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Chapter 1

Mathematical Preliminaries

1.1. Notation and definitions

Sets of natural, integer real and complex numbers are denoted, respectively, by N,
Z,Rand C; Ny = NU {0}, Ry = [0, 00).

Let Q be an arbitrary subset of R. We denote by C(2) the set of continuous
functions on €2 such that

[fllcye) = sup [f(2)] < oc.
e

It is well known that C},(2) is a Banach space. If €2 is open, then we consider
compact subsets of 2, K CC (2, continuous functions f on {2 and the semi-norms

[fllx = sup [f(x)].
reK

We can take a sequence of compact sets K; C Ky C,..., so that U2 K; =
Q. Then, the sequence of semi-norms defines the Fréchet topology on C (2) . This
topology does not depend on a sequence { K}, y , with the given property. If K is
compact, then C' (K) always denotes the set of continuous functions on K with the
sup-norm over K.
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Let €2 be open in R™. Then, we consider C*(Q2) C C(£): the space of functions
having all the derivatives, up to order & € Ny, continuous. The Fréchet topology is
defined by the semi-norms

Iflle.x = sup lFD(2), KccQ, |i|=i1+...+in. [1.1]
TEK,
li|<k

The same topology is obtained if we again take, for compact sets in [1.1], a
sequence of compact sets K1 C Ky C ..., sothat U2 K; = Q.

If K is compact, we use the notation C* () for the Banach space of functions with
all derivatives continuous up to order k, with the norm [1.1]. In the case k£ = 0, we use
the notation C%(Q) = C(Q2) and C°(R) = C(R). If k = oo, then we call C*° (Q) the
space of smooth functions. It is the Fréchet space with the sequence of semi-norms
I fllpx,, Kp C Kpr1, Ky CC Q,p € N, U2 K, = Q. Tts subspace Cg° (R)
consists of compactly supported smooth functions, that is of the smooth functions
equal to zero outside the compact sets.

Analytic functions on (a,b) C R are smooth functions on (a,b), so that their
Taylor series converges in any point ag of (a,b) on a suitable interval around ag. A
space A ((a, b)) of such functions is a Fréchet space under the convergence structure
from C* ((a,b)) .

BV, (Ry) denotes the space of functions f of locally bounded variations on
R . This means: for every interval [a,b] C R, there exists a constant M such that
St ol f (tig1) — f ()| < M for every finite choice of points ty = a, ..., ¢, = b.

L?((a,b)) = LP([a,b]), p > 1, is the space of measurable functions for which

1

(f; |f(x)|pdx> < 0. We shorten the notation and use the symbol LP(a,b). In
L?(a,b), p > 1, the norm is defined as

1l = (/( )

s

1
P

/() |de>

In L*>(a,b), we have || f|lcc = vraisup,e ) [f(2)]-

More precisely, above we consider spaces of Lebesgue measurable functions on a
Lebesgue measurable set A C R™ (above A = (a, b)) and identify them through the
equivalence relation: f ~ g over A if f(z) = g(x), z € A\ N where N is of zero
Lebesgue measure. This relation determines the classes [f], ..., and in the following,
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we put f for [f]. In this sense, when f ~ g, we say that these functions are equal
almost everywhere on A (f = ¢ almost everywhere (a.e.) on A) and we just identify
f and g. So, the notation above vraisup,c (4 .f (), for a measurable function
bounded almost everywhere on (a,b), means: supremum up to a set of points in
(a,b) with the zero measure. In the sequel, we will consider equality almost
everywhere, as well as the integration in the sense of Lebesgue.
L} .(a,b) = L}, .((a,b)), a,b € R™, a < b, is the space of measurable functions f
on (a,b) € R™ such that for every compact set K C (a,b), there holds
Ji | f(@)|dz < co. Itis clear that L, ([a,b)) # Li,.(a,b).

loc loc

If p and ¢ are real numbers such that p, ¢ > 1 and % + é =1(forp=1, q=00),
and if f € LP(a,b), g € L%(a,b), then fg € L'(a,b) and

/( )If(z)g(x)\dm < [f1lpllgllp- [Holder inequality]
a,b

A real-valued function f defined on [a,b] C R is said to be absolutely continuous
on [a, b], if for given € > 0, there is a § > 0 such that

Do) = flal <e

for every finite collection {(}, z;) };en of non-overlapping intervals with

n
Z |2 — ;| < 6.
i=1

The space of absolutely continuous functions is denoted by
AC ([a,b]) = AC*([a,b]). There holds C ([a,b]) C AC ([a,b]). Moreover,
f € AC([a,b]), if and only if there exists an integrable function ¢ over [a,b] such
that

f(x)=c+ /mg(t)dt7 g=f" ae.onla,bl.

AC™([a,b]), n € N, n > 2, is the space of functions f, which have continuous
derivatives up to the order n 1 on [a,b] and f(»~1) € AC([a,b]). Notation
ACT . ([0, 00)) means that the function f € AC™([0, b)), for every b > 0.

loc
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A function f on [a, b] is Holder continuous at zy € [a, ] if there exist A > 0 and
A > 0, such that

|f (@) — f (w0)| < Alz — 2o

in a neighborhood of xy. Holder-type spaces on an interval [a,b] are defined as
subspaces of integrable functions on this interval with the following properties:

~HN = HN[a,b]) = {f | [f(21) = fla2)] < Aler— a2, 21,20 €
[a,b]}, A€ (0,1];

- H =H([a,b]) = Up<r<1H([a, b]);
Y = ’H*([a,bD — {f | f(x) = (x_a)17f:1((:2)_$)1752, x e (a,b), €1,€2 > 0,
f* € HM(a.b]), A€ (0.1]};

~Hj(er,e2) = {f € H* [ f*(0) = f*(b) = O}

_ A )
=M = Uaca<t, er,ea>0H( (€1, €2);

- = hM[a, b)) = {f | Lz 0, 2y — xl}; h* C HA.

[x1—a2]?

1.2. Laplace transform of a function

Let f € L} .(R) and f(t) = 0, ¢t € (—o0,0). The Laplace transform of f is
defined by

A
LU ®B)(s) = f(s) = lim / F(testdt, [1.2)
A—o0 [y

for those complex numbers s for which this limit exists. It is well known that the
existence of the limit in [1.2] at s = s implies the existence of this limit for any s € C
with the property Re s > Re sg. We can consider the integral fooo |f(t)le"tResdt. If
it is finite (we say an integral exists, or converges) for s = s, then f is called an
absolutely convergent Laplace transformable function. In this case

LIF(®)](s) = / ¥ petar

is absolutely convergent for any s € C such that Re s > Re s3.



Mathematical Preliminaries 7

The number a, = inf{Re sy € R} representing the infimum of those sy € C for
which the Laplace transform is defined is called the abscissa of existence. The abscissa
of absolute convergence a,, is defined in the same way. We have a, > a..

It is clear that f (s) exists (absolutely exists) for every s € C, Res > a. (s € C,
Res > ag). It is an analytic function in the half-plane Res > a., since, by partial
integration, it can be represented as an absolutely convergent Laplace transform.

In the following, we consider the following class of Laplace transformable
functions. Function f € L}, ([0,00)) is called exponentially bounded if there exist
constant C' = Cy > 0,7 =7y € Rand ¢ = ¢; > 0 such that

()] < Ce™, t>c. [1.3]

We denote by L¢P ([0, 00)) the space of such functions. The growth order r is
greater or equal than the abscissa of absolute convergence, r > a,.

The Laplace transform is a linear operation on the space of exponentially bounded
functions. If a function and its derivatives on [0, c0) up to order k are of exponential
growth, then

r [fae) (t)} (s) = s"f(s) — "1 f(0) —... = fF71(0), Res>c,

for suitable ¢ > 0. Let us mention several useful properties of the Laplace transform,
based on appropriate assumptions and on corresponding domains

L] () = Fl—a). i@l =47 (2).
LEFOIE) = (D), LI (09 (0] () = Fo)as),
where the convolution of two locally integrable functions on [0, o) is defined by

PO = [ -y, 120

The inverse Laplace transform is defined by

Ft) =L []E(s)} () = —— 1im /Hiq F(s)estds, >0,

27t g=o0 f,_ i

where p > r (see [1.3]).

1.3. Spaces of distributions

The reader of this book has to have a knowledge of the theory of the generalized
functions; here we call them distributions, as they are commonly known. This theory
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is a powerful tool used in mathematical theory and applications. Apart from books
that discuss the basic theory, for example [SCH 51, VLA 73], there are a number of
application-oriented textbooks such as [DUI 10].

