Chapter 1

Waveguides

1.1. The different types of waveguides

Guided propagation involves channeling an electromagnetic wave within a space
bounded by metallic or dielectric interfaces from a transmitter to a receiver. The
main advantage of guided propagation is the transmission of the wave shielded from
external disturbances (atmospheric and others); and, sometimes, with low attenuation.
Wave guiding is achieved using devices called waveguides, whose structure varies
depending on the frequency range of the waves:

— hollow waveguides with a rectangular cross-section for millimeter and
centimeter waves;

— optical fibers for microwaves;

— coaxial cables for high frequencies.

Waveguides are generally composed of a vacuum or dielectric medium, bounded
by metallic or dielectric walls. In such a medium, the waves must satisfy the Maxwell
equations and the boundary conditions on the metallic or dielectric walls.

The most widely used waveguides are the following:

— Metallic waveguides: these are metal tubes with a circular or rectangular
cross-section.

— Dielectric waveguides and optical fibers: a dielectric waveguide is a device that
is made up of the juxtaposition of several dielectric materials with different refractive
indices. The material with the highest refractive index is generally placed in the center
of the guide. An electromagnetic wave that enters the guide essentially stays within
this high-index material.

— Coaxial cables: a coaxial cable takes the form of an inner conductor, surrounded
by an insulation and then a braided and wrapped conductive shield. All of this is
wrapped within a protective cover. Coaxial cables will be studied in Chapter 2.
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1.2. Description of a guided wave
1.2.1. Propagation equation and field expressions

We will see if it is possible to propagate a monochromatic wave with angular
frequency w, within the guide and along the Oz axis. The medium inside the guide,
which will support the propagation of the electromagnetic wave, must have the
lowest possible absorbance — it generally consists of air or a dielectric material. To
simplify, let us assume that this propagation medium is an LIH (linear, isotropic, and
homogeneous) dielectric, with electric permittivity € and magnetic permeability £ (in
the case of a vacuum, we have ¢ = ¢9 and © = o). The behavior of an
electromagnetic wave within the waveguide is studied by solving the Maxwell
equations (in the propagation medium), taking into account the boundary conditions
imposed on the wave (on the fields) on the internal faces delimiting the propagation
medium.

The propagation medium is a perfect LIH dielectric material (i.e. without free
charges and no free current). At any point in this medium, the Maxwell equations
are written as:

V.D=0
?-E):o

? % ﬁ [1.1]
o E o

Mo

= =
where D = EE and B = ,uﬁ In the case of a conducting medium, the free current
term 7free (which appears in ? X ﬁ ?free + 8? ) can be 1ntegrated into the

displacement field, which becomes a generalized displacement field D related to the
electric field through the complex dielectric permittivity €. To obtain the propagation
equation for the electromagnetic field, we apply the double curl to the electric and

magnetic fields: ? X (? X E) = ? (?E) - AB = —AB, because

? . E 0. The last equatlon in [1.1] also yields
? X (? X E) = *“m (? X ﬁ) us atQ . Thus, from this, we can derive the

equation for the propagation of the electric field. The same procedure leads to the
propagation equation for the magnetic excitation field in the medium. The
propagation equations for the fields are written as:

832% [1.2]
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To study propagation in a waveguide, we first need to choose an analytical
expression for the electromagnetic field that satisfies both the propagation
equations [4.2] and the boundary conditions imposed on the medium. In the case of a
cylindrical guide, cylindrical coordinates should be chosen, while in the case of a
rectangular guide, a Cartesian system is preferable. In both cases, the choice of
plane-wave propagation is not possible (with the exception of certain special
situations) because a plane wave cannot satisfy the multiple boundary conditions
imposed (the plane-wave amplitude is assumed to be constant). To do this, the fields

must be decomposed into longitudinal fields (Ez, ﬁz> (parallel to the direction of
the guide, chosen here as the Oz axis) and in transverse fields (E L,ﬁ L)

(perpendicular to Oz). In the expressions for E and ﬁ the dependence in z
(assumed to be sinusoidal) is separated from the dependence in (x, y).

We therefore consider an electromagnetic wave propagating along the Oz axis as
a plane wave:

E (7.0) =R [E (r,y)e k)

H (T,t) =R H (2, y) e 1@k [1.3]

but with variable amplitude. Here, k, is the wavenumber or the propagation constant
in the Oz direction. The problem is therefore reduced to solving the Maxwell

equations for the amplitudes E (z,y) and ﬁ (x,y), which depend on the transverse
coordinates: the problem thus becomes a 2D problem. Let us start by decomposing
the fields into transverse and longitudinal components:

E-E,+EK¥

1.4
H-H, +H.¥ [1.4]

where E 1 and ﬁ | are perpendicular to Oz. We also define the transverse gradient
- -
? L =1 6‘91 + J a = ? — k . We want to show here that the transverse field

E 1 (and, consequently, B) is fully determlned if we know the E, components of the
electric field and H, of the magnetic field.

This result is also true for the transverse field ﬁ . First, let us observe that:
ﬁ
?xﬁ:( L+k> L+Ezk)

ZQLXEL+kX 7?X€lEz

[1.5]
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The first term is oriented along k, while the other two are transverse. Next, we
write the Maxwell equations for the fields [1.3], separating the transverse and

longitudinal components. For the Maxwell-Faraday equation, we obtain:
?XE-F,U, ?J_XEJ_‘FlkaEJ__kX?LE
— iuwﬁL — i,uwHZk =0

which, after separating the components, gives:

V. xEB, —ipwH. K =0

?x(ikzﬁL—?LEz)—iuwﬁlzo

_>
Taking the cross product of equation [1.8] with k yields:

ikZEL—Fiuw?XﬁL:?LEZ

_>
Similarly, by taking the dot product of equation [1.7] with k, we find:

_>
k - (?L XEL) :i,uwHZ
Let us repeat the same procedure for the Maxwell-Ampere equation:
OF
?xﬁ)—e— ?LxﬁL+|k k xﬁl— k x?LH
+ iEWEJ_ + iewk, k =0

which leads to:

V. xH, +icwE. K =0

%
K x (iH, - VIH.) +iewE =0
and consequently:

ikzﬁlfi&JJ?XEL:?LHz
?-(?LXﬁL>=—iEwEZ

[1.6]

[1.7]
[1.8]

[1.9]

[1.10]

[1.11]

[1.12]
[1.13]

[1.14]
[1.15]
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The other two Maxwell equations can be reduced to:

YV, B, = —ik.E. [1.16]
Y, H, = —ik.H. [1.17]

Equations [1.9-1.10] and [1.14-1.17] make it possible to express BL and ﬁl in

terms of £, and H . To see this, take the cross product of k with equation [1.9] and
then substitute equation [1.14] into the result:

ke (ikzﬁL _ ?LHZ) _iwuH, = K x VB, [1.18]

we

which gives:

1 iw—
Ho-— ['“’ K x VB, +ik0?V  H. [1.19]
w? —k2v? | p
where v? = Ei Repeating the same procedure for [1.14] and taking into account
o
[1.9], we get:
ks . , —
(kB + V) +iweEL = K x VLA, [1.20]
wp

which allows us to derive E 1

B, 1 [_i?ﬁ X VL H, +ik0?V L E, [1.21]

L=
w? — k202

Equations [1.19] and [1.21] therefore allow us to determine all transverse

components E | and H |, as soon as the two longitudinal components E, and H,
are known. We can thus limit ourselves to solving the propagation equation only for

F, and H,, and then deduce EJ_ and H using equations [1.19] and [1.21]. In
particular, when k2 # ff)—;, the electromagnetic field is zero if the components £, and
H, are simultaneously zero.

The components F, and H, satisfy the Helmholtz equation:

(?2 + Euw2> (f; ) —0 [1.22]
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Substituting expressions [1.3] into [1.22], we find:

( i+72)<§i>0 [1.23]

where:
72 _ EMWZ _ kz [124]

We must solve this equation, taking into account the boundary conditions imposed
in the Ozy plane due to the presence of the waveguide walls (conductive walls or
interfaces between two dielectric media).

1.2.2. Classification of propagation modes

Unlike waves propagating in vacuum, electromagnetic waves are not always
transverse, that is, the electric and magnetic fields are not necessarily perpendicular
to the direction of propagation (the Oz axis). Different propagation modes can be
distinguished:

1) TM (transverse magnetic) mode: the field ﬁ is perpendicular to the direction of
propagation, but £/, # 0. We must therefore solve equation [1.23] for E,. This mode
is also called an E type wave (since E, is non-zero).

2) TE (transverse electric) wave: the electric field B is perpendicular to the
direction of propagation, but H, # 0. We must therefore solve equation [1.23] for
H . This mode is also called an H type wave (since H, is non-zero).

3) TEM (transverse electric and magnetic) mode: the fields B and ﬁ are
perpendicular to the direction of propagation, as if the wave were propagating in a
vacuum (i.e. £, = H, = 0).

According to [1.19] and [1.21], for a TEM wave to exist, it is required that Elfﬂ

=0and H 7?> = 0.For E, # 0and ﬁL = 0, we must require that v2 = 0. The
dispersion relation for TEM waves is therefore:

k2 = epuw? [1.25]

=

(the propagation constant is fixed for TEM waves). We also see from [1.7] and [1.16]
that the transverse electric field E 1 satisfies the following relations:

?LXELZO
V.,-E,=0

[1.26]
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These are the two-dimensional electrostatic equations in the absence of charges.
We know that this implies that E 1 derives from a scalar potential, that is, there exists

a function V (x,y) such that EL = —?LV. Since ?L . EL = 0, this potential
satisfies the 2D Laplace equation:

AV=0 [1.27]

Relations similar to [1.26] are satisfied by the transverse magnetic excitation field
ﬁ 1. In fact, equations [1.12] and [1.17] yield (for TEM waves):

?J_Xﬁj_zo

[1.28]
1-H1 =0

which also indicates that the magnetic excitation field ﬁ 1 derives from a potential

VU (z,y), satisfying the 2D Laplace equation:

H -V.,v

1.29
A, U=0 [1.29]

For TEM waves, the fields EL and ﬁL are related (see [1.13—1.14]) in this way:

ﬁL:%ﬁXEl:Z_lﬁXEJ_

0 [1.30]
EL = —ZE) X ﬁl

with Z = \/g . In other words, the ﬁ field lines are perpendicular to the E field
lines. A consequence of equations [1.30] is that a TEM wave cannot propagate inside
a hollow waveguide surrounded by a conductor (as will be demonstrated explicitly
later for rectangular waveguides) because the electrostatic field is always zero inside
a conductor. This result is quite general and can be extended to any hollow waveguide
with conductive walls and a cross-section of any shape. To see this, let us consider two
closed contours C; and C5 of the Oxy plane, surrounding the guide at positions z;
and zo, respectively. Let us choose the following surfaces: (1) S; the surface bounded
by C1 in the Oxy plane; (2) So the surface bounded by Cs in the Ozy plane; (3) Seny
is the surface that envelopes the guide, bounded on one side by C and on the other

by Cs. The integrals fSl \I/ﬁL -dSq, f52 \Pﬁl . d§2 and fSenV UH | ~d§env are

zero, because ﬁ 1 is in the Ozy plane for the first two and zero on the genv surface
for the third. This means that:

/Squﬁﬂ.d?r/S \Ilﬁﬂ.c@ﬁ/

Senv

UH | -dS ey = ]{ UH,-dS =0 [1.31]
S
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This last integral can be transformed into a volume integral using the divergence
theorem:

ozﬁwﬁl-dﬁzz?L-(wﬁL) dr:/T(ﬁL)er [1.32]

which gives ﬁ 1 = 0 and then E 1 = 0in 7. Thus, a waveguide made up of a hollow
conductor with no other conductor on its inside cannot conduct a TEM
electromagnetic wave. These modes can exist in the presence of two or more
conductors.

1.3. TE and TM modes in a hollow conducting waveguide

Consider a hollow waveguide surrounded by a conducting wall. In this case, TEM
modes do not exist and only TE and TM waves are possible. To minimize energy
losses inside these guides during propagation, it is assumed that the interior is vacuum
(or air). Therefore, we take ¢ = €9 and ¢ = po in what follows. Let T be the
normal to the guide’s conductive wall (directed toward the interior). Across this wall,

the tangential component of E must be continuous. The same applies to the normal
component of H. Since the wall is a perfect conductor, the fields must vanish inside
the conductor. Hence, by continuity, (E X ﬁ) and (ﬁ . ﬁ) must be zero on the
inner side of the wall. Taking into account the dgcomposition [1.54], we deduce that:

(El x ﬁ)s —0 [1.33]
(E.)g =0 [1.34]
(ﬁl.ﬁ =0 [1.35]

—
(E 1 X ﬁ)s and (E.)q k x o represent the transverse and longitudinal

components, respectively, of (E X ﬁ) < and they must both vanish independently.

If we now calculate the scalar product of equation [1.14] with T, we obtain:

ik. (ﬁl'ﬁ)sfiws [ﬁ(ﬁxEL)L:(ﬁ-?LHz)S [1.36]
According to [1.35], the first term is zero on the wall. The mixed product of the

_>
second term is written as {k . (E 1 X ﬁ)}s; it is zero according to [1.33].
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Therefore, the right-hand side of equation [1.36], which is the derivative of H in the
o direction, must also be zero:

OH.\
( = )S —0 [1.37]

In the same way, let us take the vector product of equation [1.9] and o:

ik. (Eﬁ x ﬁ)s Fiwp [(ﬁ x ﬁL) x ﬁﬂs - (?LEZ x ﬁ)s [1.38]

H
The two terms on the left in [1.38] are obviously zero, since [( k x ﬁ L) X ﬁ} <
%
=—-k (ﬁ . ﬁj_)s = 0, which gives:

(ﬁ x ?LEz)S ) [1.39]

The problem therefore boils down to solving the Helmholtz equation [1.23], taking
into account the boundary conditions [1.34] and [1.37]. As the boundary conditions
are different for £, and H,, the solutions and eigenvalues must be different between
the TM and TE modes.

1.3.1. Rectangular waveguide

Consider a waveguide with a rectangular cross-section (with sides a and b). The
inner region of the waveguide is defined by 0 < x < aand 0 < y < .

The length of the waveguide along Oz is assumed to be infinite, as shown in
Figure 1.1.

