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The theoretical framework of data-driven computational mechanics
presents an alternative formulation of mechanics, whereby optimal
material states are sought within a dataset that most closely satisfies
momentum and energy conservation principles. We review the
framework for the case of simple and non-simple (polar), elastic
and inelastic media, which represent common descriptions for
geomaterials. Data mining from experiments and high-fidelity lower
scale simulations (DEM and FEM) are discussed, while remedies for
data scarcity (adaptive data sampling) are also highlighted.
Representative examples of a flat punch indentation and a rupture
through a soil layer are presented, and a link to open-source Python
code is provided.
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1.1. Introduction

Predictive models in geomechanics have traditionally relied on
continuum modeling via the formulation constitutive equations (Darve
and Labanieh 1982; Miihlhaus and Alfantis 1991; Vardoulakis and
Aifantis 1991; Ortiz and Pandolfi 2004; Dafalias and Manzari 2004;
Darve and Nicot 2005; Borja and Andrade 2006; Houlsby and Puzrin
2006), discrete particle-based models (Cundall and Strack 1979;
Bardet 1994; Kawamoto et al. 2018) and multiscale techniques that
bridge the continuum and discrete scales (Christoffersen et al. 1981;
Nicot et al. 2005; Kamrin et al. 2007; Andrade and Tu 2009; Guo and
Zhao 2014; Regueiro and Yan 2011). Initially informed by
macroscopic experiments (Roscoe et al. 1958; Roscoe 1970), and later
by high-fidelity grain-scale resolved experiments (Hall et al. 2010;
Ando et al. 2012), these models have been successful in capturing
essential aspects of granular materials and, more generally,
geomaterials including pressure-dependent elasticity,  history
dependence and critical state, fabric evolution and non-locality.
Despite their success, further progress has been hindered by numerous
challenges including the uncertainty related to the models at different
scales, as well as their complexity and the associated laborious process
of calibration.

Recently, a variety of data-driven approaches have been developed
in order to tackle the challenges outlined above, most importantly the
bias, complexity or inefficiency of these methods, while incorporating
information about the underlying mechanics and physics. These
include physics-informed neural networks (Haghighat et al. 2021)
with a built-in structure of elastoplasticity (Eghbalian et al. 2022;
Haghighat et al. 2023; Vlassis and Sun 2023), or with incorporated
thermodynamics constraints (Masi et al. 2021; Huang et al. 2022).
Despite the physical basis of these models, they are often hard to
interpret and could suffer from generalization errors for unseen
stress—strain paths. An alternative approach that is not based on
learning a constitutive law, but rather relies directly on the raw data, is
furnished by the framework of data-driven computational mechanics
(DDCM), introduced by Ortiz and co-workers. In DDCM, the
mechanical problem is reformulated in terms of distances between a
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material dataset obtained from experiments, and an equilibrium set
where the states that satisfy the physics reside. The method has been
extended in various directions, including inelasticity (Eggersmann
et al. 2019), non-locality (Karapiperis et al. 2021), stochasticity
(Prume et al. 2023), fracture (Carrara et al. 2020) and breakage
mechanics (Ulloa et al. 2023), and has been coupled with model-based
approaches (Bahmani and Sun 2021) and machine-learning techniques
(Eggersmann et al. 2021; Bahmani and Sun 2022) in an effort to boost
the efficiency and robustness of the method. The source of the data can
be experiments (Leygue et al. 2018) or high-fidelity micromechanical
calculations (Karapiperis et al. 2020b).

The chapter is organized as follows. In section 1.2.1, the framework
of data-driven mechanics is presented for simple continua, which is
then extended to micropolar continua with a microstructure in section
1.2.2. The enhancement of the framework to inelasticity is addressed
in section 1.2.3. Then, the source of data (experiments and
micromechanical simulations) is discussed (section 1.2.4), focusing
also on data scarcity and how it can be efficiently overcome. We
conclude with representative examples and a link to an open-source
code repository (section 1.3).

