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1.1 Theoretical and Computational Chemistry

Theoretical and computational chemistry, a vibrant nexus of chemical disciplines,
seamlessly melds chemical principles with the rigor of physics, the intricacy of
biology, and the power of computer science. Through sophisticated mathematical
models, fundamental physical laws, and cutting-edge computational techniques,
this subdiscipline of chemistry delves into the electronic-structure realm of matter,
simulating complex chemical processes, predicting physicochemical properties, and
unlocking profound insights into molecules, biological systems, and materials.

The evolution of modern theoretical and computational chemistry traces back to
the early twentieth century with the advent of quantum physics. Trailblazers like
Heitler and London [1] pioneered the application of quantum mechanical princi-
ples to chemical systems, beginning with the hydrogen molecule H,, by establishing
valence bond theory (VBT) [2-4]. The 1940s marked a turning point as electronic
computers, notably ENIAC, enabled rudimentary quantum chemical calculations
and transformed theoretical chemistry from a domain of applied mathematics to
computational exploration.

In the 1950s and 1960s, the field advanced significantly with the development of
ab initio methods within the framework of molecular orbital theory (MOT) [5-7],
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such as Hartree-Fock (HR) and post-Hartree-Fock approaches, alongside semi-
empirical techniques, facilitating more precise modeling of molecular electronic
structures. The 1970s and 1990s introduced density functional theory (DFT) [8-10],
parallel computing, and multiscale modeling techniques [11, 12], enabling the study
of increasingly complex molecular systems.

By the 2000s, high-performance computing had further expanded the field’s capa-
bilities, providing profound insights into chemical reactions, material properties,
and atomistic interactions. The early 2010s ushered in the integration of machine
learning (ML) techniques, which has been revolutionizing predictive and analytical
approaches in computational chemistry [13-15]. Most recently, developments since
the early 2020s have centered on quantum computers, artificial intelligence (AI),
and deep learning, beginning a new era of unparalleled computational power and
precision in molecular modeling [16-19].

Theoretical and computational chemistry encompasses a diverse range of
physical methodologies, integrating quantum mechanics (QM), classical mechanics
or molecular mechanics (MM), and statistical mechanics to simulate complex sys-
tems through advanced multiscale modeling approaches. The recent three Nobel
Prizes in Chemistry awarded to the field—John Pople and Walter Kohn in 1998;
Martin Karplus, Michael Levitt, and Arieh Warshel in 2013; and David Baker,

Demis Hassabis, and John Jumper in 2024—underscore the pivotal role of theo-
retical and computational chemistry as a cornerstone of interdisciplinary research.
This indispensable tool empowers academia and industry alike to unravel complex
chemical behaviors, design innovative materials, and explore biological functions
with precision and depth.

We cannot just compute; we should also understand [20, 21]. The true value of
theoretical and computational chemistry lies not only in generating data but in
interpreting it through the lens of chemical concepts. Computational results serve
as a bridge between abstract models and real-world phenomena, offering insights
that deepen our understanding of molecular behavior, reaction mechanisms, and
material properties. However, without a strong grasp of underlying chemical prin-
ciples, the interpretation of numerical results risks becoming superficial or mis-
leading. Chemical concepts provide the framework for translating numerical
output into meaningful knowledge that can guide experiments, predict outcomes,
and inspire innovation. Better understanding of chemical concepts through theory
and computation fosters the ability to critically evaluate computational predictions,
identify limitations, and refine methodologies, ensuring that our models remain
robust, reliable, and truly impactful. In this context, Charles Coulson’s seminal
statement that “we want insight, not numbers” [22, 23] can be nuanced to “we want
insight, not just numbers,” acknowledging that numerical data and deep under-
standing can work hand in hand.

In this chapter, we will briefly introduce multiscale modeling, followed by three
frameworks to solve the Schrédinger equation, VBT, MOT, and DFT, together with
the insights from the first two theories, which are both orbital-based, in enhancing
our understanding. We will spend a lot more space on the insight from DFT in the
ensuing chapters, as it constitutes the central theme of this book.
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1.2 Multiscale Modeling

Multiscale modeling [11, 12] is a computational approach that combines systems
at multiple spatial and temporal scales to simulate structure, dynamics, reac-
tivity, and functions for complex systems with unprecedented accuracy and detail
(Figure 1.1). By bridging the gap between macroscopic observations and micro-
scopic interactions, multiscale modeling enables us to gain insights into systems
that cannot be fully understood using a single-scale approach. Multiscale mod-
eling has been well developed as an integral method in theoretical and computa-
tional chemistry. The Nobel Prize of Chemistry in 2013 with the citation “for the
development of multiscale models for complex chemical systems” confirmed just that.

