 
witnessed by the numerous and different applications, which include demining, 
lunar explorations, archaeology, geology and civil engineering (Persico 2014; Sehrir 
et al. 2017; Aboudourib et al. 2020). However, standard GPRs provide a  
user-dependent map of the underground and subsurface targets, known as 
“radargram”, whose interpretation requires firm human expertise and does not allow 
us to infer about the nature of the targets buried below the soil, unless some a priori 
information is available.  

In this respect, tomographic approaches can play a very relevant role 
(Ambrosanio et al. 2019). These techniques aim at providing images regarding the 
variations of dielectric permittivity and electrical conductivity profiles of the scene  
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under investigation, which are more reliable and readable than those achieved by 
using standard GPR data processing. Image formation requires an accurate modeling 
of the scattering phenomena to properly take into account the complex interactions 
among sources, receivers, ground and buried objects. As a result, the development of 
robust and reliable recovery algorithms still has some issues related to both 
modeling errors as well as the presence of uncertainties in the data. Indeed, the 
underlying inverse scattering problem (ISP) is both nonlinear and ill-posed (Bertero 
and Boccacci 1998; Colton and Kress 1998).  

Nowadays, most of the tomographic approaches present in the literature can be 
classified into three main categories (Ambrosanio 2019). The first class includes 
qualitative methods, which aim at detecting the scatterers hosted in the imaging 
domain (ID) and retrieving only a limited amount of information, such as scatter 
location and shape. The second ones, known as approximated methods, adopt some 
of the approximations of the scattering phenomena, which allow us to simplify the 
mathematical model and to reduce the computational complexity. Lastly, the 
nonlinear quantitative methods aim at retrieving both electrical and morphological 
properties of the ID, by tackling the problem in its full nonlinearity, without 
involving any approximation. A further class of imaging strategies includes hybrid 
approaches, which are usually based on a first qualitative step that aims at providing 
some rough information, that is then exploited in the next quantitative steps to avoid 
false solutions and to allow for reliable and effective recoveries. 

In this respect, this chapter aims at providing to the research community an 
overview of all the main aspects on tomographic approaches in the framework of the 
underground exploration of the soil by GPR technologies, with particular attention 
given to qualitative and linearized approaches. Indeed, they can be relevant in GPR 
prospecting due to their simplicity and reduced computational burden. 

The chapter is organized as follows. In sections 1.1 and 1.2, the equations 
modeling scattering problem underlying tomographic approaches is reported and 
extended to the case of planarly layered media. Section 1.3 introduces the basics of 
qualitative methods, in particular the linear sampling method (LSM), the 
orthogonality sampling method (OSM) and the boundary retrieval through inverse 
source and sparsity (B-IS) for the half-space case. In section 1.4, linearized methods 
are discussed, while section 1.5 is focused on regularization techniques. Finally, in 
section 1.6 experimental imaging reconstructions are discussed and reported from 
(Ambrosanio 2021).  
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1.1. Inverse scattering problem: mathematical formulation 

In ISPs, an object-of-interest (OI) is located inside an ID Ω, which is then 
contained in the problem domain. The problem domain is immersed in a background 
medium (𝜀′௕, 𝜎௕, 𝜇଴) whose electrical properties are known and usually assumed to 
be homogeneous. It is worth noting that, for the aim of this chapter, only  
non-magnetic targets and background will be considered. The ID is surrounded by a 
boundary Γ of general shape and size depending on the employed imaging setup  
on which the measuring probes are located. In all of the following applications, a 
multi-view–multistatic system will be employed, that is, an imaging system made up 
of more transmitters and receivers in which the samples of scattered fields are 
collected at receiver locations as per each transmitting antenna.  

 

Figure 1.1. Problem statement. The picture illustrates the incident electric field 𝐸௜௡௖ 
and the scattered electric field 𝐸௦௖௔௧௧ collected at receivers locations on the curve Γ. 
The background is a non-magnetic medium (𝜀′௕, 𝜎௕, 𝜇଴) and the targets are in located 
the imaging domain Ω 

The whole scenario has been sketched in Figure 1.1. In general, it is possible to 
define the complex permittivity as: 𝜀(𝑟 ) =  𝜀′(𝑟 )  −  𝑗 ఙ(௥⃗ )ଶగ௙ఌబ , [1.1] 

in which 𝜀′ and 𝜎 are the relative permittivity and conductivity, respectively, 𝑓 is the 
operating frequency, 𝑟 is the position vector identifying each point inside the ID, 𝑗 
refers to the imaginary unit and 𝜀଴ = 8.854 × 10ିଵଶ F/m is the permittivity value in  
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the void and represents a universal constant. Thus, by adopting the definition in 
equation [1.1], it is possible to introduce the contrast function “𝜒(𝑟 )”: 𝜒(𝑟 ) =  ఌೣ(௥⃗ )ିఌ್ఌ್  , [1.2] 

in which 𝜀௕ =  𝜀′௕  −  𝑗 ఙ್ଶగ௙ఌబ . 

In this framework, two different electromagnetic scattering problems can be 
identified: the first problem, also known as forward problem, consists of evaluating 
the scattered field due to the object of interest inside the ID, assuming as known 
quantities both the incident field “𝐸ሬ⃗ ௜௡௖(𝑟 )” and the contrast function “𝜒(𝑟 )” that 
encodes the targets properties; the second problem, also referred to as inverse 
problem, aims at estimating the unknown contrast function “𝜒(𝑟 )” from the samples 
of the scattered field “𝐸ሬ⃗ ௦௖௧(𝑟 )” collected on Γ and from the illuminations “𝐸ሬ⃗ ௜௡௖(𝑟 )”. 
The two problems are strictly related to each other; as a matter of fact, a whole class 
of inversion procedure exploits the forward problem as a fundamental step for 
obtaining an estimate of the contrast function by means of an iterative strategy. 

In order to treat these scattering problems properly, it is convenient to introduce 
the two equations:  

𝐸ሬ⃗ ௧௢௧(௩)(𝑟, 𝜔) = 𝐸ሬ⃗ ௜௡௖(௩)(𝑟, 𝜔) + න
Ω

𝐺̅̅௜(𝑟, 𝑟 ′, 𝜔)𝜒(𝑟 ′, 𝜔)𝐸ሬ⃗ ௧௢௧(௩)(𝑟 ′, 𝜔)𝑑𝑟 , 

 = 𝐸ሬ⃗ ௜௡௖(௩)(𝑟, 𝜔) + 𝒜௜[𝜒𝐸ሬ⃗ ௧௢௧(௩)] , 𝑟 ∈ Ω, 𝑣 = 1, . . . , 𝑁௩, 

[1.3] 

𝐸ሬ⃗ ௦௖௔௧(௩) (𝑟, 𝜔) = න
Ω

𝐺̅̅௘(𝑟, 𝑟 ′, 𝜔)𝜒(𝑟 ′, 𝜔)𝐸ሬ⃗ ௧௢௧(௩)(𝑟 ′, 𝜔)𝑑𝑟 ′ = 

 = 𝒜௘[𝜒𝐸ሬ⃗ ௧௢௧(௩)](𝑟, 𝜔), 𝑟 ∈ Γ, 𝑣 = 1, . . . , 𝑁௩, 

[1.4] 

in which 𝜔 = 2𝜋𝑓, where “(𝑣)” represents the “𝑉” illuminations of the  
multi-view–multistatic microwave system whose incident field impinges on the 
scatterers located in the ID, “𝐸ሬ⃗ ௜௡௖(௩) , 𝐸ሬ⃗ ௧௢௧(௩), 𝐸ሬ⃗ ௦௖௔௧௧(௩) ” refer to the incident, total and 
scattered field at the 𝑣th illumination, respectively, while “𝐺̅̅௜” and “𝐺̅̅௘” are the  
so-called internal and external dyadic Green functions of electric type that describe 
the relation between the contrast function and the field generated both inside the ID Ω and the scattered field measured along the boundary Γ. These functions define the 
two operators introduced previously, also known as internal and external integral 
radiating operators “𝒜௜” and “𝒜௘” or domain and data operators, respectively. It is 
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easy to note that such operators are bilinear related to the pair ൫𝜒, 𝐸ሬ⃗ ௧௢௧൯. These 
bilinear operators are defined as 𝒜௜: 𝑋 × 𝑇 → 𝑆௜ and 𝒜௘: 𝑋 × 𝑇 → 𝑆௘, with 𝑋 ⊂𝐿ஶ(Ω) being the subspace of the possible contrast functions, 𝑇 ⊂ 𝐿ଶ(Ω) being a 
proper subspace for the total electric field inside the object, and 𝑆௜ ⊂ 𝐿ଶ(Ω) and 𝑆௘ ⊂ 𝐿ଶ(Γ) being two subspaces for the scattered field inside and outside the ID.  

