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Chapter 1

Optimal Satisfiability

1.1. Introduction

Given a set of constraints defined on Boolean variables, a satisfiability problem,
also called a Boolean constraint satisfaction problem, consists of deciding whether
there exists an assignment of values to the variables that satisfies all the constraints
(and possibly establishing such an assignment). Often, such an assignment does not
exist and, in this case, it is natural to seek an assignment that satisfies a maximum
number of constraints or minimizes the number of non-satisfied constraints.

An example of a Boolean constraint satisfaction problem is the problem known
as SAT, which consists of deciding whether a propositional formula (expressed as a
conjunction of disjunctions) is satisfiable or not. SAT was the first problem shown
to be NP-complete by Cook [COO 71] and Levin [LEV 73] and it has remained a
central problem in the study of NP-hardness of optimization problems [GAR 79]. The
NP-completeness of SAT asserts that no algorithm for this problem can be efficient in
the worst case, under the hypothesis P£ZNP. Nevertheless, in practice many efficient
algorithms exist for solving the SAT problem.

Satisfiability problems have direct applications in various domains such as opera-
tions research, artificial intelligence and system architecture. For example, in opera-
tions research, the graph-coloring problem can be modeled as an instance of SAT. To
decide whether a graph with n vertices can be colored with k colors, we consider k x n
Boolean variables, z;;,% = 1,...,n, j = 1,...,k, where x;; takes the value true if
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and only if the vertex ¢ is assigned the color j. Hoos [HOO 98] studied the effective-
ness of various modelings of the graph-coloring problem as a satisfiability problem
where we apply a specific local search algorithm to the instance of the obtained sat-
isfiability problem. The Steiner tree problem, widely studied in operations research,
contributes to network design and routing applications. In [JIA 95], the authors re-
duced this problem to a problem that consists of finding an assignment that maximizes
the number of satisfied constraints. Certain scheduling problems have been solved by
using modeling in terms of a satisfiability problem [CRA 94]. Testing various proper-
ties of graphs or hypergraphs is also a problem that reduces to a satisfiability problem.
In artificial intelligence, an interesting application is the planning problem that can be
represented as a set of constraints such that every satisfying assignment corresponds
to a valid plan (see [KAU 92] for such a modeling). Other applications in artificial
intelligence are: learning from examples, establishing the coherence of a system of
rules of a knowledge base, and constructing inferences in a knowledge base. In the
design of electrical circuits, we generally wish to construct a circuit with certain func-
tionalities (described by a Boolean function) that satisfy various constraints justified
by technological considerations of reliability or availability, such as minimizing the
number of gates used, minimizing the depth of the circuit or only using certain types
of gates.

Satisfiability problems also have other applications in automatic reasoning, com-
puter vision, databases, robotics, and computer-assisted design. Gu, Purdom, Franco
and Wah wrote an overview article [GU 97] that cites many applications of satisfiabil-
ity problems (about 250 references).

Faced with a satisfiability problem, we can either study it from the theoretical
point of view (establish its exact or approximate complexity, construct algorithms that
guarantee an exact or approximate solution), or solve it from the practical point of
view. Among the most effective methods for the practical solution of satisfiability
problems are local search, Tabu search, and simulated annealing. For further details,
refer to [GU 97] and [GEN 99], which offer a summary of the majority of practical
algorithms for satisfiability problems.

In this chapter, we present the principal results of exact and approximation com-
plexity for satisfiability problems according to the type of Boolean functions that par-
ticipate in the constraints. Our goal is not to present exhaustively all the results that
exist in the literature but rather to identify the most studied problems and to introduce
the basic concepts and algorithms. The majority of satisfiability problems are hard.
It is therefore advantageous, both from the theoretical and practical points of view, to
identify some specific cases that are easier. We have chosen to present the most stud-
ied specific cases: planar instances, instances with a bounded number of occurrences
of each variable, and dense instances. Several optimization problems can be modeled
as a satisfiability problem with an additional global constraint on the set of feasible so-
lutions. In particular, the MIN BISECTION problem, whose approximation complexity
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has not yet been established, can be modeled as a satisfiability problem where the set
of feasible solutions is the set of the balanced assignments (with as many variables set
to 0 as to 1). We also present a few results obtained on satisfiability problems under
this global constraint.

Readers who wish to acquire a deeper knowledge of the complexity of satisfiability
problems should consult the monograph by Creignou, Khanna and Sudan [CRE 01],
where the proofs of the majority of important results in this domain can be found and
that cover, besides the results presented here, other aspects such as counting complex-
ity and function representation complexity, as well as other satisfiability problems.
Note also that there is an electronic compendium by Crescenzi and Kann [CRE 95b],
which regroups known results of approximation complexity for optimization prob-
lems, in particular for satisfiability problems.

This chapter is structured as follows. In section 1.2, we introduce the types of
Boolean functions that we will use and we define the decision and optimization prob-
lems considered. In section 1.3, we study decision problems, and in section 1.4, max-
imization and minimization problems. We then discuss a few specific instances of sat-
isfiability problems: planar instances (section 1.5.1), dense instances (section 1.5.2),
and instances with a bounded number of occurrences of each variable (section 1.5.3).
We also present the complexity of satisfiability problems when the set of feasible so-
lutions is restricted to balanced assignments (section 1.6). We close our chapter with
a brief conclusion (section 1.7).

1.2. Preliminaries

An instance of a satisfiability problem is a set of m constraints C1, . . ., C,, defined
on a set of n variables x1,...,z,. A constraint C; is the application of a Boolean
function f : {0,1}* — {0,1} to a subset of variables z;,, ..., z;,, where iy, ..., i €
{1,...,n}. This constraint is also expressed as f(x;,,...,2;, ). An assignment ; =
v;, fori =1,...,n, where v; € {0, 1}, satisfies the constraint f(x;,,...,;, ) if and
only if f(vi,,...,v;,) = 1.

A literal is a variable z; (positive literal) or its negation Z; (negative literal).

EXAMPLE 1.1.— A few examples of Boolean functions used to define constraints:

-T(x)=a,F(z) =1

- ORf(xl, ceyTk) =T1 V... VT Vg V...V ag, where i < k represents the
number of negative literals in the disjunction;

—AND¥(z1,...,2k) = Z1 A ... AT Amig1 A ... A T, where i < k represents
the number of negative literals in the conjunction;

—XORk(xl, coo k) = x1 D ... D xp, where @ represents the “exclusive or”
operation 0 ®0=0,190=1,001=1,1®1=0);
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— XNORF(z1,...,01) =21 © ... D T.

A constraint can also be represented as a Boolean expression that can be in various
forms. An expression is in conjunctive normal form (CNF) if it is in the form ¢; A
...\ cm, Where each ¢, is a disjunctive clause, that is in the form ¢, V...V &p , where
ly;,1=1,...,p are literals. An expression is in disjunctive normal form (DNF) if it
is in the form ¢; V ...V ¢,,, Where each ¢; is a conjunctive clause, that is in the form
Ly Ao ALy, where £y, i = 1,...,pare literals. A kCNF (or kDNF) expression is
a CNF (or DNF) expression in which each clause contains at most k literals.

Note that if each constraint of a satisfiability problem is represented by a CNF
expression, the set of constraints of the problem can itself be represented by a CNF
expression that corresponds to the conjunction of the previous expressions.