Three key features of multiscale modeling distinguish it from others. (i) It incor-
porates different simulation models for different spatial scales, from the atomic level
(angstrom scale using QM), the mesoscopic level (nanometer scale using classical
mechanics), to the macroscopic scale (meter scale using finite element methods).
(ii) It couples different models at different scales through mathematical relation-
ships or numerical techniques to pass information from smaller to larger scales;
(iii) It is often a hierarchical and bottom-up approach, where one starts at the small-
est scale (e.g., atomic or quantum) and builds up to larger scales by averaging or
coarse-graining.

At the microscopic scale, which spans from Angstroms and nanometers, sim-
ulation methodologies are dominantly QM by solving the Schrédinger equation
to describe the electronic structure of molecules and condensed phase materials.
MM and molecular dynamics to simulate atomistic motions using Newton’s law
via classical force fields, and Monte Carlo approaches, which employ stochastic
statistics to investigate thermodynamic and kinetic properties, can also be employed.
At the mesoscopic level (from nanometers to micrometers), coarse-grained models
simplify atomistic details by grouping atoms and functional groups into “beads”
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Figure 1.1 Schematic representation of multiscale modeling with respect to time and
space scales. Source: Reproduced from Ref. [20] with permission of American Chemical
Society.
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(e.g., via Martini force field or dissipative particle dynamics) to study emergent
structural and dynamical behaviors for colloids, polymers, or cellular systems. At
the macroscopic level (millimeters to meters and beyond), finite element anal-
ysis, fluid dynamics, and continuum mechanics models are applied to study stress,
strain, heat transfer, and other macroscopic properties and behaviors for materials.

Depending on the coupling scheme among different scales, which can be sequen-
tial, concurrent, and hybrid, we might have different implementations in various
disciplines. In computational chemistry, combining quantum mechanical calcula-
tions for the region of interest with MM for the rest, that is, QM/MM, is the most
popular implementation [24, 25]. QM is applied to describe the part of the system
where electronic-level details are crucial, whereas MM is employed to simulate the
rest of the system as the environment, for which QM treatment is computation-
ally too costly. One excellent example of such systems is enzymes, because their
function spans multiple scales, from electronic interactions at the active site to the
dynamics of protein folding and interactions with their environment. For these sys-
tems, reactions at the active site are treated quantum mechanically, but for the rest
of the enzyme, classical mechanics treatment is adequate. This way of multiscale
treatment allows us to simulate enzymatic reaction mechanisms, dynamics, and
their roles in biological systems.

While multiscale modeling methods are well established in theoretical and com-
putational chemistry, it still faces multiple challenges. Accurately transferring
information between scales is nontrivial, particularly when scales exhibit differ-
ent behaviors (e.g., discrete atomic interactions versus continuum mechanics).
Developing coupling models at different scales can be challenging; large-scale sim-
ulations can be computationally expensive, necessitating efficient algorithms and
high-performance computing; multiscale models must be parametrized and vali-
dated against experimental data at different scales, and any discrepancies in one
scale can propagate and impact the results for other scales; Access to accurate and
reliable data at all scales is often limited. Meanwhile, harnessing chemical under-
standing from different scales of simulations is not trivial. Figure 1.2 summarizes
the two challenging tasks, computation and understanding, in multiscale modeling.
We will come back to this big picture in the last chapter of this book.

In what follows, we focus on solving the Schrédinger equation, which is the
foundation of QM governing the electronic structure of matter at the atomic and
subatomic level. Without losing generality and unless it is specified otherwise, we
consider its time-independent and closed-shell form,

HY = E¥Y 1.1)
where H represents the Hamiltonian operator, ¥ = ¥(r,.r,,..., ry) denotes the
N-electron total wavefunction, and E is the total energy of the many-electron system.