We refer to [SCHS51, VLA 73] for the material of this section. By

D(R™) = Cg° (R™) and S(R™), the well-known Schwartz spaces are denoted.
Norms in the space D (R™) of smooth functions supported by K are

prm(e) = sup  [p\®(z)], m e N,
zEK,|a|<m

while in S(R"™) are

m(p) = sup  (L+[z))"[¢ ()], m e No.
z€R,|a|<m

Then, D(R) is the inductive limit

D(R) = indlimDg,

K, CCR

where K,,, n € N, is an increasing sequence of compact sets so that U, K;, = R.
The corresponding duals, spaces of continuous linear functionals, D’(R™) and its
subspace S’(R™), with the strong topologies, are the space of distributions and the
space of tempered distributions. The space of compactly supported distributions is
denoted by £’(R™). It is the dual space for the Fréchet space see section 1.1.
Operations of multiplication and differentiation in D’(R) are defined in a usual

way

(af.0) = (fa0), (f®, o) =(1)Ff,e™), aeC®R), ¢ € DR), keN.

Note a (z) 0 (x — x0) = a (xo) d (x — z¢) , where ¢ is the Dirac distribution,

(0 (z —20),¢(2)) =¥ (x0), »€DR).
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We note that D’ = D’ (R) contains regular elements defined by f € Lj,. (R);
they are denoted by f,., and defined by

Freg @ (Fregr0) = / f@)p(x)dz, €D R).

We can see that ¢,, — 0in D implies (frcq, ¢,,) — 0, n — o0.

Polynomially bounded and locally integrable functions on R define, in the same
way, regular tempered distributions. We will usually denote, by the same symbol f,
a function and a corresponding distribution f,.. . Only if we want to explain in detail
the relation between them do we use the symbol f.,.

The Fourier transform of a function ¢ € S (S = S (R)) is defined by

Flo@l(©) =46 = [ ela)ede, ¢er,
The Fourier transform is an isomorphism on S. If f € &’ (S’ = &’ (R)), then

<~7:[f]790>:<f’f[90]>7 peSs,

defines the Fourier transform of a tempered distribution. The Fourier transform is an
isomorphism on &’. The inverse Fourier transform of ¢ € S is defined by

¢ @)= F POl @) = 5= [ w(@)ede, aeR

If p, 1 € S, their convolution is defined by
p@ i) = [ - Qv aeR
R

If supp ¢, supp ¢ € [0, 00) , which means that ¢ = ) = 0 on (—00,0), then

gp(t)*q/z(t):/o pt—7)Y(r)dr, t>0 and ¢ (t)*x¥ (t) =0, ¢t <O.
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We know

Flo@) v @) €) =0 @E)*9 (), pv €S
and, as a consequence,
Flf@xg@](©=F,(©=g(), f.ges’

Sobolev space W*P(R), p € [1,00], k € Ny, is defined as the space of LP-
functions f with the property that all the distributional derivatives of f up to order k
are elements of LP(R). It is a Banach space with the norm

P
1l = 3 [
=0

e

Clearly, WFP(R) C S'(R).

Drr, 1 < p < oo is a space of smooth functions with all derivatives belonging

to LP. Note Dr» C Drq if p < q. B is a subspace of Dy~ = B, defined as follows:
@ € Bif and only if [o(®) (z)| — 0 as |z| — oo for every o € Np.

D'rr, 1 < p < oo is the dual space of Dra, 1 < ¢ < oo, =1. D'p.is

the dual of B and D'~ is denoted by 55’ (see [SCH 51)).

1
o

=

S, denotes a subspace of tempered distributions consisting of distributions with
supports in [0, 00). Note that S', is a convolution algebra.

The following structural theorem holds: f € &’ if and only if there exists a

continuous function F' on R such that F'(z) = 0, x < 0, |F(x)| < C(1 + |z|)* for
some C' > 0, k > 0 and there exists p € Ny such that

f(z)=FP(z), z R, [1.4]

where the derivative is taken in the sense of distributions.

Let f € S',. Its Laplace transform is defined by

LIfFB](s) = f(s) = (f(t),e™*") = s"L[F (1)) (), Res >0, [1.5]
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where we assume that f is of the form [1.4]. Clearly, f(s) is a holomorphic function
for Res > 0. We will often consider equations, with solutions « determining the
tempered distributions, by the use of the Laplace transform. If we assume that w is of
exponential growth, then we have @ (s), Re s > s, for some sg > 0.

We consider the family {f. }oner € S/ (see [VLA 84])

t(x—l

L—H(t), teR, a>0,
falty=4 "% [1.6]
%fmrm(t), a<0, a+m>0, meN,

where the mth derivative is understood in the distributional sense. Family { fa}aeR €
S’ is defined by f,(t) = fo(—t). The Heaviside function is defined as

0, t<0,
(1) = 1, t>0

Operators f,* and fo* are convolution operators
fa*,fa* : Sg_ — Sf,_ and fa* R S
The semi-group property holds for f,

Jax* fs= f(x-&-ﬁv a,feR.

The Laplace transform of f,, is

LUalt)] = 5 F(5), Res >0

EXAMPLE 1.1.— Let f be an absolutely continuous function on [0, 00) so that f(01) =
p # 0. Assume that f and f’ have the (classical) Laplace transform (denoted by £L..) in
the domain Re A > Ag > 0. Put fy.¢,, and (f'), ., , for the corresponding distributions.
Note that f.., = fH, with symbol L for [1.5]. We have

Ly [(f’)reg(t)] (s) = Lalf' @) H®)(s)=Lal(f () H ()] (5)
—L4[f(0)0 ()] (5)
= 8La[freg (V)] (s) = f(0),
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where
La[(F)reg ] (5) = £a[(f (1) H (0)1(5) = 5La ey (D] (5), Res > X,
while in the classical case,

Le[f (0] (s) = Le[f )] (s) = f(0), Res> Ao

EXAMPLE 1.2.— Let u(x,t), © € R™ ¢ > 0, be a classical solution of the wave
equation

02 02
@U(Z’t) - ﬁu(xvt) = f(xvt)a
u(z,0) = up(x), au(x,()) = vp(z),

that is the second derivative above are locally integrable functions on [0, 00) x R™,
equal to zero for t < 0, wug,vo are locally integrable functions on R™ and
f € L},.([0,00) x R™) so that it has the classical Laplace transform with respect to ¢
in the domain Re s > 0.

Writing

Ureg (2,t) = u(z,t) H(t), and freq (x,t) = f(z,t) H(t)

for the corresponding distributions, we rewrite the wave equation in the space of
distributions as

2 2
H(t)%u(w, t) — H(t)%u(x, t)=H(t)f(z,t),
02 y 02
O (H(tpu(r 1)) — 5(0) e 1) — 8/ (e, 1) — < (H{t)u(a, 1)
= H(t)f(x,1),
ok 0?
O e (1) = 5(1)00(x) — 8 ()0 ) — 2 sttreg (1) = freg 1),
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where the last equation is written in the space of distributions. So with the application
of the distributional Laplace transform with respect to ¢, for Re s > 0, we have

_ 0? -
§%iyeg (7, 8) — vo(z) — sug(z) — @umg(aj, 8) = freg(x, s).

The space IC(R) is the space of smooth functions ¢ with the property

el < oo, m € Ng. [1.7]

w6
zeR,a<m
The space K'(R) is the dual of X(R) and elements of K'(R) are of the form f =
> o 3, where @, are continuous functions with the property |y ()| < Cekoltl,
a < r, t € R,forsome C > 0,r € Ny and some kg € No. K/, (R) = K,
is a subspace of K'(R) consisting of elements supported by [0, c0) (see [ABD 99,
HAS 61]). Its elements are of the form

f(x) = (@(x)ek;c)(p)’ z € R, [1.8]

where ® is a continuous bounded function such that ®(¢) = 0, ¢ < 0. Note that S
and S, are subspaces of K'(R) and K/, , respectively. The construction implies that
elements of IC'+ have the Laplace transform, that is if f is of the form [1.8], then its

Laplace transform f is an analytic function in the domain Re s > k.

The Lizorkin space of test functions @ is introduced so that Riesz
integro-differentiation (and therefore symmetrized fractional derivative) is well
defined (see [SAM 93]). Let

U={y|yeSM), vP0)=0, j=01,2..},

and consider the space ® consisting of the Fourier transforms of functions in U, i.e.
® = F[¥]. Then, ¢ consists of those functions ¢ € S(R) that are orthogonal to
polynomials

/ a*p(x)dz =0, ke No.
R

The space U’ and the space of Lizorkin generalized functions ®’ are dual spaces
of W and @, respectively. Recall, for f € @', we have
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Let f € C°°(R\ {0}) be such that it has all the derivatives bounded by the
polynomials in R \ {0}. Then, product f - u is defined by

(f - u, )y = (u, f - ), eV,

1.4. Fundamental solution

Let P be a linear partial integro-differential operator with constant coefficients. A
fundamental solution of P, denoted by F, is a distributional solution to the equation
Pu = §. Once the fundamental solution is determined, we find a solution to Pu = f
as u = E x f, if this convolution exits.

