
The Physics of the DC Motor
The principles of operation of a direct current (DC) motor are presented
based on fundamental concepts from electricity and magnetism contained
in any basic physics course. The DC motor is used as a concrete example
for reviewing the concepts of magnetic fields, magnetic force, Faraday's
law, and induced electromotive forces (emf) that will be used throughout
the remainder of the book for the modeling of electric machines. All of
the Physics concepts referred to in this chapter are contained in the book
Physics by Halliday and Resnick [34].

1.1 Magnetic Force

Motors work on the basic principle that magnetic fields produce forces on
wires carrying a current. In fact, this experimental phenomenon is what
is used to define the magnetic field. If one places a current carrying wire
between the poles of a magnet as in Figure 1.1, a force is exerted on the wire.
Experimentally, the magnitude of this force is found to be proportional to
both the amount of current in the wire and to the length of the wire that
is between the poles of the magnet. That is, Fmagnetic is proportional to
£i. The direction of the magnetic field B at any point is defined to be the
direction that a small compass needle would point at that location. This
direction is indicated by arrows in between the north and south poles in
Figure 1.1.

FIGURE 1.1. Magnetic force law. From PSSC Physics, 7th edition, by
Haber-Schaim, Dodge, Gardner, and Shore, published by Kendall/Hunt, 1991.
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With the direction of B perpendicular to the wire, the strength (magni-
tude) of the magnetic induction field B is defined to be

B &_ •* magnetic

where -̂ magnetic is the magnetic force, i is the current, and £ is the length
of wire perpendicular to the magnetic field carrying the current. That is,
B is the proportionality constant so that .̂ magnetic — i£B. As illustrated in
Figure 1.1, the direction of the force can be determined using the right-hand
rule. Specifically, using your right hand, point your fingers in the direction
of the magnetic field and point your thumb in the direction of the current.
Then the direction of the force is out of your palm.

Further experiments show that if the wire is parallel to the B field rather
than perpendicular as in Figure 1.1, then no force is exerted on the wire.
If the wire is at some angle 9 with respect to B as in Figure 1.2, then the
force is proportional to the component of B perpendicular to the wire; that
is, it is proportional to B± = J3sin(0). This is summarized in the magnetic
force law: Let £ denote a vector whose magnitude is the length £ of the
wire in the magnetic field and whose direction is defined as the positive
direction of current in the bar; then the magnetic force on the bar of length
£ carrying the current i is given by

•t1 magnetic — 2-c X J3

or, in scalar terms, Fmagnetic = i£Bsln(6) = i£B±. Again, B± = Bsin(6) is
the component of B perpendicular to the wire.1

FIGURE 1.2. Only the component B± of the magnetic field which is perpendic-
ular to the wire produces a force on the current.

1 Motors are designed so that the conductors are perpendicular to the external mag-
netic field.
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Example A Linear DC Machine [19]
Consider the simple linear DC machine in Figure 1.3 where a sliding bar

rests on a simple circuit consisting of two rails. An external magnetic field
is going through the loop of the circuit up out of the page indicated by the
0 in the plane of the loop. Closing the switch results in a current flowing
around the circuit and the external magnetic field produces a force on the
bar which is free to move. The force on the bar is now computed.

R

(r—^-A/VW

s \ -
magnetic

B = -Bz

(out of page)

FIGURE 1.3. A linear DC motor.

The magnetic field is constant and points into the page (indicated by ®)
so that written in vector notation, B = —Bz with B > 0. By the right hand
rule, the magnetic force on the sliding bar points to the right. Explicitly,
with £ — —£y, the force is given by

Fmagnetic = i£ X B = i(~£y) X (-J3z)
= MBit.

To find the equations of motion for the bar, let / be the coefficient of
viscous (sliding) friction of the bar so that the friction force is given by
Ff = —fdx/dt. Then, with vfit denoting the mass of the bar, Newton's Law
gives

i£B - fdx/dt = med
2x/dt2.

Just after closing the switch at t — 0, but before the bar starts to move,
the current is i(0+) = Vs(0+)/R. However, it turns out that as the bar
moves the current does not stay at this value, but instead decreases due to
electromagnetic induction. This will be explained later.

1.2 Single-Loop Motor

As a first step to modeling a DC motor, a simplistic single-loop motor
is considered. It is first shown how torque is produced and then how the
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current in the single loop can be reversed (commutated) every half turn to
keep the torque constant.

1.2.1 Torque Production

Consider the magnetic system in Figure 1.4, where a cylindrical core is cut
out of a block of a permanent magnet and replaced with a soft iron core.
The term "soft" iron refers to the fact that material is easily magnetized
(a permanent magnet is referred to as "hard" iron).

Y-^0

air gap

FIGURE 1.4. Soft iron cylindrical core placed inside a hollowed out permanent
magnet to produce a radial magnetic field in the air gap.

An important property of soft magnetic materials is that the magnetic
field at the surface of such materials tends to be normal (perpendicular) to
the surface. Consequently, the cylindrical shape of the surfaces of the soft
iron core and the stator permanent magnet has the effect of making the
field in the air gap radially directed; furthermore, it is reasonably constant
(uniform) in magnitude. A mathematical description of the magnetic field
in the air gap due to the permanent magnet is simply

B -A+Br
-BY

for 0 < 0 < n
for 7T < 0 < 2TT

where B > 0 is the magnitude or strength of the magnetic field and 6 is an
arbitrary location in the air gap.2

Figure 1.5 shows a rotor loop wound around the iron core of Figure 1.4.
The length of the rotor is £\ and its diameter is £2- The torque on this rotor
loop is now calculated by considering the magnetic forces on sides a and
a' of the loop. On the other two sides of the loop, that is, the front and

-Actually it will be shown in a later chapter that the magnetic field must be of the
form B = ±B(ro/r)r in the air gap, that is, it varies as 1/r in the air gap. However, as
the air gap is small, the B field is essentially constant across the air gap.
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back sides, the magnetic field has negligible strength so that no significant
force is produced on these sides. As illustrated in Figure 1.5(b), the rotor
angular position is taken to be the angle OR from the vertical to side a of
the rotor loop.

COT

)*if^-ilMside a 1

7-1*0 -
1 F .. ,=iLBd

_ _ _ _ _ side a 1(a) (b)

FIGURE 1.5. A single-loop motor. From Electromagnetic and Electromechanical
Machines, 3rd edition, L. W. Matsch and J. Derald Morgan, 1986. Reprinted by
permisson of John Wiley & Sons.