Figure 1.1. Rectangular waveguide of height a and width b
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1.3.1.1. TMwaves (H, = 0, E; # 0)

Let us first consider the TM modes. The Helmholtz equation is written as follows:

92 92
(62 toat 2) E.=0 [1.40]

2 ..
where 72 = £ — k2. The boundary conditions are:

Ez(x:O,y):Ez(x:a,y):() [1.41]
E.(x,y=0)=E.(z,y=0)=0 .

The solution to [1.40] is obtained by separation of variables. We assume that the
unknown function can be written in the form FE, (x,y) = X (z) Y (y), where X (z)
(respectively, Y (y)) depends only on z (respectively, y). Substituting into the
Helmbholtz equation and dividing by XY, we obtain XTH + Y7” +~2 = 0. The first
term depends only on z, the second only on y and the third is constant. This equality

can only hold if the first two terms are also constants, that is, XTH = fki, and
’;” = —ki, where the separation constants must satisfy the relation:

2 2 2 2 2 2 w?

ki +k; =7 — ky tky+k;=— [1.42]

c2

In particular, when w = 0, we obtain stationary solutions. If at least one of the
wavenumbers is purely imaginary, the solutions are decreasing (exponential). If all
three wavenumbers are real, there is pure propagation (sinusoidal solutions). The
values of these wavenumbers are determined by the boundary conditions imposed on
the walls in the Ox and Oy directions. The general solutions are given by:

X (z) = Ay sin (k@) + Az cos (k1) [1.43]
Y (y) = By sin (ky ) + Bs cos (kyy) '

and therefore:
E. (z,y) = [Aisin (kyx) + Az cos (kp)] [By sin (kyy) + Bz cos (kyy)] [1.44]

where A;, A, B; and B, are constants. Since the rectangular waveguide is
composed of perfectly conducting walls, the longitudinal component of the electric
field on these walls is zero (as already mentioned in [1.41]). In order to satisfy the
boundary conditions at x+ = 0 and y = 0, it is essential that A, = By = 0.
Consequently, it follows that:

E. (z,y) = Eysin (k) sin (kyy) [1.45]
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where Ej is the amplitude of the field. In addition, to satisfy the other two boundary
conditions in # = a and y = b, the wavenumbers k, and k, must be quantified as
follows:

ke = 20 10 =1,2,3,...
“ [1.46]

ky:%7r n=1,2,3,...

Note that if m or n is zero, the electric field F, is zero. Therefore, the desired
solution is:

E,=R [Emn sin (m;ra:) sin <@) e_i(‘“t_kzz)} [1.47]

b

This represents what is called the waveguide eigenmode, denoted by TM,,,,,. Thus,
the most general solution of the Helmholtz equation [1.22] is obtained as a linear
combination of all possible eigenmodes. Since:

2 2 2 2
k2”k2k2°"w2<m+”> [1.48]
C

we observe the following:
1) k. can only take discrete values.

2) k, is real only if:

2 2
w > e %+Z—2 [1.49]

In other words, for a given value of w, the (m, n) eigenmode can only propagate
in the waveguide if condition [14.49] is satisfied. Otherwise, k. becomes purely
imaginary, that is, k, = id with § > 0; this introduces the factor e %% in the expression
of I/, preventing any propagation (the wave is therefore attenuated). Therefore, there
is a lower limit for w, called the cutoff frequency and denoted w,, ,,, below which no
propagation is possible.

For the TM,,,,, mode, we obtain:

2 2
m n
Wm,n = TC ? + b72 [150]
Modes that are excited at a frequency lower than their cutoff frequency therefore
do not propagate, but are still present over a certain distance near the excitation point
of the waveguide.



12 Introduction to Classical Electrodynamics 3

Using the notation [1.50], equation [1.48] can also be written as:

w2:w,2n’n+czk§ [1.51]

This is the dispersion relation of the waveguide; this formula resembles that of a
plasma, as illustrated in Figure 1.2.

w A

a) b)

Figure 1.2. (a) Dispersion relations for some modes of the rectangular waveguide.
(b) Phase velocity and group velocity for the (m,n) mode. For a color version
of this figure, see www.iste.co.uk/abdesselam/electrodynamics3.zip

3) The phase and group velocities are given, respectively, by:

w w S
Vp=— =2¢ c
¢ kz w2 _ w2
dw ok, 2
= p— — T — 1.52
Vs dk, ¢ w Vg <¢ [ ]

As in a plasma, the phase velocity is greater than ¢, while the group velocity (the
physical velocity) is less than c.

The other components of the fields E | and ﬁ | can be derived from the relations
[1.19] and [1.21]:

H 2
B - & g g

w? — kZe? [1.53]

iw —
H, - % ¥ E
T e k) < VL.
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Taking into account the expression [1.48] of the field ., we find:

ikzk, . i(wt—k.
et {ME cos (kya) sin (kyy) 1174 )]
ikyks , Cit—koz
E, =% {k% i 2 Epn sin (kp) cos (kyy) e 1@tk )} [1.54]
E.=% [Emn sin (ky) sin (kyy) e_i(‘“t_kzz)}
iwk )
H,=%* _7yEmn in (kg k —i(wt—k,2z)
h (12 + 1) sin (kyx) cos (kyy) e
iwk . [1.55]
_ T . —i(wt—ks2)
H, =% PEICCETO)] 2+ kZ) Epn cos (k) sin (kyy) e ]
We clearly see that the boundary conditions:
Eyj(z=0)=E,(x=a)=0
H,(x=0)=H,(x=a)=0
Hy(y=0)=Hy,(y=0b)=0 [1.56]

are satisfied. The tangential components of the electric field E and the normal
components of the magnetic field ﬁ are automatically zero on the walls. The
solutions found in [1.54] and [1.55] can be interpreted as the result of the fields of
four waves resulting from reflection on the waveguide walls. Indeed, let us rewrite
the sine functions using De Moivre’s formulas:

E. =R —lE e—i(wt—kmx—kyy—kzz) + EE e—i(wt—i—kxar—kyy—kzz)_i_
z g omn 4 mn

1 [1.57]

1 —i(wtt+kyz+kyy—k-2)

—i(wt—kpz+ky,y—k, 2z
,Emne ( yY ) Z ——

where k, = % and k, = “*. This expansion can be interpreted as follows: the first
term corresponds to an incident wave propagating in the direction of the wave vector
k = (ks, ky, k). The second term is the wave resulting from the reflection of this
incident wave on the face parallel to the Oyz plane at z = a (reflection coefficient
equal to -1 and k,, — —k;). The third term is the wave obtained after reflection of
the incident wave on the face located at y = b. Finally, the last term comes from a
double successive reflection on the faces at + = a and y = b. This decomposition
shows that the angles of incidence are quantized on the walls; only these values make
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it possible to achieve destructive interference on the boundaries. The propagation
of the electromagnetic wave in the waveguide is accompanied by the propagation of
currents and charges on the inner walls. The surface charge densities on the walls of
the _\>Naveguide are obtained from the discontinuity equation of the normal component
of D:
i kw k 2€0 i
kZ + k2
ikyk.gq (—1)™
b kZ + k2
1Ky ZEOE : —i(wt—k-z)
mn Sin (k) € 2
k2 + k2

ikyke0 (=1)"
k2 + k2

—i(wt—kz2)

o(x=0)=¢gpE,(z=0)=%R [ Ensin (kyy) e

(o (Q]‘ = Cl) = _€0E7; (Jj = CL) = - |: Enm sin (kyy) e—i(wt—kzz):|

a(y:O):soEy(y:O):%{

o(y=">)=—coby(y="0)=-N { Epn sin (ko) e_i(“t_kzz)}

[1.58]

Similarly, the surface currents are found using the discontinuity equation for the
tangential component of the field ﬁ:

iwkzeo : —i(wt—k,z
mEmn sin (kyy) e ( )}

iwkgeo (—1)™
k2 + k2

Kz(x:O):Hy(xzo)ZSR[

K, (,T = a,) = _Hy (1‘ = a) =R |: Epp sin (kyy) e—i(wt—kzz):|

iwk, e ) o
K.(y=0)=—H, (y=0) :%[WE,MSID(W)(? (wi—k. >]
T Yy
wkyeo (<1)" T
K,(y=b=H,(y=b)=-%R |:|i}2:_k2EmnSHl(szE)€ (wt—ky )}
T Yy

[1.59]

The following are some important remarks:
1) The surface currents are purely directed along the Oz direction.

2) The charges o (x = 0), o (x =a), o (y =0) and o (y = b) are, respectively,
related to the currents K, (x = 0), K, (x = a), K, (y = 0) and K, (y = b) by charge
conservation laws. For example, we can verify that:

OK.(x=0) OJo(x=0) W B
5 + 5 =0 < KZ(I—O)—kZa(a:—O) [1.60]

etc.

3) If m is even (respectively, odd), the charges and currents on the opposite walls
at z = 0 and = = a have opposite signs (respectively, the same sign).
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4) Similarly, if n is even (respectively, odd), the opposite walls at y = 0 and
y = b carry charges of opposite signs (respectively, the same sign) and are traversed
by currents flowing in opposite directions (respectively, in the same direction).

5) The field lines of E inthe Oxy plane are obtained from the following equation:
dy _ Ey _ kytan (k;2) [cos(kwx)](ky/kw)z

TE, ke tan(kyy) = const. 1.61
dz  E, kg tan(k,y) — cos (k) cons [ ]

When the surface charge is positive, the electric field points outward from the wall,
whereas it points toward the wall when the surface charge is negative.

6) For the field lines of ﬁ in the Oxy plane, we must solve the equation:

@ _H, kitan(kyy)

dr ~ H, k, tan (k)

= sin (kpx) sin (kyy) = const. [1.62]

The field configurations for the TMi;, TMj2, TMs; and TMs, modes are
illustrated in Figure 1.3.

EXAMPLE 1.1.— The total charge @, ., (z,t) per unit length of the waveguide carried
by all walls at time ¢ and position z for TM,,,,, mode is calculated as follows:

a b
men(z,t):/o [J(y:O)Jra(y:b)}der/o [c(x=0)+0(z=a)]dy

_ % |:ikz€O (1-(=)") A =(=1)")ab —i(wt—k. 2)

. ﬁEmne [1.63]

The total current intensity I (z, ¢) on all walls at time ¢ and position z is determined
using a formula analogous to [1.63]:

a b
Tn(,1) = / K. (y = 0) + K.(y = b)lde + / K. (2 = 0) + K. (x = a)|dy

. {iwso (1— (_1)m) (1-— (—1)”) ab Emne_i(wt—kzz):| [1.64]

mn

2

It is easy to verify that the quantities Qy, », (2, t) and I, ,, (2, ) are related by the

.. . Ol 0Qm.n _
continuity equation 92 + ot 0.

We see that if m or n is even, then Q. ,, (2,1) and I,,, ,, (2, 1) are zero. m
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(TM)y2 T M)

Figure 1.3. Electric field lines (in blue) and magnetic field lines (dashed) for the
TMhy1, TMh2, TMs1 and TM»2= modes in the Oxy plane. For a color version
of this figure, see www.iste.co.uk/abdesselam/electrodynamics3.zip

Substituting previously found solutions [1.54] and [1.55] for fields B and ﬁ into
the expression of the (time-averaged) Poynting vector gives:

(i)

1 - - =\ - — .
SR[(BT +B,T + BX) s x (T +H;§ ) e
[1.65]

%5)% [((EmH; — E,H}) X +E, (H;T _ H;?)) ei(szk:)z]

If w is below the cutoff frequency of a particular mode, k. becomes purely
imaginary, and the attenuation factor e~%=|# then appears in the expression of the
Poynting vector. For propagating modes where k, is real, there is no dependence on z
in [1.65]. In both cases, we see from [1.54] and [1.55] that the products of E,,
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respectively, with H and H}; are purely imaginary, which means that the real parts

of E.H; and E, H; are zero. Only the component of ﬁ directed along Oz can have
a time average. The other two components (in the directions Ox and Oy) of the
Poynting vector have zero time averages. Thus, we obtain:

WEQ |Emn‘2 i *
<ﬁ> = Wéﬁ [kzel(kzikZ)z (ki COS2 (k_Ll') sin2 (kyy)
2 (ks + 9

-|—k§ sin? (kp) cos? (kyy))]

[1.66]
4

If k, is purely imaginary, we obtain (II.) = 0. On the other hand, if k. is real,
the average power flux over time is not equal to zero. The total power flux directed
along the Oz direction is found by integrating [1.66] over the cross-sectional area of
the waveguide (here, k, is assumed to be real):

a b 2

k E

(P):/ /(Hz>dmy:w [1.67]
o Jo 8 (k2 +k2)

since m and n are different from zero. To compute [1.67], the following identities
were used:

[ sin® (mIz) a (mmx 1 _ (2mrz\\|* a
2 ( mnx de = — + - sin =3
o | cos? (1) mm \ 2a 4 a 0 2
b .2 nmy b [1.68]
sin® (222) dy = b (nmy 1 “in 2nmy b
o Leos? (2m) (YT o e T b 0 2

EXAMPLE 1.2. SCALAR AND VECTOR POTENTIALS OF A TM WAVE_.>— Using the
relation between the magnetic field and its vector potential (ﬁ = ? x A), fora T™M

wave (H, = 0), we obtain:
0A, 04,
or Oy

[1.69]

which means that there exists a scalar function F (z,y,z,t) defined such that
A, = % a.nd Ay = %—fj. Consequently, the components E, and E, of the electric
field are written as:

wz_al_aAm:—aiv—l—iwAw:—g(V—in)
Eaw Ty
\% \%4 -

Ej=——— Y= — 4iwd,=—"+(V—iwF

’ oy p ay—|—|w v 8y(V iwF)

Let us redefine the electric potential:

V =V - iwF [1.71]
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To preserve gauge invariance, the vector potential must also be redefined. Since:
E. = —ik,V +iwA, = -k, V' +iw (A, — ik, F) [1.72]

we must set A, = A, — ik, F', which means that E, = —ik, V' + iwA’. Let us take a
function F of the form F (z,y, z,t) = F (z,y) e (@W!—k=2):

0A 0A 0A 0*F 0 0A!

B == z L] = Z _ = — A — k F = 2
! 8?}( 3%12 56:‘?( %yz(%? aay( e (‘981%1/' [1.73]

B, =20 9l C4 %4 —ikF) = 2=

Ox 0z or  0xdz Oz Ox

We thus see that the new vector potential has only one component along Oz.
Hence, we obtain:

v’ E _av’

E, =2 B = B — ik V tiwAl
gu’ V% [1.74]
B. = a"42 _ 0A
T fx v oy

_>
We can furthermore impose the Lorenz gauge on the new potentials, ? A+
LOVE — ik, A, — YV’ = 0. This yields:

2 ot c2
A= 2y 175
2 kye? 1751
and consequently:
_ik
A — B
= :iwz [1.76]
Al =

w2 — 2K2 E.
z
It is easy to verify that these potentials also satisfy the Helmholtz wave equation.