The Cauchy problem for the second-order linear partial integro-differential
operator with constant coefficients P is given by

Pu(z,t) = f(x,t), 2 €R, t >0, [1.9]
u(z,0) = wup(z), %u(x,O) = vo(x), [1.10]

where f is continuous for ¢t > 0, ug € C*(R) and vy € C(R). A classical solution
u(x,t) to the Cauchy problem [1.9], [1.10] is of class C2 for ¢ > 0 and of class C"*
for t > 0, satisfies equation [1.9] for ¢ > 0, and initial conditions [1.10] when ¢ — 0.
If functions v and f are continued by zero for ¢ < 0, then the following equation is
satisfied in D’(R?):

Pu(z,t) = f(z,t) +uo(x)d (t) + vo(x)d(t). [1.11]

The explanation is given in example 1.2 in the case of the wave equation. The
problem of finding generalized solutions (in D’(R?)) of equation [1.11] that vanish
for ¢ < 0 will be called the generalized Cauchy problem for the operator P. If there
is a fundamental solution F of the operator P and if f € D’(R?) vanishes for ¢ < 0,
then there exists a unique solution to the corresponding generalized Cauchy problem
and is given by

u(z,t) = B(w,t) = (f(x,t) + uo(2)d' (t) + vo(2)d(t)),

if the convolution E'x f exits. We refer to [DAU 00, TRE 75, VLA 84] for more details.
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1.5. Some special functions

The Euler gamma function is defined by
I'(z) = / t*"le~tdt, Rez > 0.
0

The gamma function can also be represented by

I(z) = Ii nin” Rez >0
z)= lim —7——, Rez > 0.
n— 00 Hk:O (Z —+ k)

It satisfies I (= + 1) = 2I"(z), Rez > 0. By the analytic continuation, we have
that I' (2), 2 # —n, n € Ny, is an analytic function. Gamma function has simple
poles at z = n, n € Ny. Having I' (1) = 1, we obtain " (n + 1) = n!, n € N. We
refer to [POD 99] for the properties of the gamma function.

We refer to [GOR 97b, MAI 00] for the theory of Mittag-Leffler functions
presented in this section. The one-parameter Mittag-Leffler function is defined by

Ea(z)=S — . 112
o (2) kzzor(akﬂ), z€C,a>0 [1.12]

The one-parameter Mittag-Leffler function is an entire function of order p = é
and type 1. In some special cases of «, the one-parameter Mittag-Leffler function
becomes

Es (22) =coshz, F, (722) =cosz, z€C,

Ei (£Vz) =€ (14 erf (£v7)), 2 €C,

1
2

witherf z = 2 [ " du being the error function.

The asymptotics of [1.12] are as follows:

E,(z) = leﬁ—ii |z] = o0 |argz|<% a€(0,2)
a P r(1—ak)’ ’ 2’ T

e k

z- (e %y [e%y
E,(2) = 7/;1"(1—0%‘)’ |z] — oo, argz€<?,2ﬂ'77),a6(0,2),

|z| = o0, argz € (—m,7),
_ i 27k o> 2,
—~TI(1- ak)’ m €N, arg (z + 27mm)

" €(—%.%).

2wim

E,(z) = lz:e'lze “

o
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The two-parameter Mittag-Leffler function is defined by

o0 k
z
E =N .
.8 (%) kZ:OF(a“ﬁ), 2€C,a>0, B€C

It is an entire function of order p = % and type 1. In some special cases of o and

(3, it becomes

e —1 sinh /z
ELQ (Z) = s EQ,Q (Z) = \/gf, z € (C

z

We define one- and two-parameter Mittag-Leffler-type functions, respectively, by
ea (t,\) = Eq (=A%) and eq s (t,\) =P 1E, 5 (=A%), t >0, A € C.

In applications, we will often omit the parameter \. According to [MAI 00], if o €
(0,1) and A > 0, we have e, € C*°((0,00)) N C([0,00)) and e, € C>((0,00)) N

L}, .([0,00)). Also, e, is a completely monotonic function, i.e. (—1)’“%%(1&) > 0.

The Laplace transforms of e, and e, g are

sa! S
L [ea (tv )‘)] (S) = L [eaﬁ (t, )‘)} (8) = m» Res > W7

S

respectively.

Functions e, and e, g admit integral representations given by

1 [ Mgt si
altn) = L [T A SMOT gy, 120, ae (0.),
T Jo q** +2Xg*cos (am) + A

A >0,

1 0o : _ a o
eop (L)) = 7/0 Asin ((B—a)m) +¢ Sm(ﬂﬂ)qa_ﬁe_qtdq,

@2 4 20q® cos (am) + A?
t>0,0<a<f<1, A>0.

™



Chapter 2

Basic Definitions and Properties of Fractional
Integrals and Derivatives

2.1. Definitions of fractional integrals and derivatives

In this section, we review some basic properties of fractional integrals and
derivatives, which we will need later in the analysis of concrete problems. This
section contains results from various books and papers [ALM 12, ATA 14a, ATA 13a,
ATA 07a, ATA 09b, ATA 09d, ATA 08b, BUT 00, CAN 87, CAP 67, CAP 71b,
DIE 10, HER 11, KIL 04, KIL 06, KIR 94, NAH 03, ODI 07, POO 12a, POO 12b,
POO 13, ROS 93, SAM 95, SAM 93, TAR 06, TRU 99, UCH 08, WES 03].

2.1.1. Riemann—Liouville fractional integrals and derivatives

There are many possible generalizations of the notion of a derivative of a function
that would lead to the answer of the question: what is dd?y (z) when n is any real
number? We start from the Cauchy formula for an n-fold primitive of a function f
given as

n 1 ¢ n—1
JPf () = ] / (t—r7) f(r)dr, te€a,b], neN, [2.1]

(n—

where it is assumed that f (¢) = 0, for ¢t < a. Note that (n — 1)! =T"(n) , where I is
the Euler gamma function (see section 1.5).
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DEFINITION 2.1.— The left Riemann—Liouville fractional integral of order o € C is
Sformally given by

JYf () = ﬁ /t (t—7) """ f(r)dr, tela,b], Rea>0. [2.2]

In the special case of positive real a (« € Ry) and f € L' (a,b), the integral
o1& f exists for almost all ¢ € [a,b] . Also, ,1¢f € L (a,b) (see [DIE 10, p. 13]). For
a = 0, we define ,17f = f. This definition is motivated by the following reasoning.
Suppose that f € C! ([a,b]) . Then, after integration by parts, from [2.2], we have

(t—a)” 1

—f(a t — ) fO(r)dr
f S @+ [ - Y (e

i f () = TatD

so that

t
i 57 () = £ (a) + / FO (rydr = £ (1)

DEFINITION 2.2.— The right Riemann—Liouville fractional integral of order o € C is
formally given by

b
J9F (1) = ﬁ/t (r =81 f(r)dr, t€ab], Rea > 0. 23]

The existence is the same as in the case of the left Riemann—Liouville fractional
integral given above.

In the special case when f (t) = (t —a)’ land g (t) = (b—t)P~1, t € [a,}],
«, B € C, we have

I

JO(—a)ft = TS (t—a)’** " Rea >0, ReS >0,
_ I'(B) -
ap -1 _ _ \Bta—1
J(b—1t) TG+ a) (b—1) , Rea>0, Reg > 0.

Operators I and (I with Rea > 0 are bounded operators from L?(a,b) into
LP?(a,b), p > 1. The following estimates hold:

Re

o (b—a)*e o (b—a)Re
v < Te=7 NI -~ vl v < T/ N = v
I fll 2o (ap) < |F(a)|Rea”f”L @by elp fllzeop < |F(a)|Rea”fHL (a,b)

[2.4]
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see [SAM 93, p.48]. If v« € (0,1)and 1 < p < é, then the operators (If* and (I} are

bounded from L? (a,b) into L (a, b) for ¢ = 1_pap (see [SAM 93, p. 66]).
Introducing the function
w—(t—a)*"l t>a,
falty=4 " Rea > 0, [2.5]
0, t < a,

we conclude that the integral [2.2] may be written in the form of convolution as

0y (0) = o (1) +y (1) = / fo (t = 7Yy (7) dr. 2.6]

REMARK 2.1.— Expression [2.6] may be used to define the generalized fractional
integral with the different choice of f,. For example, in [KIL 04], various
generalizations of the fractional integral were presented, including the generalization
that uses the two-parameter Mittag-Leffler function

K f () = ﬁto‘_lEp,a (@)« (1), weR.

The fractional integral of purely imaginary order is defined as

1 d

. d : ! i
JPy () = T (aItHley (t) = m&/ (t —7)°y(r)dr, [2.7]

with 6 # 0.

The asymptotic behavior of the left Riemann—Liouville fractional integral may be
characterized as follows.

PROPOSITION 2.1.— [UCH 08, p. 165] Suppose that f € Lj,, ([0,00)) is an analytic
function in (0, c0). Then
I F (6) ~ oI £ (8) + 2T (a+ sin(am) £ (0) £ ~ oL7 £ (1), as ¢ = oc.