We consider various satisfiability problems according to the type of Boolean func-
tions used to define the constraints. Let F be a finite set of Boolean functions. A
F-set of constraints is a set of constraints that only use functions that belong to 7. An
assignment satisfies an F-set of constraints if and only if it satisfies each constraint in
the constraint set.

1.2.1. Constraint satisfaction problems: decision and optimization versions

In this section we define the classes of problems that we are going to study. This
concerns decision and optimization versions of satisfiability problems.

The decision version of a problem consists of establishing whether this problem
allows at least one solution; its search version consists of finding a solution if any exist.
The optimization version of a problem consists of finding a solution that maximizes
or minimizes a suitable function.

DEFINITION 1.1.— The satisfiability problem SAT(F) consists of deciding whether
there exists an assignment that satisfies an F-set of constraints. The search problem
associated with the decision problem SAT (F) consists of finding an assignment that
satisfies an F-set of constraints if such an assignment exists or then returning “no”
otherwise.

In this chapter, we will see that whenever we can solve the decision problem
SAT(F) in polynomial time, we can also find a solution for the satisfiable instances
and therefore solve the associated search problem in polynomial time.

It is normal practice to distinguish certain variants of SAT(F) where each function
of F depends on at most (or exactly) k variables. These variants are expressed as
kSAT(F) (or EESAT(F)).
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We now present a few classical decision problems as well as the corresponding
satisfiability problem SAT(F):

— SAT is the problem that consists of deciding whether a set of disjunctive clauses
defined on n Boolean variables is satisfiable. It corresponds to the SAT(F) problem,
where F is the set of ORf functions, for k < n.

— CoNJ is the problem that consists of deciding whether a set of conjunctive
clauses defined on n Boolean variables is satisfiable. It corresponds to the SAT(F)
problem, where F is the set of AND¥ functions, for k < n.

— LIN2 is the problem that consists of deciding whether a set of linear equations
defined on n Boolean variables is satisfiable. It corresponds to the SAT(F) problem,
where F is the set of XOR*, XNOR¥ functions, for k < n.

— 2S AT is the version of SAT where each disjunctive clause has at most two literals,
and it corresponds to 2SAT(F), where F is the set of ORi-C functions, for £ < 2.

— E3SAT is the version of SAT where each disjunctive clause has exactly three
literals, and it corresponds to SAT({OR}, OR?, OR3, OR3}).

DEFINITION 1.2.— The maximization problem MAX SAT(F) consists of establish-
ing an assignment that satisfies a maximum number of constraints from an F-set of
constraints.

For example, the MAX CUT problem, which consists of partitioning the set of
vertices of a graph into two parts such that the number of edges whose extremities
belong to different parts is maximum, can be formulated as a problem of the type MAX
SAT({XOR?}) as follows. Considering a graph G, an instance of MAX CUT, we
associate with each vertex i a variable x; and with each edge (7, j) of G the constraint
XORQ(Q,‘Z‘, l‘j).

DEFINITION 1.3.— The minimization problem MIN SAT DELETION(F) consists of
establishing an assignment that minimizes the number of non-satisfied constraints
from an F-set of constraints, which corresponds with the minimum number of con-
straints to remove so that the remaining constraints are satisfied.

MIN SAT DELETION(F) allows us to model certain minimization problems natu-
rally. For example, the s-t MIN CUT problem in a non-directed graph, which consists
of partitioning the set of vertices of a graph into two parts such that s and ¢ belong to
different parts and such that the number of edges whose extremities belong to differ-
ent parts is minimum, can be formulated as a problem of the type MIN SAT DELE-
TION({XNOR?} U{T, F'}) as follows. Considering a graph G, an instance of s-t MIN
CuT, we associate with each vertex ¢ a variable z; and with each edge (7, j) of G the
constraint XNOR?(z;, x;). Furthermore, we add the constraints 7'(z,) and F(z¢).
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COMMENT 1.1.—

1) The problems MAX SAT(F) and MIN SAT DELETION(F) are clearly related.
Indeed, considering an instance I of MAX SAT(JF) with m constraints, an optimal
solution for the instance I of MAX SAT(F) of value optygax SAT(]—')(I) is also
an optimal solution of the instance I of the MIN SAT DELETION(F) problem of
value optnfin SAT DELETION(7) ()= m-0ptyiax SAT () ({)- Therefore, the exact
complexities of MAX SAT(F) and MIN SAT DELETION (}Z ) coincide. However, the
approximation complexities of the two problems can be very different as we will see
in what follows.

2) In the literature, we also define the MIN SAT(F) problem that consists of es-
tablishing an assignment that minimizes the number of satisfied constraints. For ex-
ample, in the compendium of Crescenzi and Kann [CRE 95b], the MIN SAT prob-
lem consists of establishing an assignment that minimizes the number of satisfied
clauses from a set of disjunctive clauses. Note that MIN SAT(F) is equivalent, from
the exact and approximation point of view, to MIN SAT DELETION(F"), where F’
is the set of functions that are complementary to the functions of F. For example,
finding an assignment that minimizes the number of constraints satisfied among the
constraints 1 V xo, 21 V T3, T2 V T3,T1 V Ty is equivalent to finding an assign-
ment that minimizes the number of non-satisfied constraints among the constraints
T1 A To,T1 A x3,T2 N\ 3,21 A x2. Thus the MIN SAT problem is equivalent to
MIN SAT DELETION(F) where the constraints are conjunctive clauses (the problem
called MIN CONJ DELETION). In what follows, we will consider only the MIN SAT
DELETION(F) problem.

1.2.2. Constraint types

The complexity of SAT(F) as well as the exact and approximation complexities
of MAX SAT(F) and MIN SAT DELETION(F) depend on the types of Boolean func-
tions of the set . In this section, we describe the types of Boolean functions that have
been most studied and that we will discuss in the rest of the chapter.

A Boolean function f is:

- O-validif f(0,...,0) =1,

— I-validif f(1,...,1)=1;

— Horn if it can be expressed as a CNF expression that has at most one positive
literal in each clause;

— anti-Horn if it can be expressed as a CNF expression that has at most one nega-
tive literal in each clause;

— affine if it can be expressed as a conjunction of linear equations on the Galois
body G'F(2), that is as a conjunction of equations of type z;, © ... ® x;, = 0 or
Ty @... Dz, =1,
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— bijunctive if it can be expressed as a 2CNF expression;

— 2-monotone if it can be expressed as a DNF expression in the form z;, A. .. Ax;,
or Ty, A ... ATy, or (s, A...ANx;,)V (Tg A...ATy,). Note that a 2-monotone
function is both Horn and anti-Horn;

— complement-closed if for every assignment v we have f(v) = f(v), where v is
the complementary assignment to v.

We extend the previous notions to a set F of functions where all the functions of
F have the required property. For example, if each function of F is Horn then the set
JF is Horn and the SAT(JF) problem is called HORN SAT. Horn expressions play an
important part in artificial intelligence for developing expert systems or formalizing
knowledge bases. They also represent the base logic of Prolog.

The notation used in the literature for the SAT(F) problem when F is affine is
LIN2. k-LIN2 is the kSAT(F) problem where F is affine and EL-LIN2 is the variant
of k-LIN2 where each equation depends on exactly k variables. An instance of LIN2
is 0-homogenous (or 1-homogenous) if all its linear equations have their free terms
equal to O (or 1 respectively).