1.3.1.2. TEwaves (E; =0, H, # 0)

When the electric field is entirely in the Oxy plane (transverse field), we must
first solve [1.22] for H,. As in TM modes, we propose a solution of the form H, =
R [H. (z,y) e”“t=k:2)] This yields the following:

02 02
<6:c2+8z2+72> H,=0 [1.77]
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In the same way, this equation is solved by separation of variables to obtain a
solution of the same form as [1.44]:

H, (z,y) = [Aisin (kpx) + Az cos (kyx)] [B1 sin (kyy) + Ba cos (kyy)] [1.78]

Since ﬁ 1 must be zero in the vicinity of the walls, we must require that, in
accordance with [1.37]:

OH, _ OH, —0
83: z=0 a 83: r=a B
v v [1.79]
0H, 0H,
— — 0
8y y=0 ay y=>b
which implies that:
[A1kg cos (kyx) — Aok sin (kpx)]|,_o =0 A1 =0
. = = 1.80
{ [B1ky cos (kyy) — Bzky sin (kyy)][,_y =0 B =0 [1.80]
and (to obtain a non-trivial solution):
K= mT
— Aok, sin (kza) =0 T a
{BQkysin(kyb) =0 T\, _nr [1.81]
y = —
b
Thus, the desired solution (the eigenmode of the waveguide denoted TE,,,) is:
H,=R [Hmn cos (?) cos (%) e*i(“’t*kzz)} [1.82]

We observe the following:
— As with the TM mode, k, and k, are quantized.

-k, is given as a function of w, ks, and k, by k, = ,/“;—22 —kZ-kZ =

\/wi — (M)Z - (”—b’r)2 (dispersion relation).

c2 a

— k, can be either real or purely imaginary. If k, is real, the wave propagates
purely. If k, is purely imaginary, the wave is rapidly attenuated. The transition between
pure propagation and attenuation occurs when |k, | = 0, at the cutoff frequency w. =

e/ ( %)2 + ("—b”)z This frequency varies for each mode (depending on m and n).

— For TE modes, either m or n (but not both) can be zero and still yield a non-trivial
solution. When n equals zero, the fields do not vary with respect to y, and the electric
field is purely directed along the Oy axis, while the magnetic excitation field is
directed along Oz. If a > b, the lowest frequency occurs for the TE;( mode, which is
called the dominant or fundamental mode. No mode can propagate below this lowest

critical frequency weo = Z°.
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— To calculate the other components of the fields E and ﬁ we use relations [1.19]
and [1.21] with the restriction F/, = 0:

EJ_: _iwu()?X?J_HZ

k2 + k2
ﬁ li—ki_z y? [1.83]
L= V1H:
kZ + k2
which gives:
o B iwuoky . —i(wt—k,z)
E,=R [ 21 k2 H oy cos (kpx) sin (kyy) e
iwpoky : Zi(wt—k. 2 [1.84]
E, =R [k% Tie Hp sin (ko) cos (kyy) e @tk )}
E,.=0
and:
H, =% —%H sin (kpx) cos (kyy) e (@hks=)
Ikzky . —i(wt—k 2z 1.85
H, =% [— 2 1ie Hp cos (kp) sin (kyy) e '€ ) [1.85]
H, =% [Hmn cos (k) cos (kyy) e_i(“’t_kzz)}

As expected, we see that the tangential components of the electric field vanish at
the walls.

— The electric field lines of E in the Ozy plane:

dy FE, k; tan (k)
o E—: = X, tan (kyy) = cos (kyx) cos (kyy) = const. [1.86]

— The electric field lines of ﬁ in the Oxy plane:

2
dy Hy kytan(kyy) [sin (ky)] (ky /kz)
de ~ H,  kytan(kez) = const. 1.87
de  Hp kgtan(kyx) sin (k) cons [1.87]

— From these expressions, the surface charge and current on the walls are easily
determined:
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-facex =0,0 <y < b:

_ —0) — iwky : —i(wt—k,z)
01 = EOEz (m = O) = % —WHTQ” Sin (k’qy) [ w z
ik, k :
K,,=H, =0 =R |- Yz H,,. sin (k —i(wt—kzz)
1, y (@ =0) 2 11e sin (kyy) e
Kl,y =—H, (x = O) =R {_Hmn cos (kyy) e—i(wt—kzz)}
0K,y n 0K, . i % —0

-facex =a,0<y<b:

0y = —goEy (¥ = a) = %Hmn sin (kyy) ei(Wtkzz)]
Kyy=H,(z=a)=R [(—1)’:51{,,1;/ cos (kyy) e—i(wt—km}
sy, Oz, 002 _,

y 0z ot

-facey =0,0< z < a:

[ ik ,
- = = A 3 —i(wt—k.z)
o3 =¢colly (y=0)=N =y k%) H,,p sin (kpx) e ]
[ ikek, ) Cwtkos
Koo = —Ha (y=0) =R | ;577 @ Honsin (kpar) e )]
Kz, =H, (y =0) = R | Hypp cos (k) e*i(wtszz):|

8K3,m aK&z 803 ;
o o, a0

-facey =0,0<z < a

o4 = —co (y = b) =R _MH sin (k J?) e—i(wt—kzz)
4 0Ly c2 (k% +k§) mn T
_Ikwkz (_1)" : —i(wt—kyz
K4,z = H:L’ (y - b) =R __WHmn Sin (kI(E) e ( )
Kyp=—H.(y=0)=R|~(-1)" Hpn cos (k,) e—iwt—kzz)}
0Ky, 0Ky, O )
he T4z T

ox 0z ot

[1.88]

[1.89]

[1.90]

[1.91]
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— The charge Q12 (z,t) per unit length of the waveguide carried by the walls
located at x = 0 and x = a, at time ¢ and position z, is equal to:

b
Q12 (2,t) = /0 [o1 + 02 dy
WHmn (1 - (_l)m) (1 _ (_1)”)

= sin (wt — k2
(i 1 12) ( )

[1.92]

while the charge Q34 (z,t), carried by the walls located at y = 0 and y = b, is the
opposite. Indeed, we have:

Q34 (2,t) = /Oa [03 + 04] dx
M (1= ()" (1 - (1)) e [1.93]
2@ K) :

— The total current I2 (2,t) (in the direction of propagation) on the faces x = 0
and x = a is given by:

b

Lo (z,t) = | [Ki:+ Ko :|dy
0
kKyHpm (1 —(=1D)™) (1 = (=1D)™) .
= ( (2 ) ) - (1) )sm(wt— k,z) [1.94]
k2 + k2
kG (e)
- w 12 )
and the total current I4 (2,t) = ks ? Q34 (2,t) on the faces y = 0 and y = b is the

w
opposite, I34 (2,t) = —I15(z,t). The total current on the faces x = 0 and x = «a

(respectively, y = 0 and y = b) along Oy (respectively, Ox) is zero.

— The time average over a period of the Poynting vector for the TE wave is given
by:

()

N = DN =

R [(Em? n EyT) ko7 (H;? +HT 4+ H;ﬁ) e~ie]
R[((BH; - Byi) K+ 1 (BT - BT ))& 195

The products H;FE, and H;E, are purely imaginary; this implies that the
time-averaged components of the Poynting vector in the Oz and Oy directions are
zero. It therefore follows that:
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Hmn —
(I1,) = M {kze(k k2)z (k sin? (k,x) cos? (kyy)

2(k2 +K3)”
+k? cos? (kpx) sin® (kyy))] [1.96]

It is clear that the average (II) is zero when k, is purely imaginary (attenuation

mode). For the propagation mode, we have (IT) # 0. The power flux through the
cross-sectional area of the waveguide is:

witoks [Homn|* ab n£0

m
8 (k2 + k2) ’
2ydxdy = 1.97
/ / = w,UOk |Hmn| Clb [ ]

(k%Jrkg) morn =0

where the identities [1.68] were used once again. Note the factor of 2 in [1.97] for the
TE,,,0 and TE,,, modes. The two indices m and n cannot both be zero at the same
time because the TEyy mode reduces to a trivial magnetic field directed along Oz that
is constant in space.

EXAMPLE 1.3. TEM WAVE INSIDE A RECTANGULAR WAVEGUIDE WITH
PERFECTLY CONDUCTING WALLS.— We will see below that a TEM wave cannot
propagate inside a hollow waveguide. We have already seen that for a TEM wave to

exist, it is necessary that 7 = 0, that is, k = &g pow 2 , and that the transverse
fields E 1 and ﬁ 1 satisfy equations [1.26], [1.28] and [1.30]. From equation

1 x E; =0, we can assert that there must exist a function V (z,y) (actually, the
electric potential) such that E L= —? LV Furthermore thl%potent1al must satisfy
the 2D Laplace equation: AV = 87«2 + 81 = 0, since V | B 1 = 0. In the
same way, this equation can be solved using the method of separation of variables,
that is, taking V (z,y) = X ()Y (y), which gives % = —%- = —a?, where
can, in principle, be complex. We immediately deduce the form of V' (x, y):

[ (Assinax + Az cosax) (B1e® 4+ Bae™ ) a # 0

V)= { (A + Ap) (Bry + B2) a=o U

The constants Ay, As, By, Ba, A}, A}, B} and B) must be determined from the
boundary conditions (satisfied by the field):

oV ov
el o, orl, "
x,y=0 “ lx,y=b
v v -
8y =0,y ay r=a,y
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which leads to By = —Ba, By (e?? —e7??) =0, Ay = 0, Ay sinaa = 0, A} =0,
AL, =0, B{ = 0 and B, = 0. We observe that for & = 0, the solution is identically
zero. To obtain a non-trivial solution when o # 0, the parameter o must satisfy the
constraints e?*® = 1 and sinaa = 0. These two constraints cannot be verified
simultaneously, which means that the constants A;, A, B; and Bs must be equal to
zero. In both cases, the result is a zero field: a TEM wave cannot propagate inside
this waveguide.

1.3.2. Attenuation coefficient in a lossy waveguide

In real conductors with high but finite conductivity, the fields no longer become
zero instantaneously upon entering the conducting walls but instead decay over a
distance ¢ (called skin depth).

To approximately estimate the fields inside the walls, we proceed as follows (the
subscript ¢ will be used to denote the fields inside the walls): (1) inside the waveguide,
the fields are assumed to be described by the mode expressions obtained for perfectly
conducting walls; (2) on the boundaries (the walls), the tangential component of the
magnetic field H) is continuous (due to the absence of surface currents); (3) inside

the walls, the magnetic field ﬁc decays exponentially in the direction perpendicular to

2
Yetow ®

the boundary and attenuates completely over a distance on the order of § =

Thus, the field ﬁc is given by:

H, = (ﬁu)se—I?(?—?s)\/é [1.100]

where T is the normal to the boundary surface S; (4) inside the walls, the electric
field Ec is calculated using a formula analogous to equation [7.134] (Volume 2):

Ec =(1-1i) s ﬁc =(1-1i) 1/% (ﬁ X ﬁu)se_m'(?—_‘”)s)\/é

27
[1.101]

where . is the conductivity. Near the surface, the electric field Bc is related to the

current density ? by 7 = ’yCEC. This leads to a power loss (averaged over one
period) in the volume 7:

i = [Be-Trar=3 [

2
dr [1.102]

E.
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2 2
Since 7. Ec = [ow ’ﬁc , the power loss integral [1.102] can also be rewritten
in the form:
2
(Pa) = £ H.| ar [1.103]

T

From the real part of the complex Poynting theorem derived in section 7.2.4 of
Volume 2, the divergence of the time-averaged electromagnetic power flux can be
related to the time-averaged dissipated power as follows:

V(T = —(P) [1.104]

Integrating over the portion with thickness Az of the waveguide, as shown in
Figure 1.4(a), and then using the divergence theorem, we obtain:

/T?ﬁ)m:ji@ dS = /Z+AZ<HZ (z+Az)>dS—/z<Hz (2))dS [1.105]

Since (P (z)) = [,(IL. (z))dS (the total power passing through a cross-section of

the guide located at position z), equation [1.105] becomes:
(P (24 A2)) — (P(2)) = — /(pd>dxdydz [1.106]

Dividing by Az and then taking the limit as Az — 0, we obtain:

Jim (P(z+ AZ)Z —(P(2)) _ dfllj _ /T<pd>d$dy (P 1.107]

—Qaz

where (P;,) is the power dissipated per unit length. Since the fields vary as e
(where « is called the attenuation coefficient along the waveguide), the power flux,
which is proportional to the square of the fields, must vary as e~2%%; this implies that:

d(P)
dz

— —2a(P) = —(Puz) [1.108]

We see that « is proportional to the ratio between the power dissipated per unit
length and the total electromagnetic power propagating inside the waveguide:

(Par)
(P)

1
- i 1.109
a > [ ]
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Ie » 8
—

®+a) = [ MG+ apas
Z+Az

s

|

—ri

(P()) = j (M, (2)ds |
o

|

z z+ Az

e 4

(b)

Figure 1.4. Attenuation of a guided wave
in a rectangular lossy waveguide

Calculate (P;y) for a rectangular waveguide with wall thickness e, as illustrated
in Figure 1.4(b). We assume that e >> §. The surface integral [ (Pyz)dxdy can be
divided into four distinct integrals, one for each side.