[2.8]

If ,I¢ f is used to model a hereditary process, then a physical meaning of [2.8] is
that for large times, the importance of the initial state of the system is small.
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DEFINITION 2.3.— The left and right Riemann—Liouville fractional derivatives D¢ f
and Dy’ f of the order o € C, Reav > 0, n — 1 < Rea < n, n € N, with the
appropriate assumptions on f (see below), are defined as

DI = 3 (7 0) = oy | (t_f§)+d L€ (ab),
DEL0) = U g (T 0) = (0 e e [

te(ab). [2.9]

If f e AC™([a,b]) andn —1 < Rea < n,n € N, then ,D¢ f and ;Dj" f exist
almost everywhere on [a, b] and

wpn M) _a 1 S ARICH)
DPf(t) = kgom(t—a)k +P(n—a)/a (t —rya—nti’

[2.10]

P e A0 N G ) Y A A (5
DEF() = SV s =0 s [ ar

prs (1+k—a) I'n—a« T —t)entl o

[2.11]

see [KIL 06, p. 73]. From the definitions, it follows that in the special case when
fO)=@t—a)lf"t t>a,and f(t) = (b—t)’~1 ¢t <b, B € C, wehave

a2t _q -1 _ F(ﬁ) —a B—a—1 an
aDt (t ) F(ﬂ _ Oé) (t ) d
a -1 F(ﬂ) —a—1
Db -1t = TG —a) (b—1t)° . [2.12]

Again, from [2.12], for constant function f = C, we have

C c

DO( — _ —x Doz —
D C 71"(1—04)(75 a) and DyC
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Also, ;DYf(t) = 0 and \Dg(t) = 0,n —1 < Rea < n, if and only if,
respectively,

F#)=> er(t—a)** and g(t) = di(b—t)*F, [2.13]
k=1 k=1
where ¢ and d, k = 1,...,n, are arbitrary constants. Thus, functions f and g in

[2.13] play the role of constants for the left and right Riemann—Liouville fractional
derivatives, respectively.

Leta =k+~, k€ Ny, v €[0,1). Then, (D and ,Df" may be written as

wppy - Lo At g
()th(t) = F(l—’y)dtk+1/() (t—T)PYdT’ t >0,
aply — Ldt ot f)
DYf(t) = (4)’6“F<1 —j /t o t)vdT, t<b.

Sometimes, in short, it is written ,D§* f = f (@),

Let o € [0,1). Then, for ¢t > @ and ¢ < b, we have

o B 1 d [ f(n)
JDEf(E) = F(l—a)dt/a (t—T)o‘dT and
b
Dpft) = _F(ll_a)%/t (Tf—(Tt))adT' [2.14]

In the case when « is purely imaginary, i.e. a = i, the left Riemann—Liouville
fractional derivative is defined as

i _ 1 d [* J(7)
aDtgf (t) = ma/a mdﬂ t > a.

Consider the problem of determining lim,, ,1- ,D{ f. Then, we have the following
proposition.

PROPOSITION 2.2.— [NAH 03, p. 174] Suppose that f € C'([0,T]). Then,
limg - DY f = f(l)-
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We put i—ﬂ; (-) = D" (+) . The index rule holds for the integer-order integrals and
derivatives

(GI? aI;n) / (t) = (aI;n al?) / (t) = aI;H_mf (t) , n,m € Ny,
(D"D™) f (t) = (D™D™) f (t) = D™ f (t), n,m € Ny. [2.15]

The semi-group property [2.15]; holds for fractional integrals only.

PROPOSITION 2.3.— [DIE 10, p. 14] The fractional integral ,I* as a mapping from
L' (a,b) — L'(a,b) forms a commutative semi-group with respect to orders of
integrals. The identity operator ,1? is the neutral element. Thus, if Re r, Re 8 > 0

(ol o) £ (1) = (o7 ol2) £ () = 1771 (1)
(15 1) r ) = (1 08) F ) =17 0),

holds for almost all ¢ € [a,b] (almost everywhere (a.e.) in [a,b]) if f € LP(a,b),
1<p<oc

Also, it can be shown that for Rea > 0, f € LP(a,b), 1 < p < oo, the
composition of fractional derivatives and fractional integrals holds, for almost all
t € (a,b) (see [SAM 93, p. 44]),

(D oIf) f(t) = f(t), and Dy I5) f(t) = F (1),

showing that D¢, ;Dj’ are the left inverses of ,If¥, (I}, respectively. However by
applying ,D¢ and ;D{" to the right of ,If and I, we have different situation. To
examine the resulting relations, we define the following spaces:

oLy (L) {f1f=d%, ¢ €LP(a,b)} and
Jy(LP) = {glg=j¢, € LP(a,b)}. [2.16]

PROPOSITION 2.4.— [KIL 06, p. 74] Let Reaw > 0, n — 1 < Rea < n. Then, the
following holds:

)If f € I (LP), 1 < p < 00, then

(I8 DY) f () = f(t), ae.,in [a,b]. [2.17]
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i) If f € L (a,b), 1}~ f € AC™ ([a,b]), then

n 04 J dn—j
(alf D7) f Z T(a—j+1) {dtﬂj ("I?af)] [2:18]

j=1 t=a

holds for almost all ¢ € [a, b] .

We state the results about the index rule for the fractional derivatives.

PROPOSITION 2.5.— [KIL 06, p. 75] Let a, B > 0,n—1 <a<n,m—-1<<m
and a + B < n. Let f € L' (a,b) and ,I]*"*f € AC™ ([a, b]) . Then, the following
index rule holds:

(D2 D) £ ) = D75 1) ﬁfrf;fj_ LDirw] . te o,

There are special cases when the index rule holds (see [KIL 06, p. 74]).
The composition rule for the left Riemann-Liouville derivative and the right
Riemann—Liouville integral takes a rather complicated form (see [NAH 03, p. 22]).

Suppose that f is Holder continuous in [a,b] and f € L' (a,b) . Then, for € (0, 1),
we have

(oD +13) f (¢) = f (t) cos (am) + Sy f (t) cos(am), ae.in [a,b],

where

1 b
suf) = [

The integral in [2.20] should be taken as a Cauchy principal value.

u—a

i (u) du.

u—t

[2.20]

t—a

In the variational problems, important result is integration by parts formula. We
state it as follows.

PROPOSITION 2.6.— [SKM, pp. 46 and 67]
i) Suppose 0 < a < 1, f € L? (a,b), g € L (a,b). Then

b
/f (Lo @)d = [ (135 @) g (o) dt 2211

f0rp21,q21and%+%§1+oz.
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ii) Suppose 0 < Reav < 1, f € I (L”) and g € ,I{* (L7) . Then
b

b
/ £ (1) (uD3g (1)) dt = / (DEf (1) g(t)dr, 2.22)

a

forp>1,g>1and s+ <1+a

For a generalization of the integration by parts formula [2.22], see [11.81].

Fractional derivatives could be expressed in terms of integer-order derivatives
through expansion formula.

PROPOSITION 2.7.— [SAM 93, p. 278] Suppose o € R and that f is an analytic
function on (a, b) . Then

Drf =Y (0) F = (7 0. te @), 223)

n=0

where

(Z) =" T (1aFo(:)1r_(z)+ 1)’

denotes the binomial coefficients.

The fractional derivatives can be expressed in terms of a function and its moments.
The following expansion formula may be proved.

PROPOSITION 2.8.— [ATA 14a] Let f € C'([0,7]) and 0 < o < 1. Then

N
o070 = 20 =3, I gL, re 1), 24
p=1
where
B 1 1 al I'(p+a) sin(am) (N +1+a)
AN =t F Tora—a p; o Tar T(N+D
[2.25]
Cpr Lp+a) [2.26]

T T(a)I(1 - ) (p)’

Vo ()(t) = / P f(r)dr, t€[0,T], peN, 2.27]



Basic Definitions and Properties of Fractional Integrals and Derivatives 25

and the reminder term @Q y 11 (f) satisfies the estimate

< C - M, ti-« ;
“T(@l(1—a) N’

IQn+1(f)(t) €0,7], 0<ay <1—a, [228]

with M; = maxg<,<; |y™")(7)| and certain constant C' > 0.

Thus

Nlim Qn+1(f)(t) =0 uniformly on [0, 7]
—00

and the approximation formula for the left Riemann—Liouville fractional derivative
becomes

oD f(t)% )= > Cpe 1 )(t), te(0,7T]. [2.29]

From the expansion formula [2.24], approximation to the right fractional derivative
could be derived.