Figure 1.6 shows the cylindrical coordinate system used in Figure 1.5.
Here f, 0, z denote unit cylindrical coordinate vectors. The unit vector z
points along the rotor axis into the paper in Figure 1.5(b), 0 is in the
direction of increasing 0, and f is in the direction of increasing r.

Z
(into page)

FIGURE 1.6. Cylindrical coordinate system used in Figure 1.5.

Referring back to Figure 1.5, for i > 0, the current in side a of the loop
is going into the page (denoted by (g>) and then comes out of the page
(denoted by 0) on side a1. Thus, on side a, £ = ^.z (as £ points in the
direction of positive current flow) and the magnetic force Fside a on side a
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is then

Fside a = « X B

= i(£iz) x (Br)
= iHiBO

which is tangential to the motion as shown in Figure 1.5(b). The resulting
torque is

Tside a = (^2/2)r X F s i d e a

= (£2/2)ihBz.

Similarly, the magnetic force on side a! of the rotor loop is

F s ide a' = iiX B

= i(-hz) x (-Br)
= MiBO

so that the corresponding torque is then

Tside a' = (£2/2)rxFsidea'

= (e2/2)u1Br x e

= (£2/2)i£iBz.

The total torque on the rotor loop is then

T m — T"side a i ^"side a7

= 2(£2/2)UlBz
= £i£2Biz.

The torque points along the z axis, which is the axis of rotation. In scalar
form,

wherê AV = £\£2B. The force is proportional to the strength B of magnetic
field B in the air gap due to the permanent magnet.

In order to increase the strength of the magnetic field in the air gap,
the permanent magnet can be replaced with a soft iron material with wire
wound around the periphery of the magnetic material as shown in Figure
1.7(a). This winding is referred to as the field winding, and the current it
carries is called the field current. In normal operation, the field current is
held constant. The strength of the magnetic field in the air gap is then
proportional to the field current if at lower current levels (i.e., B — Kfif)
and then saturates as the current increases. This may be written as B =
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f(if) where /(•) is a saturation curve satisfying /(0) = 0, /'(0) = Kf as
shown in Figure 1.7(b).

B-f{if)

FIGURE 1.7. (a) DC motor with a field winding, (b) Radial magnetic field
strength in the air gap produced by the field current.

1.2.2 Commutation of the Single-Loop Motor

The above derivation for the torque r m = KTi assumes that the current
in the side of the rotor loop3 under the south pole face is into the page
and the current in the side of the loop under the north pole face is out of
the page as in Figure 1.8(a). In order to make this assumption valid, the
direction of the current in the loop must be changed each time the rotor
loop passes through the vertical.

Q)v

T) F . . , = iLBQ
1 • side a 1

i(t)

F . . =iLBQ
side a 1

FIGURE 1.8. (a) 0 < OR < n. From Electromagnetic and Electromechanical Ma-
chines, 3rd edition, L. W. Matsch and J. Derald Morgan, 1986. Reprinted by
permisson of John Wiley & Sons.

3The rotor loop is also referred to as the armature winding and the current in it as
the armature current.
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The process of changing the direction of the current is referred to as
commutation and is done at OR — 0 and OR — IT through the use of the slip
rings si, $2 and brushes &i, 62 drawn in Figure 1.8. The slip rings are rigidly
attached to the loop and thus rotate with it. The brushes are fixed in space
with the slip rings making a sliding electrical contact with the brushes as
the loop rotates.

F . . =iLB%^ {•—;#
side a 1 «

F.. ,=/oe
side a 1

Figure 1.8(b) Rotor loop just prior to commutation where 0 < OR < IT.

O)n

Figure 1.8(c) The ends of the rotor loop are shorted when OR — IT.

F ,=iLBd A* *''
side a 1 /

Figure 1.8(d) Rotor loop just after commutation where TT < OR < 2n.
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To see how the commutation of the current is accomplished using the
brushes and slip rings, consider the sequence of Figures 1.8(a) — (d). As
shown in Figure 1.8(a), the current goes through brush b\ into the slip ring
si. From there, it travels down (into the page ®) side a of the loop, comes
back up side a1 (out of the page 0) into the slip ring S2, and, finally, comes
out the brush 62 • Note that side a of the loop is under the south pole face
while side 0! is under the north pole face. Figure 1.8(b) shows the rotor
loop just before commutation where the same comments as in Figure 1.8(a)
apply.

Figure 1.8(c) shows that when OR — vr, the slip rings at the ends of the
loop are shorted together by the brushes forcing the current in the loop to
drop to zero. Subsequently, as shown in Figure 1.8(d), with n < OR < 27r,
the current is now going through brush b\ into slip ring $2- From there, the
current travels down (into the page <8>) side a! of the loop and comes back
up (out of the page 0) side a. In other words, the current has reversed
its direction in the loop from that in Figures 1.8(a) and 1.8(b). This is
precisely what is desired, as side a is now under the north pole face and
side a' is under the south pole face. As a result of the brushes and slip
rings, the current direction in the loop is reversed every half-turn.

1.3 Faraday's Law

Figure 1.9 shows a magnet moving upwards into a wire loop producing a
changing magnetic flux in the loop.

B

y
magnet

FIGURE 1.9. A magnet moving upwards produces a changing flux in the loop
which in turn results in an induced emf and current in the loop.

Recall that a changing flux within a loop produces an induced electro-
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motive force (emf) £ in the loop according to Faraday's law.4 That is,

f = -d<t>/dt

where

0 = / B - d S

is the flux in the loop and S is any surface with the loop as its boundary.
Faraday's law is now reviewed in some detail.

1.3.1 The Surface Element Vector dS

The surface element dS is a vector whose magnitude is a differential (small)
element of area dS and whose direction is normal (perpendicular) to the
surface element. As there are two possibilities for the normal to the surface,
one must choose the normal in a consistent manner. In particular, depend-
ing on the particular normal chosen, a convention is used to characterize
the positive and negative directions of travel around the surface boundary.
To describe this, consider Figure 1.10(a) which shows a small surface ele-
ment with the normal direction taken to be up in the positive z direction.
In this case, with ri = z, dS — dxdy, the surface element vector is defined
by

dS = dxdyz.

The corresponding direction of travel around the surface boundary is indi-
cated by the curved arrow in the figure.