For a given system, H is explicitly known, and E can be evaluated by the following
expectation value,

E = (Y|HY)/(P|¥) 1.2)
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Figure 1.2 Schematic representation of computation and understanding as two
paramount and challenging tasks in multiscale modeling. Source: Reproduced from
Ref. [20] with permission of American Chemical Society.

so in principle there is only one unknown in Eq. (1.1), for example, ¥. Unfortunately,
for a system with N electrons, ¥ is too complicated a function, with 4N (3N spatial +
N spin) variables. Except for the one-electron case, such as a hydrogen atom or
a hydrogen molecular cation H}, only approximate solutions of ¥ are possible.
Among the three theoretical frameworks in the literature to approximately solve the
Schrodinger equation, that is, VBT, MOT, and DFT, the first two are orbital-based,
and the last is density-based. In orbital-based theories, each electron is assumed to
be described by an individual wavefunction called an orbital, and the many-electron
wavefunction W constitutes a proper combination of the atomic orbital (AO) and/or
molecular orbital (MO). In the next section, we quickly overview these two orbital-
based theories together with the chemical insights derived from them.

1.3 Orbital-based Theories

1.3.1 Valence Bond Theory

Introduced in the 1920s by Walter Heitler and Fritz London [1] and later refined by
Linus Pauling [26], who introduced hybridization and resonance, VBT offers the
first framework to approximate the many-electron wavefunction of the Schrédinger
equation by considering how atoms combine to form molecules. Through the inter-
actions of AOs, it explains bond formation in terms of the overlap of wavefunctions
and the pairing of electrons. VBT states that a chemical bond forms when AOs of
two atoms overlap, allowing electrons to be shared between them. The greater the
overlap, the stronger the bond. The overlapping orbitals must have compatible sym-
metry, similar energy levels, and opposite spins. There are two major types of orbital
overlapping: sigma (o) bonds via head-on overlap of AOs along the internuclear
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axis and pi (n) bonds through side-by-side overlap of p AOs perpendicular to the
internuclear axis. VBT also introduced orbital hybridization to explain molecular
geometry and resonance to justify bonding that cannot be adequately described by
a single Lewis structure.

The building block of the many-electron wavefunction ¥ in VBT is the so-called
Heitler-London-Pauling-Slater (HLSP) function [4], also called VB function, which
refers to the many-electron wavefunction used in VBT to describe covalent bond
formation between two atoms. Using the H, molecule as an example, let ¢, (1) and
¢(2) represent the AOs of hydrogen atoms A and B, respectively, where ¢, (1) is the
1s AO of atom A for electron 1, and ¢(2) is the 1s AO of atom B for electron 2. The
spatial part of the wavefunction is constructed as a linear combination of product
states, ensuring proper symmetry under electron exchange,

Wi =ﬁ[ml>¢3(2>iqu(z)asB(l)], (1.3)

where the “+” sign corresponds to the symmetric spatial wavefunction (bonding
orbital), the “—” sign corresponds to the antisymmetric spatial wavefunction (anti-
bonding orbital), and S is the overlap integral between two nonorthogonal AOs,

5= / (1) dy(r)dr (14)

Since electrons are fermions, the many-electron wavefunction (spatial x spin)
must be antisymmetric under spin exchange between spin-up («) and spin-down (/)
electrons. Therefore, we have the spin part of the total wavefunction,

1
lI‘spin = % [(a(l)ﬁ(Z) + ﬁ(l)a(z))] . (1-5)
The HLSP function Wy, gp is the product of spatial and spin parts,
lIJHLSP = \Pspatial * lIJspin . (16)

In general, in VBT, the many-electron wavefunction ¥ of a molecule can be
expressed in terms of a linear combination of HLSP functions, as

Y= ZKCKTII—{ILSP’ .7

where WX, is a VB function (e.g., HLSP function) corresponding to a specific
Lewis structure, and Cy is its corresponding coefficient. A general HLSP function
can be written as

Whirsp = A Qg O, (1.8)

where A is the antisymmetrization operator and €y is a direct product of occupied
spatial AOs {¢x },

Qg = ¢Kl(1)¢K2(2)"'¢KN(N)’ 1.9

and the spin contribution O is
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L v e g
O = gﬁ [a(D)B() = pDa()] Ha(k), (1.10)

where (ij) runs over all n covalent bonds and k runs over all unpaired electrons,
which implies that an HLSP function is expanded as a linear combination of 2"
Slater determinants.

With the above approximate total wave function W, one can solve the generalized
eigenvalue equation,

HC = SCe, (1.11)

where H and S are Hamiltonian and overlap matrices constructed in the basis
of HLSP functions, respectively, C and € are eigenvectors and eigenvalues. This
equation must be numerically solved self-consistently.