Rewriting equation [1.3] by exploiting the operator notation as:  𝐸ሬ⃗ ௧௢௧(𝑟, 𝜔) = ൫𝐼 − 𝐴௜ఞ൯ିଵൣ𝐸ሬ⃗ ௜௡௖(𝑟, 𝜔)൧ , [1.5] 

and substituting it in the data equation [1.4], we obtain:  𝐸ሬ⃗ ௦௖௧(𝑟, 𝜔) = 𝐴௘ ൤𝜒(𝑟, 𝜔)൫𝐼 − 𝐴௜ఞ൯ିଵൣ𝐸ሬ⃗ ௜௡௖(𝑟, 𝜔)൧൨ , [1.6] 

where “𝐼” is the identity operator and the superscript “−1” denotes the inverse 
operator. Note that although the data and domain operators themselves are linear, the 
relation between the scattered field and the contrast function is nonlinear. The 
inversion of the operator in [1.6] is a mathematical representation of the nonlinearity 
associated with the ISP. Such an issue is handled by casting the ISP as an 
optimization algorithm over variables representing the unknown electromagnetic 
properties of the objects to be retrieved, and it occurs because of the information 
related to the multi-view–multistatic system.  

It is worth observing that equations [1.3.] and [1.4] can be rewritten in a different 
form by introducing the quantity: 𝑊ሬሬሬ⃗ (𝑟, 𝜔) = 𝜒(𝑟, 𝜔) ∙ 𝐸ሬ⃗ ௧௢௧(𝑟, 𝜔) , [1.7] 

which is known as contrast source. In the following, and for the scope of this 
chapter, the case of transverse magnetic (TM) mode will be considered. Under this 
assumption, the vectorial equations [1.3] and [1.4] become scalar, since only one 
component of the electric field is expected. 

1.2. Inverse scattering problem in case of planarly-layered media 

In section 1.1, a brief introduction on the mathematical statement for the ISP  
in a homogeneous, unbounded background medium was considered. In this  
section, a more suitable formulation of the concepts described in the theory of the 
planarly-stratified media will be dealt with. 
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Among all the quantities introduced previously, the main actors are still the 
“incident field” in the ID, the “scattered field” collected at receiver locations and the 
internal and external Green’s functions. 

For the aims proposed in this chapter, the derivation of the two-dimensional (2D) 
planarly-three-layered medium (known as “slab”) will be considered, whose case 
also includes the planarly-two-layered one. These formulations belong to the 
framework of the simplified 2D intra-wall imaging (IWI) and GPR applications, 
respectively. In the following, the ID will be assumed as buried in medium 2.  

To evaluate the electric field generated by a filamentary source located in a 
simplified 2D planarly-layered medium, the case of a single plane-wave in medium 
1 impinging on the planar interface of a slab will be considered. Finally, by 
exploiting the Sommerfeld’s (1964) identity and integrating on all the spatial 
frequencies, a closed-form for the incident field generated by a filamentary source in 
medium 1 and observed in medium 2 will be obtained. 

 

Figure 1.2. Sketch of a planarly-three-layered medium  

For a generic 2D TM wave, the scalar electric field for a three-layered medium 
with source located in (𝑥′, 𝑧′) and field observed in (𝑥, 𝑧) can be written as:  𝐸ଶ௭(𝑘௫, 𝑥′, 𝑧, 𝑧′, 𝜔) = 𝐴ଶ𝑒௝௞భ೥௭′𝑒௝௞ೣ௫′ൣ𝑒ି௝௞మ೥௭ + 𝑅ଶଷ்ெ ⋅ 𝑒௝௞మ೥(ଶௗమା௭)൧ , [1.8] 
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in which 𝑘௜௭ = ඥ𝜔ଶ𝜇଴𝜖௜ − 𝑘௫ଶ, with 𝑖, 𝑗 = {1,2} and ℐ[𝑘௜௭] < 0, 𝑑ଶ being the depth 
of the related interface, and 𝐴ଶ is defined as: 

𝐴ଶ = 𝐴ଵ ⋅ 𝑇ଵଶ்ெ ⋅ 𝑒௝(௞భ೥ି௞మ೥)ௗభ1 − 𝑅ଶଵ்ெ𝑅ଶଷ்ெ𝑒௝௞మ೥ଶ(ௗమିௗభ) , [1.9] 

in which 𝑇௜௝்ெ and 𝑅௜௝்ெ, 𝑖, 𝑗 = {1,2,3}, refers to the transmission and reflection 
coefficients at interface between media 𝑖 and 𝑗 for the TM mode, respectively, 𝐴ଵ is 
the amplitude of the incident field and 𝑑ଵ is the depth of the first interface (between 
mediums 1 and 2). 

By choosing the reference coordinate system as making the 𝑥 axis coinciding 
with the interface between mediums 1 and 2 (i.e. 𝑧 = −𝑑ଵ = 0) and assuming 𝑑 =𝑑ଶ − 𝑑ଵ and unitary amplitude for the incident field in medium 1 (𝐴ଵ = 1), then 
equation [1.8] becomes:  

𝐸ଶ௭(𝑘௫, 𝑥′, 𝑧, 𝑧′, 𝜔) = 𝑇ଵଶ்ெ 11 − 𝑅ଶଵ்ெ𝑅ଶଷ்ெ𝑒௝௞మ೥ଶௗ . 

⋅ ൣ𝑒௝(௞భ೥௭′ି௞మ೥௭) + 𝑅ଶଷ்ெ𝑒௝௞భ೥௭′𝑒௝௞మ೥(ଶௗା௭)𝑒௝௞ೣ௫′൧ , 

[1.10] 

where 𝑇ଵଶ்ெ = ଶ௞మ೥ା௞భ೥ and 𝑅௜௝்ெ = ௞೔೥ି௞ೕ೥௞೔೥ା௞ೕ೥ , 𝑖, 𝑗 = {1,2,3}. 

Finally, by exploiting the inverse Fourier transform for equation [1.10], we get:  

𝐸ଶ௭(𝑥, 𝑥′, 𝑧, 𝑧′, 𝜔) = නା∞ି∞ 𝑇ଵଶ்ெ 11 − 𝑅ଶଵ்ெ𝑅ଶଷ்ெ𝑒௝௞మ೥ଶௗ . 