PROPOSITION 2.9.— [ATA 14a] Let g € C*([0,7]) and 0 < o < 1. Then, the right
Riemann-Liouville fractional derivative can be approximated by

N
DFg(t) ~ %A(N) + Zcp,ltpflwp,l(g)(t), te (0,77, [2.30]

where A(N,a) and Cp_1(«) are defined by [2.25] and [2.26], respectively, and
Wp—2(g) is

Wyl = [ Ao

REMARK 2.2.— Expansion formula [2.24] may be expressed in a different form (see
[ATA 08b]) in which the first derivative of a function appears. Thus, for ¢ € (0,77,

N
07 1(0) = AT =000, O g )
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where
1 1 Y T(p—1+a) sin(ar) (N +a)
AN) = Il—a) T(a—1DI(2-a) ; p—1! —  ar  L(N) ~’
1 1 S Tp-1+a)) T'(N +a)
B(N) = I'2-a) (1 + I(a—1) pz::l p! ) - T()T(2—a)l' (N +1)’
Cpr = I(p+a)

Ry (t) = ta)/o y@ (7) Z Lta) (%)pdT , t€(0,7]

[2.32]

and
V(&) =t2£(t), Vu(f)(0)=0, t€[0,T], peN.

There are several definitions of the fractional derivatives of variable order. In
[ROS93, SAMO5], the following definition was proposed. The left
Riemann-Liouville fractional derivative of variable o for 0 < a(t) < 11is

a(t) _ 1 d [t f 7')
oDy f(t) = m&‘/o de’ te[0,T]. [2.33]

In [ATA 13a], the following expansion formula for [2.33] is proved.

PROPOSITION 2.10.— [ATA 13a] Suppose that f € C?([0,7]), a € C*(]0,7]).
Then, the fractional derivative of the order «, defined by [2.33], may be written as

O N (IO NI ORION)
—a® (1) Az (£ (1), D (1), a (1) 1) + RY (1

+RYM (1), te (0,17,
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where

A (£ @D @),00).1)
_ @) 1 1 i I(p—1+a(t)
@ \T(1—a(®) Tlat)-TC-al) = (-1

FO ()t 1 Y T(p—1+a))
U YPEI0) (1 T a1 = P )

1 Y T(p+1+a(t) Vo(f) (1)
- r<a<t>—1>r<2—a<t>>,; P! privae | € O]
and (t € [0,T7)
A (£ . £V (@),00).1)
B 1 f()tt—e® .
‘m—a(t»( 1= a() (l ! 1—a<t>>
f(l)(t)tQ*a(t) 1
BEPEI0 nt_2—a(t)>
O ST (k+a(t) [t/ (1) F) Vi) ()
T (o @) kzzo i ((k+1)(k+2)_k+1+ ] )
e LI (k+a(t) tf (1) 0
+F(a(t));5kzzo k! ((k+p+1)(k+p+2)_k+p+1
Vierp (f) (¢
g D0))

with V, (f) (t) = [, 77 f () d7 being moments of the function f and satisfying
VD (N () = f(1), Vp(0)=0, te[0,T], p=0,1,.... [2.34]

Also, there exists N. € N such that for any ¢ > 0, and for N, M > N, it holds
that

RY (t) + RYM ()| < e.
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Thus, the approximation formula for oDa(t) f(t),t € (0,T], becomes

DO (1) ~ D2 1 (1)

_ @) 1 1 i T(p—1+a(t)
#® \T(I—a(t) I(at) - DI —a() o1

FO ()t 1 SIp—1+a)
T Te—a®) <”r<a(t>—1>§ ) )
- 1 S D(p— 1+ a(t) Vooalf) (1)

Tl DTE @) 2

o ool el

~a LI B0 e
(1 —at)) (f ®) (1 - a(t)t It (1—a(t)?

f(”(t)wontl)
2—a(t)

_|_

tl a(t) lnt o k‘—i—a £) tf® (1) JTOBRAGIO)
Z ((k+1)(k+2)_k+1 ktkﬂ )

k=0
tl a(t) i/[: 1 XN: I (k —|— af ( tf(l) (t) - £
pzlpk:o (k+p+1)(k+p+2) Ek+p+1
Vk+ (t)
t’fpﬂ”1 >) [2.35]

Note that for the case o = const., expressions [2.29] and [2.35] coincide.

REMARK 2.3.— The procedure of expressing fractional derivatives in terms of
function, its first derivative and moments of function is extended in different
directions in a series of papers [POO 12a, POO 12b, POO 13].

2.1.1.1. Laplace transform of Riemann—Liouville fractional integrals and derivatives

Suppose that f is exponentially bounded (see section 1.2), thatis f € L' (0, 0),
|f (t)] < Ae*ot,t >0, where A > 0, sg > 0. Then

LIS (0] () = = (5), Res>so, 2361

see [KIL 06, p. 84]. Expression [2.36] follows from the well-known property of the
Laplace transform of convolution and £ [%] (s) = S% (see section 1.3).
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For the fractional derivatives, we have the following result.

PROPOSITION 2.11.— [KIL 06, p. 84] Letn—1 < Rea < n, f € AC}® . (]0,00)) and
f be of exponential growth. Suppose that there exist finite limits

. k tn—« : kE tn—«a _ o o
}E,% (D¥ I}~ f (t)) and tlggo (D*oI}~f () =0, k=0,1,...,n—1.

Then
n—1
L[D§f ()] (s) =sF(s) = > s" 1 [DFIP*f (1)],_,, Res>so. [237]
k=0
ForO<a<1

LD f ()] (s) = s"f(s) = [o1}7“F (1)],_y = s*f (5), Res>so. [2.38]

Relation [2.38] could be used for the (heuristic) definition of the fractional
derivative.

The Leibnitz rule for fractional derivatives does not hold in its usual form. It could
be shown that for analytic functions, we have the following.

PROPOSITION 2.12.— [SAM 93, p. 280] Suppose that f and g are analytic for ¢ > 0
and a > 0. Then
e’} o o
D090 =3 (1) Da) (Dr @), 10 23]

k=0

Note that in [2.39], on the right-hand side we have integer-order derivatives of g
and fractional-order derivatives of f. There is an apparent lack of symmetry in the
derivatives of the two functions. The left-hand side of [2.39] does not depend on the
order of the functions f and g, while on the right-hand side there are only integer
derivatives of g and non-integer derivatives (integrals) of f. It could be shown that the
two functions f and g can be interchanged without changing the value of the fractional
derivative of their product.

2.1.2. Riemann—-Liouville fractional integrals and derivatives on the real half-axis

The Riemann-Liouville fractional integrals and derivatives defined on a finite
interval [a, b] can be naturally extended to a half-line R as

« 1 ! a—1
1r() = W/o (t— )L f(r)dr, t>0, Rea >0,
I“f(t) = I‘(la)/too (=)' f(r)dr, t>0, Rea >0, [2.40]



30 Fractional Calculus with Applications in Mechanics

and
a _ 1L a i
D+f(t) = m@/o Wdﬂ', t>0,n—1§Rea<n,
a gy LA ()
DU = (N Fo @ /t = T)a_anT, >0,

n—1<Rea<n.

Operator [2.40], is sometimes called the Weyl integral.

Fourier transform of the Riemann-Liouville fractional integrals 1 f and I f are
given as

1
(iw)*

f(w) and F[12f ()] (w) = = flw), weR,[241]

FIf @) (w) =

for 0 < Rea < 1 and for f € L*(R). Equation [2.41] cannot be extended directly to
the case Re o > 1. For the Riemann-Liouville derivatives, we have

F [Dif (t)] (w) = (iw)o‘f(w) and F [Dﬁf (t)] (w) = (—iw)o‘f(w)7 w € R. [2.42]
In [2.41] and [2.42], we have (Ziw)® = |w|%eT % %"« In the case when f € S,
we have that [2.41] and [2.42] remain the same (see [VLA 73, p. 110]).
2.1.3. Caputo fractional derivatives
We present the definition of fractional derivative from Caputo [CAP 67] and

Caputo and Mainardi [CAP 71b]. The left Caputo fractional derivative of a function
of order a, denoted by YD¢ f, is

1 t f(n)(,,_)
I'(n—a) fa (t_T)a+1—n dT, n—1 <a< n,

c‘;lTT;f(t)7 a=n,

SDRf () = telab.  [243]

Similarly, the right Caputo derivative is defined as

n b ) (
(-1) F(naa) I (Tft)agrl)_n dr, n—1<a<mn,

(_1)n ((11,57; f (t) ) a=n,

“DEf(t) = telab]. [2.44]
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It is easy to see that

d” d”
o2 () =t~ (550 ana €057 () = vy (42500

where Iy~ and (I;) ~ are the Riemann—Liouville fractional integrals [2.2] and [2.3],
respectively.
Observe that [2.43] for a = 0 can be written as

tn—l—a d»

Crya _ - —1<
oDEf (1) F(n—a)*dt”f(t)’ t>0,n—1<Rea<n. [2.45]

Note that the Caputo derivative of a constant function is zero
°DeC =0 and CDEC =0. [2.46]

Forn — 1 < a < n, the Caputo derivatives D¢ and {' D" are operators mapping
C"([a,b]) into

Ca(la,b)) = {f[feC(ab]), f(a)=0}, [flc, =flc
Cy(la,0)) = {f1FeC(ab]), fF() =0}, [Ifllc, =I/fllc
respectively.