(a)

FIGURE 1.10. (a) Positive direction of travel around a surface element with the
normal up. (b) Positive direction of travel around a surface element with the
normal down.

4£ is the Greek letter "xi" and is pronounced "ksi".
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In Figure 1.10(b) a surface element with the normal direction taken to be
down in the negative z direction is shown. In this case fi = —z,dS = dxdy
so that the surface element vector is denned as

dS = —dxdyz.

The direction of positive travel around the surface element is indicated by
the curved arrow in Figure 1.10(b) and is opposite to that of Figure 1.10(a).

As illustrated in Figure 1.10, the vector differential surface element dS
is defined to be a vector whose magnitude is the area of the differential
surface element and whose direction is normal to the surface. One may
choose either normal, and the corresponding direction of positive travel
around the surface is then determined.

Two surface elements may be connected together as in Figure 1.11 and
travel around the total surface is denned as shown. Note that along the
common boundary of the two joined surface elements, the directions of
travel "cancel" out each other, resulting in a net travel path around both
surface elements. The normals for the surface elements must both be up
or both be down; that is, the normal must be continuous as one goes from
one surface element to the next.

n n

FIGURE 1.11. Positive direction of travel around two joined surface elements.

1.3.2 Interpreting the Sign of £

The interpretation of positive and negative values of the induced electro-
motive force £ is now explained. Faraday's law says that the induced emf
(voltage) in a loop is given by

f = -d(t>/dt

where

/ .
B-dS.

s
If £ > 0, the induced emf will force current in the positive direction of travel
around the surface while if £ < 0, the induced emf will force current in the
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opposite direction. As illustrated in problems 1 and 2, this sign convention
for Faraday's law is just a precise mathematical way of describing Lenz's
law: "In all cases of electromagnetic induction, an induced voltage will cause
a current to flow in a closed circuit in such a direction that the magnetic
field which is caused by that current will oppose the change that produced
the current" (pages 873-877 of Ref. [34]).

Faraday's law is now illustrated by some examples. Specifically, it is used
to compute the induced emf in the linear DC machine, the induced emf
in the single-loop machine and the self-induced voltage in the single-loop
machine.

1.3.3 Back Emf in a Linear DC Machine

Figure 1.12 shows the linear DC machine where the back emf it generates is
now computed. The magnetic field is constant and points into the page, that
is, B = —Bz, where B > 0. The magnetic force on the bar is Fmagnetic =
i£Bx. To compute the induced voltage in the loop of the circuit, let n = z
be the normal to the surface so that dS = dxdyz, where dS = dxdy.

Direction of
positive travel ^-A/WV^

3 *
B = -£z

(out of page)

FIGURE 1.12. With dS = dxdyz, the direction of positive travel around the flux
surface is in the counterclockwise direction.

Then

</)= B-dS= / (-Bz) • (dxdyz) = -Bdxdy = -Bix.
Js Jo Jo Jo Jo

The induced (back) emf is therefore given by

f = -d<(>/dt = -d(-B£x)/dt = B£v.

In the flux computation, the normal for the surface was taken to be in +z
direction. By putting together the differential flux surfaces dS in a fashion
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similar to Figure 1.11, the positive direction of travel around the surface is
counterclockwise around the loop as indicated in Figure 1.12. Here the sign
conventions for source voltage Vs and the back emf £ are opposite so that,
as the back emf £ = B£v > 0, it is opposing the applied source voltage Vs.

Remark 0 = —Bix is the flux in the circuit due to the external magnetic
field B — —Bz. There is also a flux I/J = Li due to the current z in the
circuit. For this example, the inductance is small and one just sets L = 0.

Electromechanical Energy Conversion

As the back emf £ = Blv opposes the current z, electrical power is being
absorbed by this back emf. Specifically, the electrical power absorbed by the
back emf is z£ = iB£v while the mechanical power produced is Fmagnetic^ =
i£Bv. That is, the electrical power absorbed by the back emf reappears as
mechanical power, as it must by conservation of energy. Another way to
view this is to note that Vsi is the electrical power delivered by the source
and, as Vs — B£v = Ri, one may write

VSi = Ri2 + i(Blv) = Rf + i^agnetic".

In words, the power from the source Vsi is dissipated as heat in the resis-
tance R while the rest is converted into mechanical power.

Equations of Motion for the Linear DC Machine

The equations of motion for the bar in the linear DC machine are now
derived. With the inductance L of the circuit loop taken to be zero, mg the
mass of the bar, / the coefficient of viscous friction, it follows that

Vs-B£v = Ri
dv

mp— = i£B — fv.
* dt J

Eliminating the current z, one obtains

rl2T f B2P2 \ dr PB

or
mi

&x_ (B^ \dx __ IB

This is the equation of motion for the bar with Vs as the control input and
the position x at the measured output.

1.3.4 Back Emf in the Single-Loop Motor

The back emf induced in the single loop motor by the external magnetic
field of the permanent magnet is now computed. To do so, consider the
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flux surface for the rotor loop shown in Figure 1.13. The surface is a half-
cylinder of radius £2/2 and length i\ with the rotor loop as its boundary.
The cylindrical surface is in the air gap, where the magnetic field is known
to be radially directed and constant in magnitude, that is,

B =
+Br for 0 < 0 < TT
-BY for 7T < 0 < 2TT.

(1.1)

Positive
direction
of travel

)

Flux surface S

Rotor loop Flux surface S

FIGURE 1.13. Flux surface for the single loop motor.

Positive
direction
of travel

n = r

dd

i-dd

FIGURE 1.14. Surface element vector for the flux surface of Figure 1.13. The
positive direction of travel around this surface is indicated by the curved arrow.

On the cylindrical part of the surface, the surface element is chosen as

dS = (£2/2)d6dzr

which is directed outward from the axis of the cylinder as illustrated in
Figure 1.14. The corresponding direction of positive travel is also indicated
in Figure 1.14. On the two ends (half-disks) of the cylindrical surface, the B
field is quite weak making the flux through these two half-disks negligible.
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Then, neglecting the flux through the two ends of the surface, the flux
(j) (OR) for 0 < OR < 7T is given by

B-dS4 {OR) = /
Js

= / / (Bv) • (^d0dzv) + / / (-Br) • &Mdzr)
Jo Je=oR

 z Jo Je=7c z

= / / B-£d0dz+ / / -B^-dQdz
Jo Je=6R 2 Jo Je=K 2

= -e&Bfa-l). (1.2)

This derivation is based on the fact that the B field is directed radially
outward over the length (^2/2)(TT — 0#) and radially inward over the length
{^21^)0R (see Figure 1.13). In problem 7, the reader is asked to show that

0 (OR) = -£l£2B (OR - 7T/2 - 7T ) for 7T <0R< 27T. (1.3)

A plot of the flux versus the rotor angle OR is given in Figure 1.15.