Since the skin depth is much smaller than the dimensions of the waveguide, the
contribution from the corners is neglected. Examine the contribution to the dissipated

power of the wall at x = a. Inside this wall, the magnetic excitation field H . takes the

form H, = H| (z = a) e~(#=a)/3_Consequently, the power dissipated at this wall
(z = a), assuming e > 4, is given by:
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ﬁ” (x:a) ’

e 2@=0)/0 qrdy [1.110]

b ate

(Par)|g—q = @/ /
2 y=0Jzx=a

Low b oo
~ HO¥ / / H

2 y=0 Jx=a

Each of the four sides contributes similarly to [1.110]. Consequently, the total
(time-averaged) power dissipated per unit length is:

) 2
(Par) = B ]{’ﬁu‘ dl [1.111]

|(x:a)

2 2
e 2@=0)/8 g dy Mowé H (x=a)| dy
4 [
y=0

where the integral is taken around the perimeter of the waveguide. The field ﬁ” can
be replaced in the prev1ous equation by the surface current ﬁ of the perfect conductor
using the relation ‘?’ = ‘ﬁ X ﬁ”‘ = ‘ﬁ”’ . By making this substitution, we
obtain:

(Pa) = ”Oré%‘ﬁ‘zdl [1.112]

This result has a simple interpretation: assuming that the surface current K is
umformly distributed over a strip of thickness d (and zero elsewhere), we write

7 = =-. Thus, the total power dissipated per unit length can then be calculated using
a formula such as the following:

(Par) = f E.T*6dl =

ﬂﬁrdl [1.113]

which is consistent with the result [1.112]. The above results also apply to circular

waveguides or waveguides of any cross-section. Rg = ﬁ is called surface

resistance. Here are the main results:

- 2.0

— waves TM ,,,,: by substituting results [1.59] into [1.113], we obtain:

w?k2e? |E |
Pa) = =20 sin® (kyy) d
(Par) %6 (2 +12)? sin® (kyy) dy
w?kZed Emn
o | i sin? (k,x) dz
’yc5 k2 + k2

_ | B |? w?ed (k2b+ k2a)

> [1.114]
20 (4 K)
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where we have taken into account the identities [1.68]. Consequently, the attenuation
coefficient of the TM,,,,, wave is equal to:

213 2.3
(Par) 2eow <m b® + na ) (1.115]

- 2(P) - Y0k ab \ m?b? 4+ n2a?

—waves TE ., (m,n ;é 0): taking into account the results [1.88]-[1.91], we find:

k2k2 |Hmn|
<PdL>:76 k2+k225n(yy)+|Hmn| cos? (kyy) ¢ dy +
k2k? |H,
5 5 { @ L_ I:;m2 sin? (kp#) + [Hypp |? cos? (ktx)} dz
[Honn|* [ K2 (K2a + K3D)
T 270 K2 + k2 5= ta+b [1.116]
<@ L (k)
and consequently:
- (Par) 2 k2 (m?b+ na) ab , (a+b) (m2b? + n2a?)
- 2P)  yeSpowkzab m2b? + n2a? i a?b?
[1.117]

— waves TE,,o (m # 0):

k2 |Hpmol*
[/ |Hm0| dy+/ {Z|k2081n2 (kmx)

(Par) =

2 2 |]_Im0|2 w 2 a
_ <PdL> _ 2( ) |:b+(m7rc)2%:| 1 119
T2P) T ydmwkeab [1.119]
—waves TEy, (n # 0):
Ho, 2p
(Puy) = | 70.5| a+ (C‘: ) 21 [1.120]
Py 2(%E) [H (L) %}
=T [1.121]

- 2P) YO powk ,ab
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1.3.3. Propagation between two parallel planes

Consider two parallel plate electrodes (perfect conductors) separated by a small
distance b and enclosing an HLI medium with permittivity €9 and permeability pg
(vacuum for simplicity), as illustrated in Figure 1.5(a). Since this spacing is much
smaller than the width [ and length L of the electrodes, the edge effects are neglected.
In other words, the two conducting planes can be considered infinite. To obtain
solutions for the guided wave propagation solutions of TM and TE waves between
these two planes (taken parallel to the Oz z plane), it suffices to take a« — oo from
the previous results.

Since the system here is invariant under translation along the Oz direction, it
follows that the components E, (for the TM wave) or H, (for the TE wave) must be
independent of z. Consequently, all other components determined from [1.19] and
[1.21] must also be independent of x. As this system contains two conductors, it can
also support a TEM mode. This topic will be addressed in the following sections.

% L »
T .
b Eg Mo /
(a)
le
b Y
fdh,
Incidentwave /810 N E,
# ] Y
I
I
He™%
k,
\Reﬂected wave

0 i

(b)

Figure 1.5. Propagation of an EM wave between two infinite planes.
For a color version of this figure, see www.iste.co.uk/
abdesselam/electrodynamics3.zip
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1.3.3.1. waves TM (H, = 0, E, #)

To obtain a non-trivial solution for E, when taking the limit a — oo in
expression [1.47], we simply perform the substitution F,,, sin (m;””) — FE,,
which gives:

E. =R |E, sin (kyy) e*iw*kzz)} [1.122]

where n is an integer, sfky = “Fand sfk, = ‘Z—; - ”ZQQ. In fact, [1.122] is the

solution of the Helmholtz equation (88—; + 72) FE, = 0, with boundary conditions

E.(y=0) = E.(y=">0) = 0. We can see that w.,, = <7 appears here as the

cut-off frequency for the n mode. If w > w ,, we have an unattenuated propagation.
On the other hand, if w < w,,,, we have an evanescent wave. For a given w, all modes

with a lower frequency cutoff will pass, but not the others. This is a high-pass filter.

The other components of the fields E L and ﬁ | are obtained from [1.19] and
[1.21]:

E, = Hy =0
ik i
_ 3 —i(wt—kz2)
E, =% o B, cos (kyy) e } [1.123]
iw i
H,=%R|- E, cos (k el(wtk%)}
foc? Yy ( yy)

This wave appears as the result of two waves originating from reflections on the
planes y = 0 and y = b, as illustrated in Figure 1.5(b). In fact, let us define
k

%
=kcosf = “cost, k., = kcost = ©sind, k; = k,j + k. k,

S~

—k>r = 7kyT + kzﬁ, En - %COSQE,L‘, ET’ = Ei:
i _),.? Zilw e
E, =% Ersinge ) | L n | B oginge i (* kr?):|
. brd . N
B =% | B coste )] L (B, cospei (07K F) [1.124]

Hx _ §R _ @Eie—i(wt—_k}i'?) + % _ %Ere—i(wt—?r~7):|
V Ho V ko

The first terms on the right-hand side of equations [1.124] represent the field
components of the incident wave, while the second terms correspond to those of the
reflected wave. The boundary conditions are satisfied at the planes y = 0 and y = 0.

E.(y=0)=0— B, =E,
Ea(y=b)=0 = Bt = Bemiob — e2ib =1 — i, = 20 11123]
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The results are consistent with those previously obtained. The angle of incidence
is therefore indeed quantized.

cosf = T [1.126]
wb

We therefore conclude that only discrete values of the angle of incidence on the
walls enable destructive interference on the boundaries. The following are the main
results:

1) The surface charges and currents observed, respectively, on the planes y = 0
and y = b:

ik€0 Enei(wtkzz):|
ky

iwe

Ko (=0 = ~H, (5= 0) =R | 522
Y

_ ikzé‘o (_1)n

J(yO)ngy(yO)%{

7y =)= —cF, (1=1) =R etk

ky
iweg (—1)" | itwi—k.x w
Koy =0) = Hy (g =) = |- 22 g eterien| - oy )
Yy z
[1.127]
2) The time-averaged complex Poynting vector:
1 | o kzsow|En|2 —
) = SRIBH) = SRIB,H) K = 22 21 cos? (kyy) K [1.128]
Y
3) The average power transmitted between the two planes:
l b 2
k. E,|7 b
)= [ ety = LD [1.129]
=0 Jy=0 4ky

4) The average power dissipated per unit length for real conductors with high
conductivity:

1 2 20?2 |B, 2 1
(Par) = —ﬂﬁ‘ = @ 1Enl [1.130]
270 YeOkZ

5) The attenuation coefficient of the TM modes:

<PdL> _ 250&)
2(P)  7eokzb

[1.131]
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1.3.3.2. Waves TE (E; =0, H, # 0)

For the TE modes, we must make the substitution H,,,, cos (k,z) — H,, in
[1.82], then calculate the other components using equations [1.19] and [1.21]:

- _
H,=% —I;TZHn sin (kyy) e k2

L Y

N —i(wt—k,z)
? - 3; anEcos_(kgy) e } [1.132]
r— Hy T 2
E, =R _ Lk H,, sin (kyy) e_i(wt_kzz)}
Y

The following are the essential results:

1) The surface charges and surface currents experienced, respectively, on the
planes y = 0 and y = b:

o(y=0)=0a(y=0b)=0

K. (y=0)=K.(y=1b)=0

Ky (y=0) = H. (y = 0) = R | Hye 1 742)] [1.133]
K, (y = b) =H, (y = b) =R (_1)’n Hne—i(wt—kzz)}

2) The time-average of the complex Poynting vector:

kz//'Ow ‘Hn|2

s sin? (kyy) ¥ [1.134]
Yy

1 - 1 -
(M) = ~SRIEHZ) T + SR B K =
3) The average power flowing between the two planes:

l b 2
K piow | Hy | 1D
(P) = / / (IL,)dzdy = M [1.135]
=0 Jy=0 4ky

4) The average power dissipated per unit length for real conductors with high
conductivity:

1 2 |H,|* 1
Pu) = ‘1_3‘ dl = 1.136
(Par) 990 j{ 3 [ 1
5) The attenuation coefficient of the TM modes:
P 2k?
o \Far) _ y [1.137]

2(P) .ok, powb
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1.3.4. Cylindrical waveguide

Consider a hollow, perfectly conductive waveguide with a circular cross-section of
radius of a. It is assumed that inside the waveguide € = €¢ and ;1 = p9. The position
of a point inside the waveguide is identified using cylindrical coordinates (r, ¢, z).

1.3.4.1. TM modes (H, = 0, E; # 0)
Let us first study the TM modes. The Helmholtz equation is written as:

10 ([ 0F, 1 0°E, 5

- = — E,=0 1.138

r or (r ar) r2 9p? T [ ]
where 72 = ¢ — k2. The boundary condition is given as:

E,(r=a,p)=0 [1.139]

The solutions of [1.138] are obtained using the method of separation of variables
and involve Bessel functions. By setting E, (r,¢) = R (r) ® (¢), equation [1.138]

. 2
becomes & (Cfi G Z’f) +42 Zﬁ +7?R® = 0, or, equivalently, %= (fllh’j +1 ‘fif) +

~2r? = é illf The first term depends on 7, while the second depends on . This

equality can only hold if both sides are constant. Thus, we find:

23
T 7 HV® =0 [1.140]
PR 1R

The solution of [1.140] is written as ® (@) = Cyel¥¥, where Cy is a constant.
® must also be periodic, that is, ® (¢ + 27) = ® (), which gives e?™ = 1. We
therefore conclude that v must be an integer. We set v = m withm = 0,£1,£2, .. ..

dr? r dr
The general solutions are of the form R,, (r) = A, Jm (7)) + By Ny, (1), where
Jm and N, are Bessel functions of the first and second kind, respectively. Since NV,
is singular near » = 0, we must take B,,, = 0. Therefore, the physically acceptable
solution is R, (r) = AnJm (7). Hence, the Helmholtz equation [1.138] provides
the following solution:

Substituting » = m into equation [1.141], we obtain R 4 1dR | (fy 2) R=0.

E. (r,¢) = R [Apm (yr) eE™¢] [1.142]

The boundary condition [1.139] then amounts to J,,, (ya) = 0, which gives
v = Pmn where pp, are the roots of the Bessel function .J,,,, that is, Ji, (pmn) = 0.
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We therefore conclude that each root p,,, of the Bessel functions corresponds to a
propagation mode. The dispersion relation for this mode is written as:

22
w?=w?, + k= %—I—CQki (m>0,n>1) [1.143]
It therefore follows that:
— PmnT +ime —i(wt—k. z)
E,(r,o,z) =R |Epndm ([ —— ) e e [1.144]
a

where E,,,, is a complex amplitude. The other components of E and ﬁ are calculated
from relations [1.19] and [1.21]:

— R |:Ik (l OF, :| |:Ik 20 B, J pnm?ﬁ) e:l:imgpe—i(wt—kzz):l
pmn Pmn a

E, =% [Ik La? 1 8E 5 $mk 20 Em'n, g (pmnr) eiimcpe—i(wt—kzz):|
mn L pmn a

H - %R |w50a 1 BEZ — % imwa%oEmn I PrnT\ timip ,—i(wt—k.2)

él r 8(10 _ p%’m a

H, =R [uwsoa OE, 5 iwaeg Emn 7 (pmnr) e:l:imape—i(wt—kzz)]

pmn L Pmn a

[1.145]

We observe the following:

1) When w becomes less than <=k, becomes imaginary and the wave no longer
propagates.

2) A double degeneracy for each mode when m > 0. We can consider modes in
cos mep or modes in sin m, depending on the nature of the amplitude E,,,,,.

3) The charge accumulated on the surface of the waveguide is:

o(r=a) = —eob, (r=a)

- R [_ ikzganmn

mn

I (Pmn) eiim*"e—“wt—kﬂ)} [1.146]

4) The current flowing on the surface of the waveguide is:

_iwanEmn J;n (pmn) e:l:im,ape—i(wt—kzz)]

mn

. e — [1.147]
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5) The time-averaged Poynting vector is given by:
@) = _n[E < H|

R[-EH @, + BHE, + (B H, - EHY) K| [1148]

N~ N

The term & [Ez H :g] is zero: no energy propagates in the transverse €, direction.

In the E}w and k directions, we have:

meowa’ |Emn| m(p";"r)

202,17
Prn 5 5 [1.149]

g
) = K o (ot 2 ()
2pmn a PrnT a

In a circular waveguide, energy propagates in the longitudinal direction and in the
azimuthal direction (in a loop).