MONOTONE-SAT and MONOTONE-kSAT are the variants of SAT and £SAT where
every clause contains only positive literals or contains only negative literals.

We will consider other variants of SAT(F) in this chapter:

— The NAE3SAT problem is SAT({ f}), where f is of arity 3 and f(x1,x2,x3) =
1 if and only if the three variables do not have the same value; more exactly,
£(0,0,0) = f(1,1,1) = 0, otherwise f takes the value 1.

— The 1IN3SAT problemis SAT({g}), where g is of arity 3 and g(x1, x2, x3) = 1if
and only if exactly one of the three variables has the value 1; more exactly, g(1,0,0) =
9(0,1,0) = ¢(0,0,1) = 1, otherwise g takes the value 0.

COMMENT 1.2.— For certain variants of the SAT(F) problem, the set of constraints
can be represented in an equivalent way by an expression that puts these constraints
into conjunction. In the associated optimization problems, such as MAX SAT(F)
and MIN SAT DELETION(F), we use only the expression in the form of a set of
constraints in order to be able to count the number of satisfied constraints.

We now present a few variants of optimization problems used in the rest of the
chapter:

— MAX SAT, given a set of disjunctive clauses defined on n Boolean variables, con-
sists of finding an assignment that maximizes the number of satisfied clauses. MAX
SAT therefore corresponds to the MAX SAT(F) problem where F is the set of ORY
functions, for k < n.
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— MIN SAT DELETION, given a set of disjunctive clauses defined on n Boolean
variables, consists of finding an assignment that minimizes the number of non-satisfied
clauses. MIN SAT DELETION therefore corresponds to the MIN SAT DELETION(F)
problem where F is the set of OR;C functions, for k < n.

— MAX CON7J, given a set of conjunctive clauses defined on n Boolean variables,
consists of finding an assignment that maximizes the number of satisfied clauses.
MAX CONI therefore corresponds to the MAX SAT(F) problem where F is the set
of AND;C functions, for & < n.

— MIN CONJ DELETION, given a set of conjunctive clauses defined on n Boolean
variables, consists of finding an assignment that minimizes the number of non-satisfied
clauses. MIN CONJ DELETION therefore corresponds to the MIN SAT DELETION
(F) problem where F is the set of ANDé€ functions, for k < n.

— MAX LIN2, given a set of linear equations defined on n Boolean variables, con-
sists of finding an assignment that maximizes the number of satisfied equations. MAX
LIN2 therefore corresponds to the MAX SAT(F) problem where F is the set of XOR,
XNORF functions, for k < n.

— MIN LIN2 DELETION, given a set of linear equations defined on n Boolean
variables, consists of finding an assignment that minimizes the number of non-
satisfied equations. MIN LIN2 DELETION therefore corresponds to the MIN SAT
DELETION(F) problem where F is the set of XOR", XNORF functions, for k < n;

— The problems MAX kSAT, MAX EESAT, MAX KCONJ, MAXELCONJ, MAX
k-LIN2, and MAX Ek-LIN2, as well as the corresponding MIN DELETION versions,
are defined in a similar way on clauses or equations of size (at most) k.

1.3. Complexity of decision problems

In this section we study the complexity of SAT(F) decision problems according
to the type of functions of the set F.

SAT was the first problem to be shown to be NP-complete by Cook [COO 71]
and Levin [LEV 73]. We can easily reduce SAT to kSAT, & > 3, which implies the
NP-completeness of kSAT, for k > 3. However, 2SAT is polynomial [COO 71].

THEOREM 1.1.— 2SAT is solvable in polynomial time.

Proof. Let I be an instance of 2SAT with m clauses C,...,C,, and n variables
T1,...,Ty. We will construct a directed graph Gy with 2n vertices vy, U1,. . . , U, Un,
where v; (or v; respectively) corresponds to x; (or Z; respectively). For a literal ¢;
(respectively £;), let us express by w; (or w; respectively) the corresponding vertex.
In this way, if ¢; = z; then w; = v; and w; = v;, and if {; = Z; then w; = v; and
w; = v;. Each clause made up of one single literal ¢ is replaced by the equivalent
clause ¢ V £. For each clause /1 V /5, that is equivalent to the logical implications
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{1 = {5 and f5 = (1, let us introduce into G the arcs (wy,ws) and (o, w; ). Note
that if there exists a path from w; to w; in G'1 then there also exists a path from w; to
W

Let us consider an assignment of truth values for the vertices of G ;. This assign-
ment corresponds to an assignment of x1, . .., x,, that satisfies I if and only if:

(a) each 4, v; and v; have complementary values;

(b) no arc (wy, wy) is such that w, has the value 1 and w, has the value 0 (otherwise
the logical implication ¢, = ¢, would be false).

We will next justify that 7 is satisfiable if and only if in G no vertex v; is in the same
strongly connected component as v;.

Let us assume that [ is satisfiable and that there exists a vertex v; that belongs to the
same strongly connected component as v;. Let there be an assignment for z1, ..., z,
that satisfies /. This assignment induces an assignment of truth values for the vertices
of Gy that satisfy (a). Since v; belongs to the same strongly connected component
as v;, there exists in G a path from v; to v; and from v; to v;. One of these two
paths obligatorily has as its initial extremity a vertex valued at 1 and as its terminal
extremity a vertex valued at 0. It therefore contains an arc (w,, wg) such that w,, has
the value 1 and w, has the value 0, which contradicts (b) and therefore the fact that 1
is satisfiable.

Let us now assume that no vertex v; is in the same strongly connected component
as v;. We will construct an assignment over the vertices such that (a) and (b) are
satisfied. Let us first determine the strongly connected components of G by using
Tarjan’s linear algorithm [TAR 72]. Let us then construct the reduced graph of Gy,
expressed as G, whose vertices are the strongly connected components and where
we create an arc from a component S; to a component Ss if an arc from a vertex Sy
towards a vertex So exists. Let us express as S; the strongly connected component
that contains the complementary literals to the literals of .S;. Obviously, if S is a
predecessor of S5 then Sy is a predecessor of Si. Tarjan’s algorithm generates the
strongly connected components in inverse topological order; more exactly, if S is
generated before S5 then S cannot be a predecessor of .Ss.

We will now define the truth values for the vertices of G7; a vertex of G will then
have the truth value of the component to which it belongs. We repeat the following
algorithm as long as is possible: let us consider the first component S in the inverse
topological order which does not have a truth value, and let us assign the value 1 to
S and the value 0 to the component S. Obviously (a) is satisfied. To justify that (b)
is satisfied, we must show that no arc from a vertex that corresponds with a literal
of value 1 towards a vertex that corresponds with a literal of value O exists. Assume
there exists an arc from a vertex w; of value 1 that belongs to the component Sy
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towards a vertex wy of value 0 that belongs to the component S,. Then in G there
exists an arc from S; (valued at 1) to So (valued at 0) and from S5 (valued at 1) to S,
(value at 0). This contradicts the way in which we have assigned the values 1 to the
components because in an inverse topological order Ss is before S; and S is before
S5, and therefore at least one of the components So or S, should have the value 1. 1

Testing the satisfiability of a Horn expression has been shown to be polynomial by
Jones and Laaser [JON 77], and the complexity of the polynomial algorithm has been
improved by Dowling and Gallier [DOW 84], and Minoux [MIN 88].