1.2. Data-driven computational mechanics
1.2.1. Cauchy continuum — elasticity

Let us first restrict our attention to the geometrically linear
mechanical problem of a simple (nonlinear) elastic body that is
discretized into N nodes and M material points (Figure 1.1). The body
is subject to applied forces f = {f*}_, and undergoes displacements
u = {u®}’_, at its nodes. The state of each material point is
described by a stress—strain pair indicating a point in the local phase
space, that is, z° = (¢, 0°¢) € Z°, and the state of the entire system is
collectively a point in the global phase space z = {z¢}), € Z. The
system is subject to the following discretized compatibility and
equilibrium constraints:
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5 =3 D (NS u + NSug), e=1,...,.M [1.1]
o
M
D weof N = f2, a=1,...,N [1.2]
e=1

where N®® is the shape function of node a evaluated at the material
point e within a finite element approximation scheme, and {we}é\i 1
are elements of volume. The set of global states satisfying the above
constraints define the equilibrium set F.

Figure 1.1. (a) Simple continuum with granular microstructure. (b) lllustration of
the stress—strain states in the material dataset (D) and their projections on the
equilibrium set (E) with highlighted iterative procedure leading to a minimum
distance solution

Instead of relying on a constitutive relation of the form
o¢ = oc(e°) for closure, the data-driven formulation of the problem
consists of finding the global state z that satisfies the compatibility and
equilibrium constraints and, at the same time, minimizes the distance
to a given material dataset D. Therefore, the local phase spaces Z, are
equipped with an appropriate metric:

2°| = C°e®-e® + C° ¢ 0" [1.3]

where C€ is a symmetric positive-definite tensor. Although the purpose
of this tensor is numerical, and does not represent actual material
behavior, it is typically given as the isotropic linear elasticity tensor:

Cijr = A0ijokr + p(0irdj1 + 6udin) [1.4]



Data-Driven Modeling in Geomechanics 5

Note that this introduces two parameters A, i to the problem, the
choice of which may generally affect how well the compatibility or
equilibrium constraints are satisfied. To avoid this issue, and at the same
time, obtain a parameter-free scheme, one can alternatively introduce
a nested optimization problem within the definition of the distance as
follows (e.g. Karapiperis et al. (2021)):

|2°| = min C°(\, p)e®-e®+C (A, p)ot-o° [1.5]
A,p>0

In the following, we will assume that a constant C® is used, for the
definition of the distance in the phase space. As a result, a metrization
of the global phase space Z is induced by means of the norm:

N
7| = welz|
e=1

The problem is mathematically formulated as:

min min |z — 1.6

yeD zeE ’ y‘ [ ]
where z denotes the mechanical state of the system, that is, the set
of stress—strain pairs that satisfy equilibrium and compatibility, and y
denotes the material state of the system, that is, the set of stress—strain
pairs in the dataset.

The compatibility constraints are imposed by means of direct
substitution, while the equilibrium constraints are enforced using
Lagrange multipliers, resulting in the stationary problem:

0 [Zwe\ze\ (% Z (N?auf‘ + Nﬁ“u?‘),afj)
(&

«

- Z (Zwevijﬁa - ff‘)nf‘] =0 [1.7]
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Taking all possible variations (du", ooy, on¢), and manipulating the
resulting equations, we obtain a system of Euler—Lagrange equations
(Kirchdoerfer and Ortiz 2016):

D) weC NG NPup = Zwe CEuNes) [1.8]
b e
Zzwe zjklNeaNl nk - ZweNea e [1.9]

where z¢ = (¢, 0¢") are the optimal local data points in the dataset
D¢ that result in the closest possible satisfaction of the constraints.
Equations [1.8] and [1.9] represent two standard linear elasticity
problems, one in terms of u and another in terms of 7.

Solution algorithm

Note that the optimal local points y¢ = (¢, 0" ) in the dataset D®
are not known a priori, which therefore calls for an iterative solution
scheme. The simplest algorithm involves a fixed point iteration, where
a fixed material state y(¥) is projected onto E (i.e. equations [1.8] and
[1.9] are solved) to obtain the updated mechanical state z(¥), where
k denotes the iteration number. Then a search through the dataset is
carried out to find the closest material state y(**1)_ and the process is
repeated until the material states remain unchanged. For more details,
the interested reader is referred to some previous studies (Kirchdoerfer
and Ortiz 2016; Karapiperis et al. 2020b).