6) For the TMy; mode, we have pg; ~ 2.405. Using the identity J) = —J, the
field components are written as:

ik aE01

E, =% |- Poﬂ’) ei(wtkzz):|

<
o]

E. =% E01J0 (

[1.150]
E,=H,=H,
iwae E r ;
H, =% [_ oto1 ;. (/)01 )e—l(wt—kzz):|
Po1 a
and consequently:
<H</>> =0 5
(IL) — k-eowa? |Eg1|” Jy? (£2T) [1.151]
- 2051
For this mode, w. = <. The cutoff wavelength is equal to \. = % =
2ra ~ 9 Gla.

po1

1.3.4.2. TE modes (E; = 0, H; # 0)

For TE modes, the Helmholtz equation for H, is written i_n the same way as before.
In this case, we have E, = 0 and H. = R [HoJ,, (yr) etmee(@1=k2)] with the
OH, = 0, which implies that J;, (ya) = 0. Therefore, va

boundary condition — <5
T r=a
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must be a root of J/ , which we denote here as p!,,,. The component H, is then written
as:

p;nnr +imp —i(wt—k;z)
H, =R |HpnppJm | /| e ? [1.152]
a

which leads to the transverse fields:

R |:Ik a OH, :| — |:ikzaHmn J (p;'n/n,T) eiimcpe—i(wt—kzz)]
a

/ m

pmn r Pmn
— R {l -a? iaaH ] 5 |::kaz/a;];{mn 7 (PZ;J) eiimwei(wtkzz)}
- - [1.153]

The following are some essential remarks:

1) The average energy flux through the waveguide is given as:
%
<ﬁ>>:f§re[ @, B HIE, + (B HY - B H) K|

a

2 /
i 2 (%)

- 20,2, ot
kz 2 Hmn 2 ! , %a? ' X
s tonl [z (Pt ) 2 g2 (Pt ) Ras
20,2, a PranT a

2) The charge and current experienced at the surface of the waveguide are given
by:

mwaH .,
2,72
€ Prun

o(r=a)=—coby(r=a)=%R [:I: T (Plun) eiimwe_i(”t_kzz)]
mk,aH,,,

2
mn

K.(r=a)=-H,(r=a)=% [:ﬁ: T (P eiim“’e_i(‘“t_kzz)}

KSO (T = CL) =H, (’I“ = CI,) =R {Hmnjm (pfmn) eiimtpeii(wtikZZ)]
[1.155]

3) The smallest root among all Bessel functions J,,, and their derivatives J;, is
the first root of J7; it is approximately p}; ~ 1.84118. Therefore, the mode with the
lowest cutoff frequency is the TE;; mode (dominant mode). For this mode, we have:
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g 2
B =% :mea MOHMJ1 (P'MT ej:igoei(wtkzz)]

_ . T \ 4
E, =% 7lwau/0H11 J] <P117'> eiigoei(wtkzz):|
P11 a
E.=0
i ikz;l/Hn 7 (p’lalr) ei%_i(m_kzz>] [1.156]
11
2 !
HW =R |::F kza/QHll Jy <pllr> eiigoei(wtkzz):|
P1T a
;=% |Hnhi <p11r> eii“’e_i(‘“t_kzz)}

For this mode, w, = % The cutoff wavelength is A, = 22¢ = i’f—“ ~ 3.41a.
c 11
4) Since J) = —Ji, the zeros of Jjj coincide with those of Jy; this implies a
degeneracy between the TM1,, and TE(,, modes.

1.4. Dielectric waveguides
1.4.1. Propagation between two parallel dielectric planes

Let us briefly study the propagation modes TE and TM between two identical
parallel planes (each with a thickness e, separated by a distance b) composed of a
dielectric LIH material with permittivity o and permeability . Between the two
plates, there is another dielectric medium with permittivity €1 > €5. We seek solutions
where the fields are essentially confined within medium 1, as illustrated in Figure 1.6.

In other words, the solutions must be exponential inside the plates to prevent
energy loss from the guide by radiation. The solutions are oscillatory only in medium
1 to ensure guided propagation.

1.4.1.1. TM solutions

The solutions are independent of x. For TM waves propagating in the Oz direction,
the component E/, must be of the form:

R Ae—a(y—b)e—i(wt—kzz)} y > b
E. = { R [(Bsin (kyy) + C cos (kyy)) e*i(wt*kﬂ)} O<y<b  [1.157]
R Deaye_i(“’t_kzz)} y <0

The solutions decrease exponentially to remain mainly localized in the plates.
sfk,, sfk, and the attenuation coefficient « obey the following restrictions
(obtained from the Helmholtz equation):
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2
wn
2 2 _ 1
kersz 2
2 2
w?n
2 2 _ 2
o + ki = 2

[1.158]

where €15 = eoniQ. The component k, must be the same everywhere in order to
satisfy the boundary conditions at each interface. It must also satisfy the following

constraint:
2.2 2,2
wnj 5 _ w’ni
<k; <
c? c?
Ay
b
aly '2)
£2: Hp / 4
'J’

[1.159]

Ewven Mode Odd Mode

Figure 1.6. Propagation of TM and TE modes in a dielectric medium
with permittivity e1 placed between two parallel dielectric

plates with permittivity e < €1

The other components of the fields E and ﬁ can be found from [1.19] and [1.21]:

E,=H,=0
R IkZAe—a(y—b)e—i(wt—kzz)] y > b
@
ik, .
E, = R Ik— (B cos (kyy) — Csin (k,y)) e_'(“t_kzz)} O<y<b
LY
R4 IkzDeayei(“tkzz)} y <0
«@
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o _iwofz Ae—a(y—b)e—i(wt—kzﬂ] y>b
H,={ R 7lcﬁ€1 (B cos (kyy) — Csin (kyy)) €i(wtkzz)} 0<y<bd  [1.160]
5 W@Deaye—i(wt—kzz)} y<0
«

At the interfaces y = 0 and y = b, the tangential components of the fields B and

are continuous:

E.(y=0")=E.(y=0")=C-D=0
E.(y=b")=E.(y=b") = A— Bsin(kyb)
— Ccos (kyb) =0
H,(y=b")=H, (y=0b") = ailB+D:0
y<2
E.(y=b7)=E.(y=b") = A- %Bcos(kyb)
Y2
agq .
+@Csm(kyb) =0

The system of equations [1.161] admits a non-trivial solution if:

0 0 1 -1
1 —sin(kyd) —cos (kyb) 0

det 0 l2346612 0 1 =0
1 — ko‘;{z cos (kyb) lf‘y‘; sin (kyb) 0

which gives:

[1.161]

[1.162]

To obtain the allowed values of « and k., we must solve equations [1.158] and

[1.162] simultaneously using graphical methods, as illustrated in Figure 1.7.

The solutions correspond to the intersection points of the curves (the black points).

The following can be seen graphically:

1) For a guided wave to occur, it is necessary that nm < % < (n + %) 7 for the

first case, and (n + 3) 7 < % < (n + 1)« for the second case.

2) First case: each time that k, exceeds the critical value %T”,

a new intersection

point appears corresponding to a new propagation mode. In other words, each time

the frequency w exceeds the critical value.



Introduction to Classical Electrodynamics 3

40

diz'gS1WrUAPO.I}08|8/WB|aSSOPqE/XN "0 8)SI MMM 83S ‘8.nbij Siy] JO

Icﬂl

FOT-

o tu

fuz

uoIsIaA 10j0o e 10 ‘[z91 1] puk [8G 1 1] Suonenbe jo uonnjos jeoiydels) *7* | ainbi4

FO8-

.-_“_WI

R OF-

I_U_Nl

Mz
g mﬁ




Waveguides 41

2
Wy = % [1.163]
by/n7 —n3

a new propagation mode will appear; w,, is the cutoff frequency of this mode.

3) Second case: each time the frequency w exceeds the critical value:

om + 1
o _@ntl)me [1.164]
by/n? —n3

a new propagation mode is added to the others.

4) Odd solution (o = k, 52 tan % B = t@, C=—-Aand D = —A):

E,=H,=H,=0

R Alkz —a(y— b) —i(wt—k2) y>b
L (0%
ik, cosk, (y—2) .
Ey — R ALWE*'(‘M*MZ) O<y<b
ky sin =§-
L ik, .
R Alieayefl(wtszz) y<0
[0
R Ae—a(y—b)e—i(wt—kzz) y > b
[ sink, (y—2) _
oI Awe*'w*kﬂ) O<y<h [1.165]
L Sin 2
R l_Aeaye—l(wt kzz)} y<0
R _Ame—a(y—b)e—i(wt—kzz)] y > b
(0%
k, (y—2) _.
H, — R _A|w€1 CcOoS ( . 2)67|(o)t7k22) 0<y< b
L ky 3
2 A|w526ayei(wtk22):| y <0
(0%

This solution is called odd because F, is directed oppositely in the two half-planes
above and below the line y = %

5) Even solution (o = — ky €2 kyb ,B= Atan C Aand D = A):

€1 tan ¥



42  Introduction to Classical Electrodynamics 3

R Aizze_a(y_b)e—i(wt—kZZ)] y>b

B ik. sink _b .
E,=¢ %R —AZW(e_'(“t—kzz) 0<y<b
? I ky  cos-L
5 _A|kz 0O p—ilwt—k.z) y<0
a

R | Ae—a(v=) p—ilwt—k.2) y>b
[ cosk -2
I cos —4=

5 Aeaye—i(wtszz)} y<0

R

«

. . b
H, = R AIUJ€1 sin k"/ (:i; 5) ei(wthZ)] 0<y< b

| ky cos %
R Alw52 eaye—i(wt—kzZ):| y < 0
«

[1.166]

This solution is called even because E, is directed in the same direction in the two

half-planes above and below the line y = %

1.4.1.2. TE solutions

We follow the same procedure for the TE solutions. Let us start with:

E.=E,=H,=0

R Ale—a(y—b)e—i(wt—kzz)} y>b
H, =< R |(B'sin (kyy) + C’ cos (kyy)) e_i(“’t_kzz)} O<y<b
R Dleozyefi(wtszz):| y <0
R A/iwea(yb)ei(wtkzz):l y > b
«
E,={ R|Y (B’ cos (kyy) — C'sin (kyy)) ei(‘”tkzz)} 0<y<b
R _I;‘)D/eaye—i(wt—kzz):l y<0
R A/ikzeoc(yb)ei(wtkzz):| y > b
«
k. .
H,={ R i) (B’ cos (kyy) — C"sin (kyy)) e_'(“t_kzz)} 0<y<b
L Ky
L _
R _IOjD/eayel(wtkzz):l y < 0

[1.167]
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where E, I, H; and H, are obtained using [1.19] and [1.21]. The components H,
and E, are continuous at the interfaces y = 0 and y = b:

H.(y=0")=H.(y=0") = C'—D' =0
H,(y=b")=H.(y=>b") = A" — B'sin (kyb) — C’ cos (kyb) =0

Eo(y=07) =B, (y=0") = D'+ ~B' =0

y [1.168]

Eo(y=b")=FE,(y=0b") = A’ — kﬁB’ cos (kyb)
Yy

+ 2 sin (kyb) = 0
ky

H, imposes the same constraints. Equations [1.168] have a solution unless

kyb
a =k, tan =& or a = —k,— .
v 2 ytan%

’

1) Odd solution (a = k, tan "gb) <B’ = A O =—A,D = —A’>:

Y
2

E.=E,=H,=0

% ‘A,e_a(y_b)e—i(wt—kzz) y>b
r ink _b )
P A<><>] 0<y<b
I sin 4=
R _A/eaye—i(wt—kzz)] y < 0
R A/iwea(yb)ei(wtkzz)} y>b
e
L N by 1.169
E,={ R A"ﬁweﬂ(m*“” 0<y<b [ ]
I ky  sin g
R A’I;deo‘yei(wtkzz)] y<0
R A/ikze_a(y_b)e_i(wt_kzz)} y>b
e
ik, cos ky (y — %) —i(wt—kz 2z
H, - %A/Ewe( A 0<y<b
- . 2
e
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2) Even solution <a = kykyb> (B' = Altan ¥t ¢ = A D' = A’):
aIl?
E.=E,=H, =0
R A/efa(yfb)efi(wtszz):l y > b
I k, (y—2)
o, — R A/COS Y (Z: - 2)67|(wt7kzZ) 0< y < b
| cos —4-
R A/e(){ye—i(wt—kzz)} y < 0
R A/iﬂe—a(y—b)e—i(wt—kzz) y > b
«
B . . b
Bo= |4tk (0= 35) | o y<b [1.170]
| ky COS %
R _Allweayei(wtkzz):| y < 0
- . a
R» A/Ikze_a(y_b)e_i(Wt_kzz):| y > b
«
ik, sink, (y— %) _,
H,={ ®|-A=2_Y 2/ ilwi—k2)| <y <p
. I ky  cos %
R _Allkzeaye—i(wt—kzz):| y<0
o

1.4.2. Step index optical fiber

In this section, we examine propagation modes in a circular waveguide composed
entirely of dielectric materials. Consider an infinite cylinder of radius a made of a
dielectric material of dielectric constant € (of index n;) and surrounded by another
dielectric medium with permittivity e5 < €1 (i.e. no < n1) that extends over the region
a < 1 < b, as illustrated in Figure 1.8. These media are supposed to be non-magnetic
= po. This system is the simplest model of an step index optical fiber. The first
medium (e;) is the core of the fiber, and the second medium (e3) is the cladding.
Since the fields decrease exponentially in the cladding as a function of r over a short
distance, we can assume that the cladding is infinite.

Unlike wave guides that are wrapped in a conductor, we consider the fields both
within the core of the waveguide and in the cladding and then apply continuity

conditions to the core-cladding interface of: (1) the tangential components of H;
(2) the tangential components of E (since J ¢ = 0); (3) the normal component of
(Bhormal = NOHT’E)T); and (4) the normal component of B (since ofee = 0).

These continuity conditions are more complex than for a conducting wall and,
therefore, the TM and TE modes generally do not exist separately, but are coupled in
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what are called HE and EH modes (in the first case, H, is dominant, while in the
second case, E, is dominant). Only modes that are not dependent on ¢ (modes with
azimuthal symmetry) can be separated into TE and TM modes. In each of these
media, £, and H, satisfy the Helmholtz equation:

(?i—i— [nf& —ng B =0,r<a

c? H
L, EZ [1.171]
2 nsw 2 z
(V2+ %)) (7 ) =0r>a
___Core — e(r)
//‘ ,\\ £
£
i]
a
% A T
/ 1 ! > 7
~ a b

Longitudinal section “~——Cladding —

Cross-sectional view

Figure 1.8. Structure of a step index optical fiber structure

2 2
We define v2 = nlc‘; — k2 and, to avoid an oscillatory solution (and therefore an

2 2
energy loss from the fiber due to radiation) in the cladding, we take % = — "2 + k2.
From these expressions, we see the necessity of having €1 > &2 (n1 > nsy). Moreover,

2 2
the propagation constant k, must satisfy the condition ni‘; <k®< "1;; . In order for
the fields to remain finite as 7 — 0 and r — oo, the solutions to equations [1.171]

must be of the form:

5o { AT (y7) ei"_"“’ r<a
* T\ BnKp (Br) et ™ r > a
I { Condm (y7) eii’_w r<a
* T DKy, (Br) ef™ r > q

[1.172]

The function K, does not diverge at infinity. This choice ensures that no energy
propagates outward from the fiber, as the fields decay exponentially with 7 in the
cladding.