<WR)

In R

FIGURE 1.15. The rotor flux <j>(0R) due to the external magnetic field vs. 6R.

Equations (1.2) and (1.3) may be combined into one expression as5

<P(0R) = - h h B (OR mod 7T - | ) (1.4)

5#Hmod7r is the remainder after OR is divided by 7r. For example, OR — 5n/2 =
•. x 7T H- TT/2 SO that 57r/2mod7r = TT/2.

-<iVf"
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which is a correct expression for any angle OR. By (1.2) and (1.3), the
induced emf in the rotor loop is calculated as

«=•-§=<«.*>£-** .
where Kb = £i£2B is called the back emf constant.

The total emf in the rotor loop due to the voltage source Vs and external
magnetic field is Vs ~ K^UJR. HOW does one know to subtract £ from the
applied voltage Vs? As shown in Figure 1.14, the positive direction of travel
around the loop is in opposition to Vs, so that if £ > 0, it is opposing the
applied voltage Vs. The standard terminology is to call £ = K^OOR the back
emf of the motor.

1.3.5 Self-Induced Emf in the Single-Loop Motor

The computation of the flux in the rotor loop produced by its own (ar-
mature) current is now done. To do so, consider the flux surface shown in
Figure 1.16.

Positive
direction
of travel

^Flux surface S

Magnetic
field due
to the rotor
current

Flux surface

FIGURE 1.16. Computation of the inductance of the rotor loop. The surface
element vector is dS = —TRdOdzr with a resulting positive direction of travel
as indicated by the curved arrow. This direction coincides with the direction of
positive current, that is, i > 0.

With reference to Figure 1.16, note that the magnetic field on the flux
surface due to the armature current has the form

where

B(r*, 0 - 0R, i) = iK(rR, 0 - 0R) (-f)

K(rR,0-0R) > 0
K(rR,0-0R) < 0

for 0 < 0 - OR < 7T

for 7T < 0 - OR < 2?T.

N
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The exact expression for K(rR,0 — 0R) is not easy to compute, but it is
not needed for the analysis here. Rather, the point is that with i > 0, the
magnetic field ~B(rR^0 — 0R^i) due to the current in the rotor loop is radially
in on the flux surface shown in Figure 1.16, that is, for OR < 0 < OR + TT. For
convenience, the surface element is chosen to be dS = rRd0dz(—r) so that
positive direction of travel around the surface coincides with the positive
direction of the current i in the loop. The flux ip in the rotor loop is then
computed as6

^(i) = / B • dS - / R * [ l iK(rR, 0 - 0R) (-f) • (-rRd0dzr)
Js JeR Jo

= i / K(rR,0-0R)rRd9dz
JoR Jo

= Li

where
/•0R+7T pl\

L± / K{rR, 0 - 0R)rRd0dz > 0. (1.5)
JeR Jo

This last equation just says the flux in the loop (due to the current in the
loop) is proportional to the current i in the loop. The proportionality con-
stant L is the called the inductance of the loop.7 If —dijj/dt = —Ldijdt > 0,
then the induced emf will force current into the page 0 on side a and out
of the page 0 of side a' in Figure 1.16. That is, this induced emf has the
same sign convention as the armature current i and the source voltage Vs.

With the rotor locked at some angle OR SO that the external magnetic
field cannot induce an emf in the rotor loop, the equation describing the
current i in the rotor loop is given by Kirchhoff's voltage law

VS - Ri - L^- = 0
at

or

at

Here R is the resistance of the loop and Vs is the source voltage applied to
the loop. The loop and its equivalent circuit are shown in Figure 1.17.

6 The notation rp is used to distinguish this flux from the flux <fi in the loop due to
the external permanent magnet. However, the total flux using an inward normal would
be ijj — cj) as the outward normal was used to compute <fi in Section 1.3.4.

7It appears from equation (1.5) and Figure 1.16 that L can vary with OR. However,
in an actual motor, there are loops spread evenly around the complete periphery of the
rotor and, due to symmetry, the total self-inductance does not depend on OR.
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FIGURE 1.17. Left: Rotor loop. Right: Equivalent circuit.

The reader should convince himself/herself that Lenz's law holds as it
must. For example, suppose a voltage Vs > 0 is applied to the loop resulting
in both z > 0 and di/dt > 0, that is, the flux 'ip = Li is positive and
increasing. The induced voltage is ~Ldi/dt < 0 and opposes the current
i producing the increasing flux if; = Li. In this circumstance, the voltage
source Vs is forcing the current i against this induced voltage —Ldi/dt and
the power absorbed by the induced voltage is —iLdi/dt = —d (\Li2) /dt.
This power is stored in the energy \Li2 of the magnetic field surrounding
the loop.

Arcing Between the Commutator and Brushes

Suppose the single-loop motor is rotating at constant speed uo$ with a
constant current i$ in the rotating loop. Let L be the inductance of the
loop. Now, every half-turn, the current in the loop reverses direction as
shown in Figures 1.8(b) —(d). During this commutation, the current in the
loop goes from 2Q to 0 to —i$ (or vice versa) with a corresponding change
in the loop's flux given by AT/' = L(—IQ) — Li$ = —2LIQ. By Faraday's law,
the self-induced emf is then —Aip/At = 2LIQ/'At where At is the time for
the current to change direction. Note that this time At decreases as the
motor speed increases, so that, even if L is small, the induced emf in the
loop (due to the reversal of current in the loop) can be quite large at high
motor speeds. Large electric fields are produced by the induced voltage
Ldi/dt when the loop is shorted which in turn ionizes the surrounding air.
As the free electrons collide and recombine with the ionized air, light is
given off and seen as arcing or sparking. These large voltages which cause
the arcing between the slip rings and the brushes can damage the brushes
as well as produce unwanted transient currents in the armature circuit.