THEOREM 1.2.— HORN SAT is solvable in polynomial time.

Proof. Let us consider an instance I of HORN SAT. If I does not contain a unit
clause, each clause contains at least one negative literal and we only need to set all the
variables to 0 to obtain a satisfying assignment. If I contains at least one unit clause,
we use the unit solution principle which consists of iteratively applying the following
two rules:

1) If a clause is made up of one positive literal x; (or one negative literal x;) then
set z; to 1 (or to 0) and remove the clause.

2) While there exists a clause that contains at least one fixed variable then the
expression can be reduced in this way:

(a) Remove every clause that contains a positive literal x; where z; has been
set to 1 (or a negative literal z; where x; has been set to 0) because this clause will
automatically be satisfied independently of the values of the other literals of the clause.

(b) In every clause, remove every positive literal x; such that z; has been set to 0
(or every negative literal Z; such that x; has been set to 1) because such a literal will
never satisfy this clause.

If by applying (b) we remove all the literals of a clause then the expression is
not satisfiable.

After having applied rules 1 and 2, there are three possible cases:
— I is declared non-satisfiable in 2(b).
— [ is satisfiable because all its clauses have been removed by applying 1 and 2(a).

— The partial assignment obtained defines a subinstance I’ that does not contain a
unit clause. [ is therefore satisfiable by setting to 0 the variables that have not been
set by the partial assignment.

Obviously a similar algorithm to the previous one can be established to decide
whether SAT(F) is satisfiable when F is anti-Horn and in the positive case, to find
a satisfying assignment. Each of these two algorithms also works when F is 2-
monotone.
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When F is affine, SAT(F) is also solvable in polynomial time using Gaussian
elimination.

THEOREM 1.3.— LIN2 is solvable in polynomial time.

Therefore SAT(F) is solvable in polynomial time when each function of F is a
disjunctive clause of size two at most (or more generally when each function of F
is 2CNF), when F is Horn or anti-Horn and when F is affine. Do other specific
cases exist for which SAT(F) is solvable in polynomial time? Schaefer [SCH 78]
established a characterization of the complexity of decision problems according to
the type of constraints which shows that the only cases where SAT(F) is solvable in
polynomial time are the previous cases as well as the trivial case where F is O or 1-
valid. In this last case, one of the two trivial assignments (the assignment of 0 for each
variable or the assignment of 1 for each variable) is a feasible solution. For example,
MONOTONE-SAT is solvable in polynomial time because it falls into this last case.

THEOREM 1.4.— [Dichotomic theorem for SAT(F) [SCH 78]] Given an F-set of
constraints, the SAT (F) problem is in P if F satisfies one of the following conditions,
and SAT(F) is NP-complete otherwise:

— F is O-valid (1-valid);

— F is Horn (anti-Horn);

— F is affine;

— F is bijunctive.

1.4. Complexity and approximation of optimization problems

In this section, we first present a polynomial algorithm for solving MAX SAT(F)
when F is 2-monotone. Next, we highlight a few classical methods that allow us to
establish positive approximation results for MAX SAT(F). We also cite other positive
and negative results that are found in the literature for MAX SAT(F) and MIN SAT
DELETION(F).

1.4.1. Maximization problems

If a SAT(F) problem is NP-hard then the corresponding MAX SAT (JF) problem
is also NP-hard. However, maximization problems exist that become hard even if the
corresponding decision problems are easy. Thus, MAX 2SAT is NP-hard [GAR 74],
MAX HORN SAT is NP-hard [KOH 94] even if 2SAT and HORN SAT allow polyno-
mial algorithms. Nevertheless, in certain cases, MAX SAT(F) is polynomial. A first
trivial case is that where F is 0 or 1-valid, all the constraints then being satisfied.
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We have seen in the previous section that SAT(F) is polynomial when F is 2-
monotone (using the algorithm for 7 Horn or anti-Horn). In fact, we can establish a
stronger result that allows us to establish an assignment that maximizes the number of
satisfied constraints in polynomial time.

THEOREM 1.5.— [Creignou [CRE 95a], Khanna, Sudan, Williamson [KHA 97b]]
MAX SAT(F) is polynomial when each function of F is a 2-monotone function.

Proof. We consider the equivalent problem MIN SAT DELETION(F), which we re-
duce to the s-t MIN CUT problem in a directed graph. Let us consider an instance
of the MAX SAT(F) problem over n variables with m constraints, each function of
F being a 2-monotone function of type:

Doy Ao ANy,
2) Ty Ao ATay;
3) (ziy Ao A )V (T, Ao A Tg,).

We construct a directed graph G; = (V, A), where V' contains two special vertices F,
T, a vertex x; for each of the n variables x; and a vertex v; for a constraint C'; of type
1, a vertex v; for a constraint Cj of type 2, and two vertices v; and v; for a constraint
C; of type 3. To construct the set of arcs, we proceed as follows:

— For a constraint C; of type 1, we create an arc of cost co from z;, to v; for
k=1,...,p,and an arc of cost 1 from v; to T'.

— For a constraint C; of type 2, we create an arc of cost co from v, to x, for
k=1,...,q,and an arc of cost 1 from F' to v;.

— For a constraint C; of type 3, we create an arc of cost co from z;, to v; for
k =1,...,p, an arc of cost oo from 7; to x, fork = 1,...,¢q, and an arc of cost 1
from v; to v;.

We now justify that the value of a minimal cut from F' to T' corresponds to an
assignment with a minimum number of non-satisfied constraints. Let us remember
that the value of a cut created by a partition (A4, B) with F' € Aand T € B is the sum
of the costs of the arcs whose initial extremities belong to A and terminal extremities
belong to B.

Given a cut C* of minimal value from F' to T, let us consider the assignment
that assigns O (or 1 respectively) to the variables that are in the same part as F' (or T’
respectively). If an arc of cost 1 from v; to T, which corresponds to a constraint of
type 1, is part of the cut C* then at least one of the variables x;, , ..., z;, is set to O
because otherwise the vertices that correspond to these variables are all in the same
part as 7" in the cut C*, and so by putting v; on the side 7" of the cut, we would obtain
a cut of lower value than the value of the cut C*, which contradicts the fact that C*
is a cut of minimal value. Thus the constraint C} is not satisfied. In the same way,
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we can justify that if an arc of cost 1 from F' to ¥;, which corresponds to a constraint
of type 2, is part of the cut C* then the corresponding constraint C; is not satisfied.
Furthermore, if an arc of cost 1 from v; to ¥;, which corresponds to a constraint of
type 3, is part of the cut C* then at least one of the variables z;, , ..., z;, is set to 0 and
at least one of the variables xy,, ..., is set to 1, and therefore the corresponding
constraint C; is not satisfied.

Let us now consider an assignment for z, ..., z, that minimizes the number of
non-satisfied constraints. The value of the following cut is equal to the number of
constraints not satisfied by the previous assignment:

— Place the vertices that correspond to the variables set to 0 (or 1 respectively) in
this assignment in the same part as F' (or T respectively).

— Place the vertex v; that corresponds to a constraint C; of type 1 in the part of T°
(or F) if C} is satisfied (or non-satisfied).