PROPOSITION 2.13.— [KIL 06, p. 94] Let n — 1 < Rea < n, a # N. Then, the
Caputo derivatives $D¢ and ¢D¢ are bounded operators from C™([a,b]) into
C, ([a,b]) and C}, ([a, b]) , respectively, and the following estimates hold

(b—a)"Ree
IT'(n—«)|(n —Rea+1)
(b—a)"Ree
IT'(n—a)|(n —Rea+1)

/]

HSD?JCHC@ S cn o

IFDEf e, =

1l -
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In general, the Caputo and the Riemann-Liouville fractional derivatives do not
coincide. The connections between them are given as

R (t—a)k

GDEf() = oD <f(t)— x f(’“)(a)> t€la,b],
k=0
n—1 Nk

fDpf() = Df (f -y k,t) f(’“)(b)>7 t€la,0]
k=0

In particular, if 0 < Rea < 1, for ¢ € [a, b], we have

aDPf () = oD (f (1) — f(a) and FDFf () = Df (f (1) — (1)),

or (t € [a,b])
CDpf() = aD?f(t)—F(l_J;()a()t_a)a and
EDYF(O) = DT - 247

Thus, the Caputo fractional derivatives are regularized Riemann-Liouville
fractional derivatives.

The expansion formula [2.24] for the Caputo derivative { D& f, 0 < a < 1, with
[2.47], becomes (¢ € (0,T7])

N
oopr) = T aa) - trﬁo)_a) S G @l
p=1
+QN+1(f)(t)a [2.48]

where A, C,_1 and V), are given by [2.25], [2.26] and [2.27], respectively.

The case when « is close to 1 is called the case of low-level fractionality. For this
case, we refer to [HER 11, TAR 06]. We have, for ¢ € [a, ],

Cpif) = O (t)+e(f‘” (0)1nt+/0 @ (é)ln(t—f)d£>+0(€2)»

e—0T, [2.49]
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where o is the Landau symbol “small 0”. Recall that a (x) = o (|z|“) means “(T;) =0

|z
as |z| — 0, or |z| — 0.

We have the following integration by parts formula for the Caputo derivatives.

PROPOSITION 2.14.— [ALM 12, p. 112] Letn—1 < o < nandlet f,g € C™ ([a, b]) .
Then

b b
/ a(t) (€DFf (D) dt = / (D3 (1)) £ () dt

n—1 t—b

3 " (Eop @) (Sor )] L 1250

t=
=0 “

The Laplace transform of the left Caputo derivative is given as follows.

PROPOSITION 2.15.— [KIL 06, p. 98] Suppose that n — 1 < a < n and let f be such
that f € C™ (Ry), |f ()], [fD @), .... |[f™ (¢)] < Be*t, B,sg > 0,¢ > 0.
Suppose that lim,_,, f*) (t) =0, for k =0,1,...,n — 1. Then
~ n—1
LITDFF ()] (s)=s"F(s) =Y s 1f*(0), Res > sp. [2.51]
k=0

For 0 < av < 1, expression [2.51] becomes

LEDYf )] (s) = sf (s) —s*7Lf(0), Res > so. [2.52]

2.1.4. Riesz potentials and Riesz derivatives

Let 0 < a < 1. Consider the following integrals:

RO (z) = L / Tl _fde xer,  [253)

20 () cos G ) o |z — '

HYf (z) = ! /_oo @0 ¢ rydc, zeR. [2.54]

20(a)sin §F o o — ¢

Then, R™ f is called the Riesz potential of f of the order o on R, while H* f is
the conjugate Riesz potential of the order o on R. The following proposition holds for
[2.53] and [2.54]. Note that equality is almost everywhere (see section 1.1).
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PROPOSITION 2.16.— [UCH 08, p. 200] The Riemann-Liouville fractional integral
and the Riesz potential, for x € R, are connected as follows:

—oclif (x) = cos - RO f (2) +sin - HOf (),
JA%f (@) = cos ST RS (@) — sin T HOS (o),
ROF (1) = goorae (o2 (@) 4 21 f (),
HU () = g (ol () =I5 () 2.5

2
Also, if a, 8 > 0, a + 8 < 1, then
RORPf(x) =R f () and H*HP f(z) = —R**Pf (), = € R. [2.56]

Integrals [2.53] and [2.54] exist with the appropriate assumptions on f. For
example, if f € L' (R) N L? (R), then R®f and H* f exist almost everywhere and
belong to L}, (R), as stated in [BUT 00, p. 46]. More generally, the following result
holds.

PROPOSITION 2.17.— [KIL 06, p. 129] Let 1 < p < 00,1 < ¢ < co. Then, R* is a
bounded operator from L? (R) into L7 (R) if and only if

1 1 1
I<a<l, 1<p<-—, - —.
« q p «

The Fourier transforms of R* and H* are

FROF(2)] (w) = ﬁﬂw) and
Fief @) = i E2Efw), e R\(0), 257

see [BUT 00].

There is another important property of R®. Namely, it maps the Lizorkin space of
test functions ® into itself, i.e. R* (&) = & (see [SAM 93, p. 493)).
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DEFINITION 2.4.— [BUT 00, UCH 08] The Riesz fractional derivative of the order o
is defined as

Ryo _ i —a _ 1 i > sgn(x—g‘)
G dacH1 f(x)_QF(lfa)cos%dx oo =] (©)d,

zeR,  [258]

while the conjugate Riesz derivative of the order « is defined as

d

RCT« . —a _ 1 i = 71
D) = d:ch1 f(x)_ZF(l—a)sina;dx/OO |z —¢|” (©)de,

reR.  [2.59]

It is easy to see that the Fourier transforms of #D® f and 2D f, for 0 < o < 1,
are

]:[RDaf(x)] (W) = |w|*f(w) and
F[RDf (@)] @) = ilwl"sen (@) f(w), weR, [2.60)

see [BUT 00]. Therefore, D inverts R®, while R¢D® inverts H®, if the functions
involved satisfy certain additional conditions. Namely, ®D*R®f = f holds for
functions f belonging to the Lizorkin space ® (see [SAM 93, p. 150]).

In various applications, there is a need to study the following potential:

Rya b 1
oLy f(z) Z/a Wf(@dg r € (a,b), [2.61]

where 0 < a < 1. The Carleman equation involves the potential of the type [2.61].
The inverse of FI¢, i.e. the solution to the equation

b
R f (2) = / O =g@), zeab), 2.62]
w 2—¢
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for a specified class of functions f and g is given in [SAM 93, p. 627]. Let g (z) =
(x —a)",n=0,1,2,.... Then, the solution to [2.62], for z € (a,b) , becomes

- o —a)"sin 2 (1-a) 1
flx) = ?(b ) 2F(n+1—a)((x7a)(bim))%
i n— < b—x k
2
sz—:o<”k> (xa) ‘ [2.63]

If ¢ = 0, then the solution to [2.62] is f = 0 (see [SAM 93, eq. (30.84)], or
[NAH 03, p. 47]).
2.1.5. Symmetrized Caputo derivative

Let0 < 8 < 1,—00 < a < b < oo. The symmetrized Caputo fractional derivative
of an absolutely continuous function f is defined as

boop(1)
Ceprw) =5 (902 - 9D8) S0 = s [ gt zeladl.

2 r1=5) ), le—0P
[2.64]
For a = —oc and b = oo, we write £ instead of acéf and then
EPf(x) = l#mfﬂ « fD(z), zeR. [2.65]
v 2T(1 - 5) ’

Note that £0f(x) = 0 and E2f(x) — f1)(z), as B — 1. This yields that the
symmetrized fractional derivative generalizes the first derivative of a function, but it
does not generalize the derivative of zero order: the zeroth-order symmetrized
fractional derivative of a function is not a function itself, but zero.

C

For f = const., we have that 55 f =0, and conversely, the fact that f = const.

is the unique solution to equation 555 f = 0is shown in [ATA 09f].

In studying [2.64], we need some properties of the function || ~#. It is an element
of the Lizorkin space ¥’ for all 8 € R and for 8 € [0, 1) it holds that

—B _ . ,@ﬂ' 1
]:{|33| }(f) = 2F(1—B)s1n7|§‘Tﬂ, £ eR,

- sin%”f(g), £cR.

f&ff@ﬂ@>::im
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2.1.6. Other types of fractional derivatives

In this section, we present other types of fractional integrals and derivatives. For
extensive review of definitions, see [KIR 94].