 ⋅ ൣ𝑒௝(௞భ೥௭′ି௞మ೥௭) + 𝑅ଶଷ்ெ𝑒௝௞భ೥௭′𝑒௝௞మ೥(ଶௗା௭)൧ ⋅ 𝑒௝௞ೣ(௫ି௫′)𝑑𝑘௫ . [1.11] 

Thanks to the reciprocity, it is quite easy to evaluate the external Green function 
by replacing the observation point (𝑥, 𝑧) with the source location and the probe 
location (𝑥′, 𝑧′) with the receivers (Catapano et al. 2004). Finally, the internal 
Green’s function can be written as (Chew 1995):  𝑔௜௡௧(𝑘௫, 𝑥 ′, 𝑧, 𝑧 ′, 𝜔) = 𝑀ଶ𝑒ି௝௞మ೥ห௭ି௭ ′ห + 𝑀ଶ𝑅ଶଵ𝑒ି௝௞మ೥൫௭ା௭′൯ + 

 +𝑀ଶ𝑅ଶଷ𝑒௝௞మ೥(௭ା௭′ାଶௗ) + 𝑀ଶ𝑅ଶଵ𝑅ଶଷ𝑒ି௝௞మ೥|௭ି௭′|𝑒௝௞మ೥ଶௗ, 
[1.12] 
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which, by adding and subtracting the quantity 𝑀ଶ𝑅ଶଵ𝑅ଶଷ𝑒௝௞మ೥ଶௗ𝑒ି௝௞మ೥|௭ି௭ᇱ|, making 
some calculations and exploiting the inverse Fourier Transform along the 𝑘௫ 
direction results in:  

        𝑔௜௡௧(𝑥, 𝑥′, 𝑧, 𝑧′, 𝜔) = − 𝑗4 𝐻଴(ଶ) ቀ𝑘ଶ௭ඥΔ𝑥ଶ + Δ𝑧ଶିቁ 

− 𝑗2𝜋 නା∞ି∞
𝑅ଶଷ𝑀ଶ𝑅ଶଵ𝑘ଶ௭ 𝑒௝௞మ೥ଶௗcos𝑘ଶ௭Δ𝑧ି𝑒௝௞ೣΔ௫𝑑𝑘௫ + 

− 𝑗4𝜋 නା∞
ି∞ 𝑀ଶ𝑘ଶ௭ ൣ𝑅ଶଵ𝑒ି௝௞మ೥(Δ௭శ) + 𝑅ଶଷ𝑒௝௞మ೥(Δ௭శା௝௞మ೥ଶௗ)൧𝑒௝௞ೣΔ௫𝑑𝑘௫ , 

[1.13] 

where Δ𝑥 = 𝑥 − 𝑥′, Δ𝑧ି = 𝑧 − 𝑧′ and Δ𝑧ା = 𝑧 + 𝑧′ (Crocco and Soldovieri 2003). 
It is easy to derive the previous functions for the case of a two-layered medium 
(GPR) since it is sufficient to impose 𝑅ଶଷ = 0. 

In particular, for the three-dimensional (3D) half-space case, it is possible to 
evaluate analytically the expression of the Green’s functions by exploiting similar 
calculations, which drive into the formulas proposed in Lo Monte et al. (2010) and 
Lo Monte et al. (2012) that, for the sake of brevity, will not be dealt with in this 
chapter. 

1.3. Solution strategies 

The electromagnetic ISP defined by the previous equations is intrinsically 
nonlinear in the relationship between data and unknowns. However, features that are 
quite attractive for any inversion approach are the requirement of being fast, 
computationally effective and reliable from the point of view of reconstructions, 
trying to exploit as little a priori information as possible. Moreover, such approaches 
should also avoid the occurrence of false solutions, also known as “local minima” 
(Isernia et al. 2001). 

Nowadays, all the approaches present in the literature for the solution of EIS 
problems can be classified into three main categories, which are as follows:   

– qualitative methods, where only a limited amount of information is provided, 
such as scatterer location and shape; 

– linearized methods, which include famous approximations such as physical 
optics and Born approximation (BA), or even high-order approximate models; 
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– nonlinear optimization methods, in which an approximate solution is obtained 
by means of an iterative process starting from an initial guess. This class will be not 
dealt with. 

The following sections will be focused on the case of qualitative methods and 
linear approximations, considering some of the most adopted approaches in practical 
GPR scenarios. 

1.4. Qualitative methods  

To overcome the difficulties related to nonlinearity and ill-posedness of the 
inverse problem underlying GPR imaging as well as the limited number of 
measurements, many studies have been focused on the introduction of solution 
methods for the corresponding inverse obstacle problem, whose scope is to recover 
only the morphological information about the targets, namely their supports, giving 
up their electromagnetic properties (Cakoni and Colton 2006). Such methods are 
known as qualitative methods and are different from quantitative methods, which 
aim at retrieving both electrical and morphological properties of the region of 
interest (Cakoni and Colton 2006). Indeed, the latter tackle the problem in its full 
nonlinearity, without involving any approximation and allow to widen the class of 
retrievable objects considerably. Unfortunately, they are characterized by a higher 
computational burden and long processing time. On the other hand, qualitative 
methods are characterized by simplified mathematical models and lower 
computational burden. Part of the discussion about qualitative methods reported 
below can be found detailed in the recent paper from the same authors of the chapter 
(Bevacqua 2019). 

Among qualitative methods, it is worth mentioning sampling methods that 
include the LSM (Colton 2003) (and the related factorization method; Kirsch 2008) 
as well as the OSM (Potthast 2010). The main idea is that of sampling the 
investigation domain in an arbitrary grid of points and computing in each point an 
indicator function whose energy will assume different values depending on whether 
the sampled point belongs or not to the scatter (see, for instance, Figure 1.3). 
Although both LSM and OSM belong to the class of sampling methods, they exhibit 
different features. For instance, the LSM indicator function is computed by solving 
an auxiliary linear problem, whose solution involves the adoption of a regularization 
technique. In a different fashion, the OSM does not require the solution of a linear 
problem, as the indicator function is just related to the evaluation of a scalar product. 
Moreover, the OSM seems to be more flexible with respect to the measurement 
configurations. 



10     Ground Penetrating Radar 

By taking advantage from recent results in area of compressive sensing and 
sparsity promoting techniques (Donoho 2006), a new qualitative method has been 
very recently introduced in literature which, provided some conditions hold true, is 
able to retrieve the boundary of unknown targets rather than their support (Bevacqua 
2017, 2018). Such a method exploits the equivalence theorem in case of dielectric 
obstacles and takes advantage from the particular distribution assumed by the 
induced currents in case of perfect electric conductors (Bevacqua 2017). Differently 
from sampling methods, it does not sample the investigation domain in a grid of 
points, and it does not require the selection of a fixed threshold to discriminate 
between points inside and outside the targets. It just retrieves the boundary of the 
targets (see, for instance, Figure 1.3). However, if compared with LSM and OSM, it 
shows a heavier computational burden.  

   
a) b) c) 

Figure 1.3. Normalized indicators against experimental data: the TwinDielTM target. 
8GHz and number of measurements M = 36. (a) LSM, (b) OSM and (c) B-IS. 

Extracted from Bevacqua (2019) 

1.4.1. Linear Sampling Method 

The LSM is one of the most popular qualitative methods to retrieve objects’ 
support from the measurements of the corresponding scattered field data (Colton 
2003). In detail, it consists of sampling the region under test into an arbitrary grid of 
points and solving for each point the so-called far-field integral equation (FFE) 
given by: ׬ 𝐸௦௖௧∞(𝑟̂௠, 𝑟̂௧)Γ  𝜉(𝑟௦, 𝑟̂௧) 𝑑𝑟̂௧ = 𝐺௘∞(𝑟̂௠, 𝑟),  [1.14] 

wherein 𝜉 represents the unknown function, 𝑟𝒔 is the sampling point and 𝐸௦௖௧ஶ is the 
scattered far-field pattern measured on a closed circle curve Γ in the far zone of the 
scatterers in direction 𝑟̂௠ when a unit amplitude plane wave impinges from direction  
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 𝑟̂௧. 𝐺௘ஶ is the Green’s function in the far-field zone. Despite the linearity of [1.14], 
the evaluation of the solution 𝜉 is not straightforward due to the compactness of the 
operator at the left-hand side, which implies ill-posedness in its inversion (Bertero 
1998). Hence, a regularization technique is required. An effective choice is that of 
solving it by adopting the Tikhonov regularization (Catapano et al. 2007). Then, the 
estimation of the unknown support is pursued by evaluating the 𝑙ଶ norm (i.e. the 
“energy”) of the unknown function 𝜉 with respect to 𝑟̂௧ given by: 𝐼௅ௌெ(𝑟௦) = ‖𝜉(𝑟௦, 𝑟̂௧)‖ଶଶ = ׬ |𝜉(𝑟௦, 𝑟̂௧)|ଶ𝑑𝑟̂௧Γ .  [1.15] 

The above defined indicator depends on the sampling point 𝑟𝒔 and assumes a 
finite value when the sampling point belongs to the unknown object, while it blows 
up elsewhere (Catapano et al. 2007). As such, by selecting a fixed threshold, the 
indicator [1.15] allows the discrimination between points inside and outside the 
scatterers and finally retrieve the support of the target (Catapano et al. 2007). It is 
worth underlining that the computational burden is low, as the solution of [1.14] 
only involves the evaluation of the SVD of the measured data. The method has been 
also extended to the case of subsurface imaging (Catapano et al. 2008). 