The key advantage of VBT is that each HLSP function exactly corresponds to a
classical Lewis structure, and thus it provides unambiguous and intuitive insights
into the nature of chemical bonding and reactivity mechanisms. Additionally,
Pauling’s hybridization theory successfully explains molecular geometry and res-
onance structures. On the other hand, VBT cannot easily explain delocalized elec-
tron systems, does not account well for excited states, and becomes mathematically
complex for larger molecules. Recent developments in VBT have resolved some of
these issues with methods like generalized valence bond theory [27], ab initio VBT
[4], and block-localized wavefunction theory [28].

1.3.2 Molecular Orbital Theory

MOT is the second electronic structure theory to approximately solve the Schrédinger
equation. Developed in the 1930s by Robert Mulliken [29] and Friedrich Hund
[30, 31], and later by many others, MOT introduces the concept of MOs, which
are formed from the linear combination of atomic orbitals (LCAOs). Unlike VBT,
which focuses on using AOs to form localized covalent bonds, MOT emphasizes the
delocalized nature of electrons in MOs. This delocalization enables MOT to describe
a broader range of chemical phenomena, from conjugated systems and aromaticity
to bonding in metals and coordination complexes.

To form an approximate many-electron wavefunction ¥ for Eq. (1.1), MOT starts
with the Born-Oppenheimer approximation to separate the motion of electrons
from that of atomic nuclei within a molecule because atomic nuclei are much
heavier than electrons and then uses the LCAO approximation to generate MOs,

W = azjcijgbj (1.12)
where y; are MOs, qu AOs, ¢ linear coefficients, and a the normalization constant.
Since electrons are fermions, the many-electron wavefunction represented by
MOs should satisfy the antisymmetric condition, which is done through the Slater
determinant,

9
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(%) w(X) - yn(x)
1 (X)) w(x) - yn(x;)
Vi : . N s (1.13)

P(xp, %5, 0, Xpy) =

) valew) — vaGw)

where x denotes the position and spin coordinate of a single electron for an N-
electron system. If the many-electron wavefunction in Eq. (1.1) is expressed by
the above single Slater determinant, this method is called the Hartree-Fock (HF)
method. In this case, plugging Eq. (1.13) into Eq. (1.2) to variationally optimize all
linear coefficients in Eq. (1.12), one obtains the so-called Hartree-Fock-Roothaan
equation with the basis set {¢,},

Fc = Sce, (1.14)

where F is the Fock matrix, S is the overlap matrix of the basis functions, c is the
coefficient matrix, and e is the diagonal matrix of orbital energies. In the case of an
orthonormalized basis set, the overlap matrix, S, reduces to the identity matrix. Same
as Eq. (1.11) in VBT, Eq. (1.14) should be solved numerically in the self-consistent-
field (SCF) manner. The obtained MOs are occupied from the lowest orbital energy,
each by two antiparallel electrons, forming the ground state of the system.

Since the HF method uses only one Slater determinant in approximating the
many-electron wavefunction, it only includes the static correlation stemming
from the exchange effect among spin-parallel electrons. The configuration interac-
tion (CI) method goes beyond the HF method by including the dynamic correlation
effect from spin-antiparallel electrons. It does so by expressing the many-electron
wavefunction as a linear combination of multiple Slater determinants,

Yor=¢ ¥ + Zici Wi + ijcij Fj+ - (1.15)

where ¥ is the HF ground-state determinant; ¥, ¥, ---, are excited determinants

i
obtained by promoting one, two, or more electrons from occupied MOs to unoccu-
pied (virtual) orbitals; and CosCisCijs **» ATE the coefficients determined variationally.
If only single excitation is considered, that is, the right-hand side of Eq. (1.15) is
truncated at the second term, we have CIS (CI singles); if two electrons are pro-
moted (i.e., Eq. (1.15) is truncated up to the third term), we have CISD (CI singles
and doubles); if it includes all possible excitations in Eq. (1.15), the full CI (FCI)
method is obtained. FCI represents the most accurate results that can be obtained
by MOT. Because FCI is exceedingly costly in computational expenses, it is limited
only to small systems. CI methods improve the accuracy of molecular energy calcu-
lations, capture dynamic electron correlation effects, and provide a systematic way
to improve results.