1.4 Dynamic Equations of the DC Motor

Based on the simple single-loop DC motor analyzed above, the complete
set of equations for a DC motor can be found. The total emf (voltage) in
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the loop due to the voltage source Vs, the external permanent magnet and
the changing current i in the rotor loop is

T_ r^ _ di
Vs-KbujR-L—.

at

This voltage goes into building up the current in the loop against the loop's
resistance, that is,

di
Vs - KhuR - L - = Ri

dt
or

di
L- = -Ri-Kbu;R + Vs.dt

This relationship is often illustrated by the equivalent circuit given in Fig-
ure 1.18. Recall that the torque r m on the loop due to the external magnetic
field acting on the current in the loop is

r m = KTi

where KT = h^B is called the torque constant. By connecting a shaft
and gears to one end of the loop, this motor torque can be used to do work
(lift weight, etc.). Let —fuiR model the friction torque (due to the brushes,
bearings, etc.) where / is the coefficient of viscous friction and let TL be
the load torque (e.g., due to a weight being lifted).

FIGURE 1.18. Equivalent circuit of the armature electrical dynamics.

Then, by Newton's law,

Tm -TL- JUR = J—T-dt

where J is the moment of inertia of the rotor (See the appendix of this
chapter). The system of equations characterizing the DC motor is then

di
dt

J^T = KTi-f"R-TL (1-6)
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A picture of a DC motor servo system and its associated schematic is shown
in Figure 1.19. In the schematic, R is the resistance of the rotor loop, L is
the inductance of the rotor loop, £ — K^UJR is the back emf, r.m = Kri is
the motor torque, J is the rotor moment of inertia, and / is the coefficient
of viscous friction. The positive directions for r m , OR, and TL are indicated
by the curved arrows. The fact that the curved arrow for TL is opposite to
that of r m just means that if the load torque is positive then it opposes a
positive motor torque rm.

f

FIGURE 1.19. DC motor drawing and schematic.

Electromechanical Energy Conversion

The mechanical power produced by the DC motor is rmujR = KT^OJR =
i^i^BujR while the electrical powTer absorbed by the back emf is z£ =
iKjjUjR — UI^BUJR. The fact that KT = Kb — l\^B must be for conser-
vation of energy to hold. That is, the electrical power absorbed by the back
emf equals (is converted to) the mechanical power produced. Another way
to view this energy conversion is to write the electrical equation as

di

The power out of the voltage source Vs(t) is given by

di
Vs(t)i(t) = Ri2(t) + Li- + iKbu>Rat

= Re + !L(lLeyKTiuJR
r>-2 d / ! r ^

(JAJ \ ^ J

Thus the power Vs{t)i(t) delivered by the source goes into heat loss in
the resistance R, into stored magnetic energy in the inductance L of the
loop and the amount i£ goes into the mechanical energy TmujR.

Remark Voltage and Current Limits
The amount of voltage Vs that may be applied to the input terminals

Ti, 72 of the motor is limited by capabilities of the amplifier supplying the
voltage, that is, \Vs\ < Vmax. Let Vc(t) be the voltage commanded to the



1. The Physics of the DC Motor 23

amplifier, then the actual voltage Vs out of the amplifier to the motor is
limited by VmSLX as illustrated in Figure 1.20.

V

\
V -

max
/ ir

V
C

--V
max

FIGURE 1.20. Saturation model of an amplifier.

In addition, there is a limit to the amount of current the rotating loop
can handle before overheating or causing problems with commutation as
previously mentioned. Typically there are two current limits (ratings), the
continuous current limit /max_coiit and the peak current limit /max_peak-
The continuous current limit Imax_Cont is the amount of current the motor
can handle if left in use indefinitely. That is, the amount of heat dissipated
in the rotor windings due to ohmic losses is equal to the amount of heat
taken away by thermal conduction through the brushes and thermal con-
vection with the air so as to be in a thermal equilibrium. The peak current
limit /maxpeak is the amount of current the motor can handle for short
periods of time (typically only a few seconds).

1.5 Microscopic Viewpoint

Additional insight into the back emf £ is found by calculating it from a
microscopic point of view using the ideas given in Ref. [34] (page 887).
To illustrate this approach, the back emf in the linear DC machine is re-
computed from the microscopic point of view. To proceed, recall that the
magnetic force on a charged particle q is Fmagnetic — QV x B, where v is
the velocity of the charge (see Ref. [34], page 816).

Example A Linear DC Machine
In this example, the linear DC machine is reanalyzed from the micro-

scopic point of view. As before, B = — Bz where B > 0. Suppose the motor
(bar) is moving to the right with a constant speed vm. Each charge q in the
sliding bar has total velocity v = ^mx - i^y, where vd is the drift speed of
the charges down the wire. The magnetic force on the charge q is

Fmagnetic = gvxB = q(vm-k - vdy) x (-Bz) = qvmBy + qvdBZ.
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/^wM^ifi

B = -Bi

qvmB j

^ v

K

magnetic

qvdB

FIGURE 1.21. Linear DC machine.

Now, the component of force qvdBx. perpendicular to the bar causes the
bar to move to the right and the component qvmBy along the bar opposes
the current flow. The source voltage Vs sets up an electric field E5 in the
bar to overcome the magnetic force qvmBy so as to make the current flow
(setup the drift velocity Vd of the charge carriers against the resistance of
the bar). In more detail, with T\ and T2 the upper and lower terminals of
the source voltage, respectively, and Si and S2 the upper and lower sliding
contact points, respectively, the source voltage is given as

Vs = 1 Es • dL

Ti-S!-S2-T2

The quantity q~E>s is the force on each charge carrier and qVs is the energy
given to the charge carrier by the source voltage as the charge goes around
the loop. There is also a component of the magnetic force on the charge
carrier that opposes the electric field E5. The energy per unit charge £ that
the magnetic force takes from the charge carrier as it goes down the bar
from Si to S2 is given by

s2 s2 g

f = - /^magnetic • d£= - f q(vxB) • d£ = f (vdBii+vmBy) • (~d£y)
Q J cl J Jo

S i

= -vmBL

The fact that £ is negative just indicates that the magnetic force is taking
energy out of the charge carrier as it goes down the bar from Si to S2.
(Note: The sign convention for £ shown in Figure 1.21 is reversed from that
of Figure 1.12.) This energy per unit charge £ taken from each charge carrier
by the magnetic force as it goes around the loop is called the induced emf.
The voltage Vs was computed by integrating E5 in the clockwise direction
Ti—Si— S 2 - T 2 around the loop, and £ by integrating v x B also in the
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clockwise direction down the bar from Si to S2; that is, they both have the
same sign convention. This is in contrast to the macroscopic case where Vs
and £ had opposite sign conventions resulting in £ — vmB£ being positive.
However, the same (physical) result occurs as in the macroscopic case.