Note that, in case of a lossy background, there is the need of a modified indicator 
due to the attenuation of the field radiated by a buried electric dipole according to a 
factor which depends on the amount of losses in the host medium. Then, the energy 
of the LSM solution is normalized to the energy of the known term of the FFE. As a 
matter of fact, the field to be matched in the LSM equation becomes progressively 
less intense when the distance between the sampling point and the measurement 
domain grows. Interestingly, the presence of losses is not the only case, wherein the 
modified far-field equation can play a useful role. For example, for a given 
measurement domain and a given domain under test, in case the directions of the test 
dipole (whose polarization is chosen equal to the transmitting one) and the 
measurement dipoles do not match, the different amount of polarization mismatches, 
which is experienced for different depths implying very different energies for the 
right-hand term (Catapano 2008).  

1.4.2. Orthogonality sampling method 

The OSM has been recently introduced in literature in case of free space (Potthast 
2010). It consists of computing the reduced scattered field from the far-field pattern 𝐸௦௖௧ஶ(𝑟̂௠, 𝑟̂௧). Such a reduced field can be computed by evaluating the scalar product  
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between the far-field and the Green’s function in far-field zone, that is (Potthast 
2010): 

𝐸௦௖௧௥௘ௗ(𝑟௦, 𝑟̂௧) = න𝐸௦௖௧∞(𝑟̂௠, 𝑟̂௧) 𝑒௝௞್ ௥⃗ೞ∙௥̂೘ 𝑑𝑟̂௠
Γ

= 1𝛾 〈𝐸௦∞, 𝐺௘∞〉Γ [1.16]

where 〈∙,∙〉 denotes the scalar product and 𝛾 is a constant for a fixed frequency 
(Bevacqua 2020). In a nutshell, equation [1.16] tests the orthogonality relation 
between the far-field pattern and the Green function in far zone (apart from a 
constant). Then, the OSM indicator 𝐼ைௌெ(𝑟௦) is defined as: 

𝐼ைௌெ(𝑟௦) = ฮ𝐸௦௖௧௥௘ௗ(𝑟௦, 𝑟̂௧)ฮଶଶ = නห𝐸௦௖௧௥௘ௗ(𝑟௦, 𝑟̂௧)หଶ𝑑
Γ

𝑟̂௧ [1.17]

and achieves large values when the far-field pattern approaches the one of the 
background Green’s function for the considered sampling point (Bevacqua 2020). 
Again, by selecting a fixed threshold, it is possible to discriminate sampling points 
belonging to the support (Bevacqua 2020). 

The method has been also extended to the case of near-field (Akinci 2018b) 
subsurface imaging (Akinci 2018a). However, further investigations are required to 
better understand its physical interpretation in case of a non-homogeneous scenario. 

1.4.3. Shape reconstruction via joint sparsity based inverse source and 
equivalence principles 

To deal with inverse obstacle problems, we can also take advantage from the 
joint solution of a number of related inverse source problems, which consist of 
recovering the induced currents from the knowledge of the measured far-field 
pattern. The strategy is obviously suggested by the fact that the support of the 
contrast sources 𝑊 induced in the unknown object is exactly equal to support of the 
target whatever 𝐸௜௡௖. Note that inverse source problems are linear (see equation 
[1.4]) but are still (severely) ill-posed, so that some additional care is needed.  

In this respect, note that when a generic electromagnetic field is propagating in 
the space in presence of dielectric obstacles, it induces inside the obstacles some 
currents, which are expected to be different from zero inside the target support and 
become in turn sources of the scattered field data. However, by virtue of the 
equivalence theorem (Franceschetti 2013) (which is a key point of the approach), the 
measured scattered field can be eventually conceived as the one radiated by some 
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equivalent surface currents, that is, electric 𝑊௦ and magnetic 𝑊௦௠௫ and 𝑊௦௠௬ surface 
currents, which can play the role of the original ones.  

The main advantage of considering the equivalent currents rather than the 
original ones is that they are distributed over the boundary of target support. As a 
result, they can be identified by only few non-zero pixels in the investigation domain 
and, hence, can be considered sparse with respect to the pixel basis representation. 
Then, a possible idea for their retrieval is that of looking for the sparsest currents 
distributions that contemporarily satisfy the measured data. To this end, sparsity 
promoting approaches can be exploited (Donoho 2006).  

Interestingly, the property of sparsity displayed by the equivalent currents holds 
true, regardless of the direction of illumination 𝑟̂௧ or the kind of measurements 
configuration. To enforce this joint sparsity among the different scattering 
experiments, an auxiliary variable 𝐼஻ூௌ can be defined as the common upper bound 
on the amplitude of the equivalent currents for the different scattering illumination 
conditions. Accordingly, the problem is recast as (Bevacqua 2017, 2018): min‖𝐼஻ூௌ(𝑟)‖ଵ [1.18a]𝑠. 𝑡.  ฮ𝐸௦∞ − 𝒜௘[𝑊௦] − 𝒜௠௫[𝑊௦௠௫] − 𝒜௠௬ൣ𝑊௦௠௬൧ฮଶ ൑ 𝛿, [1.18b]|𝑊௦(𝑟, 𝑟̂௧)| ൑ 𝐼஻ூௌ(𝑟),   |𝑊௦௠௫(𝑟, 𝑟̂௧)| ൑ 𝐼஻ூௌ(𝑟),    ∀ 𝑟̂௧ ∈ Γ ห𝑊௦௠௬(𝑟, 𝑟̂௧)ห ൑ 𝐼஻ூௌ(𝑟),  

[1.18c]

where ‖∙‖ଵ is the 𝑙ଵ norm, and 𝒜௠௫ and 𝒜௠௬ are the integral radiation operators 
which relate the magnetic surface currents to the scattered electric fields.  

The variable 𝐼஻ூௌ does not depend on the direction of illumination 𝑟̂௧, but only on 
the position 𝑟 in the investigation domain. Moreover, it is expected to assume  
non-zero values only on the boundary of target support, so that it will act as a 
“boundary” indicator. For this reason, the method is called B-IS. As such, differently 
from LSM and OSM, there is no need for a thresholding to retrieve the target support 
from the indicator map, as the approach directly retrieves the boundary of the targets.  

Note that the approach can be also applied to the case of perfect electrical 
conductors. In fact, in such a case, the induced currents 𝑊 exist only on the 
boundary of Σ and there is no need to introduce equivalent surface currents. Then, 
the problem [1.7] is further simplified (Bevacqua 2017,  2018).  
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The B-IS method belongs to the class of the joint sparsity promoting procedures. 
Note, the joint sparsity used herein is not enforced by means of the mixed norm 𝑙ଵ −𝑙ଶ as in Kowalski (2009) and Fornasier (2008), but through the auxiliary variable 𝐼஻ூௌ.  