— Place the vertex v; that corresponds to a constraint C; of type 2 in the part of F’
(or T') if C} is satisfied (or non-satisfied).

—If Cj is a constraint of type 3, if x;, A ... A x;, is satisfied, put v; in the part of
T otherwise in the part of F', and if Z,, A... A Ty, is satisfied, put v; in the part of I,
otherwise in the part of 7.

Thus, MAX SAT(F) is solvable in polynomial time when each function of F is
a 0-valid, 1-valid or 2-monotone function. The theorem of classification for MAX
SAT(F) establishes that the previous cases are the only cases for which the problem
is easy.

THEOREM 1.6.— Theorem of classification for MaAX SAT(F) [CRE 95a, KHA 97b]]
MAX SAT(F) isin P if F is 0-valid or 1-valid or 2-monotone and MAX SAT(F) is
APX-complete otherwise.

In what follows, we will establish a few approximation algorithms for a hard prob-
lem, MAX SAT. A first, very simple approximation algorithm has been proposed by
Johnson [JOH 74].

THEOREM 1.7.— [JOH 74] MAX SAT is approximable up to a factor of%.

Proof. Let us consider an instance with m clauses C,...,C,, over n variables
Z1,..., Ty, Wwhose optimal value is expressed as opt. The algorithm consists of con-
sidering, for each variable z;, x; = 1 with the probability % and z; = 0 with the
probability % This algorithm provides an approximation up to a factor of % Let W
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be the random variable that represents the number of satisfied clauses, so the expecta-
tion of this random variable is:

m m
t
EW ZP (C; is satisfied) = Z m > ort

j=1 j=1

By using the conditional expectation method proposed by Erdos and Selfridge
[ERD 73], we can transform this algorithm into a deterministic algorithm with the
same performance guarantee as follows.

We will set values to the variables in the order x1, . .., x,. Let us assume that we
have set the values b1, . .., b; to the variables z1, . .., ;. Let us calculate E(W |z =
bi,...,x; = bj,xiy1 = 0) and E(Wlzy = b1,...,2; = bj,x;41 = 1), and let
Tit1 — 0 if E(W|1’1 = bl,‘..,l'i = bi,l'i+1 = 0) 2 E(W|1’1 = bl,‘..,l'l
bi,x;+1 = 1), and z;41 = 1 otherwise. Since

1
E(W|.’L‘1 =by,...,T; = bz) = §E(W|.’L‘1 =by,....,x; =bj,xiy1 = 1)+

—E(W|.’L‘1 = bl, ey Ly = biaxi+1 = 0)
then
max{E(W|x1 = bl, N bi,l'i+1 = 1),E(W|1’1 = bl, ey Xy = bi,xi+1 = 0)}

E(W\xl = b1, N i bz)

The assignment found at the end 1 = b1, ..., x, = b, has the value equal to
t
E(W|.’L‘1 =bi,...,Tp = bn) = E(W) > %

Using the random rounding method, Goemans and Williamson [GOE 94] have
improved the previous result.

THEOREM 1.8.— [GOE 94] MAX SAT is approximable up to a factor ofl—é ~ 0.632.

Proof. Let I be an instance of MAX SAT with m clauses C1, . . ., C,,, over n variables
Z1,..., Ty. The algorithm is the following:

1) Formulate MAX SAT as a linear program in 0—1 variables. With each Boolean
variable x; we associate a 0-1 variable y;, and with each clause C} a variable z; such
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that z; will take the value 1 if and only if C} is satisfied. Let C’;r ={i:z;, € Cj}and
C; ={i:x; € Cj}. Now the linear program associated with MAX SAT is:

maXZ;nzl zj
(Sat) Ziec;r Yi + Ziec;(l —Yi) = 2 (j=1,...,m)
yi €{0,1} (i=1,...,n), ZjE{O,l} (j=1,...,m)

2) Solve the relaxed problem (P):
max Y7 z

(P) ZieCj’ yi+ziecj_(1 _yi) > Zj (] = 1a«~~am)
y, €[0,1] (i=1,...,n), ZjE[O,l] (j=1,...,m)

Let (y*, z*) be the optimal solution found.

3) Let us consider the assignment: x; = 1 with the probability y; and 2; = 0 with
the probability 1 — y7.

Let W be the random variable that represents the number of satisfied clauses. So
the expectation of this random variable is

m m

E(W) =Y _ P(Cj is satisfied) = » (1 — Wicc+ (1= 4 ) Mice-i)

j=1 j=1

We will show that 1 — Hiec_j(l - y:‘)Hiecj_ yr = (11— %)z;

For this, let us first show that for every solution (y, z) of (P) and every clause C;
with k literals, we have

1- Hiec;ﬁ(l - yi)HiGC;yi = CLZj
where ¢, =1 — (1 — )k

In (Sat), the inequality that corresponds to C} is

Swit D> (l-yi) =z =

ers ieC;

|C’]ﬂ+|C’;|— Zyi— Z(l—yi)ék—zj —

1€ C']. i€ C'].

YoU—w)+ > vi<k—z

1€ C']. i€ C'].
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Knowing that we have the classical inequality % > Yai...an,Vay,...,a;
0, we have

k
51 (Ziecj_*(l - yi) + ZieC; yz)
-Y; = 1L —
k

- () - (-3

Let us consider the function f(z) = 1 — (1 — £)". We can easily verify that f is
concave, f(0) = 0,and f(1) = 1—(1— )" = ¢x. Knowing that f is concave, then to
show that f(x) > ax + b, for x € [u, v], all we need to do is show that f(u) > au+b
and f(v) = av + b; we deduce from this that f(x) > ¢, for z € [0, 1].

Thus .
1- Hiecjr(l - yz)HZEC;yz >1- ( - _) = CLzj

Since c1(=1) > ca(=3) > ... > ¢, >...>1—1 wehave

* * 1 *
1- Hiec;f(l —Y; )Hiecj—yi >(1- E)Zj

foreveryj =1,...,m.

Thus, in the end we obtain

i 1 1 1
>y (1- (1= 2optp > (1= ~)optsar
J=1

By using the conditional expectation method proposed by Erdos and Selfridge
[ERD 73], we can transform this algorithm into a deterministic algorithm with the
same performance guarantee as in theorem 1.7. |

Goemans and Williamson [GOE 94] then improved the previous algorithm for
MAX SAT.

THEOREM 1.9.— [GOE 94] MAX SAT is approximable up to a factor of %.
Proof. The algorithm consists of assigning the value 0 to a bit b with the probability

%, and the value 1 with the probability % If b = 0, we apply Johnson’s algorithm, and
if b = 1, we apply the previous random rounding algorithm.