Figure 1.3 depicts the relationship between HF and FCI methods. Other multi-
determinant approaches are available in the literature, such as coupled cluster
theory, complete active space SCF theory, and multi-reference CI. Also included in
Figure 1.3 is the series of perturbation theories, such as MP2 (second-order Moller—
Plesset perturbation theory) and CASPT2 (complete active space second-order
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Figure 1.3 Available approaches in MOT.

perturbation theory). On top of the figure are semiempirical approaches that sim-
plify the ab initio wavefunction theory by (i) employing one Slater determinant,
(ii) focusing only on valence electrons, and (iii) incorporating experimental param-
eters to neglect or approximate certain two-electron integrals. These simplifications
significantly reduce computational costs and thus make them suitable for treating
large systems, such as biomolecules and polymers.

1.3.3 Concepts from Orbital-based Theories

The two frameworks of orbital-based theories, VBT and MOT, not only provide
practical pathways to approximately solve the Schrodinger equation numerically
for many-electron systems but also offer insights and understanding about various
chemical concepts [32, 33].

In VBT, how AOs of individual atoms overlap to form chemical bonds is the focus
[32]. A chemical bond forms when the AOs of two atoms overlap, resulting in a
region of shared electron density between the two nuclei. Greater overlapping leads
to stronger bonding and lower potential energy of the molecular system. When the
two AOs are overlapped head-on, a sigma (c) bond is formed. When they overlap
side-by-side, a pi (x) bond is formed, which often accompanies a sigma bond in
double and triple bonds.

The hybridization concept introduced by Linus Pauling explains how AOs can
combine to form new hybrid AOs with different shapes, such as sp, sp? sp?, and
sp>d?, which can be used to predict bond angles and molecular geometry, for
example, tetrahedral and trigonal planar.

When a single VB structure cannot fully represent the true electronic structure
of a molecule, such as benzene, the concept of resonance is introduced by Pauling
and Hund to describe the situation. In this case, multiple VB structures, called res-
onance structures, contribute to the overall bonding and properties of the molecule.
The actual molecule is considered a resonance hybrid, which is a weighted average
of these resonance structures. First proposed by Shaik et al. [34, 35], a charge-shift
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(CS) bond is a type of chemical bond where the stability arises not primarily from
covalent or ionic character but from resonance between ionic structures. This
phenomenon occurs when the bond energy cannot be fully explained by the simple
combination of covalent and ionic bonding contributions. The first example of such
a CS bond is the diatomic molecule F,.

VBT emphasizes localization of chemical bonding, where electrons are shared
between specific pairs of atoms. Nevertheless, it can also provide qualitative under-
standing about conjugation, hyperconjugation, and aromaticity [32]. Conjugation
occurs when a molecule has alternating single and multiple bonds (e.g., C=C—C=C),
allowing m-electrons to delocalize over adjacent atoms. In VBT, conjugation is
explained by the overlap of adjacent p-orbitals on sp>hybridized atoms. This
overlap creates a m-electron cloud that extends over multiple atoms, leading to
electron delocalization and overall decreased energy. Hyperconjugation involves
the delocalization of electrons from a c-bond (usually C—H or C—C) into an adja-
cent empty or partially filled p-orbital or n-system, whereas aromaticity refers to
the exceptional stability of cyclic, planar molecules with delocalized =n-electrons,
governed by Hiickel’s rule (4n + 2 n-electrons). With overlapping between o- or
n-bonds, VBT can provide qualitative descriptions about conjugation, hyperconju-
gation, and aromaticity, but its understanding is often less quantitative than MOT.

MOT provides a comprehensive understanding of chemical bonding, electronic
structure, and molecular properties [33, 36-38]. Since an MO is formed by the
LCAOs from different atoms in a molecule, electrons in a molecule occupying
such MOs are usually delocalized over the entire molecule rather than being asso-
ciated with a single atom or localized between a pair of atoms. Also, MOs, either
head-on (o overlap) or side-on (n overlap), can be bonding (in-phase overlap, low-
ering energy, e.g., o or n) or antibonding (out-of-phase overlap, raising energy,
e.g., o* or n¥) or nonbonding (no overlap, no change in energy). These different
bonding natures of MOs can be represented by the MO diagram, as shown in Figure
1.4 for O, as an example. It elucidates the relative energy of MOs with respect to
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Figure 1.4 The MO diagram of the oxygen molecule. Only valence orbitals are shown.
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those of AOs. Electrons fill MOs in the diagram according to the Aufbau principle
(electrons occupy MOs in order of increasing energy), Pauli exclusion principle (each
MO can only occupy two antiparallel electrons), and Hund’s rule (when electrons
occupy degenerate MOs, they will first fill each orbital singly with parallel spins
before pairing up). Using the diagram, one can evaluate bond orders, determine
paramagnetic and diamagnetic properties, and quantitatively describe conjugation,
hyperconjugation, and aromaticity.