In general, the emf in a loop is defined as the integral of the force per
unit charge around the loop. The total emf is the sum of the source voltage
and the induced emf. This total emf goes into producing the current, that
is,

Vs + f = Vs - vm£B = Ri

where an identical equation was found in the macroscopic case using Fara-
day's law. The total magnetic force on all the charge carriers in the bar in
the x direction is given by

q(NS£)vdB&

where TV is the number of charge carriers/volume and S is the cross sec-
tional area of the sliding bar. That is, NS£ is the total number of charge
carriers in the sliding bar each experiencing the force qvdBx.. As illustrated
in Figure 1.22, in a time At, the charges in the volume NS(vd.At) have
moved along the conductor past the point P in Figure 1.22.

0 (Y ( ) - «<>
P &Q = qNS(At)vcl

FIGURE 1.22. In the time At, the amount of charge AQ = qNS(vdAt) has
moved past the point P resulting in the current i = AQ/At = qNSvd in the bar.

That is, the amount of charge AQ — qNS(vd.At) has moved past the
point P in the time At resulting in the current i = AQ/At = qNSvj. in
the conductor. Consequently, the total magnetic force on the bar may be
rewritten as

q{NS£)vdB± = {qNSvd)£B± = UBx.

which is identical to the expression derived from the macroscopic point of
view.
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1.5.1 Microscopic Viewpoint of the Single-Loop DC Motor

vtQ = (e2/2)coRQ

= = /

FIGURE 1.23. Single loop DC motor. Adapted from Ref. [21].

The back emf in the single-loop DC motor of Figure 1.23 is now computed
from the microscopic point of view. With the loop rotating at the angular
speed cj#, the velocity of the charge carriers that make up the current is
given by

VtO + VdZ for side a
VfO — VdZ for side a'

where Vd is the drift speed of the charge carriers along the wire and vt =
(£2/2)0^ is the tangential velocity due to the rotating loop. Recall that the
drift speed has the same sign as the current, that is, Vd > 0 for i > 0. Also
recall that the angular velocity is written as GJR = UJRZ where z is the axis
the motor is turning about. The magnetic force per unit charge FmagnetiC/g
on the charge carriers on the axial sides of the loop is

^magnetic/*? = VXB

where

_ -^ _ f (vt6-\-vdz) x (-\-B)r = —vtBz+VdB6 for side a
(vte-vdz) x {-B)r = +vtBz+vdB0 for side a'

or
^ x B _ ) vdB0 - LJR(£2/2)BZ for side a

~ idB0 + LJR(£2/2)BZ for side a'.

The component VdBO is what produces the torque. In more detail, with
TV the number of charge carriers/unit volume, S the cross-sectional area
of the wire loop, and £1 the axial length of the loop, the quantity NS£\ is
the total number of charge carriers of each side of the loop and the current
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due to the movement of these charges is i — qNSvd (see Figure 1.22). The
total tangential forces on the axial sides of the rotor loop are given by

FSide a = (qNS£i)vdBd = i^hBO

FSidea' = (qNS£1)vdBO = i(t)£1B0.

The torque is then

f = jtxFside a + y r x F s i d e a, = 2{~Y) x {i^BO) = i£x£2Bz

which is the same result as in the macroscopic case.
It is now shown that the z component of the magnetic force produces

the back emf. The z component of Fmagnetic5 that is, along the axial sides
of the loop, is given by

(Fmagnetic/^^Z = I
—UJR(£2/2)BZ for side a
+UR(£2/2)BZ for side a'.

As shown in Figure 1.23, this component of the magnetic force per unit
charge (Fmagnetic/tf)* opposes the electric field E5 set up in the loop by
the applied armature voltage V5. The relationship between Vs and E5 is

Vs = / 2 E 5 • di

where

' •{s
ip__ \ +d£z for side a

-d£z for side a!.

Then, with £ denoting the integral of the magnetic force per unit charge
from T\ to T2, one has

Z = / (F m a g n e t icA/) -^

= f (-ujR(£2/2)Bz).(d£z)+ f (ujR(£2/2)Bz).(-d£z)

side a side a'

= / -uR(£2/2)Bd£+ / -ojR(£2/2)Bd£

- -LjR(e2/2)Be1-u;R(e2/2)Be1

= -e&BuR.

In this example, the (back) emf £ is due to the magnetic force while Vs is
due to the electric field set up by the voltage source. As the induced emf £
and the source voltage Vs have the same sign convention, the minus sign
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in the expression for £ shows that it opposes the applied armature voltage
Vs. The total emf (voltage) in the loop is

Vs+S = Vs-tit2BuR.

Finally, the equation governing the current in the rotor loop is

di
L +Ri = vs-£it2BojR.

at
This is the same physical result as shown in the macroscopic case using
Faraday's law. However, here the induced emf £ = —^I^BUJR is negative
because it was chosen to have the same sign convention as Vs (i.e., both
Vs and £ are positive going from T\ to T2). This is in contrast to the
macroscopic case in which they had opposite sign conventions so that £ =
£I£2BUJR was positive, but still opposed Vs.

Remark Voltage and Emf
The electromotive force or emf between two points in a circuit is the

integral of the total force per unit charge along the circuit between those
two points.8 The force per unit charge can be due to an electric field, a
magnetic field or both. The term voltage (drop) was originally reserved
for the integral of the electric field between the two points. However, this
distinction is usually not made and the two terms (voltage and emf) are
used interchangeably.

1.5.2 Drift Speed

Above, it was shown that the drift speed of the charge carriers making up
the current is given by Vd(t) = i(t)/(qNS). As explained in Ref. [34] (page
781), this motion (drift speed) of the charges in the conductor is caused
by the electric field setup in the conductor by the voltage source and/or
induced emfs in the conducting circuit. This electric field is pushing the
charges along the conductor against the internal resistance of the conductor.
In metals, the outer valence electrons are free to move about the lattice of
the metal and are called conduction electrons. For example, in copper there
is one valence electron per atom and the other 28 electrons remain bound
to the copper nucleus. Consequently, as there are 8.4 x 1022 atoms/cm3 in
copper, there are N = 8.4 x 1022 electrons/cm3 that can move freely within
the copper lattice to make up the current in the wire. To consider a simple
numerical example, let i = 10 A, S = 0.1 cm2 so that with q — 1.6 x 10~19

coulomb/electron, the corresponding drift speed is

i(t) 10 A
Vd = ~qNS (1.6 x 10-19 £2^k)(8 .4 x 1022 ele^Ts)(0.1 cm2)

= 0.74 cm/sec.