P
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For a clause C; of size k, let IV; be the random variable that indicates whether the
clause is satisfied:

EW;) = S [E(W;lb=0) + E(W;[b=1)]

l\JlH

1 1

EWib=0)=1~ 5> (1~

BWylb=1)=1-(1- ) > (1~ (1= 1))

Therefore, E(W;) > 3z* and E(W) = >1" | E(W;) > 2optsar.
Using the conditional expectation method allows us to find a deterministic algo-
rithm with the same performance guarantee. |

The previous result is not the best known in the literature concerning the approxi-
mation of MAX SAT. Asano and Williamson [ASA 00] established an approximation
algorithm with a factor of up to 0.784 for MAX SAT Johnson’s algorithm for MAX
=L for MAX
EESAT, k£ > 2. Another method that allows us to obtain better approxunatlon results
for MAX SAT and its variants consists of modeling the problem as a semi-defined pro-
gram and using random rounding [GOE 95]. In this way, following this method for
the MAX 2S AT version, Feige and Goemans [FEI 95] obtained the best approximation
algorithm that gives an approximation of 0.931. On the negative side, Papadimitriou
and Yannakakis [PAP 88] have shown that MAX ESAT, k& > 2 is MAX SNP-hard,
which means that it does not have a polynomial time approximation scheme. Hastad
[HAS 97] later showed that even the MAX EkESAT, £ > 3, version is not approx-
imable up to a factor of (2 - ), for every € > 0, and that MAX E2SAT is not
approximable up to a factor of (25 — ¢), for every € > 0, if P£NP.

By also using the relaxation from integer programming and random rounding, Tre-
visan [TRE 96] showed that MAX kECONJ, k > 2, is approximable up to a factor of
2k . MAX CON7J is as hard to approximate as MAX INDEPENDENT SET [CRE 96],
that is it is not approximable up to a factor of for every € > 0, if NP# ZPP,
where m is the number of constraints.

77L1 €9

Johnson’s algorithm for MAX SAT [JOH 74] can also be applied to MAX LIN2
and MAX kLIN2, k > 2, and provides an approximation up to a factor of % Hastad
[HAS 97] showed that even the MAX E3LIN version is not approximable up to a
factor of (4 — ¢), for every ¢ > 0, and that MAX E2LIN is not approximable up to a

factor of (%—1 —¢), forevery € > 0, if P£NP.



20  Combinatorial Optimization 2

1.4.2. Minimization problems

Let us consider the MIN SAT DELETION(F) problem. Taking into account the
equivalence of this problem to MAX SAT(F) from the exact complexity point of view,
the polynomial cases for MIN SAT DELETION(F) are exactly the same as for MAX
SAT(F), that is when F is 0-valid, 1-valid and 2-monotone.

Let us now consider approximation complexity. A classification theorem has
also been established for MIN SAT DELETION(F) by Khanna, Sudan and Trevisan
[KHA 97a]. This theorem is much more complex than the classification theorems for
SAT(F) and MAX SAT(F).

Klauck [KLA 96] showed that MIN 3SAT DELETION is not approximable up to
a factor of n'—¢, for every ¢ > 0, if P# NP, where n is the number of variables.
However, MIN 2SAT DELETION is approximable up to a factor of O(logn loglogn)
[KLE 97] and it does not have an approximation scheme.

MIN kCONJ DELETION, k > 2, is approximable up to a factor of 2(1 — )
[BER 96], and MAX SNP-hard [KOH 94] and therefore it does not have an approxi-
mation scheme. MIN 2CONJ DELETION is approximable up to a factor of 1.103 and
it is not approximable up to a factor of % — ¢, for every € > 0, if P# NP and MIN
3CONJ DELETION is approximable up to a factor of 1.213 and it is not approximable
up to a factor of 12 — ¢, for every & > 0, if P# NP [AVI 02]. MIN CONJ DELETION is
as hard to approximate as MIN VERTEX COVER [CRE 96], that is it is approximable
up to a factor of 2 and it does not have an approximation scheme.

The MIN E2-LIN2 DELETION problem has been shown to be MAX SNP-hard in
[GAR 93] and therefore does not allow a polynomial time approximation scheme. On
the other hand, it is approximable up to a factor of O(logn) [GAR 93]. The MIN Ek-
LIN2 DELETION problems are extremely hard to approximate for every £ > 3. In fact,
they are not approximable in polynomial time up to a factor of nf2(1)/loglogn ypless
P = NP [DIN 98]. A first polynomial algorithm with a sublinear approximation factor,
O(n/logn), has been established for the general problem MIN Ek-LIN2 DELETION
[BER 02].

1.5. Particular instances of constraint satisfaction problems

Certain optimization problems become easier to approximate when we restrict our-
selves to particular instances. In this part, we will study various types of particular in-
stances of optimization problems: planar, dense instances, and with a bounded number
of occurrences of each variable.
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1.5.1. Planar instances

We generally talk about planar instances of a problem when the problem is defined
on a graph. In the case of satisfiability problems, a natural manner of associating a
graph with such a problem exists.

DEFINITION 1.4.— Given an instance I of a Boolean constraint satisfaction problem,

m constraints Cy, . .., C,, defined over n Boolean variables x1,. .., x,, the associ-
ated graph G = (V, E) is a bipartite graph defined in this way:
-V ={z1,...,2,} U{C,...,Cpn}, where x; is the vertex associated with the

variable x;, and C; is the vertex associated with the constraint C;.

- E = {(z;,C}j) : x; appears in C;}.

DEFINITION 1.5.— An instance of a satisfiability problem is planar if the associated
graph is planar. PLANAR A is the A problem reduced to planar instances, where A
is a decision or optimization problem.

The complexity of planar instances has been studied for a long time. For example,
Lichtenstein showed in [LIC 82] that PLANAR 3SAT remains NP-hard, and Dyer and
Frieze [DYE 86] showed that PLANAR 1IN3SAT remains NP-hard. More generally,
we can show [CRE 01] that for each F-set of constraints, if SAT(F) is NP-complete,
then PLANAR SAT(F U {F,T}) is also NP-complete. Furthermore, if the set F
is not complement-closed then PLANAR SAT(F) is NP-complete when SAT(F) is
NP-complete. An example of a SAT(F) problem where F is complement-closed is
NAE3SAT. Kratochvil and Tuza [KRA 00] have shown that PLANAR NAE3SAT is
polynomial while NAE3SAT is NP-hard.

As for approximation complexity, Hunt et al. [HUN 94] gave a polynomial time
approximation scheme for the PLANAR MAX kESAT(F) problem for every set F,
which means, for example, that PLANAR MAX 3SAT has an approximation scheme.
Khanna and Motwani [KHA 96] have generalized the previous result by showing that
PLANAR MAX SAT and more generally PLANAR MAX SAT(F) have an approxima-
tion scheme.

Before explaining the idea of this last scheme, let us define the idea of a t-exterior
planar graph.

DEFINITION 1.6.— A [-exterior planar graph is a planar graph that allows a repre-
sentation in the plane where all the vertices appear on the exterior face. A t-exterior
planar graph is a planar graph that has a representation in the plane such that by
removing the vertices on the exterior face we obtain a (t — 1)-exterior planar graph.
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THEOREM 1.10.— [KHA 96] PLANAR MAX SAT(F) has an approximation scheme.

Proof. Let I be an instance of PLANAR MAX SAT(F) with n variables and m con-
straints, and let G; = (V, E)) be the graph associated with I. Since |V| = n + m,
the graph G is t-exterior planar graph where ¢t < n + m. Let Ly, ..., L; be the sets
of vertices such that L; corresponds with the exterior face and each L; is the exterior
face obtained by removing the vertices of the sets Ly, ..., L;41.