1.4.3. Modes with azimuthal symmetry

Let us first consider the propagation modes without dependence on ¢ (m = 0).
The solutions of the Helmholtz equation (£, and H ) and the other field components
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obtained from the relations [1.19] and [1.21] are equal to (we have used the identities
Jy=—Jyand K, = —K1):

Ez = Aolg(fo (’y?”) Hz = C()'.(]O (’Y’I“)
1K IKz
r<q:dEr= fTAO'Jl () H, = —*Oojl (yr)
[09) | 13
E<F = Ho CoJ1 (’YT) H, = *ngjl (77')
y 0
E. = Ji oKo (Br) H.= ﬁoKo (Br)
1K, _ 1Kz
r>a:{ Br= g BoKi () Hy = 5 DoK (57) [1.173]
| Iwe
B, = c‘ZfODOKl (Br) | H,= wﬂzBOKl (Br)

It is clear that the two modes TE and TM are distinct in this case.

To that end, we treat the two modes separately:

— TE modes(E, = 0): for the TE modes, the previous equations reduce to the
following (fixing Ag = By = 0):

E.=E,=H,=0 E.=FE,=H,=0
B, = Lo ~Co () B, =~ K, (4r)
r<a: r>a: . p [1.174]
H, = _TCOJI (y7) H, = ?Dofﬁ (Br)
z = C’OJO ('VT) Hz = DOKO (ﬁ’r)
The continuity equations for H,, H, and E,, at the interface r = a, lead,

respectively, to the following coupled equations:

*ikTZCOJl (va) = ik?ZDoKl (Ba)

Cojo (’}/a) = D()JK() (ﬁa) [1175]
WHo COJl (’7(1) I go DOK1 (Ba)

It can be seen that H,. and E, yield the same constraints. Eliminating the ratio %‘;
between the first two equations, we obtain:

_Nhae)  Ki(Ba)
vaJy (ya)  BaK (Ba) [1.176]
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— TM modes (H. = 0): for the TM modes (choosing Cy = Dy = 0), we get:

E,=H,=H.=0 By=H,=H,=0
E, = fIk—ZAOJl (yr) E, = I%ZBOKl (Br)

r<a: EZZAO_}O(’W“) r>a: E. = BoKo (51) [1.177]
H, = —"fleJl (yr) H, = %Bofq (Br)

The continuity of D, £, and H,, at the interface r = a, enforces the following
(the components of D, and H, yield the same constraints):

_ikfl AoJi (yr) = ke BoK1 (Br)
AoJo (yr) = BoKo (Br) o
S A (r) = 5B (5r)

and consequently, by eliminating the ratio ’g—g between these equations:

B e1d1 (’)/CL) _ oK, (Ba)
vaJo (ya)  BaKy (Ba)

[1.179]

Equations [1.176] and [1.179] can be solved graphically. Noting that:

w
Y+ B = (o1 = &2) pow® = (n] = n3) [1.180]

we observe that || and [3| are each less than “./n? —n3. Let us first plot the

ions — _J1(0a) K1 (Ba) : ; :
functions Sado(a) and Fako(Ba) & functions of their respective arguments ya and

(b, as illustrated in Figures 1.9(a) and (b). From these graphs, we observe that %
diverges and changes sign at the level of the roots of .J,. Moreover, since

Jo(x) — 1l and J; () —— 3, the ratio ‘Ij((z)) —— . Similarly, given that
z—0 z—0 rJo(Z) L_50 )

Ko 1 () —= V¢ T Ko (x) — —ln? and K (x) — = We deduce

III(;O((””I)) —_— % — 0 and 5(10((“2) 5 —1225 — +o00. The graphical solution
T—00 r—

proceeds as follows in the case of TE modes (the same procedure applies for the TM

modes): in a coordinate system, we plot the function % as a function of z.

. K1( /) .
On the same graph, we plot the function T (v as a function of

y = £2y/n —n3 — x. The intersections (the black points) of the two curves
correspond to the solutions of equation [1.176], as shown in Figure 1.9(c).
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If £2/n? —nj < w01 = 2.405, no intersection is possible. The first intersection

occurs when £%,/n? —n3 = xo1, which gives wo; = —&2—. At this frequency,
a~/ nl 2
we have 3 = 0, and consequently k, = "22°L: the wave propagates in the cladding as

if there were no guiding. Below thls frequency, [ becomes i 1mag1nary, which turns
Ky and K into Bessel functions that oscillate radially and decay as f The fiber no
longer acts as a waveguide but rather as an antenna. When w increases beyond wo1, 3
grows more rapidly than v if n; >> ns. This means that the wave decays rapidly with
r in the cladding. wy; thus appears as the first cutoff frequency. Each time x crosses a
root of Jy, a new mode appears, each with its own cutoff frequency:

CXon

2 _ 2
ay/ny —nj

Wop, = [1.181]

1.4.4. Modes with azimuthal dependence

The most general modes (with azimuthal dependence) propagating along
dielectrics are called HE modes and EH modes. They have both E, # 0 and H, # 0.
In particular, it can be shown that the HE;; mode is dominant and has no cutoff
frequency. Let us now examine all of this in detail. In general, the components of the
fields E and ﬁ take the form:

Ez - AmJ’m (77‘) e:ﬁ:imgp

ik, .
= q:rrfywﬂoc I (’7T)+I7Amc]7/n (’Y’I") e:tlm(p

k. iw / im
E‘P = :FwAme ("y'l") — HJOC J ( ) ei ®

r<a: H. = Coodn (1) Eime [1.182]
H, = 4+ e Amdm (yr) + ”(—szJT’n (yr)| eFime
7
HSO = m (’YT) IwelA J/ ( ) e:timcp
and:
E. = By Ky, (Br) e
Mmwit ik, im
Eri + ﬁQ ODmK (6T)7FBWLK:W, (/BT) ei v
B, = |1 B K (51) + 10D, K, (6r)] 2
r>a: pir +im B [1.183]
H,=D,K,, (Br)e""™¥
H, = "};52 B Ko (Br) I%ZD K (Br)| efme
mk, iwes +im
H, = |+ 32 Dy Ky, (Br) — 7BmK7/n (Br)| e
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The continuity of the components E,, H,, E,, H,, D, and B,., at the interface
r = a, imposes the following equalities, respectively:

A Jim = B K, Q)
Condm = DKo, (ii)
; !
T A — 200, T, = ﬂ? m+ 'wg‘o DK, (iii)
Y
k. mk, .
T O + L A, T, . - 22B,.K), (iv)
gl L Ba "
&1 (;mﬁ“OCme + 524, > ( + 0D, K, ZBmK;n> W)
7*a N Ba " B
g A = Ol = T 2 B Ko = D, (vi)

[1.184]

where we have used the notation J,,, = J,, (va), J), = J,, (va), K = Ky, (7a)
and K/, = K/ (~a). Let us rewrite equation [1.184iii] in the following form:

k. (Andm | BuKn\ . (Cudl  DuK,
+ ( mem 4 Zm ) = |wu0< m m) [1.185]
a g p g s

Substituting into [1.185] the coefficients B,,, and D,, obtained from equations
[1.1841] and [1.184ii], we obtain:

mky Am, J K/
— 1.186
L — ( +52> iwpioCh, ( +6K > [ 1
Similarly, the same procedure can be applied to equations [1.184iv], [1.184v] and

[1.184vi]:
k DK A J! B, K/
imz (Cme mBm :iw(€1 me+€2 m m)
a

®

2 2 ~ 3
! /
i”“;“‘) (6107";‘]’” + EZD“’;K"L — ik, <€1A m)m 523”‘&”) Gi) [1.187]
mw [ e1AmJIm sgBme> . (C’ ', D K’>
F— + = ik, (iii)
a ( 2 82 ol B
which yields:
mk Chm 1 , a1, eK! )
. — Am m m
mquCm €1 . ElJ/ €2K
T — | =ik, A m 1.1
; ( +ﬁ2 e T [1.188]

mwA, (€1 &) . J K,
F— ( 52> =ik, Cpp, <7Jm + Bk (iii)
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The constants A,,, and C},, can now be eliminated. Multiplying [1.186] by [1.188i]
and then simplifying by A,,C,,, we obtain:

T Ko (21 2K _ m2k> 11 2
YIm  BEm YIm BKm B poa’w? \y? B2
 omPkiw? 2 9\2
= a2 e (ni —n3)

[1.189]

Similarly, proceeding in the same way with formulas [1.188ii] and [1.188liii], we

find:
J/n K;n 51'];n 62K/L mQLUQ,UO €1 1<) 2
u ) = — 4+ = 1.190

(va TR )\ T BE,) T e \ ) U

The expressions [1.189] and [1.190] are identical. In fact, dividing [1.186] by
[1.188iii] (respectively, [1.188i] by [1.188iii]), we deduce that:

€1 S 2 kg 1 1 2
<72 i BQ>  How? (72 ’ 62> 1Bl
which show that [1.189] and [1.190] are indeed the same. Equation [1.189] provides
the relationship between the constant k, and the frequency w. For a given frequency
w and a given value of m, it allows us to determine the propagation constant k.. In
other words, the solutions of [1.189] yield the dispersion relations of the possible
modes. The relation [1.189] is called the dispersion relation of the step index optical

fiber or the characteristic equation of the propagation modes. In fact, for each value
of m, this equation admits a finite number of solutions that satisfy the guiding

2 2 2 2
condition “25- < k2 < -, This multiplicity of solutions results from the

oscillatory nature of the Bessel functions J,,,. Thus, each solution of [1.189] can be
characterized by two indices (m,n), where m characterizes the azimuthal
dependence of the electromagnetic field and n corresponds to the nth solution of
[1.189] associated with the given value of m. It should be noted that the total number
of modes that can propagate depends on the frequency of the incident wave in the
fiber. In general, the number of modes increases with frequency. Once the solutions
of [1.189] are obtained, the constants B,,, C,, and D,, can be expressed in terms of
A, and the explicit expressions of the field components for each propagation mode
can then be determined. From [1.184i], [1.184ii] and [1.186], we deduce that:

Im (’Ya)
B, = A,
Kmk(ﬁa)
C, =+2pA [1.192]
e
D, —+--= m (y0) PA,,
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where:

1 1
b (3 )
T Jn0a) K, (Ba)

vad, (ya)  BaKy, (Ba)

[1.193]

When the azimuthal number m is equal to zero, the constraints [1.176] and [1.179]
are satisfied, since the right-hand side of [1.189] vanishes. This implies that one or the

other of the two factors on the left must cancel. If the term ’" + 452 is zero, this

5
corresponds to the TE modes. On the other hand, if the term == + 6,321( ™ ig zero, this
corresponds to the modes 7'M . We conclude that when m = 0 ‘the TE and TM modes
are not coupled. The right-hand side of equation [1.189] therefore acts to couple the
TM and TE solutions, resulting in HE and EH mode types. When the two refractive
indices ny and no are very close, the right-hand side of [1.189] can be neglected as a
first approximation. Consequently, we obtain equations similar to [1.176] and [1.179],

Jn(va)  _ _K; (Ba) e1dy,(va) _ 2K} (Ba)
vaJm(va) T BaKm(Ba) vadm(va) T Baky(Ba)’
of these equations show no cutoff frequency for m > 1.

61]

namely, —

or — The graphical solutions

Taking into account equations [1.192], the longitudinal fields take the following
form:

A I ( ) iimgae—i(wt—kzz) r<a
E, = A Jm(va) Ko, (6T) eTime o—i(wt—kzz) . >a
" Erm(fa) S [1.194]
. {illliofA mdim ( ) etime o—i(wt—k.z) r<a :
z k. P Jm(w) timep ,—i(wt—k.z
+E0A 5 Ko (Br) etimee=i( )r>a
and, consequently:
H, k.P
2 = 1.195
‘ Ez How [ ]

If | #:| > 1, the field is denoted EH, while for | %=| < 1, the field is denoted

HE. The transverse components of the electromagnetic field, given by equations
[1.182] and [1.183], involve derivatives of Bessel functions. These derivatives can
be eliminated using the recurrence relations: J;, (v) = 2tJp, (¥) — Jmy1 (7) =
T (@) + T (2) and K, (2) = Ky (2) — Kot (2) = —2 K, (2) —
K,,—1 (z). Here are the results:
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| 74 ‘Kl {ﬁa)
fako(pa)

val 90"'1‘

J1(Ya)
Yado(Ta)

= T —> (o)’
I
14 N\ IFT?«]
I
2 S
I("l
T
5 | 'a|‘-_':l
|
" I
©)

Figure 1.9. (a and b) Behavior of the functions —504 and X154 as functions
of va and fBa, respectively. (c) Graphical solutions of equation [1.176]. The function
J1 (V) ; on 19 K1(v9)
Ve (V) appears in red, and the function Jikr () in blue (the graph of ik ()

is oriented to the left and plotted over the interval [0, “a/n — ng] ). The solutions

(intersection points) are marked with a black dot. For a color version of this figure, see
www.iste.co.uk/abdesselam/electrodynamics3.zip

— Modes EHy,: knowing that Jy, (yr) = ZJm (y7) — Jmsa (yr) and
K], (pr) = K (Br) — Kya1 (Br), the fields for the EH,,,, modes can be
expressed as follows:
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- In the core (r < a), we have (where Fu,, = et"?e~i(wI=k:2) i5 the phase
term):

ik, m
a_nfﬁwu—MMmmmmHWﬂﬂm
E, = :F;ZAm [;’; (1= P) T (7)) + PJmsr (V1) | Fim
k2 2 k2 2
=, [2 (1 B 3 o ]
¥ yr w n
iweq m kg 2

[1.196]

- In the cladding (r > a), we have:

. ik: Jm (va) m
P Ry oy [ (P 0 B ()] Fim
Ew—igw m ;”(1— P) Ky (Br) + PEm (ﬂﬂ} Fm
weg J (a k2c?

m 2c
H T K o[ (- Sgr ) e o0
+—— zC PKm+1 ﬁ?”:|
w

H, - |W52 ( )A { (1 _ kzcz P) K, (1) — Km+1 (57")] Fim

w?nj

[1.197]

— Modes HEry: since Jy, (yr) = =22 Ji (97) + Jm—1 (yr) and K7, (Br) =
K, (Br) — Kpm—1 (pr), the fields for the modes HE,,,, can be expressed as
follows:

- In the core (r < a), we have:

K
B, =24, {m (L4 P) T (y7) + Tin—1 (W)] Ftm
B! v

k. m
B = A [T (4 P 41) = Py ()] P

o.)s m kZc? kie?
H, = i—lem {w (1 + =P ) In () = 5 PJm 1 (77")] Fim
. b
Iwe m k2c
H,=-—'4, {— (1 + 2 P) Tm (71) + Jm—1 (vr)} Fam
£y r w?n?