8Note that the electromotive force is not a force, but rather an energy per unit charge.
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That is, it takes 1/(0.74 cm/sec) = 1.35 sec for the charge carrier to travel
one centimeter. However, it should be noted that when a voltage/emf is
applied to a circuit, the corresponding electric field is setup around the
circuit at a speed close to the speed of light. This is analogous to applying
pressure to a long tube of water. The pressure wave is transmitted down
the tube rapidly (at the speed of sound in water) while the water itself
moves much slower [34].

1.6 Tachometer for a DC Machine*9

A tachometer is a device for measuring the speed of a DC motor by putting
out a voltage proportional to the motor's speed. A tachometer for the simple
linear DC machine is considered first.

1.6.1 Tachometer for the Linear DC Machine

Figure 1.24 shows a tachometer added to the linear DC machine. The
magnetic field in the DC motor is Bi= -Biz with Bi > 0 while in the
tachometer it is B2= ~B2z with B2 > 0.

Motor

Tachometer

2 tach 2 2

FIGURE 1.24. DC tachometer (generator).

The two bars are rigidly connected together by the insulating material.
The motor force (the magnetic force on the upper bar) is Fm = i£\B\, and

9Sections marked with an asterisk (*) may be skipped without loss of continuity.

v {*

i
ltach ^~\

T
B2=-£2z
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the induced (back) emf in the motor is £ = Vb = B\H\v, where v is the
speed of the motor (bar).

The induced (back) emf in the tachometer is given by £ = Vtach = B2^v
so that by measuring the voltage between the terminals Ti and T2, the
speed v of the motor can be computed. Note that the tachometer and
motor have the same physical structure. In fact, the tachometer is nothing
more than a generator putting out a voltage proportional to the speed.

1.6.2 Tachometer for the Single-Loop DC Motor

A tachometer for the single loop DC motor is constructed by attaching
another loop to the shaft and rotating it an external magnetic field to
act as a DC generator. That is, the changing flux in the tachometer loop
produces (generates) an induced emf according to Faraday's law and this
emf is proportional to the shaft's speed. To see this, consider Figure 1.25,
where a motor loop is driven by a voltage Vs and, attached to the same
shaft, is a second loop called a tachometer. Both loops rotate in an external
radial magnetic field which is not shown in Figure 1.25, but is shown for
the tachometer loop in Figure 1.26. It is important to point out that no
voltage is applied to the terminals T\ and T2 of the tachometer as wras the
case for the motor. Instead, the voltage Vtach between the terminals T\ and
T-2 of the tachometer is measured (this voltage is proportional to the motor
speed U)R).

Axel
Motor loop

Tachometer loop

FIGURE 1.25. Single loop motor and tachometer. Drawn by Sharon Katz.

Specifically, in the same way the back emf was computed for the DC
motor, one can calculate the flux in the loop of the tachometer due to the
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external magnetic field. This computation is (see Figure 1.26)

B-dS

31

Is'
rK+6R

(-Br)i^d6dzT)
pti p7T p nti p

= / / (Br).(-l<Wdzr)+ / /
Jo JoR

 L JO Jn
p£i pn p ply pir+9R p

= / / B^d9dz+ / / -B-^dOdz
Jo JeR *• Jo Jv 2

= {W2B/2)(K~6R)- (l&BfflOR

= -I^BOR + (he2B/2)n.
The induced emf is then

Vuch - -d</)/dt = (£1e2B)d0R/dt = Kb_t&chcjR

where Kb_t&ch — ^l^B is a constant depending on the dimensions of the
tachometer rotor and the strength of the external magnetic field of the
tachometer. This shows that the voltage between the terminals T\ and T2

is proportional to the angular speed and therefore can be used to measure
the speed.

tach • tach tach 1

FIGURE 1.26. Cutaway view of the DC tachometer. From Electromagnetic and
Electromechanical Machines, 3rd edition, L. W. Matsch and J. Derald Morgan,
1986. Reprinted by permisson of John Wiley & Sons.

1.7 The Multiloop DC Motor*

The above single loop motor of Figure 1.5 was used to illustrate the basic
Physics of the DC motor. However, it is not a practical motor. The first
thing that must be done is to add more loops to extract more torque from
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the machine. Further, in the single-loop motor, the magnetic field produced
by the current in the rotor is an external magnetic field acting on the field
windings. As the loop rotates, this magnetic field results in a changing flux
in the field windings, which in turn induces an emf in the field windings.
This emf is referred to as the armature reaction and makes it difficult to
maintain a constant field current. (The term armature refers to the rotating
current loop, and reaction refers to the induced emf in the field windings
produced by the rotor current.) The problem of armature reaction can be
alleviated by adding more loops to the motor.

1.7.1 Increased Torque Production

Figure 1.27 below shows the addition of several loops to the motor with
each loop similar in form to the loop in Figure 1.5. As shown in the figure,
there are now eight slots in the rotor with two loops placed in each pair of
slots that are 180° apart for a total of eight loops.

FIGURE 1.27. A multiloop armature for a DC motor.

The torque on the rotor is now rm = ni^Bi, where n = 8 is the number
of rotor loops and B is the strength of the radial magnetic field in the air
gap produced by the external magnetic field. Of course, some method must
be found to ensure the current in each loop is reversed every half-turn so
that (for positive torque) all the loop sides under the south pole face will
have their current going into the page 0 and all the loop sides under the
north pole face will have their current coming out of the page 0. This
process is referred to as commutation and is considered next.