1.4.4. Applicability and limitations of the three methods  

In LSM, the far-field equation [1.14] can be interpreted as an attempt to 
synthetize induced currents such that their radiating part is focused and/or circularly 
symmetric with respect to the given sampling point (Catapano 2007; Di Donato 
2011). As such, it correctly works as long as the object is convex, and the  
nonradiating component of the induced currents is negligible (Catapano 2007). 
Usually, when the product of the maximum amplitude of the contrast 𝜒 times the 
maximum size of the target is large, which corresponds to an increasing amount of 
nonradiating sources, it does not guarantee reliable reconstructions.  

The OSM is based on a test of orthogonality that allows us to compute the 
reduced scattered field. As far as its physical interpretation is concerned, it has been 
recently argued in Bevacqua (2020) that the reduced scattered field is related to the 
radiative part of the currents. As such, similarly to LSM, the OSM indicator does not 
take into account the nonradiating part of the currents, so that, again, limitations are 
expected with increasing electrical dimensions of the scatterer.  

While both the LSM and OSM act on volumetric currents that are located on all 
points belonging to the support of the target, B-IS aims at jointly solving several 
inverse source problems, wherein one is looking for currents which (under some 
reasonable hypotheses) are located on the boundary of target support. Notably, the 
optimization problem [1.18] does not aim at retrieving exactly the equivalent 
currents but rather to find a common upper bound to their amplitudes. Also note the 
possible (superficial) nonradiating currents do not seem to play any role in  
the process, while the possible nonradiating volumetric currents are filtered out by 
the sparsity regularization. The B-IS method can be understood as more robust with 
respect to the presence of nonradiating currents than LSM and OSM. Moreover,  
the upper bound in [1.18] can be understood as a trade-off between sparsity 
promoting and data fitting. As a result, B-IS will be able to retrieve at least the 
convex-hull of the targets. Remarkably, probably because of the use of the 𝑙ଵ norm 
rather than the 𝑙଴ pseudo-norm, we can also retrieve the shape of some non-convex 
target (Bevacqua 2017). As a result, B-IS is expected to fail when the boundary of 
the target is not sparse (for instance in case of a ragged boundary) or when,  
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according to the sparsity theory (Donoho 2006), the number of measurements is not 
sufficiently large with respect to the degree of sparsity of the target contour.  

Concerning the requirements about the kind of measured data, the LSM needs to 
correctly discretize the integral operator in [1.14] by collecting a sufficient number 
of data in multi-view–multistatic measurement configuration. As a result, even if the 
product of the maximum amplitude of the contrast 𝜒 times the maximum size of  
the target is not large; the undersampling of the measured data can compromise the 
reconstructions. On the other side, the OSM requires an accurate discretization of 
the integral [1.16] over the measurements curve and, hence, a sufficient number of 
measurements. However, differently from LSM, OSM can compensate the low 
amount of data by considering other kind of experiments different from  
multi-view–multistatic ones. In fact, OSM as well as B-IS exhibit wide flexibility 
with respect to processed data and can offer the possibility of combining information 
arising from frequency diversity without the need of a posteriori merging the single 
results. To this end, the OSM indicator can be easily modified by integrating over a 
given frequency band (Potthast 2010; Bevacqua 2020), and the B-IS indicator 
function implicitly defined by [1.18c] can be redefined as the upper bound to the 
different sources at the different frequencies (Bevacqua 2017). 

Another important difference among the methods regards the computational 
burden. The OSM indicator does not involve the solution of an ill-posed problem but 
only the evaluation of a scalar product. This implies more robustness with respect to 
measurement errors on the scattered data and a very low computation burden. On the 
contrary, the LSM indicator function is computed by solving an auxiliary linear 
problem, whose solution involves the adoption of a regularization technique. 
However, the main computational effort of the method is the evaluation of the SVD 
of measured data, whose dimension is only dictated by the number of scattering 
experiments. This task must be carried out only once, since the kernel of the linear 
system is the same for all sampling points. With respect to the LSM and the OSM, 
B-IS exhibits a heavier computational burden, which drastically increases with the 
number of unknowns, since an 𝑙ଵ norm optimization problem has to be solved. On 
the other side, the problem underlying the B-IS belongs to the class of convex 
programming problems, whose single optimal solution can be reached by any  
off-the-shelf local optimization procedure.  

In terms of reconstruction accuracy, both the LSM and OSM require the 
selection of a fixed threshold to discriminate between points inside and outside the 
targets. In a different fashion, the B-IS does not provide an indicator map 
monotonically increasing outside the actual support, but directly looks for the 
boundary of the target. As such, it is expected to be more accurate. 
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1.5. Linearized methods  

As a countermeasure to nonlinearity, linearized methods allow a very easy 
implementation and require a limited amount of computer memory and 
computational time, even though they suffer from several limitations induced by the 
adopted approximated model. These limitations can be more pronounced in the case 
of GPR surveys where data are collected only in reflection mode, especially in the 
case of single-frequency data processing. 

The most popular approximation of the tomographic model [1.5] is the BA  
(Lo Monte et al. 2010; Ambrosanio et al. 2015). In BA, the tomographic problem is 
linearized as the auxiliary unknown total field inside the object is assumed equal to 
the known incident field. This hypothesis is satisfied in case of weak scatterers, that 
is, for objects whose internal characteristics are very close to the ones of the hosting 
medium, and/or for objects whose dimension is very small in terms of the 
wavelength in the hosting medium. When such assumptions do not hold true, BA 
can be properly exploited to perform target location. This can be also explained by 
considering that, in case of far-field measurements and incident plane wave, the BA 
operator is very closely related to the one of Kirchhoff approximation (KA) 
(Soldovieri 2008). The KA, or physical optics approximation, can be adopted in case 
of electrically large perfect electric conductors. Under such a linear approximation, 
the solution algorithm is formulated as the inversion of a linear integral operator that 
relates the scattered data to a distribution unknown function that is directly related to 
the illuminated boundary of the object. Therefore, the inversion allows the retrieval 
of target support boundary of the object.  

Another relevant linearized approach has been introduced in the last few years 
within the virtual scattering experiments (VE) framework (Bevacqua et al. 2016). 
The approach is based on a proper linear combination of the original incident (in Ω) 
and corresponding scattered fields (on Γ) to introduce new (virtual) experiments. In 
this framework, a novel approximation to effectively linearize the scattering 
problem, even in the case of non-weak scattering regime, is introduced. 

1.5.1. Born approximation 

In the BA, the unknown total field inside the object is approximated with the 
incident field, that is, the object is considered negligible and therefore such a 
hypothesis is fully satisfied when the internal characteristics of the scatterers are 
close to those of the external hosting medium and its dimensions are small compared  
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to the wavelength in the considered medium. Under these assumptions, equation 
[1.6] becomes:  𝐸௦௖௧(௩) = 𝒜௘ൣ𝜒𝐸௜௡௖(௩)൧ = ℒ (௩)[𝜒], 𝑣 = 1, . . . , 𝑁௩. [1.19] 

The operator “ℒ(௩)”, incorporating 𝐸௜௡௖(௩) in 𝒜௘, is a linear mapping between data 𝐸௦௖௔௧(௩)  and unknowns 𝜒. It is worth pointing out that the linearization of model [1.6] 
into [1.19] does not overcome the ill-posedness of the considered inverse problem 
due to the finite dimensional nature of the scattered field. The order of the finite 
dimensional nature reduces further when accounting the aspect-limited nature of the 
GPR configuration. The more critical the aspect-limited is, the lower the order of the 
finite dimension and the more critical the capability to recover profiles. Hence, to 
improve the reconstruction performance of the tomographic approach, we can 
collect more information by using multifrequency data, since monochromatic data 
may be too poor to guarantee good results, as proven by the spectral coverage of the 
multi-view–multistatic multifrequency configuration (Leone and Soldovieri 2003; 
Ambrosanio and Pascazio 2015).  