[1.198]
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- In the cladding (r > a), we have:

_ ks Jm (ya) m
o FkKZ}L (B(a) ;47” [57’ (L+ P) Ko (Br) + Ko (57“)} Fim
g2 dm 0 4
E,==+ 3 K:? (fa))Am {ﬁr (1+ P)gm2 (Br) + PK,,_1 (5@} Fim
_ w€2 m (ya E Zic
B = F5 Ko (Ba) [ﬁr <1 " oﬂn%P) Fon (B [1.199]

+7PKmfl (Br) Fim
fLJ( a), [m( . ke )
i et [2 (5 o

1.4.5. Propagation modes in weakly guiding fibers

1.4.5.1. Dispersion relation

When the difference between the indices n; and n9 is very small, we can write in
the first approximation that n; ~ ny and consequently we must have k, ~ 212 ~
722, given the guiding condition "2* < k., < “t=. Under this appr0x1mat10n the

dlspers1on relation [1.189] becomes:

2
Im (70) K}, (Ba) \* _ Y 1
<7aJm (va) | Bar,, (ﬂa)> - <(7a)2 + (Ba)2> [1.200]

The latter is divided into two relations:

I (a) K, (Ba) 11
YaJm (va) * BaK,, (Ba) m (72(12 62a2> [1.201]
or.
I (va) K}, (Ba) B 1 1
yaJm (va) * Bakc,, Ba) " <72a2 + 52a2> [1.202]

These two dispersion relations correspond, respectively, to the EH and HE modes.
In this weak-guidance approximation, the expression for P defined by [1.193]
reduces to P = +1. By eliminating the derivative functions J;, and K, from the
relation [1.201] using the identities J;, (z) = TJm(z) — Jmy1(z) and
K], (z) = 2Ky, () — Kpq1 (), we obtain:

Yadm ('Wl)
Imt1(va)  Kpy1 (Ba)

=0 [1.203]
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The expression [1.203] is the characteristic equation of the EH,,,, modes. The
index n designates the nth root of equation [1.203]. This equation corresponds to
P = 1. Similarly, we can eliminate the derivative functions J/,, and K, from [1.202]
using the formulas J}, () = —2Jp, () + Jp—1 (2) and K;n (v) = =2 Ky (1) —
K,,—1 (z). The relation [1.202] then becomes:

Yadm (ya)  BaKy, (Ba)
Jm—1(ya) K1 (Ba)

This is the characteristic equation of the modes HE,,,, and is associated with
P=-1.

=0 [1.204]

1.4.5.2. Degeneracy of the modes

The dispersion relation of HE,,, ;1 ,, which follows directly from [1.204], is
written as:

VaImi1 (va) — PaKmi (Ba)
Im (@) K (Ba)

=0 [1.205]

By substituting into this relation the expressions J,41(z) = =ZEJ, (x)—
Jm—1(x) and Ky 41 (z) = 22K, (z) + Kp—1 (z), we obtain:

YaTm—1 (ya) n BaKp,—1(Ba)
Im (va) K (Ba)

This last relation is exactly the same as [1.203] for the EH modes, but with the
index m — 1. In other words, the dispersion relation of the HE,,, 1 ,, modes is identical
to that of the EH,,,_1 ,, modes. This means that these two modes have exactly the same
value of k. This is called the degeneracy of the HE,,, 1 ,, and EH,,,_; ,, modes.

=0 [1.206]

1.4.5.3. Expressions of the field components

Let us now give the expressions for the field components in the weak-guidance
approximation in cylindrical coordinates:

Ik k Jm (7 )
E, =-"24 B, = %=
r 5 Jerl (’YT) ]:im r B Km (5 ) m+1 (BT) ]:im
kz z
ELP - :FiAme-&-l (’)/7") ]:im E i7yf4ml(1ﬂ+l (BT) ]:im
gl B Ky (Ba)
_ _ 4 Im(a) o
Ez - Ame (’Yf‘) ]:im Ez A m (67") ]:im
" Ko (Ba)
we wez Ji (va)
H = 250 Ay ) Fam Hy = 7222009 g (80) i

B K (Ba)
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iwe iwes Jp,
Htp:_ pylAme-‘rl (’yr)]:im HQOZ 62[( ((B >)A K’m+1 (ﬁr)]:j:m
ik, Im (7a)
H, = m (V7)) Fim H, = m ey Kom (B7) Fim
(yr) Fe row MK, (Bay o (P7) T
EH,,,, modes (r < a) EH,,,, modes (r < a)
[1.207]
ik: Jm (7a)
. E, = — LA K- (ﬂ?”) Fim
E,. = IszAme71 (’y’f‘) Fim ﬁ Ko (5 ) 1
ke Jm (va)
E, = jFk—zAmeq (v7) Fim . B K (Ba) T
! B = An 220 pe (1) F
EZ _ A%gm (’77") ]:;tm z = m ( ) +m
Hy =+ A0 Jp_ Fim
5 1 (’YT) + o, — :tL&‘Q Im ((’; ))A K1 (ﬂ?")]:im
|w51
H, = AmJm—1(v7) Ftm |w82 J (’y )
H, = Am K- Fim
ikz i (/B ) 1 (BT) ’
He = F2 5 AmJm (1) Fem ikz Jm (va)
Bo=g ke g, IO g g7
w K, (ﬂa)
HE ., modes (r < a)
HE,,,, modes (r > a)
[1.208]

In system Oa_z:yz, we have F,
L(E, ~iE,)

e 'Y, By = E,.cosp+E,sinp =

= E,cosp — Eysingp =

, 5 (Er+iBE,) e +
§(Esa_

B, )+ L (B, +iE,)e

and E, = E, (the same expressions apply for H,,, H, and H).

We thus obtain the following expressions:

E,

ik
_TAmeJrl ('VT) ]::i:(erl)

k-
E, = :F7Ame+1 (7)) Frmt1)
E, = AnJm () Fim

we
H iTlA Jm+1 (’}/7‘) -Fj:(m+1)
iwe
H, = 771,4 Jmt1 (V) Fi(min)
Hz = m ('YT) Fim

EH., modes (r < a)

Fa— %%A Ko (87) Faime
B, = i%%Ameﬁ-l (Br) F(m+1)
E. = Am% m (Br) Fem

H, = q:%[im ((2 ))A K1 (Br) Fim+)
H, = 252 2 A, Ko () Py
H, = i::w Am%Km (Br) Fim

EH nn, modes (1 > a)
[1.209]
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ik, _ ('Y )
E, = %Amefl (’YT) ]:j:(mfl) B (ﬂ )A mfmo (Br) ]:i(m_l)
k. :#
Ey = F = AmJm-1(97) Firm-1) By = ﬁ m (B )Ame_l (Br) Fsmy
v
EZ = Ame ('Y'r') ]:j:m Ez == A J ((’Za )) (ﬂ’l") ]:j:m
we
Ho = £ s (1) Frn g, = 2222 2 O 4 e () P

iwe
Hy = 7’}/ A Jm 1 (’VT) ]::t (m—1) Hy _ |(JJ52 J (( )) A"’LKTn—l (ﬁ"‘) fi(m—l)

Jm (ya)
Am WKM (Br) Fim

HE,, modes (r > a)

ik .
Hz =F z Ame yr f:ﬁ:m _ Ikz
How ( ) H, = :F,U/Ow

HE ., modes (r < a)

[1.210]

1.4.5.4. Construction of linearly polarized LP,,,, modes

When two or more modes are degenerate, it is impossible to propagate each mode
individually within the guide. In practice, the degenerate modes propagate
simultaneously and at the same speed. As a result, they interfere with each other. At
the fiber outlet, the observed signal results from the superposition of all degenerate
modes with the same propagation constant. Equations [1.209] and [1.210] (obtained
under weak guiding conditions) show that the modes EH,,_1, and HE,,;, are
degenerate. Consequently, these two modes interfere, leading to a polarized mode
along the Ox or Oy axis, denoted as LP,,,,.

By adding the EH,,,_1 ,, and HE,,,11 , modes (assuming A,,_1 = Ap+1 = A),
we find:

E,=H,=0
2k
E, = :FTZAJm (y7r) Fm
r<a E.=A [Jm—l (yr) €7 + T (v7) eiiﬂ Fam [1.211]
2
Hy =+ =L AJ,, (v7) Fim
Y
ik,

H, =+ A [Jm—l (’y’l“) €¥i@ - Jm+1 (’W‘) eiiw] Fim

frow
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_iks [ Im—1(va) | Imy1 (va) .
B = A e e | Ko 1) P
_ ki -1(ya) _ Imt1 (va) ”
By =+ A |t — e K (50) P
_ m 1( ) e i
B = A | I K (1) 7
Imt1 (7“) +i
+7Km+1 (ﬂ"") er'¥ Fim
A ] [1.212]

B (Ba)  Kpt1 (Ba)

_iwes Im—1(va) = Jmy1 (ya) ]
= S5 | R g o 9 P

kg Im—1 (va) ;
e A [ s O™

Jm+1 (7“) +i
G e )] P

We demonstrate from equations [1.205] and [1.206] that:

H;c W52A l:K (’Ya) _ ']7n+1 (70’) :l Km (57") ]:im
m—1

Im—1 ('VG) Imi1 (7“)
T =0 1.213
K1 (00) T Kmis (y0) 2131

Thus, formulas [1.212] reduce to:

2kz Jm+1 (’ya)
= 7Km m
B = A R e (Bay P Jm+1 (ya)
r>a B, = Ap [~Kp-1(Br) €™ + Ky (Br) eiiﬂ ﬁ(ﬁa)}—im

2w52A Imt1 (ya)
kﬂ Km+1 (504)
H = 50 A (Kot (5r) 7 4 o (37) 4]

Km ([‘37‘) f:l:m

JTYL-I—l ( )

Kt (5‘1) T

[1.214]

We clearly see that the addition of the EHm — 1,n and HEm + 1, n modes leads
to a linearly polarized LPmn mode along the Oy axis (i.e. with £, = 0), described
by relations [1.211] and [1.214]. When subtracting the EHm — 1,7 and HEm + 1,n
modes, we obtain a linearly polarized mode along the Ox axis (i.e. with £, = 0). In
fact, the EHm — 1,n+HEm + 1,n and EHm — 1,n —HE,,,; , modes are identical



Waveguides 59

in the sense that one can be transformed into the other simply by interchanging Oz
and Oy.

In real notation, the electric and magnetic fields (of the LP,,,, mode) are written
as:

E,=H,=0
E, = :':2kz Adp, (yr) cos (wt — kyz F me)
E,=A[Jn-1(yr)cos|wt —k.zF (m—1)p]+
r<a Jm2+1 (yr) cos [wt — k.z F (m + 1) ¢]] [1.215]
H, ==+ weL Ady, (yr) cos (wt — kyz F mep)
k
H,=+—""AlJp_1(yr)sinwt —k,z F (m —1) p] —
How
Im+1 (yr)sin [wt — k,z F (m + 1) ]
E,=H, =0
2k, . Jmt1 (ya)
E,=F—A——"K,, (Br)cos (wt —k,zFm
E,=An[—Knm-1(Br)coswt —k,zF (m—1) o] +
Koy (Br) cos [t — ko2 F (m + 1) ] 22220
r>a owes (va) K1 (Ba) [1.216]
H, = +22 4 2mt! K, (Br)cos (wt —k,z Fm
5 Kot (5a) (Br) cos ( )
H, = :F,u ZwA [Ky—1 (Br)sin [wt — k,z F (m —1) ] +
0
. Jerl ('Va)
K., t — k., +1 —_—
+1 (67") S [w zZ+ (m )(pﬂ Km+1 (ﬁa)

The previous reasoning does not apply to the m = 0 case. In fact, the HE;,, mode
cannot be associated with the EH_; ,, mode, since there are no modes with negative m
indices. The field components of the LP;,, mode are therefore obtained directly from
those of the mode HE;,,, so its dispersion relation is that of the HE;,, mode:

vadi(ya)  Paky(Ba) _ [1.217]

Jo (va) Ko (Ba)

1.5. Resonant cavities

Instead of guiding a wave, it is also possible to trap the energy of an
electromagnetic wave inside a conductor that is closed on all sides (an
electromagnetic cavity). The boundary conditions imposed by the walls now show



60 Introduction to Classical Electrodynamics 3

that monochromatic traveling waves cannot propagate inside: only standing waves
can exist, with discrete, so-called quantized frequencies. Our aim is therefore to
explicitly find the cavity’s natural frequencies, as well as the configuration of the
fields describing each oscillation mode.

1.5.1. Rectangular metallic resonant cavity

A rectangular metallic waveguide becomes a resonant cavity by adding flat walls
at each end, specifically at z = 0 and z = [. For a given frequency, two progressive
waves propagating in the +Oz and —Oz directions must overlap to form a standing
wave that satisfies the boundary conditions at the borders of the walls located at z = 0
and z = [. These boundary conditions are {, = 0 and £, = E, = 0 on the new
walls. The interior of the cavity is assumed to be empty.

Let us first consider the TE modes. Using equations [1.84] and [1.85], we obtain
the following:

E,.=% [— lglfi% cos (kyx) sin (kyy) (H;n"ne_i(“’t_kzz) + H;me_i(““rkzz)ﬂ

B, =% [l';”f':(% sin (ko) cos (kyy) (Hf,e ™17 4 Hmnei(‘”szz))}

E,=0

H,=% {— ki%k:—kxkz sin (kyx) cos (kyy) (H,Zne_i(“’t_kzz) - Hn_me_i(‘*’“’kzz))}

H,= [— ikzkyz cos (ky) sin (kyy) (H;rme*i(“t*kzz) — Hmnei(wwkzz))}
y

[1.218]
where k, = ™% and k, = %% H} and H,, are the amplitudes of waves
propagating in the +Oz and —Oz directions, respectively. For H, to cancel at z = 0,
choose H,,, = —H,! , and for it to cancel at z = I, quantize k,: k., = &, where p

is a positive integer. Thus:

2 mn k . .
E, = W}an cos (ky) sin (kyy) sin (k. 2) cos (Winpt)
z T8y
2 mn k(lj . .
E,= —MH;;” sin (kyx) cos (kyy) sin (k;z) cos (Wmnpt)

k2 + k2
E,=0
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2k ks

P= iy 2 Hf . sin (kp7) cos (kyy) cos (ks 2) sin (Wmnpt)
2k k
H, = Tz . IilQ H . cos (kp7) sin (kyy) cos (k. 2) sin (wmnpt) [1.219]

H, = 2H+ cos (kyx) cos (kyy) sin (k; 2) sin (Wmnpt)

We can easily verify that £, and F, vanish in z = 0 and z = [. This corresponds
to the TE,;,,,, mode. The index p must be non-null in order for H to be non-null as
well. The indices m or n (but not both) may be zero.