Even though localization and hybridization are concepts from VBT, it can be
integrated with MOT to explain molecular geometry and bonding through, for
example, the natural bond orbital analysis [39, 40]. Localized molecular orbitals
(LMOs) are obtained through the unitary transformation of the conventional, delo-
calized MOs. LMOs are spatially concentrated in specific regions of a molecule and
thus provide an intuitive picture of bonding that resembles the traditional Lewis
structure, where bonds are localized between pairs of atoms and lone pairs are con-
fined to specific atoms.

Molecules have symmetry, so do AOs and MOs. AOs that have the same symmetry
with respect to a molecule’s symmetry elements can mix and form MOs, whereas
those with different symmetries do not interact, due to orthogonality. LCAO pre-
serves the symmetry property of the molecule, leading to the orbital symmetry
conservation principle in MOT [38]. As a result, MOs inheriting the symmetry of
a molecule can be classified as o, «, 8, or with symmetry labels such as a; and b,.
Based on this principle for chemical reactions, Woodward and Hoffmann proposed
a set of rules, called the Woodward-Hoffmann rules [37, 38], to predict the outcome
of pericyclic reactions.

The frontier molecular orbital (FMO) theory proposed by Kenichi Fukui is a
conceptual framework in MOT to explain and predict chemical reactivity and
selectivity [36, 41, 42]. It focuses on the interaction between the highest-occupied
MO and the lowest-unoccupied molecular orbital of the reactants. These orbitals,
referred to as the “frontier orbitals,” are most important in governing the reactivity
of molecules. Because of this work, Fukui shared the 1981 Nobel Prize in Chemistry
with Roald Hoffmann for his contribution to establishing the Woodward-Hoffmann
rules.

1.4 Density Functional Theory

DFT [9] has been the workhorse in the past few decades as the most widely used com-
putational method to simulate the electronic structure of molecules and condensed
matter alike [43]. It has become a cornerstone of materials science, chemistry, and
condensed matter physics due to its balance of remarkable accuracy and computa-
tional efficiency. At its core, unlike VBT and MOT, DFT avoids directly solving the
Schrodinger equation, Eq. (1.1), with an approximate many-electron wavefunction
Y. Instead, it rewrites Eq. (1.2) as

E=E[p]. (1.16)
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where p = p(r) stands for the electron density of a many-electron system in the
ground state, which is a function of only three spatial coordinates and is normal-
ized to N,

/p(r)dr =N, (1.17)

where N is the total number of electrons in the system. This electron density p(r)
can be obtained experimentally from X-ray crystallography. It can also be obtained
from wavefunction theory from the N-body wavefunction, ¥(r,.r5,....ry),

) = N// /|‘I’(r,r2,...,rN)|2dr2 dr;---dry, (1.18)
or MOs {y;(r)},
occ
po =2 lm®P, (1.19)

where the sum runs over all occupied MOs in the single-particle approximation,
such as in Hartree-Fock theory.

The idea of describing an electronic system by its density goes back to the
Thomas-Fermi model developed separately by Thomas [44] and Fermi [45]. In
these early works, the electron density was used as a central variable. However, the
notation was not entirely standardized then. Many authors used symbols like n(r)
or p(r) interchangeably to denote the electron density. To the best of the author’s
knowledge, it was Dirac’s 1930 paper “Note on Exchange Phenomena in the Thomas
Atom” [46] that derived an expression for the exchange energy of an electron gas
and formulated it in terms of the local electron density, denoted by p(r). This paper
can be credited as the first influential instance where the symbol p(r) was used
explicitly to represent the electron density.

Equation (1.16) suggests that the total energy of the system is a functional of the
electron density, as opposed to Eq. (1.2), where the total energy is a functional of the
many-electron wavefunction,

E=E[¥(r.r,,...ry)|. (1.20)

This reformulation of Eq. (1.16) is based on the two Hohenberg-Kohn theorems
[8]. The first one states that there is a one-to-one mapping between the electron
density p(r) and the external potential v (r) in the ground state. This suggests that
all ground state properties of the system are functionals of the electron density,
including the total energy,

Blp) = Flp)+ o)), (1.21)

where F[p] is the universal density functional. The second theorem asserts that the
correct ground-state electron density should minimize the total energy functional,
thus providing a variational principle for Eq. (1.21) and yielding the following Euler
equation,
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_9Elp] _ 5Flp] |
dp(r)  p(r)

where u is the chemical potential and 8/8p(r) is the functional derivative with
respect to the electron density [9].