In choosing a multifrequency approach some attention must be paid in defining 
the unknown of the problem, since the contrast function does not change with the 
illumination, but it changes with frequency. Nevertheless, the fact that the contrast 
function changes with the frequency would imply solving more monochromatic ISP, 
but since the dependence on the frequency in the complex permittivity of the media 
and buried objects is supposed to be as:  

𝜀(𝑟, 𝜔) = 𝜀′(𝑟 ) − 𝑗 𝜎(𝑟 )𝜔𝜀଴ , [1.20] 

in which 𝜀′(𝑟 ) and 𝜎(𝑟 ) represent the permittivity and conductivity of the second 
medium and buried targets, with the hypothesis that they are independent from the 
frequency. Keeping in mind what has been said previously, it is possible to exploit 
the multifrequency data to improve the amount of independent information to obtain 
better reconstructions. By means of simple changes in the expression of the contrast 
function, it is possible to recover the unknown profile at a certain frequency (e.g. the 
maximum one) by using all of the bandwidth information. In this framework, the 
unknown contrast function can be written as (Bucci et al. 2001):  

𝜒(𝑟, 𝜔) = 12 ቆ1 + 𝜔𝜔ቇ 𝜒(𝑟 ) + 12 ቆ1 − 𝜔𝜔ቇ 𝜒∗(𝑟 ) = ℬఠ[𝜒] , [1.21] 
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in which 𝜒(𝑟 ) = 𝜒(𝑟, 𝜔) is the value of the contrast function at the selected 
frequency and the mathematical symbol “∗” represents the conjugate operation and ℬఠ[⋅] represents a linear operator. Therefore, by looking at [1.21], by knowing the 
contrast function at the frequency 𝜔, it is possible to evaluate the contrast function at 
any frequency in the selected bandwidth.  

Therefore, if we consider 𝑁௙ working frequencies spanning a total bandwidth (𝜔௠௔௫ − 𝜔ଵ) and assume as reference the maximum frequency in the selected 
bandwidth, which means to assume that 𝜒(𝜔୫ୟ୶) = 𝜒(𝜔) = 𝜒, then starting from  
equation [1.19] for the single-frequency case and moving toward a multifrequency 
approach, it is possible to write the system of equations in a compact form for the 
multifrequency case:  𝐸௦௖௧ெி(𝑟 ) = 𝒜௘ெி[ℬఠ[𝜒(𝑟 )] ⋅ 𝐸௜௡௖ெி(𝑟 )] = ℒெி[𝜒]. [1.22] 

which generalizes the BA to the multifrequency case. 

1.5.2. Distorted Born approximation 

Conversely from the linearization introduced in the previous section via the BA, 
such a linearization can also be performed in another scenario different from the 
homogeneous background, which yields the so-called distorted Born approximation 
(DBA). In this case, the linearization is performed about an assigned reference 
permittivity function (possibly inhomogeneous) and the actual internal field is 
approximated by the unperturbed field. This approximation is connected to the fact 
that in several applications, a reference dielectric permittivity, which represents a 
priori information about the unknown profile, can be available, so the problem can 
be recast as the reconstruction of the difference between the actual and the reference 
profiles from the scattered field data (Devaney and Oristaglio 1983; Leone et al. 
1999).  

Regarding the class of retrievable functions, only a limited class of permittivity 
profiles can be reconstructed within the DBA even if the maximum deviation from 
the true profile with respect to the reference profile is small. Moreover, the number 
and variability of these profiles can depend on the reference permittivity. However, 
the DBA allows the increase in the class of retrievable profile with respect to the 
case of simple BA. 

Thus, with respect to the linear model shown in equation [1.19], the main 
difference consists of updating the Green’s function for the specific inhomogeneous 
reference medium and the possible boundary conditions, and consequently also the 
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related incident field. Unfortunately, such a function is usually not available in 
closed form except for special canonical geometries: in all the other cases, numerical 
evaluation can be exploited to obtain an estimate.  

Therefore, equation [1.19] can be rewritten (in the single-frequency case) as: 𝐸௦௖௧(௩) = 𝐴௘௕௖௞ൣ𝜒𝐸௕௖௞(௩) ൧ = ℒ௕௖௞(௩) [𝜒], 𝑣 = 1, . . . , 𝑁௩. [1.23] 

1.5.3. A linear approach for quantitative subsurface imaging based  
on VE 

In order to avoid nonlinear optimization for quantitative imaging, a linear  
data-driven approximation has been recently developed in Crocco et al. (2012) and 
successively extended to GPR prospecting in Bevacqua et al. (2016). The approach 
has been introduced as a new scattering approximation based on the physical 
meaning of LSM, but a more general understanding and interpretation can be also 
given with respect to the framework of VE (Di Donato et al. 2015). 

The linear approximation relies on a proper linear combination of the original 
incident in the investigation domain and the corresponding scattered fields on the 
measurement domain to introduce new (virtual) experiments. In case of the 
subsurface survey, both the VE design equation (that is the LSM equation) and  
the field approximation must be readapted by considering the presence of the 
interface between air and soil (Bevacqua et al. 2016).  

The solution of the LSM is exploited to image the support indicator and choose P 
evenly spaced points, known as a “pivot point” 𝑟௣, to build the multi-pivot VE 
experiments (Di Donato et al. 2015). Indeed, the LSM design equation [1.14] can be 
understood as the attempt to recombine the original scattered field in order to fit at 
the measurement positions 𝑟௠ ∈ 𝛤, the field radiated in the air by an elementary 
source placed in the soil in the considered sampling point 𝑟𝒔.  

Then, for each VE, when the pivot point 𝑟௣ is inside the scatterer’s support, the 
virtual total field ℰ௧௢௧ can be conveniently approximated by means of the following 
expression:  

ℰ௧௢௧൫𝑟, 𝑟௣൯ ≈ ℰ௜௡௖൫𝑟, 𝑟௣൯ + 𝐿𝑃ൣ𝐺௜൫𝑟, 𝑟௣൯൧ , [1.24] 

where ℰ௜௡௖ is the virtual incident field as defined in the VE framework (Bevacqua  
et al. 2016). Moreover, at the right-hand side, the second addendum is a low pass 
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version of the internal Green’s function. This operation avoids field singularity in 
the pivot point for the scattered field. It is worth underlining that this approximation 
takes implicitly into account the nature of the scatterer through the weighting 
function used to recombine the original incident field (Bevacqua et al. 2016). 
Moreover, in the field approximation, the unknown ℰ is approximated in each 𝑟 ∈ 𝛺 
by considering the field 𝐺௜ radiated in the soil by an elementary source placed in the 
same medium.  

The above linear framework has a limited range of validity, as it is based on an 
approximation of the internal field, as well as on the validity range of the design 
equation, that is the FFE (Cakoni 2006). This notwithstanding exploiting the FFE as 
pre-processing step ensures the possibility to cope with a class of dielectric profiles 
(in terms of dimension and contrast values) widely exceeding the BA, as shown in 
Bevacqua et al. (2016). Such a property is related to the nature of the field 
approximation [1.5], that is scatterer-aware through the recombination of the data 
provided by LSM coefficient. 

The VE framework can be exploited not only to introduce the above linearized 
approach, but also, and, more interestingly for the subsurface imaging problem at 
hand to counteract the aspect limitation of data. Indeed, aspect limited data are not 
sufficient to achieve quantitative characterization of the target even when the model 
assumptions are fulfilled, like, for example, the use of the BA in the case of weak 
scatterers or even assuming the exact knowledge of the internal field (the latter 
being an ideal case).  