For TM waves, we must take the following superposition (see [1.54] and [1.55]):

ikzk, i i
E, =% [ @ 1ie cos (k) sin (kyy) (E;‘,'me_'(“t_kzz) — E;lne_'(w”kzz))}

k —i(wt—k,z - —i(w z
Ey =R |:k2 e sin (kxfﬁ) COS (kyy) (E:,rme (wi—k:z) _ Emne S )):l

z T Ky _ .
B = R [sin (ky) sin (kyy) (e @D 4 Bye et )|
[ iwk .

H, =R Y sin (kyz) cos (kyy) [1.220]

 poc? (k2 + k2)
i-(wt—kzz) + E- e—i(wt+k;z))}

(E;"me

iwky,

H=R|—F—F"F7"—— kyx) sin (k
0T e gy e
E,;;ne_l(Wt_kZZ) + E;Lne_i(Wt+kzZ)):|

H, =

To satisfy the constraints FE,(¢»=0) = E,(z=0) = 0 and
E,(z2=1)=E,(2=1) =0, we musthave £, = E} andk, = F (ie. k; is
quantized). It therefore follows that:

2k k.

"= iy 2 E;. cos (kyz) sin (kyy) sin (ks 2) cos (Wimnpt)
E, =— ék+kk§ E;f, sin (kyz) cos (kyy) sin (k. 2) cos (Wmnpt)
E, =2E  sin (k) sin (k,y) cos (k»2) cos (Wmnpt)
H, = _MEJF sin (ky) cos (kyy) cos (k. 2) sin (Wpnpt) 221l
poc? (k2 +k2) " v 2 mnp
H,= 2w mnpka E . cos (ky2) sin (kyy) cos (k;2) sin (Wmnpt)

o C2 (k% + k?/)
H.=0



62 Introduction to Classical Electrodynamics 3

where m and n must both be non-null in order for F, to be non-null and for the
solution to be non-trivial. This is the mode TM,,,,. In both cases, the oscillation
frequencies are now quantized. The allowed values are given as:

amnn =y () + () + (F)

l
Obviously, the distinction between the TE and TM modes is somewhat ambiguous
in a rectangular cavity, since any of the three Cartesian axes can be chosen as the
waveguide axis. The simplest modes are TE g1, TEg11 and TM;1¢. In each case, only

one component of the electric field E is non-null (respectively, £, E, and E), and
the corresponding component of the magnetic field ﬁ vanishes.

EXAMPLE 1.4. TE 91 MODE.— In the TE g, mode, the fields are written as:

E = 72\/GQZWZOH10 sin (mz) sin (WTZ) cos (wot) T

H- 2H [—% sin (%ﬂj) cos (C%TTZ> T + cos (%) sin (%) ﬁ} sin (wot)

[1.223]

where wg = Ve T Vslzw is the natural frequency of the mode and Zy = , / ‘E‘T‘;

1) Since the electric field is aligned with the Oy axis, electric charges accumulate
only on the faces y = 0 and y = b, with the respective surface charge densities:

_2Va* 41

o=0= a7 5|, =BT () (oo
2va? + 2 .

o(y=0) :750.] E‘y .= al Hisin (Fx)sm(%z)cos(wot)

[1.224]

It is clear that the total charge is zero.

2) The discontinuity of the tangential component of ﬁ at the metal — vacuum
interface allows us to calculate the surface currents accumulated on the various faces
of the cavity:

R -TH| -
R -7

r=a

%
= —2H,;sin <E> sin (wot) j

l
= —2H,sin (%

_>
)sm wot) j
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? = Txﬁ =2H}, [ sin (L) oS (E)E}
y=0 y=0+ l a l
TT\ . (TZ\
+ cos 7) sin (T) i } sin (wot)
- -
ﬁ =—j x ﬁ =—-2H], [ sin (—x) cos (B) k
N a l [1.225]
+ cos (—) sin (— ) i } sin (wot)
@z ! T -
74 =k x ’ = —2H/;—sin (— sin (wot) j
z=0 - =0+ ZCL N
K = k x = 2Hi'67 sin —) sin (wot) j

3) For TE;; mode, the electromagnetic energy stored in the cavity is equal to:

W = 1/ . (EOEQ +Hoﬁ2> dxdydz
cavity

2

2u0 Hy? /Oa /Ob /Ol {(az;_l?)sin2 (?) sin? (%) cos? (wot) +
{?22 sin? (%) cos? (%) + cos® (%) sin? (77)] sin? (th)} dudyds

_ poab (a® +17) H}?

50 =& H}? [1.226]
a a2 2
where &, = W (identities [1.68] were used).

4) In reality, the metal used to make the cavity is not a perfect conductor. It has a
finite conductivity .. In this case, the current is not a surface current but flows within
a layer of thickness § (skin effect), which leads to energy dissipation due to Joule
heating. The instantaneous power dissipated by each surface element d.S of the cavity

is given by the expression dPy = %dé‘ . Thus, the total power dissipated by the entire
cavity is given as:

I {/O/Ol [KQ(y:0)+?2(y:b)}dxdz

Vel

+/Ob/ol {ﬁQ(x=0)+
Kz(x:a)] dyder/Oa/ob [§2(z:0)+?2(z:1)} d:cdy}
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_ {/ /1_32 dmdz+//ﬁ2 (z = 0) dydz
//KQ dmdy}

4?H{Z [ab bl 1 (a 1\] ..,
= 3 [12 + 2 + 3 <l + a)} sin® (wot) [1.227]

5) The power dissipated (averaged over one period) is equal to:

4a’HP [ab Bl 1 (a 1
o= [ 2

o T )| in oty ot 012289

where &; = 7‘22 [‘l’Qb + Lyl (% + é)] (since (sin2 (wot)) = %)_

6) In the absence of sources compensating for the losses, the variation in total
energy over time is only due to the dissipation of energy in the walls. Therefore, we
write that:

dWem
at

H1+0 &2
a2

—(P)) = = Hii=0 [1.229]
7) The quality factor Q of a cavity is defined as the ratio of the electromagnetic
energy stored in the cavity to the energy loss per oscillation cycle:

Wem woWem

=Py T (P 11230

where wy is the frequency of the oscillation mode under consideration. It follows, for
mode TE g1, that:

Q= b _ e 2 (a®+12)™ [1.231]
& 4 al(a?+12) +2b(ad +13) '

Since both the energy Wem stored in the cavity and the power dissipated (averaged
over one period) are proportional to the square of the field amplitudes, we see that the
quality factor defined in this way is independent of the amplitude and depends only on
the shape of the cavity, the oscillation mode under consideration and the conductivity
of the walls.

8) Equation [1.229] admits the following solution:

wot

Hi (t) = Hf; (0) e 55 = Hi (0) e~ 5% [1.232]
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We can see that the variations in electric and magnetic fields [1.238] are no longer
purely oscillatory over time, but that the fields decrease exponentially:

ax) sin (%) cos (wot) 6727[5?
H= 2H}, (0) [—% sin (%x) cos (%) T [1.233]
ES

+ cos (%) sin (?) ?} sin (wot) e”

E: 2 a2 'uOH+ (0) 111(7T

The higher the quality factor, the closer the damping term 6_% isto 1.

1.5.2. Cylindrical resonant cavity

By closing the cylindrical waveguide with circular walls at z = 0 and z = I,
a standing wave is established inside. By superimposing two traveling waves of the
same frequency propagating in opposite directions along =0z, we obtain for the TM
mode:

o Pk aJ, (Pmrﬂ“) otime (E;rmeikzz _E;me—ikzz> e—iwt]
a

R
Pmn 9
ELP R m;( - Q Jm (pmnr) eiimcp (E;;neikzz _ E;Lne—ikzz) e—iwt:|
Pmn™ a
Ez =R Jm (Yb ) +ime (E’;;’:LTL ik, z +Emne |kzz) e |wt] [] 234]
H, = R imc;za €0 g (Pmn,T) +ime (E;an ik, 2 +Emn |kzz) efiwt
pmn a
HLP — R lwaeg J,:n (PmnT) ej:imgo (E;Ir»Lneikzz + E;lnefikzz) eiwt:|
Pmn a

H,=0

For E,. and E,, to be canceled on the new boundaries, we must have E,,,, = E
and k, 7 Where p is an integer. It therefore follows that:

_ 2k a ., (PmnT oEime gt )
E.=—J, |— E; . sin (k. z) cos (Wmnpt)

Prmn a
2imk, mn i .
E, = m; o’ Im (p T) etme Bt sin (k. 2) cos (Wimnpt)
p ﬁlr r a

_ mn +imep o+

E.=2J, o ) E . cos (k;2) cos (Wmnpt) [1.235]

memnpa €0

H, = Im (pmnr) eiim“"E;fm cos (kz) €os (Wmnpt)
pmn a
2 mn mn i .
H, = Ymnpdco J (p T) etme Bt cos (k,2) sin (Wmnpt)
Pmn a
H,=0
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Repeating the same procedure for the TE mode, we find the following:

2 2 / .
E =7 mwnénpa Ho I, (pn;nr) eilmgaH;-ln sin (kZZ) sin (wmnpt)
mn
2 / :
E, = w”;/"pauo J), Pngﬂ") ei'm"”H;Qn sin (kzz) cos (Wmnpt)
mn
E, =
2k / ;
= (pm 5 cos (K,2) Sin (@onpt) [1:236]
mn
2mk.a? / .
H, = 22, (p”;"’”) £ Y cos (ke2) c08 (Wnnpt)

H, =2J, me”r> eEmeH Y sin (k. 2) sin (Whnpt)
a

We clearly see that H,, I, and E, vanish at z = 0 and z = [. In both cases, the
frequencies are quantized as follows:

pW)Q

2
P
Wmnp = C %‘f’(l

[1.237]

EXAMPLE 1.5. TMy19p MODE.— In the TMy;o mode, the fields are expressed as
follows:

%
E = 2Eq,Jo POITY cos (wot) k
[1.238]
H-= 27, Ef o (M) sin (wot) €,
a

where wo = £ is the natural frequency of the mode and Zo = | / £2.

a
1) Now using the boundary conditions for a metal-vacuum interface, we give the

expressions for the surface charge density o and the surface current density ? on the
walls of the cavity. The surface charge density on the lateral surface of the cylinder
is zero for this mode, since the electric field is collinear with the Oz axis. On the flat
walls of the cylinder (at z = 0 and z = [), the discontinuity of the normal component
of the electric field requires that:

Po1T

Q

z2=0)=¢eoFE:|,_o+ = 2e0Eq1Jo ) cos (wot)

[1.239]
o(z=1)=—¢eoE.|,_,- = —2e0Eq, o (%) cos (wot)
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Note that the total charge sums to zero (the system is thus electrically neutral). For
the calculation of the surface current density 2 all walls carry the currents:

K (r =— ? « H = —QZalJé (po1) Egy sin (wot) 4
R(z=0)= '0017”) Ef; sin (wot)) €, [1.240]
K(z=1) = ozl (%) EZy sin (wot)) €,

2) Let us calculate the electromagnetic energy stored in the cavity for this
fundamental mode TM¢:

a 2m l
1
Wem = / / / B (EOEQ + H0ﬁ2> rdrdpdz
r=0 J =0 J2z=0
= 47TEOZE31 |:C082 (th>/ Jg (M) TdT + Sin2 (wot) / JI(Q) (pOlr) TdT:|
0 0

a a
2

a pPo1 Po1 9
= dmeglEf — [cos2 (wot) / JZ (x) xdzx + sin? (wot) / J'o () xdx}
0 0

Po1
[1.241]
Since:
pPo1 po1 2
/ xJE (z)dx = / 2]y (z)de =1 [1.242]
0 0
(to be verified by integration by parts), we deduce that:
2 2 I _ +2
Wem = ma“l X 4EOE01 X S5 = €1E01 [1243]
Po1
where:
9, I
51 = 47’('5()@ ZT [1244]
Po1

3) In the case of a real conductor, the instantaneous power dissipated by the Joule

effect in each surface element dS of the wall is equal to dPy = % 2dS. At the level

of the lateral wall, the dissipated power is equal to:

2 R>2 - Sral B2
Pl _. / / R =a) gz — 7;‘277%1%2 (po1)sin? (wot)  [1.245]
07Ve
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Similarly, the powers dissipated by the two flat surfaces are equal, respectively, to:

2 22 z—O 8rE+?2 r
Py, = rdrdp = 01'2t/J(p‘“)d
al.—o / / rde Zg'yccs sin® (wot) ; . rdr

smszO*f o
= ————— sin” (wpt)
Z§7:6p3
sra’lE)? . ,
Py, = ST (wot) [1.246]

4) The powers dissipated (averaged over a period) are:

8ral B2 Aral EF?

01 /2 -2 01 772 2
(Pa)r=a = WJ(/) (po1) (sin” (wot)) = Zg 6 J§ (po1) = &2 Eqy
4raIEf2
Pp)oeo = (Pg) ey = —— L — ¢ EF? [1.247]
< d> 0 < d> l Zg,hépgl 34801
where:
4ral
J
&= 727870 (po1)
dra?l
= 1.248
63 Zg’yc(Sp%l [ ]

Thus, the power (averaged over a period) dissipated by the entire cavity is equal
to:

(Padiotal = (Padr=a + (Pa)s=o + (Pa)omt = (&2 + 263) By’ [1.249]
5) The quality factor of the cylindrical cavity for this mode is given by:

_ woWem _  wols _ 1 Zyv:6 [1.250]
<Pd>total §2+ 283 lp%l Jo (po1) + 2al .

6) The variation in electromagnetic energy is mainly due to the dissipation of
energy through the walls:

dWem
dt

dEY & 42
= ~(Pajoral = — " =~ 22& S B [1.251]
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Therefore, we obtain:

_ (go+2€3)t wqt
2€1

Efi(t)=Ef (0)e 2 =Ef; (0)e 2@ [1.252]

Also, in this case, we see that the electric and magnetic fields [1.239] no longer
vary purely oscillatory over time but decrease exponentially:

E = 2E} (0) (%) cos (wot) e~ K

iy [1.253]
B = 2271 E5 (0) Jo (P27 sin (wot) 3 €,