1.2.2. Micropolar continuum — elasticity

The simple or Cauchy continuum is known to have limitations
when it comes to modeling geomaterials, especially in the failure
regime (shear localization). due to the absence of an internal length
scale (Miihlhaus and Vardoulakis 1987). In this section, we describe
the extension of the data-driven computational mechanics framework
to the micropolar continuum, following (Karapiperis et al. 2021). We
therefore proceed to consider the mechanical problem of a (nonlinear)
elastic micropolar body that is discretized into N nodes and M
material points, similar to section 1.2.1. However, the body is now
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subject to not only applied forces f = {fa}fj:l but also moments
m = {m®}Y_, (Figure 1.2). Its kinematics are described by
a N

displacements u = {u®}"_, and microrotations 8 = {#*}_, at its
nodes. Analogously, the state of each material point is described by a
stress—strain pair (e¢,0¢) and couple stress—curvature pair (K¢, pu¢),
which all together constitute a point in the local phase space, that is,
z¢ = (e° K®, o° u°), and the state of the entire system is collectively
a point in the global phase space z = {z°¢ é\il € Z. The micropolar
system is subject to the following discretized compatibility and

equilibrium constraints:

es; :Z(Ngau%eijkz\fme;g), e=1,....,M  [1.10]

o
KE = N§O2, e=1,....,M [1.11]
(3
M
> weof; NG = f7, a=1,....,N [1.12]
e=1

M
Zwe(pfj]\f’eja—keijkajk]\fw) =m,a=1,...,N [1.13]

e=1

where, besides the quantities already introduced in section 1.2.1, €;;
is the third-order permutation tensor. The set of global states satisfying
the above constraints defines the equilibrium set E.

Analogously, we assume that a dataset D is available, where
material states reside. The micropolar formulation of the data-driven
problem involves finding the global state z that satisfies the
compatibility and equilibrium constraints and, at the same time,
minimizes the distance to the material dataset. To this end, we shall
extend the metric introduced in the Cauchy continuum to account for
the additional kinematic and conjugate kinetic measures present in the
micropolar continuum:

‘Ze’ :Cese.&.e_i_]D)eK’e.K,e_i_(Ce*lo_e.o_e_i_]D)e*l “’e'ue
[1.14]
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where C¢, D¢ are the isotropic micropolar elasticity tensors, which once
again do not reflect actual material properties, but are introduced for
solely distance-inducing purposes:

Clik = A6k + (10 + K)0ikdj + (1 — K)Sudjk [1.15]
Dfj = adijop + (v + B)dikd + (v — B)dudii [1.16]

Figure 1.2. (a) Micropolar continuum with granular microstructure.
(b) lllustration of the stress—strain states in the material dataset (D) and
their projections on the equilibrium set (E) with highlighted iterative procedure
leading to a minimum distance solution

The data-driven problem retains the same mathematical formulation
as in the Cauchy problem:

min min |z — y| [1.17]
yeD zeE

with the difference that the state space has higher dimensions due to
the presence of the additional conjugate quantities related to the field of
microrotations.

The stationary problem reads:

5[Zwe|ze|(ZN§.aug“ [1.18]

+ Z EijkNea0g7 Z N3a9?7 O—fja ij)
« «



Data-Driven Modeling in Geomechanics 9

= D weof; N — £
o e

= O we(u§ NG + €4jro§N) — mf) (2| =0

o €

Taking all possible variations (dug', 65 50”, ) Wi ongt, 0¢), we
obtain the following system of coupled Euler—Lagrange equations:

Z Zwe CiuNG NG ug + Cy NG N eximy,)
= weCiuNGeh [1.19]
e

b
SN we[CEu N NPeijmub + (Cipieijmenin NN

+ DmJnlNeOéNeb)eb]
= we(CfeimN€y + Diyia NG 15 ) [1.20]
e
DY we(ChuNI NG 0! + Cfa NN eri5 (F)
b e
Y w.Nof, [1.21]
e
Z Z We [C’fjklNeo‘ijeijmnz + (C’fjkleijmeklnNeaNeb
b e
+ Dm]nlNeaNeb)Cn]
— Z we( ja,uf;;l + EmkleUz;) [1.22]
e

where z¢ = (¢ ,k¢, 0%, u¢") are the optimal local data points in
the dataset D° that result in the closest possible satisfaction of the
constraints. Equations [1.19] and [1.20] and [1.21] and [1.22] represent
two micropolar linear elasticity problems, one in terms of u, 6 and
another in terms of n, ¢.
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1.2.3. Extension to inelasticity

Practical applications in geomechanics often concern deformations
beyond the elastic regime, which involve history dependence and
irreversibility. For conciseness, we will present the extension to
inelasticity for the Cauchy problem, but the inelastic extension for the
micropolar problem follows analogously (Karapiperis et al. 2021). To
this end, we attend to a time-discrete formulation, whereby the
data-driven problem of at time ¢, reads:

min min - |zg41 — Yt [1.23]
Vi+1€Dk11 241 €EE 11

where zj11 = {z{ }}, € Z and z{,, = (e},,,0%,,). The
time-dependent constraint set Ej; arises from the time-dependent
applied forces f, 1. Accordingly, the behavior at a material point is
described by a material dataset Dy, of points that is attainable at time
tr11 given its past local history of deformation:

D1 = {(€f41,0%,1) | past history} [1.24]

In practical terms, this implies that one has to deal with evolving
material datasets. The conceptually simplest yet computationally
expensive parameterization of the history relies on keeping a
(potentially truncated) memory of the strain history at a material point
(Eggersmann et al. 2019). This mathematically translates to:

Dy = {(€kr1,0%s1) [ {€7 i<k} [1.25]

which resembles a data-driven formulation focusing on trajectories
— rather than points — in stress—strain space.

An alternative approach relies on enhancing the state space with a
suitable set of internal variables g, which represent the evolving
internal structure of the material at hand, and encapsulates its history
(Karapiperis et al. 2020b; Eggersmann et al. 2019). In this case, the
material dataset admits the parameterization:

DliJrl = {(Eerlaa-erl) ‘ (Eiaazqu)} [126]
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The internal variable parametrization outlined above can be replaced
or enhanced with an energy-based parametrization, whereby the state
space is augmented with the free energy .A and dissipation D, which
are related to the state variables €, o via the principle of conservation
of energy and the second principle (Clausius—Plank inequality), stated
in a time-discrete setting as:

e [
O+ 0k

Dlecﬂ - Dj = 9

: (Giﬂ —€;) — ( 2+1 —-A;) >0

[1.27]

The local material dataset at time ¢ is then represented as:

Digt1 = {(€h1150541) [ (€1, 07), (1.27)} [1.28]

The above relation states that the admissible stress—strain pairs at
time f;4; are those that are thermodynamically consistent with the
material state at time ¢x. The special case where D, — Dy = 0
defines a bounded equilibrium set (or elastic domain) on the
augmented state space. More details about the various options for
history parametrization can be found in some previous studies
(Eggersmann et al. 2019; Karapiperis et al. 2020b). Note that in the
case of the internal variable and energy-based parameterization, the
necessary quantities can be obtained directly from lower scale models,
for example, as we will address in section 1.2.4.

Regardless of the particular choice of parameterization of the local
material datasets, the global material dataset then follows as:

Dyi1 = Djyq % ... x D, [1.29]

1.2.4. Data sampling

So far, we have assumed that material data are available, but we
have not addressed the source of the data or their potential scarcity. In
principle, data can be obtained from various sources, either
experimental or computational, and potentially combined within the
same simulation. The experimental identification of material datasets
has been addressed in Leygue et al. (2018), whereby a database of
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stress—strain couples is compiled from a given displacement
field — obtained though imaging techniques — and known boundary
conditions by solving a distance minimization problem (Figure 1.3(a)).
Alternatively, data can be compiled from high-fidelity lower scale
simulations (Karapiperis et al. 2020b), which for geomechanical
problems typically amount to discrete element models in case of
granular assemblies, or finite element models of heterogeneous porous
materials (Figure 1.3(b)). This approach gives rise a multiscale
interpretation of data-driven computing. In the latter -case,
homogenization principles shall be used to derive the macroscopic
quantities that describe the material states (stress, structural variables
and energetical quantities). These principles are reviewed below in the
case of discrete assemblies (e.g. granular media) and continuum
representative volume elements (e.g. porous rocks).