According to these theorems, in principle, any energetic component of the total
electronic energy can be rigorously expressed by a density functional, but in prac-
tice it is impossible to do so. In DFT, a conventional partition of the total electronic
energy is the following,

Elp] = Ts[p] + Vielp] + Jlp] + E[p], (1.23)

where Ty is the noninteracting total kinetic energy, V,, the electron-nucleus
attraction, J the electron-electron Coulombic repulsmn, and . the exchange-
correlation energy, which captures the quantum mechanical effects of electron
exchange and correlation. Note that when calculating the total energy, one should
add the electrostatic repulsion among nuclei, V,,,. Among the four components in
Eq. (1.23), only two terms are known to have an explicit expression in terms of the
electron density. The first is V,,,[p], which is the second term at the right-hand side
of Eq. (1.21), and the other is the classical electron—electron Coulombic repulsion

I[pl,

+ Ve (1), (1.22)

/ PP 4. (1.24)

Ir—l"l

For Tg[p] and E,[p], their exact expression in terms of the electron density is
unknown.

To overcome this difficulty, Kohn and Sham [47] introduced a fictitious system of
noninteracting electrons moving in the so-called Kohn-Sham orbitals {y;(r)} with
an effective potential v,(r), so the same ground-state electron density p(r) as the
interacting system is reproduced

N
_ 2
p® =2 lw®P, (1.25)
the noninteracting total kinetic energy is expressed as
1y 2
= Zz=l / (V2 y,@dr, (1.26)
and then the Kohn-Sham equation is obtained as,
(— %Vz + ueﬁ(r))y/i(r) = ¢ y(D), (1.27)

where the effective Kohn-Sham potential is composed of several terms,
V() = Uy (1) + 0,(1) + 0, (1), (1.28)

with the classical Coulombic potential
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o)1) = P ), dr’, (1.29)
|r — 1’|

and the exchange-correlation potential

SE.[p]
dp(r)

In the Kohn-Sham scheme, the total kinetic energy is obtained by Eq. (1.26), so
there is only one unknown left in Eq. (1.23) to approximate, which is the exchange-
correlation energy density functional E,_[p].

The development and history of DFT are closely tied to the search for better
exchange-correlation functionals because E.[p] is the key approximation in the
Kohn-Sham equation that determines its accuracy and applicability. The local
density approximation (LDA) was the first form proposed, and it is the simplest
exchange-correlation functional. It assumes that the exchange-correlation energy
at any point in space depends only on the local electron density at that point,

B = [p(e)ec(p(e))r (131)

0.(r) = (1.30)

where e,.(p) is the exchange-correlation energy per particle. LDA works surpris-
ingly well for systems with slowly varying electron densities (e.g., simple metals) but
fails for systems with strong inhomogeneities (e.g., atoms, molecules, surfaces). To
address the limitations of LDA, the generalized gradient approximation (GGA) [48]
was developed, including not only the local electron density but also its gradient,

ES6A = / p(r)ey.(p(r), Vp(r))dr. (1.32)

GGA functionals, such as B88 (Becke 88) [49], Lee-Yang-Parr (LYP) [50], and
Perdew-Burke-Ernzerhof [51], significantly improved the accuracy of DFT for
molecular systems, bond energies, and structural properties. Another popular cat-
egory is the hybrid functional, such as B3LYP (Becke 3-parameter Lee-Yang-Parr),
mix a portion of exact exchange from Hartree-Fock theory with GGA exchange and
correlation,

Eibbd — gpHE 4 (1 — q)ESCA 4 ESCA (1.33)

where E!'F is the exact exchange energy from Hartree-Fock theory.

Other kinds of approximate exchange-correlation functionals in DFT are (i)
meta-GGA functionals, such as Tao-Perdew-Staroverov-Scuseria [52] and Strongly
Constrained and Appropriately Normed [53], which go beyond GGA by including
higher-order derivatives of the electron density (e.g., the kinetic energy density), and
(ii) range-separated hybrid and double hybrid functionals [54], which further refine
the treatment of exchange and correlation energies by incorporating long-range cor-
rections and perturbative correlation, respectively.