2.1.6.1. Canavati fractional derivative

There is another definition of fractional derivatives that is useful in deriving
inequalities. This is the Canavati fractional derivative. It is “between” the
Riemann-Liouville derivative and the Caputo derivative. Let n — 1 < a < n. Then,
the Canavati derivative of order « is defined as

Canmo _ 1 g /t f(nil) (T)
oD7f (1) = T —a)di ), G- T)a_anT, [2.66]

see [CAN 87]. The Canavati derivative [2.66] is used in [ANA 09] for f € C*([a, b))
where

(b)) = { € "M ([a,b]) [ ;7D € O (asb]) |

2.1.6.2. Marchaud fractional derivatives

The left Marchaud fractional derivative of the order 0 < « < 1 for f € H* ([a, b]),
A > « (see section 1.1) is defined as

t « ¢ t)— f(7
WD (1) = J:o( ()t —F TTa—a) / f@f ! ﬂﬂw)“’ t€ la,8].[267]

The right Marchaud fractional derivative is defined as

f(@)
T(l-a)b—1)°

Mya _ o Y - f(7)
DS f(t) = +F<1_a)/t e L€ [0t 1268

The integrals in [2.67] and [2.68] are assumed to be convergent. To make it precise,
let

t—e _ T
Y (t) = /a *’Mm, >0, [2.69]
Then
NDES () =5 a _J; >(t()t —gy im0, [2.70]
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If f € L? (a,b), then the limit in [2.70] is considered in the norm of L? (a, b) .

For functions belonging to C* ([a, b]), the Marchaud derivatives coincide with the
corresponding Riemann—Liouville derivatives.

2.1.6.3. Griinwald-Letnikov fractional derivatives

The left Griinwald-Letnikov fractional derivative of the order « is, according to
[KIL 06, p. 122], formally defined as

(5]
GTIDYS (1) = lim hia > (-1 (?)f(t—jh) L t>a, a>0  [271]
j=0

Similarly, the right Griinwald—Letnikov fractional derivative of the order « is
defined as

e
Lo : 1 ' .
G=Lpef(t) = }lllg}) e jgo (—1)’ (?)f (t+jh)|, t>a, a>0. [2.72]

There is a connection between the Marchaud and the Griinwald—Letnikov
fractional derivatives.

PROPOSITION 2.18.— [SAM 93, p. 386] Let f € L”(a,b), 1 < p < oo. Then,
limit [2.71] exists in the sense of L? (a,b) convergence, if and only if there exists the
Marchaud fractional derivative in sense [2.70]. Both limits, if they exist, are equal
almost everywhere.

2.2. Some additional properties of fractional derivatives

2.2.1. Fermat theorem for fractional derivative

Let 0 < a < 1. As a motivation, following [SAM 93, p. 111], we start from

«a _ 1 d ty(t—T)
D0 = ray ),
1t 30 L[ g, L
CT(l-a) to +r(1—04)/0y (t7)<a/T€ d§+ta>d7
__v® a Py —y(t—r1)
_F(l—a)ta+F(17Q)/(J Tra dr, t>0. [2.73]
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Let 0 < a < 1. Similarly, for the Caputo derivative of an integrable function, we
have

y (0)
I'(l—a)t

t)—y(0 o Pyt)—y(t—r
:?il)—ay)(tﬂ)é+1“(1_a)/0y()Tfii Jar, t>0. 274

§D¢y (t) = DYy (t) —

Suppose that y is an increasing positive function with the maximum at t* € (0,1).
Then

y(t) —y(t) >0, tel0,t'].

From [2.73] and [2.74], we conclude that

o y (t7) a y (") —y(0)
[oD{y ()] ;= > m >0 and [th y (t)]t:t* 2 m > 0.
[2.75]

The above results may be used to prove the following proposition.

PROPOSITION 2.19.— [NAH 03, p. 104] Suppose that y is an integrable function on
[A, B]. Suppose further that there exists § > 0 such thaty € H* ([t* — §,t*]), A > a,
and that y attains a maximum at a point t* € [A, B]. Then, for any o € [0, 1] and
a € [t* —6,t*],a #t*, we have

o y () o y (") —y(a)
Dy Ol = Ty —a @ WPV Ol S T —

[2.76]

Thus, at the point of maximum, fractional derivatives either satisfy [2.76] or do
not exist.

It could be easily shown that for a minimum of a function, the inequalities in [2.76]
become.
2.2.2. Taylor theorem for fractional derivatives

The mean value theorem for the Riemann—Liouville fractional derivative reads as
follows.
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PROPOSITION 2.20.— [TRU 99] Let « € [0, 1] and suppose that f € C ([a, b]), such
that , D¢ f € C ([a,b]) . Then

f(t) _ (t - a)a—l [(t _ a)l—oéf(t)] s + [aD?f(t)]tgm,t S (a, b],

[2.77]

witha < & <b.

The generalization of the Taylor formula for the Riemann-Liouville fractional
derivative has several different forms. To state the formula, we need the following
definition.

DEFINITION 2.5.— A function f : [a,b] — R is said to be a-continuous, 0 < aw < 1,
at to if there exists A € [0,1 — o) such that g (t) = |t — to|* f () is continuous at t.

Function f is a-continuous in [a, b] if it is c-continuous for every ¢ € [a, b] . Let
Co = {f ] [a,b] = R, fis a-continuous}. Note that C; ([a,b]) = C ([a,b]). Let
oI (a,0) = {f | [a,b] = R, I} f(t) exists and it is finite for all ¢ € [a,b]}. A

function f is singular of order o at ¢t = t* if limy_» % = k < oo and
k # 0. Finally, we use aD{a to denote the application of D¢ j-times, i.e. aD{O‘ =

aD? e aD? j-times -
—_———
PROPOSITION 2.21.— [TRU 99] Let « € [0, 1], n € N. Let f be a continuous function
in (a, b] satisfying the following conditions:
i) ,DI*f € C([a,b]) and ;D f € ,I¢ (a,b), forall j =1,...,n;
i) D" ¢ is continuous in [a, ] ;

iii) if a < %, then for each j € N, 1 < j < mn, such that (j + 1) a < 1, aDEjH)af
is y-continuous at t = a for some v, 1 — (j + 1)a < v < 1, or it is singular of order
aatt = a.

Then, for ¢ € (a, b,

(nt+1)
ft) = JX: T if oy - a)UtHet [;]?zn - 15:4)} Ss (t — )+
a<f<hb, [2.78]
where
¢; =T () [(t —a), "D{*f (t)} =01 n [2.79]
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The Taylor formula for the Caputo derivative is given in the following proposition.

PROPOSITION 2.22.— [ODI 07, p. 289] Suppose that SDI*f e C ((a,b]) for j =
0,1,...,n 41, where 0 < a < 1. Then

CI)(" 1)af(t)
a t
t*&( ])(/L 1)(,!

mar T T (Tt Datl)

?

n t_aja o
Ft) = jz_;r((ﬁljl)[g’m 110}

t € (a,bl, [2.80]

with a < € <b.

REMARK 2.4.— [ODI 07, p. 288] In the special case for the Caputo derivative, the
corresponding result is stated as follows. Suppose that f € C ([a,b]) and D¢ f €
C ((a,b]), for0 < a < 1. Then
[SDgf (1)]
a 't t=¢
t) = ST e

where a < ¢ < b.

(t—a)*, te(ab], [2.81]

2.3. Fractional derivatives in distributional setting

Throughout this section, we will assume that functions that appear determine the
tempered distributions.
2.3.1. Definition of the fractional integral and derivative

We introduce the following definition.

DEFINITION 2.6.— The convolution operator fo in S', (fox in S") is the operator
of fractional integration for o« > 0 and the operator of the left (right) fractional
differentiation for o < 0

DI?u:f()n*u7 C|{>O,
dam dam dm
DD?U = f—(x*u:dtimf'rn—a*u:fm—a*dtimu:dtim[fm—a*u]a Oé>0,

m e N,

m

. am
D¢u = f_ =(=1)" — frn_ =(=1)" f_ -—
D tu foc*u ( ) dtmfm a*U ( ) fm a*dtmua a>0,m€N,

[2.82]
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where f, is given by [1.6] and fo(t) = fo(—t).

Operator plf* coincides with the operator of fractional derivation p D¢ for —a € N
and it is the operator of fractional integration for o € N.

We have that the Laplace transforms of the distributional fractional integral and
derivative are

L[pIFu(t)] (s) = iﬂ(s) and £ [pDfu(t)](s) =s*u(s), Res>0.

We derive, in the following proposition, a connection between the Caputo

fractional derivative of a function u belonging to AC]. ([0,00)) and the

distributional fractional derivative of a distribution w,., belonging to S’,. Also, we
derive the connection between the corresponding Laplace transforms. Recall that
notation ..., means that we consider u as a distribution, i.e. regular distribution .4
is determined by wu.