a) Applied b)
Top platen Specimen forces Macroscale o

. Sample] ~wi Imaging . | DIC Strain
| ; field
X-ray o
source  D2se 'I X-ray detector C]an}pcd
platen

boundary \ ST

Figure 1.3. (a) Identification of material datasets from in situ experiment.
(b) Material datasets extracted from micromechanical RVEs, with
examples showing a granular ensemble and a porous rock

Homogenization of granular ensemblies

In the case where discrete element simulations (e.g. Karapiperis
et al. (2020b)) are used for the purpose of generating the data, then the
macroscopic material states (stress, strain, free energy, dissipation, and
microstructural variables) need to be obtained from the discrete
quantities (particle displacements and interparticle forces). Assuming
quasi-static conditions, the average stress tensor of the granular
assembly is given by Christoffersen et al. (1981):
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]' C C
J:VZC:f ®1 [1.30]

where the summation is performed over all contacts c of all particles in
the assembly (unit cell), £¢ is the interparticle force, 1° is the branch
vector connecting the centroids of contacting particles and V' is the
volume of the granular assembly. The average strain € is obtained from
the boundary deformation of the unit cell, and the free energy density
due to local deformation at the contacts is given by:

_ e 1 £ IE7])2
A_Z:A =57 C ( . + P [1.31]

where k,, k; are the normal and tangential contact stiffnesses at an
interparticle frictional contact, respectively, and f;, f7 are the normal
and tangential components of the interparticle force.

The dissipation can be computed incrementally by energy balance:
dD =0 :de —dA [1.32]

or, from the frictional slip at the interparticle contacts:

dD =) dD° = % D ff - dus [1.33]

where du®siP = (£6F — g&tdy /g

Microstructural measures acting as internal variables augmenting
the state space (section 2.3) may similarly be obtained by averaging
microscopic quantities. For example, the commonly used contact
normal fabric tensor (Oda 1972):

1
F = ¢ ¢ 1.34
2N62n ®n [1.34]

where N, is the number of contacts in the assembly and n¢ is the
contact normal vector. Analogous quantities can be obtained for
non-simple (polar) continua, as discussed in Karapiperis et al. (2021).
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Homogenization of heterogeneous porous geomaterials

In the case where continuum microstructural RVEs are used to
generate material datasets, then similar principles apply. Assuming
quasistatic  conditions, the average stress tensor of the
micromechanical RVE is given as:

o= — t®xdS [1.35]
V Jov

where t denotes the traction acting on the boundary of the continuum
RVE and x denotes the position of the material point on the boundary.

The free energy and dissipation are given simply by averaging and
energy balance, respectively:

A= / A(x) dx [1.36]
14
dD =0 :de —dA [1.37]

while continuum texture tensors, similar to equation [1.34], may
analogously be defined.

1. Identify mechanical

o »” states furthest from
» 0.9 the material set
AT
H
. OMaterial states
# Mechanical states
4. Update 2. Cluster distant mechanical states
material dataset and identify cluster centroids
o Cluster 2

» 3. Target centroids with
@ new simulations
¥ -~

Fx
w
N New Material data

£ [

- ; L)
Cluster 1 *
us E_']. ..{ﬁu.

%% - Centroids

Figure 1.4. Adaptive sampling procedure for multiscale
data-driven computational mechanics
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Adaptive sampling

In the above, it was assumed that micromechanical calculations are
carried out along predetermined stress paths. In practice, these
predetermined paths may not sufficiently cover the state space as
needed for a specific application or boundary value problem. In this
case, we can leverage the formulation of data-driven computational
mechanics as a distance minimization problem, and identify, using
unsupervised learning, regions in state space with such poor data
coverage. As shown in Figure 1.4, these regions may then be targeted
with additional experiments or lower scale simulations, in an active
learning manner. The result is a better coverage of the phase space for
a given application or problem. The interested reader is referred to
Gorgogianni et al. (2023) for details on this adaptive sampling
technique.