Let us consider an optimal assignment for / and let n; be the number of satisfied
constraints that correspond with the vertices that belong to ;. We partition the faces
Ly, ..., Lyinto p+1 groups So, . . ., S, (where p will be determined according to the
maximal error € with which we wish to find a solution), where each group .S, is the
union of the faces L; where i is equal to 3r, 3r+1 or 3r+2 modulo g and ¢ = 3(p+1).
By using the pigeonhole principle, we can deduce that there exists a group .S; such that

> Lies, Mi < Og i(f) . This group will be determined by trying all the possibilities and
choosing the best solution from them. When we choose S;, we remove the vertices of
the faces with an index equal to 37 + 1 modulo g, which separates the graph in this
way into a family of disjoint (¢ — 1)-exterior planar graphs, G1, Ga, . .., Gy, such that
the total sum of the corresponding n; is at least (1 — ﬁ)opt([ ). A k-exterior planar
graph has a treewidth of at most 3k — 1 ([BOD 98]). By using dynamic programming,
we can establish a polynomial algorithm that provides an optimal solution for graphs
with a bounded treewidth, in particular for the graphs G1, Go, . . ., G¢. Since the sum
of the values of the optimal solutions obtained for each G; will be at least equal to
the total sum of the corresponding n;, when we choose p = E — 1], we obtain an
approximation of a factor of (1 — ¢). |

1.5.2. Dense instances

Two types of dense instances exist that are studied in the literature: everywhere
dense and average dense instances.

DEFINITION 1.7.— An instance of a MAX kSAT(F) or MIN kSAT DELETION(F)
problem over n variables is everywhere a-dense if, for each variable, the total number
of occurrences of the variable and of its negation is at least an*~', and it is average
a-dense if the number of constraints is of at least an®.

DEFINITION 1.8.— A set of instances is everywhere dense if there exists a constant
« > 0 such that each instance is everywhere a-dense, and a set of instances is average
dense if there exists a constant o > 0 such that each instance is average a-dense.

Therefore, a set of everywhere dense instances is average dense but the opposite is
not true.
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Arora, Karger and Karpinski [ARO 95] started the systematic study of the approx-
imation complexity of dense instances of optimization problems. They have shown
that average dense (and everywhere dense) instances of MAX kSAT, MAX CUT, MAX
DICuT, DENSE KSUBGRAPH and more generally of every MAX kSAT(F) problem
have a polynomial time approximation scheme. Arora, Karger and Karpinski observed
that the optima of average dense instances of MAX kSAT(F) problems are “large”
(Q(nk), where 7 is the number of variables) and that, in this case, an additive approxi-
mation means a relative approximation. The basic idea is to represent the problems as
mathematical programs in integer numbers of a certain type [ARO 95], then to apply
general approximation results for these programs to obtain an additive approximation.

Dense instances of minimization problems have also been studied. In [ARO 95],
Arora, Karger and Karpinski established polynomial time approximation schemes for
everywhere dense instances of the following minimization problems: MIN BISEC-
TION and MIN kCUT. For these latter problems, they used supplementary ideas in re-
lation to maximization problems because the values of the optimal solutions of dense
instances of minimization problems can be close to zero and in this case an additive
approximation does not necessarily provide a relative approximation.

Bazgan and Fernandez de la Vega [BAZ 99] initiated the systematic study of dense
instances of the minimization versions of satisfiability problems with the MIN E2-
LIN2 DELETION problem. More exactly, they showed [BAZ 99] that the everywhere
dense instances of MIN E2-LIN2 DELETION have a polynomial time approximation
scheme. In [BAZ 02, BAZ 03] Bazgan, Fernandez de la Vega and Karpinski have
generalized the result obtained for MIN E2-LIN2 DELETION to the two problems,
MIN £CONJ DELETION, k£ > 2, and MIN Ek-LIN2 DELETION, k£ > 3, that belong
to MIN £KSAT DELETION(F).

The polynomial time approximation scheme for the everywhere dense instances
of these MIN £SAT DELETION(F) problems is made up of two algorithms (as in
[ARO 95] for MIN BISECTION). The first guarantees a good solution when the op-
timum of the problem is (n*); the second guarantees a good solution when the op-
timum of the problem is O(n*). When the optimum is large, the idea consists of
expressing the problem as an integer program of a certain type, then using the method
from [ARO 95] that provides a solution with an additive error in the order of O(n*).
When the optimum is small, the idea of the algorithm is to make an exhaustive sam-
pling in a graph or hypergraph and to take as the solution the best one obtained by
“completing” each possibility of placing the variables. The algorithm obtained is a
random algorithm that can be derandomized as in [ARO 95].

Certain optimization problems do not allow a polynomial time approximation
scheme on everywhere dense instances. An example of such a problem is MIN 2SAT
DELETION. In fact, we can render the instances of MIN 2SAT DELETION everywhere
dense, without changing the value of the optimum, by adding disjoint copies of the
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original variables, then by adding all the conjunctions that have exactly one original
variable and one copy. Since MIN 2SAT DELETION does not have a polynomial time
approximation scheme, the everywhere dense instances of MIN 2SAT DELETION do
not have a polynomial time approximation scheme.

Let us emphasize that the average dense instances of MIN kCONJ DELETION and
MIN Ek-LIN2 DELETION, k > 2, are as hard to approximate as the general instances
of these problems [BAZ 03]. The idea is to construct a reduction of the general case
to the particular case by doubling the number of variables and by considering all the
clauses or equations over exactly k variables.

In conclusion, the MAX kSAT(F) problems have an approximation scheme for
the everywhere dense instances as well as for the average dense instances; however,
most of the MIN £SAT DELETION(JF) problems that have an approximation scheme
for the everywhere dense instances remain as hard to approximate for the average
dense instances as for the general instances.

1.5.3. Instances with a bounded number of occurrences

Certain decision problems remain NP-complete even in the case where each vari-
able only appears a bounded number of times.

Let us express by EtOCC-EkSAT the variant of EXSAT where each clause contains
exactly k literals and each variable appears exactly ¢ times, positively or negatively.

THEOREM 1.11.— 3SAT remains NP-complete even if each variable appears at most
three times, at least once positively and at least once negatively.

Proof. The idea is to reduce 3SAT to this particular case by replacing a variable x that
appears k > 3 times with &k copies z1, ..., x, and to make sure that these k copies
take the same truth value by adding the clauses (Z1 Vz2) A (Z2 Vas)A ... A(Tr V). 1

In the previous theorem, it is important that each variable appears at most (and
not exactly) three times, and each clause has at most (and not exactly) three literals
because, if not, the problem becomes polynomial.

THEOREM 1.12.— EKOCC-EESAT, k > 2, is polynomial [[PAP 94], Problem 9.5.4
(b)].