PROPOSITION 2.23.— [ATA 09d] Let o € (m —1,m|, m € N, u € AC]?. ([0, 00))
and put

Ureg () =u (t) H (t), t€R. [2.83]
i) Then

m—1—j 7

m—1
d
DD?ureg (t) = CD;X’U/ (t) + Z me,a (t) @U (0) , t> 0, [284]
7=0

where g D¢ is defined by [2.45].
ii) Also

LD (0)] (5) = £ [pDfureg (0] (5) — S s L0 (0), sec,. [285]

Using the notation
L[pD{tureg ()] () = 5L [ureg (V)] (s) = s (s), s € Cy,
[2.85] can be written as

m—1 ] d]

L [OCD,?‘U ()] (s) = su(s) — Z so‘_l_]@u (0).
j=0
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2.3.2. Dependence of fractional derivative on order
Recall that ¢D¢u = pDQuif u € AC™ ([a,b]),m —1 < a <m,m € Ny.

We examine the mapping
a— pDfu, o€ (—o00,00),

for given u € L, (R), such that u (t) = 0 fort < 0, i.e.u € L}, ([0,00)).

PROPOSITION 2.24.— [ATA 07a] Let uw € L}, (R), u(t) = 0, ¢ < 0, so that it
determines a tempered distribution. Then, o — pDgu is a smooth mapping from
(—00,00) to S’y . Also, for every o € R with k > «,

0 dk
a—aDD?u (t) = o (fr*xu) (a,t), tER, [2.86]

where the derivatives are understood in the sense of the tempered distributions,

tkfozfl

Tk (Oéat):m

[ (k—a)—In(t)], a€ (—o0, k), t>0, [2.87]

fi(a,t) =0, <0,and ¢ (z) = £ InT (z), x > 0, is the Euler function.

Note that a locally integrable function f determines a tempered distribution in S,
if it is polynomially bounded on R as ¢ — oo. Thus, in sections 2.3.2 and 2.3.3 we
will assume that f and its derivatives are polynomially bounded on R as ¢t — oo.

PROPOSITION 2.25.— [ATA 07a] Let u € L . (R), u(t) = 0, ¢ < 0, so that it
determines a tempered distribution. Then

—(c—Hnt)u(t)—l—/Ot Mdr, t>0,

T

e oDEu )

where ¢ = 0.5772 is Euler’s constant.

a=0

Note that for an analytic function, it holds that

(k)
{;;DDto‘u(t)} —(c+Int)u —I—Z kI‘ “u (), t>0,

a=0

given in [WES 03, p. 112].
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REMARK 2.5.— [ATA 07a] Proposition 2.25 allows the following representation of
fractional derivative pD{u for o small enough:

pDfu(t) =u(t) +« [;aDD?u (t)} +o(w)

a=0

—u(t—r1)

=u(t)+a [(c+1nt)u(t)+/0tu(t)

dr|+o(a),t > 0.
[2.88]

T

A relation similar to [2.88] was used in [DIE 02a] for the study of fractional
differential equations through the change of the order of integration.

PROPOSITION 2.26.— [ATA 07a] Leta € R, w € L}, . (R), u(t) = 0, ¢ < 0, so that it
determines a tempered distribution. Then

L [BaaDD?u (t)} (s) =s“u(s)lns, Res>0. [2.89]

2.3.3. Distributed-order fractional derivative
Let u be an element of S’ . Then, it is proved in [ATA 09b] that the mappings
a— pDfu:R— 8\ and a— (pDfu(t),¢(t)) :R—R [2.90]

are smooth (see proposition 2.24). We define the distributed-order fractional derivative
by the use of the distributional fractional derivative.

DEFINITION 2.7.— [ATA 09b] Let ¢ € &', supp¢ C [0,2] and v € S'. Then, the
distributed-order fractional derivative of u

pDgu () = / , ¢ (o) pDfu (+) da [2.91]
supp

is defined as element of S', by

([ s obrudap()) = (0(a). (DFu®) 2 (). v€S. 129

Letu € AC2. (]0,00)), a € [0,m] . Recall that the Caputo fractional derivative

§'D¢ is defined on intervals a € (j — 1,4],j € {1,...,m} and

di-t di-t
lim  §D%u(t)

a—(j—1)+0 = =t — g=ue(0), t>0.
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Moreover, lim, ;o §D&u (t) = dd—:ju (t),t > 0. Thus, [0,m] > a — §D%u
is continuous in intervals « € (7 — 1,5), 7 € {1,...,m}, left continuous at j, j €
{1,...,m} and it has jumps that appear in the limit from the right at points j — 1,
j€{l,...,m}.Forfixed o € [0,m], the function [0, 00) > t + §Du (¢) is locally
integrable on [0, 00) .

For the sake of the next proposition, we introduce the following definition. Recall
that we have assumed that function w, equal to zero on (—o00,0), has classical
derivatives that are polynomially bounded as ¢ — oo.

DEFINITION 2.8.— [ATA 09d] Let u € AC? ([0, 00)).

i) Let « — ¢ () be continuous in [0,2]. Then, we define the distributed-order
[fractional derivative as

2
D¢u(t):/0 6 (a) CDeu (1) dav, £ 0.

ii) Let . = {aj}je{o k) QG € [0,2], 5 € {0,...,k}. Then, we define the
distributed-order fractional derivative as

k
Dyu(t) = a;fDiu(t), t>0.
j=0

iii) If ¢ is a continuous function in [p,n] C [0,2] and ¢(a) = 0, a €
[0, 2]\ [i, 1] , then we define the distributed-order fractional derivative as

Dyu (- 1) = / "6 () EDu (1) dav 2.93)
m

Let us derive connections between the distributed-order fractional derivative of
u € ACE, ([0,00)) and the corresponding distribution u,., € S’ (in the sense of

loc
[2.83]) in cases that are analyzed above.

PROPOSITION 2.27.— [ATA 09d]
i) If ¢ belongs to C ([0,2]) and u € AC? . ([0,00)), then

pDstrey () = Dyu(®)+u(0) [ 6(0) fioa (t)da

2
+ 2 (0) / 6(0) foa (t) da 2.94]
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k
i) Letp = > a;0 (- —cy),suppp C [0,2],a; e Ry, 0 < oy <o < <2,
§=0
¢ € &' Letl < k be chosen so that oy > 1 and ;41 < 1. Then

k

pDgtireg (t) = Dyu(t) +u(0) | D ajfia, (t)
J=l+1

l l
d d
+ Dy faa, () |+ 7u ()Y ajfaa, (1) [2.95]
j=0 7=0

iii) Both cases will be summarized by the use of [2.92] as

pDgtireg (1) = Dyu(t) +u(0) ( / 6(0) fia (t) da

€[0,1]

d
* /ae(m] 0 (a) gf%a € da)
d
+2u(0) /(, PERIGEANOLES 2.96]

REMARK 2.6.— We use the order of points 0 < o, < o < g < 2 because we will
consider two cases separately. The first case is when a; < 1, j € {0,...,k}. The
second case is when some of the «; are in (1, 2] . So, this notation is helpful from this
point of view.

REMARK 2.7.—If supp¢ C [0,1] and u belongs to AC}, . ([0,00)), then [2.96]
reduces to

pDglreg (t) = Dgu (t) + u (0) /6[0 . o (@) fi—a (t) da. [2.97]

In the next proposition, we apply the Laplace transform to pDgu, v € S,

PROPOSITION 2.28.— [ATA 09b] Let ¢ € &', supp ¢ C [0,2] and u € S’,. Then:
i) u — pDgyu is linear and continuous mapping from S’, to S, .
ii)
L[pDyu] (s) = (¢ (a),s%u(s)), seCy. [2.98]
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iii) Let ¢ € C ([, 1)), [, m] € [0,2] and ¢ () = 0, v € [0, 2] \ [, 77]- Then

L[pDgu] (s) = u(s) /17 ¢ (o) s%da, s € Cy. [2.99]

Further, we use proposition 2.28 in order to derive the Laplace transform of a

function v € AC? . ([0,00)), using the connection between its distributed-order

fractional derivative and distributed-order fractional derivative of the corresponding
distribution t,¢4 € Sg_ (in the sense of [2.83]). Again, we have two cases.

PROPOSITION 2.29.— [ATA 09d]
i) Let ¢ € C ([0,2]) and u € AC? . ([0,00)), then (s € C)

S

LDgu )] (s) = a (s)/o ¢ (o) s%da —u( / ¢ (o) s®da — —u (0) %

2
x/ ¢ (a) s*da. [2.100]
1

k
ii) Let ¢ = Zajd('faj)asuppgﬁc [072]7aj ER,0<ap < <ap <2,
=0

a;>1land agyq < 1. Letu € ACE . ([0,00)), then (s € C)

L [Dyu (t) Zaj Y —y Zaj O‘J——u Zaj @5 [2.101]

iii) Both [2.100] and [2.101] are summarized by

LDu®)(s) = a) [ o0 s*da—u(0); [ JURICRE

1
—gu (0) —/ ¢ () s%da, s€Cy. [2.102]
di ae(1,2]

g2

REMARK 2.8.—If supp¢ C [0,1] and u belongs to AC}. . ([0,00)), then equation
[2.102] reduces to

1
f/ ¢ (a) s“da, s e Cy.
[0,1]

S

£Dyu (1)) (5) = i (5) / JRRICESIED

[2.103]