1.3. Applications

We present here two representative examples that leverage the
theoretical and algorithmic developments discussed above. The first
one is a 2D flat punch indentation of an elastic medium, as shown in
Figure 1.5(a). The lateral and lower boundaries remain fixed, while the
upper surface is traction free, with the exception of the flat indenter
that is driven downwards with a constant rate of displacement. The
domain is discretized by means of bilinear quadrilateral elements.
For simplicity, we restrict our attention to a simple and
history-independent material behavior by generating a dataset of
N = 106 stress—strain pairs via evaluating an isotropic linear elastic
law of a model material with Young’s modulus £ = 1.0 MPa and
Poisson’s ratio v = 0.3. This allows us to use the formulation of
section 1.2.1, where the constitutive law is entirely replaced by the
aforementioned discrete dataset. We in fact repeat the prediction using
a sequence of successively larger datasets, until convergence of the
predicted response was obtained. This convergence can be verified in
Figure 1.5(b). where the indenter force—displacement relation is
plotted for increasing dataset size. The code needed to reproduce the
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example is openly available in the author’s Github repository
(github.com/kkarapiperis/ddcm-2D/).

b 1.00
-8 N=10
0.75 { &= N=20
= =10 /
£ 050 -
T
0.25

000 001 002 003 0 10 20 30
u (mj) x {m)

Figure 1.5. (a) Example of a 2D flat punch indentation into an elastic medium.
(b) Indenter force—displacement curve prediction for increasing size of the
dataset. (¢c) Example of a fault rupture through a layer of model granular
material. (d) Predicted surface displacement profile, and comparison with a fully
resolved discrete element simulation

In the second example, as shown in Figure 1.5(c). a rupture
propagates into a model granular material. The left boundary and the
left half of the lower boundary remain fixed, while the respective right
part of the boundary is being displaced downwards at a constant rate,
leading to a normal fault rupture. Similarly to the previous example,
the domain is discretized by means of bilinear quadrilateral elements.
Utilizing the history-dependent formulation of section 1.2.3, the
constitutive law is replaced by a dataset originating from the
homogenized response of a subangular 2D granular material, as
shown in Figure 1.1(a). We extract this dataset by calculating the
homogenized response (see section 1.2.4) at spatially distributed
sampling location of a level-set discrete element simulation of the
problem (Kawamoto et al. 2016; Feldfogel et al. 2023). The latter
involves roughly 40,000 particles interacting via a frictional Coulomb
law with an interparticle friction coefficient of ¢ = 0.5. Upon
sampling, this process results in a dataset with 6,000 data points. The
simulation shows a primary rupture to the left and an antithetic
secondary rupture to the right, in accordance with similar observations
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in experiments (Ando et al. 2007). Finally, the resulting surface
deformation profile at the end of the simulation is shown in
Figure 1.5(d). which compares well with a fully resolved discrete
element simulation of the same problem.

1.4. Conclusions

In summary, the framework of data-driven computational
mechanics offers a novel avenue to solve problems in geomechanics,
including challenging ones that involve failure and localized
deformation. Free from the uncertainty of the classical constitutive
modeling approach and the caveats of ML models, the data-driven
formulation offers an alternative paradigm for computation. The
method is also readily extendable to dynamics (Kirchdoerfer and Ortiz
2018; Garcia-Suarez et al. 2023) and finite deformation (Conti et al.
2020). It would be interesting to explore the framework’s performance
in the presence of bifurcations and loss of uniqueness in the material
response, as often observed in geomechanical problems. Finally, the
need for large amounts of data represents a potential pitfall of the
method, which may be addressed by the use of high-fidelity
micromechanical simulations, augmenting datasets available from
experiments, as well as through as the use of adaptive sampling
techniques.
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