In this respect, the field conditioning enforced in each VE allows us also to 
predict the value of the field in locations other than the measurement points, so that 
we can exploit a number of additional equations corresponding to “fictitious 
measurements” (Di Donato and Crocco 2015). Accordingly, let us consider a 
fictitious curve 𝛤∗ (complementary to 𝛤), which surrounds the investigation domain 
and allows us to locate measurement points in the soil. The value of the VE 
measured scattered field at these fictitious locations would be given by 𝐺௜൫𝑟௥∗, 𝑟௣൯, 
where 𝑟௥ and 𝑟௥∗ denote the actual and the fictitious measurement points, 
respectively, as fictitious measurements are placed in the lower half space. As 
mentioned  above, the virtual data equation can be suitably rewritten as: 

𝑘௕ଶ න 𝐺෨௘(𝑟, 𝑟′)ఆ 𝜒(𝑟′)ℰ௧௢௧൫𝑟′, 𝑟௣൯𝑑𝑟′ = ቐ ℰ௦௖௧൫𝑟, 𝑟௣൯ 𝑖𝑓 𝑟 = 𝑟௥ ∈ 𝛤𝐺௜൫𝑟, 𝑟௣൯ 𝑖𝑓 𝑟 = 𝑟௥∗ ∈ 𝛤∗ , [1.25] 



Electromagnetic Imaging of GPR Data: Theory and Experiments     21 

wherein ℰ௦௖௧ is the virtual scattered field. To take into account the dependence of the 
kernel of [1.25] from the different kinds of measurement (the actual ones on surface 
and the fictitious one in the underground), the Green’s function is defined as: 

𝐺෨௘(𝑟, 𝑟′) = ቐ 𝐺௘൫𝑟, 𝑟௣൯ 𝑖𝑓 𝑟 = 𝑟௥ ∈ 𝛤    𝐺௜൫𝑟, 𝑟௣൯ 𝑖𝑓 𝑟 = 𝑟௥∗ ∈ 𝛤∗ , [1.26] 

that stands for the external or the internal Green’s function depending on the 
measurement at hand.  

In Figure 1.4, a sketch of the fictitious receivers, placed over the fictitious curve 
denoted with 𝛤∗, is depicted. Details about the number of fictitious receivers and the 
selection of 𝛤∗ can be found in Di Donato and Crocco (2015) and Bevacqua et al. 
(2016). 

 

Figure 1.4. The virtual measurements setup. The black and white  
circles refer to actual and fictitious measurements, respectively,  

while the white triangles denote the transmitters 

1.6. Regularization strategies 

GPR tomography involves the solution of a severe ill-posed problem (Bertero 
and Boccacci 1998; Colton and Kress 1998) due to the filtering properties of the 
radiation operator (Bucci et al. 2001). The need for facing the low ratio between data 
and unknowns in the imaging problem drives the need for exploiting some 
regularization strategies to make the solution stable. Regularization techniques 
consist of adding some a priori information to the problem at hand to restore the 
well posedness. Such a priori information cannot be derived from the data or from 
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the properties of the mapping which relates data and unknowns, but it is something 
strictly related to the expected properties of the contrast function χ to be retrieved. 
The effectiveness of the different regularizations will depend on how much the 
unknown scenario “fits” the regularization model.  

The simplest form to enforce some a priori information is to include a 
regularizing term in the cost functional to be minimized when dealing with the 
inverse problem. Indeed, such an additive term will allow us to construct from the 
beginning a solution both compatible with the data (within the experimental error) 
and which exhibits the specific physical features. The additional information which 
can be exploited and/or enforced can be quite different. For instance, a requirement 
on the energy of the solution could be imposed, that is, a minimum l2 energy 
requirement, which yields to the case of the well-known Tikhonov regularization 
technique (Colton and Kress 1998), or even some piecewise constant behavior on 
the contrast function (Bevacqua et al. 2016) as well as some physical bounds 
imposed on the permittivities and conductivities (e.g. positive permittivity and 
conductivities). The main issue in such a kind of regularization strategies is related 
to the choice of the regularization parameters, that is, the weights assigned at each 
regularization term, and no simple and general rules exist to perform such a choice 
in an optimal way.  

While adding a penalty term is probably the most popular way of enforcing the 
regularization, there are of course other ways. Among the others, a possible strategy 
amounts to introduce proper statistical tools, such as in Pascazio and Ferraiuolo 
(2003), in which a Markov random field approach based on maximum a posteriori 
estimation method is proposed, which shows better performance also when 
compared with conventional techniques like Tikhonov regularization. 

Another alternative consists of keeping the dimensionality of the unknowns 
space low by adopting a suitable (convenient) basis to represent the unknown 
function. Such a strategy is usually referred to as “regularization by projection”, as 
the unknown function is represented by means of a suitable set of basis functions ൛𝜙௣ൟ௣ୀଵ௉  as follows: 

𝜒(⋅) =  ෍ 𝑐௣௉
௣ୀଵ 𝜙௣(⋅) , [1.27] 

in which  the 𝑐௣ are coefficients of the unknown contrast and (⋅) is the independent 
variable (e.g. space and frequency). In a continuous space, the truncation index 𝑃 
should be infinite, but since we are dealing with a discrete version of the contrast 
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function, in case of lack of any a priori information and additional forms of 
regularization, this number must be lower than the essential dimension of data (i.e. 
the degrees of freedom) and can be determined by means of an analytic or numeric 
criterion (Bucci and Franceschetti 1987, 1989).  

As far as the choice of the basis functions is concerned, different options can be 
used: among them, the most adopted ones are pixel basis, spectral harmonics and 
Wavelet decomposition (Mallat 1999). In particular, the Wavelet basis offers the 
possibility to decompose the unknown profile into two sets of coefficients, namely 
coarse and detail coefficients, thus allowing intrinsic multiresolution representation 
of the unknown.  

A similar idea is adopted in multiresolution regularization techniques (Bucci et al. 
2001; Salucci et al. 2017). These regularization techniques allow us to accommodate 
the representation coefficients for the contrast unknowns in a nonuniform fashion 
within the investigated domain, thus allowing us to focus the processing only in those 
regions where the scatterers are located and to adopt a variable degree of resolution 
with different depths. This feature is quite interesting in GPR imaging as it permits a 
coarser resolution for the deeper parts of the investigated domain and preserves a 
higher number on unknowns for the shallower regions (Salucci et al. 2017). 

In order to restore the well-posedness of the problem, another interesting 
opportunity is offered by the sparsity-based regularization techniques, which are 
based on the assumption that the unknown can be represented through a limited 
number of non-zero coefficients in a convenient basis. Such techniques guarantee 
that an accurate retrieval of the unknowns is possible even for a number of data 
much lower than the overall number of basis coefficients, but sufficiently larger than 
the number of non-zero elements. The most widely used sparsity based methods are 
probably the lp-regularized methods, which estimate the regression coefficients by 
minimizing a least square objective function as (Estatico et al. 2015): 

Φ௣(𝜒) = ‖𝐸௦௖௧ − ℒ[𝜒]‖௟మଶ + 𝜆‖𝜒‖௟೛௣ , [1.28] 

where the constant 𝜆 ൐ 0 is the regularization parameter, ℒ represents the linearized 
GPR operator relating data (the scattered field samples 𝐸௦௖௔௧) to the unknowns (the 
contrast function 𝜒) and “p” is a parameter in the interval [0, 1].  

With the advent of compressive sensing, a great attention has been paid to [1.28] 
by the signal processing community when 𝑝 = 1. The theory of compressive sensing 
has shown that under sparsity and incoherence assumptions, solving the  
l1-minimization problem is equivalent to solving the l0-minimization problem (i.e. 
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equation [1.28]) when 𝑝 = 0 (Figueiredo et al. 2007). In this framework, different 
iterative algorithms have been proposed that are based on linear programming or 
interior-point methods (Tan et al. 2011). 