Unlike ab initio wavefunction theory methods in Figure 1.3, where a clear pathway
is available to systematically improve the accuracy, DFT does not have such a route.
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Figure 1.5 The Jacob’s ladder in DFT (Generated with Al using DALL-E—OpenAl).

Still, the Jacob’s ladder metaphor in DFT, shown in Figure 1.5, represents the hier-
archy of increasingly accurate density functionals. This “ladder” metaphor, intro-
duced by John P. Perdew, compares functional development to climbing a ladder
toward the “heaven” of chemical accuracy. Each rung of the ladder corresponds
to a level of approximation, with higher rungs providing greater accuracy but also
increasing computational cost. It serves as a framework to understand the tradeoff
between accuracy and computational cost in DFT, guiding researchers in choosing
the appropriate functional for their systems.

DFT has become immensely popular over the last few decades due to its unique
combination of accuracy, versatility, and computational efficiency. While DFT is
powerful and widely used, its limitations arise primarily from approximations in
the exchange-correlation functional and its inability to handle specific phenomena
like strong correlation, excited states, or van der Waals interactions. Manifested by,
for example, the self-interaction error [55], it overestimates electron delocalization,
leading to incorrect prediction of properties like band gaps, dissociation energies,
and ionization potentials. On the other hand, it underestimates electron localiza-
tion, causing a poor description of charge transfer, oxidation states, spin states, or
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electronic configurations of localized systems such as transition metal complexes.
These errors arise because DFT functionals do not fully capture the complex exchange
and correlation effects. Recent developments, such as double hybrid functionals
(e.g., B2PLYP), combine a portion of exact exchange with a perturbative treatment
of correlation, providing a more balanced description of delocalized and localized
states. Additionally, ML techniques are being used to develop new functionals that
better capture the complexities of electron delocalization and localization [56-58].

1.5 Scope of This Book

We want insight, not just numbers [20]. Any electronic structure theory should pro-
vide a new understanding of traditional chemical concepts. As highlighted in Section
1.3, VBT did that with the insight into chemical bonding, and MOT provided the
FMO theory, orbital symmetry conservation principle, and Woodward-Hoffmann
rules. They are both orbital-based. In DFT, electron density is the basic variable.
To the best of the author’s knowledge, there is no systematic work to present all
conceptual frameworks to harness chemical understanding using density-based
ideas [59-61]. Conceptual DFT (CDFT) [9, 62-65] is the first effort in DFT to ana-
lyze chemical reactivity in terms of global and local descriptors such as electronega-
tivity, hardness, and electrophilicity. Other efforts such as quantum theory of atoms
in molecules (QTAIM) [66], electron localization function (ELF) [67], and noncova-
lent interaction (NCI) [68, 69] analyses are also available in the literature. However,
their scope is limited, and controversies are abundant. The purpose of this book is to
fill the knowledge gap by providing a systematic overview of how to employ density-
based ideas to harvest chemical insights, including covalent bonding, weak inter-
actions, conformational stability, acidity/basicity, electrophilicity, nucleophilicity,
aromaticity, stereoselectivity, and catalysis, with density-based descriptors.

In what follows, in Part I of this book, we will present the four density-based
frameworks, including CDFT (Chapter 2), density-associated quantities (Chapter 3),
information-theoretic approach (Chapter 4), and orbital-free DFT (Chapter 5), and
the interrelationships among these frameworks as well as a few recent develop-
ments (Chapter 6).

In Part II, applications of these four frameworks to real chemical problems are
discussed, including covalent and noncovalent interactions (Chapter 7), coopera-
tivity and frustration (Chapter 8), principle of chirality hierarchy and homochiral-
ity (Chapter 9), electrophilicity and nucleophilicity (Chapter 10), steric effect and
stereoselectivity (Chapter 11), acidity and basicity (Chapter 12), aromaticity and
antiaromaticity (Chapter 13), excited states (Chapter 14), catalysis (Chapter 15),

and miscellaneous applications (Chapter 16).

In Part III, based on the ideas from this book, in the final two chapters
(Chapters 17 and 18), we provide perspectives on how chemical understanding
is, in general, obtained with chemical concepts (Chapter 17) and how to expand
the territory of chemical reactivity theory by harvesting chemical understanding
with ML and quantum computing (Chapter 18).
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