Proof. Let I be an instance of E30CC-E3SAT with n variables z1,...,2, and n
clauses C1,...,C,. We construct a bipartite graph G = (V1, Vs, E), where V; =
{z1,...,2n}, Vo = {C1,...,Cy}, and we create an edge between x; and C; if and
only if the clause C; contains z; or z;. The k-regular bipartite graph constructed
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in this way contains a perfect coupling M = {(z;,,C},),. .., (z;,,C;,)} (from the
Konig—Hall theorem [HAL 34]) that can be found by using, for example, the Ford—
Fulkerson algorithm. The following assignment obtained from M satisfies I: consider
x;, = 1if C}, contains z;, and x;, = 0if C}, contains z;,, for £ =1,...,n. |

Tovey [TOV 84] showed that E4OCC-E3SAT is NP-hard and MAX E4OcC-E3SAT
is APX-hard. Berman, Karpinski and Scott [BER 03c] showed that these results re-
main true even for the variants of these problems where each variable appears exactly
twice positively and twice negatively. Dubois [DUB 90] showed the NP-hardness of
E60cCC-E4SAT and E110cC-ES5SAT. In [KRA 93], Kratochvil, Savicky and Tuza
defined the function f(k) as being the largest ¢ such that every instance of EtOCC-
EESAT is always satisfiable and they showed that if ¢ > f(k) then EtOCC-EESAT is
NP-hard. Furthermore, f(k + 1) < 2f(k) + 1 and f(k) > L%J Berman, Karpinski
and Scott [BER 03b] showed thatif ¢ > f(k) then MAX EtOCC-EkSAT is APX-hard,
and they also improved certain bounds for the function f. More exactly, f(5) < 9
and f(6) > 7. In [KAR 01, BER 03a, BER 03b, BER 03c] we can find certain lower
and upper approximation bounds for various problems, for example for MAX 30cc-
E2SAT, MAX 30cc-E2-LIN2 and MIN 30cc-E3-LIN2 DELETION.

1.6. Satisfiability problems under global constraints

Global constraints naturally appear in certain optimization problems. For exam-
ple, MIN BISECTION is the MIN CUT problem under the constraint that the two parts
separated by the cut must be of equal size. It is known that MIN CUT is polynomial
while MIN BISECTION is NP-hard. Several optimization problems, for example MAX
BISECTION and MIN BISECTION, can be formulated as Boolean constraint satisfac-
tion problems where a feasible solution is a solution with as many variables set to O
as variables set to 1. For example, for an instance of MIN BISECTION represented by
a graph G with n vertices and m edges, we consider n Boolean variables x1, ...,z
and m constraints by associating with each edge (i, j) of G the constraint z; $z; = 0.
In this way, MIN BISECTION is the problem that consists of finding a solution with
as many variables set to O as to 1 such that a minimum number from the m previous
constraints are non-satisfied.

DEFINITION 1.9.— An assignment is said to be balanced if the number of variables
set to 1 is the same as the number of variables set to 0. BALANCED A is the variant
of the A problem where the feasible solutions are balanced assignments and A is a
decision or optimization problem.

The exact and approximation complexities of the balanced versions of decision or
optimization satisfiablility problems have been studied by Bazgan and Karpinski in
[BAZ 05]. In general, if a problem is hard, its balanced version remains hard. On the
other hand, several trivial problems become hard.
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More exactly, if SAT(F) is NP-complete then BALANCED SAT(F) is also NP-
complete [BAZ 05]. Itis easy to see that MONOTONE-EESAT is trivial because the as-
signment of 1 for each variable (if the expression is composed only of positive literals),
or the assignment of 0 for each variable (if the expression is composed only of nega-
tive literals), is a satisfying assignment. On the other hand, BALANCED MONOTONE-
EESAT is NP-complete, for every k > 2 [BAZ 05]. As specified in theorem 1.3,
Ek-LIN2, for every k > 2, is polynomial. In the balanced case, the situation is dif-
ferent because for £k = 2 the problem remains polynomial; however, for & > 3 the
problem becomes NP-complete even for a set of 0-homogenous or 1-homogenous lin-
ear equations [BAZ 05].

The balanced versions of maximization problems have also been studied. As
in the case of decision problems, we can show that MAX SAT(F) is E-reducible
to BALANCED MAX SAT(F) [BAZ 05]. It follows that the balanced version is at
least as hard to approximate as the general version. Furthermore, BALANCED MAX
MONOTONE-ELSAT is APX-hard, for every k > 2 [BAZ 05]. BALANCED MAX SAT
is approximable up to a factor of (1 — %) [SVIO01], and BALANCED MAX 2SAT is
approximable up to a factor of 0.66 [BLA 02] and randomly approximable up to a
factor of 3 [HOF 03]. BALANCED MAX MONOTONE-EKCONI, k > 2, does not

have an approximation scheme if NP Z Ns~o BTIME(Q"J) [BAZ 05]. BALANCED
MAX E2-LIN2 in the 1-homogenous case, which corresponds to MAX BISECTION, is
APX-hard [PAP 88, HAS 97], and BALANCED MAX E2-LIN2 in the 0-homogenous
case, which corresponds to BALANCED MAX UNCUT, does not have an approxima-
tion scheme if NP & Ns~q BTIME(Q"J) [BAZ 05]. Furthermore, BALANCED MAX
Ek-LIN2 is APX-hard for every £ > 3 even in the 0-homogenous or 1-homogenous
case [BAZ 05]. Also, using the PCP (probabilistically checkable proof) technique,
Holmerin [HOL 02] showed that the BALANCED MAX E4-LIN2 problem in the 0-
homogenous case is not approximable up to a factor of 0.912. Holmerin and Khot
[HOL 03] showed that the BALANCED MAX E3-LIN2 problem in the O-homogenous
case is not approximable up to a factor of (% —e¢), forevery € > 0. Recently, Holmerin
and Khot [HOL 04] showed that the BALANCED MAX E3-LIN2 problem in the 0-
homogenous case is not approximable up to a factor of (% —¢), forevery € > 0, if NP

Z Ns>o DTIME(Q"J), obtaining in this way the best non-approximability result for
this problem because it is easily approximable up to a factor of %

For minimization problems, we can establish the same result as for maximization
problems: BALANCED MIN SAT DELETION(F) is at least as hard to approximate
as MIN SAT DELETION(F), for every set 7. BALANCED MIN MONOTONE-ELSAT
DELETION, k£ > 2, does not have an approximation scheme if P#NP, and BAL-
ANCED MIN MONOTONE-EECONJ DELETION, k& > 2, does not have an approxi-
mation scheme if NP € N~ BTIME(2"§) [BAZ 05]. Holmerin and Khot [HOL 03]
established a lower bound for a generalization of MIN BISECTION. More exactly,
they showed that BALANCED MIN E3-LIN2 DELETION, even in the 0-homogenous
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and 1-homogenous cases, is not c-approximable, for every constant ¢ > 1, if P #
NP. BALANCED MIN E2-LIN2 DELETION in the 1-homogenous case corresponds to
BALANCED MIN UNCUT, which has been shown to be APX-hard [GAR 93]. BAL-
ANCED MIN E2-LIN2 DELETION in the 0-homogenous case is MIN BISECTION. The
approximation complexity of MIN BISECTION has not been established. The best al-
gorithm approximates the problem up to a factor of O(logn?) [FEI00]. Recently,
Khot [KHO 04] established that if NP ¢ Ns-o BTIME(2"") then MIN BISECTION
does not have a polynomial time approximation scheme. BALANCED MIN Ek-LIN2
DELETION, for k£ > 4, in the 0-homogenous and 1-homogenous cases does not have
an approximation scheme if P # NP [BAZ 05].

1.7. Conclusion

Satisfiability problems remain central problems to the theory of complexity. This
chapter shows the considerable theoretical progress made in the study of satisfiability
problems in recent decades. We now have an almost complete characterization of the
exact and approximation complexity of these problems as well as of various particular
1nstances.
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