Recently, wider sparsity concepts have been explored by the research 
community, which are known as group-sparsity, block-sparsity or joint-sparsity. In 
these cases, the non-zero elements are arranged in clusters that allow us to achieve 
better reconstruction results than just treating the signal as being arbitrarily sparse 
(Sun et al. 2017; Bevacqua and Isernia 2018).  

Finally, a binary regularization can be eventually considered in case of 
homogeneous or step wise constant unknown objects. It implies an additive term to 
be considered in the relevant cost functional to be minimized. The aim of this 
additive term is to make the punctual value of the unknown function only belong to 
a given finite alphabet of values {𝑋௠} (Catapano 2004). The values {𝑋௠} may be 
either known or unknown, depending on the available a priori information. 

1.7. An example of multistatic tomographic imaging for GPR 
prospecting: the Gergia Tech case 

In this section, BA method equipped with sparsity regularization is applied in 
case of an experimental multistatic GPR system developed at the Georgia Institute 
of Technology. The discussion and the results which follow come from the paper by 
Ambrosanio (2021). 

The system is composed of a linear array of resistive-vee antennas (Kim and 
Scott 2004) made of two transmitters and four receivers arranged as in Figure 1.5. 
Each pair of contiguous receivers (R1-R2, R2-R3, R3-R4) is 12-cm spaced, while the 
two transmitters (T1-T2) are located at a 48-cm distance from each other. Thus, this 
arrangement of the antennas provides eight bistatic pairs spacing from 12 to 96 cm 
in 12 cm increments. 

The GPR scanned area extends for a 1.8 × 1.8 m2 region with the scanning 
system located above the surface of the ground at a constant height of 27.8 cm. The 
linear array of transmitters and receivers moves above the investigated area in a 
stepped fashion with a spatial sampling step of 2 cm. Thus, the investigated surface 
is discretized into a grid of 91 points by 91 points. Each time the array stops in a 
location, it collects data from the eight bistatic pairs by means of 401 equally spaced 
frequency points from 60 MHz to 8.06 GHz (i.e. a frequency step equal to 20 MHz). 
After collection, the data are calibrated and stored (more details regarding the data 
calibration are reported in Counts et al. (2007)). Note that, as far as the GPR 
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perspective, the highest frequencies in the employed 8-GHz bandwidth are not 
useful due to the attenuation in the soil, while this bandwidth is efficient for the  
air-target test case (Ambrosanio et al. 2019). 

 

Figure 1.5. The Georgia Tech GPR system. The spacing between contiguous 
receivers is ∆ = 12 cm and the height from the ground is h = 27.8 cm  

The calibrated data (made available by Professor Waymond Scott1) require a 
proper pre-processing step before running the tomographic imaging procedures. The 
ideal clutter removal procedure consists of subtracting from the total field the one 
due to the clutter sources. As a matter of fact, a key factor in clutter removal 
techniques is the muting of the air–soil interface, as well as the estimation of its 
roughness (Cmielewski et al. 2007; Lo Monte et al. 2010; Temlioglu and Erer 2016; 
Cristofani et al. 2018). 

In the following, a proper pre-processing of the data has been adopted prior to 
inversion. Details about the exploited strategy can be found in Ambrosanio (2021).  

1.7.1. Landmines data set 

A first experimental data set is composed of different targets that include metal 
spheres and a variety of anti-tank (AT) and anti-personnel (AP) dielectric mines of 
different sizes. Target depths range from a few centimeters up to 30 cm and the 
distance is to be intended from the surface of the sand to the top of the target. The 
ground medium is a damp, compacted sandy soil. Figure 1.6 shows a picture of the 
targets involved in the scenario under test and their spatial locations and depths. 
Both plastic AT as well as AP mines are present, together with other various objects.   
                                 
1 https://waymond-scott.ece.gatech.edu/multistaticbeamformingdata/multistaticbeamformingdata/. 



26     Ground Penetrating Radar 

  
            a)               b) 

Figure 1.6. Targets employed for the mine data sets (a) and their spatial locations 
(b). The objects in red refer to anti-tank (AT) plastic mines, blue refer to  
anti-personnel (AP) mines and the dark yellow refer to other objects. The depths of 
the buried targets are as follows: AT-1 (TMA-5): 12 cm; AT-2 (VS-1.6): 11.5 cm; AT-3 
(VS-2.2): 13 cm; AP-1 (TS-50): 1.5 cm; AP-2 (TS-50): 1.5 cm; AP-3 (TS-50): 2 cm; 
AP-4 (Mine simulant): 2 cm; AP-5 (TS-50): 1.5 cm; AP-6 (PFM1): 2 cm; AP-7 (M-14): 
1.5 cm; CL-1 (Nylon cylinder): 10.5 cm; CL-2 (Aluminum sphere): 11.5 cm 

 
          a)            b) 

Figure 1.7. Reference scenario with AT and AP plastic mines and other clutter 
objects (a) and its recovery via multifrequency sparse BA approach (b). These  
results were obtained by processing 45 equally spaced frequencies in the range  
[0.8, 4] GHz  
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To evaluate the quality of GPR recoveries, Figure 1.7(b) reports a 3D estimate of 
the buried targets support via exploiting sparse multifrequency BA method, while 
Figure 1.7(a) shows its reference. Regarding the frequency selection, 45 equally 
spaced frequencies in the range [0.8, 4] GHz were employed. Note that, the highest 
frequencies are processed as they are not useful due to the attenuation in the soil. 
Figure 1.7(b) shows the iso-surfaces of target supports and the colored slices 
representing the projections on each plane. For the sake of clarity, some slices of the 
retrieved profiles are reported in Figure 1.8. 

 
a) 

 

 
b) 

 
c) 

Figure 1.8. Some slices of retrieved objects supports (i.e. black areas) in  
Figure 1.7(b): slices at (a) 𝑥 = −0.45 m; (b) 𝑥 = 0 m; (c) 𝑥 = +0.45 m  

 
Since the aim of the analysis is to provide targets support, we can assume the 

contrast constant with respect to the frequency, thus reducing the computational 
burden and memory requirement for the recovery procedure. It is worth noting that 
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the inversion was carried out via a 2.5D procedure, that is, the GPR data 
corresponding to each slice are processed via a 2D algorithm despite the 3D 
geometry, and then each reconstructed slice along the x axis is merged with the 
others to cover the whole ID.  

The investigated area is discretized into 33 × 108 × 24 voxels and all the slices 
were normalized by the largest magnitude in the whole 3D image. As expected, 
larger targets with higher contrasts have stronger responses: indeed, the TMA-5 AT 
plastic mine has a bigger retrieved support rather than other objects like the VS-1.6 
and VS-2.2, notwithstanding their size. The strong contribution of the TMA-5 mine 
to the data might also justify the small recovery for the VS-2.2, which is worse than 
the one of the VS-1.6 despite their comparable size, and this might be related to its 
farther distance from the biggest objects in the domain. Regarding other objects like 
the metal sphere and the M-14 AP plastic mine, they are not visible in Figure 1.7(b) 
due to their small size, depth and/or composition. For similar reasons, the big nylon 
cylinder is not properly imaged, since its dielectric permittivity is close to that of the 
soil. 

 

 
          a)     b) 

Figure 1.9. Support recovery of a 10 cm diameter plastic pipe  
buried at 58 cm (a) and its cross-section recovery at x = −50 cm.  
(b) A picture of the reference is reported in Counts et al. (2007)  

1.7.2. Buried pipe 

Another example is composed of a hollow 10 cm diameter plastic pipe buried at 
58 cm depth in the same sandy soil employed for the data set of landmines one.  
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The very accurate results of the recovery algorithm based on the use of the  
multifrequency BA method and iterative shrinkage thresholding algorithm (Beck 
and Teboulle 2009) with the same settings as described previously are reported in 
Figure 1.9. The threshold exploited to create the iso-surface in the image was fixed 
at 0.5. The figure shows clearly the location and the size of the buried pipe, as 
proven in (Counts et al. 2007).  
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