1.7.2 Commutation of the Armature Current
As seen in Figure 1.27, as a rotor loop rotates clockwise past the vertical
position, the current in the top side of the loop must change direction from
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coming out of the page to going into the page. That is, each rotor loop
must have the current in it reversed every half-turn. This is done using
a commutator which is illustrated in Figure 1.28 for the rotor shown in
Figure 1.27. The commutator for this rotor consists of 8 copper segments
(labeled a—h in 1.30(a)) which are separated by insulating material. By
connecting each of the ends of the rotor loops of Figure 1.27 to the ap-
propriate copper segments of the commutator, the current will be reversed
every half-turn as it rotates past the vertical. To explain all of this, con-
sider Figure 1.30(a), which shows explicitly how the ends of the rotor loops
are connected to the segments of the commutator. The eight rotor loops
of Figure 1.27 are labeled as 1 —I7,..., 8—8' in Figure 1.30(a) with the ends
of each such loop electrically connected (soldered) to a particular pair of
commutator segments. For example, the ends of loop 1 — V are connected
to commutator segments a and 6, respectively. The commutator and rotor
loops all rotate together rigidly while the two brushes (labeled b\ and b2)
remain stationary. The brushes are typically made of a carbon material and
are mechanically pressed against the commutator surface, making electrical
contact.10 That is, as the commutator rotates, the particular segment that
is rubbing against the brush makes electrical contact.

Rotor loops r Slot

(b)

FIGURE 1.28. Commutator for the rotor in Figure 1.27.

Figure 1.29 is a photograph of the rotor of an actual DC motor with a
tachometer.

10 The figure shows a gap between the brushes and the commuator, but this was done
for illustration and there is no gap in reality. Also, for illustrative purposes, the brushes
are shown inside the commutator when in fact they are normally pressed against the
commutator from the outside.



34 1. The Physics of the DC Motor

FIGURE 1.29. Photo of the rotor of a DC motor (left) and its tachometer (right).
Note that the slots for the windings of the DC motor are skewed (see problem
9). Photo courtesy of Professor J. D. Birdwell of the University of Tennessee.

As previously explained, to obtain positive torque, it must be that when-
ever a side of a loop is under a south pole face, the current must be into the
page (&) and the other side of the loop, which is under the north pole face,
must have its current out of the page (©). When the loop side rotates from
being under one pole face to the other pole face, the current in that loop
must be reversed (commutated). The mechanism of how this connection
between the armature loops, the commutator and the brushes can reverse
the current in each rotor loop every half turn is now explained.

With reference to Figure 1.30(a), the armature current i enters brush
b\ and into commutator segment c. By symmetry, half of this armature
current (i.e., i/2) goes through loop 3—3' into commutator segment d, then
through loop 4—4' into commutator segment e, then through loop 5—5' into
commutator segment / , then through loop 6—6' into commutator segment
g, and, finally, out through brush b2. This path (circuit) of the current is
denoted in bold. Similarly, there is a parallel path for the other half of the
current armature current. Specifically, the other half of the armature cur-
rent i/2 goes through loop 2'—2 into commutator segment b, then through
loop 1' —1 into commutator segment a, then through loop 8'—8 into com-
mutator segment h, then into loop 7'—7 into commutator segment g, and
finally, out through brush 62- This path (circuit) is denoted without bold.
So, for the rotor in the position shown in Figure 1.30(a), there are two par-
allel circuits from b± to 62 each made up of four loops connected in series
and each circuit carries half of the armature current. The sides of the loops
under the south pole face have their current into the page while the other
side of these loops (which are under the north pole face) have their current
out of the page so that positive torque is produced.

The sides of the loops in Figure 1.30(a) are 45° apart. Figure 1.30(b)
shows the rotor turned 45°/2 with respect to Figure 1.30(a). In this case,
brush b± shorts the two commutator segment b and c together while the
brush 62 shorts together the two commutator segments / and g. The ends of
loop 2—2' are connected to commutator segments b and c (which are now
shorted together) so that the current in this loop is now zero. Similarly,
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the ends of loop 6—6' are connected to commutator segments / and g and
the current in this loop is also zero. For the remaining loops, i/2 goes
through loop 3—3' into commutator segment d, then through loop 4—4'
into commutator segment e, then into loop 5—5' into commutator segment
/ , and finally, out brush 62- These loops are denoted in bold in the figure.
Similarly, i/2 goes through loop 1 — 1' into commutator segment a, then
through loop 8'—8 into commutator segment h, then into loop 7'—7 into
commutator segment g, and finally out brush b2.

FIGURE 1.30. (a). Rotor loops and commutator for 4 sets of rotor loops. Brushes
remained fixed in space, that is, they do not rotate. From Electric Machinery
Fundamentals, 2nd edition by S. J. Chapman, McGraw-Hill 1991. Reproduced
with permission of McGraw-Hill Companies.

Figure 1.30(b). Rotor turned 45°/2 with respect to Figure 1.30(a).
Adapted from Chapman [19].
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The motor continues to rotate and consider it now after it has moved addi-
tional 45°/2 so that it has the position shown in Figure 1.30(c). In this case,
the current enters brush b\ and into commutator segment b. By symmetry,
half the current z/2 goes through loop 2—2' into commutator segment c,
then through loop 3—3' into commutator segment d, then through loop
4 — 4' into commutator segment e, then through loop 5—5' into commu-
tator segment / , and finally out through brush 62- This path (circuit) of
the current is denoted in bold. Similarly, the other half of the current goes
through loop l ' - l into commutator segment a then through loop 8' —8 into
commutator segment h then through loop I1—7 into commutator segment
g then into loop 67—6 into commutator segment / and finally, out through
brush 62. This path (circuit) is denoted without using bold.

Figure 1.30(c). Rotor turned 45° with respect to Figure 1.30(a). Adapted
from Chapman [19].

As the sequence of figures 1.30(a)-(c) show, the current in loops 2—2' and
6—6' were reversed as these two loops rotated past the vertical position. In
summary, there are two parallel paths, each consisting of four loops, and
when any loop goes to the vertical position, the current in that loop is
reversed. In this way, all sides of the loop under the south pole have their
current going into the page and all sides under the north pole have their
current coming out of the page for positive torque production.

Remark The scheme for current commutation presented here is from
[19]. However, there are many other schemes and the reader is referred to
Refs. [19], [21], [24], and [26] for an introduction to other schemes. See Ref.
[24] for a discussion of how commutation is often carried out in small PM
DC motors.
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Stator Iron Construction

A more realistic depiction of the stator for a (single pole pair) permanent
magnet DC motor is shown in Figure 1.31. The radial magnetic field in the
air gap is produced by the two semicircular-shaped permanent magnets.

Permanent magnet

Stator iron

Permanent magnet

FIGURE 1.31. (a) Stator of a PM DC motor, (b) Stator iron, (c) Stator perma-
nent magnet.

In the case where the DC motor has a field winding, a more realistic de-
piction of the stator iron (single pole pair) is shown in Figure 1.32 (compare
with Figure 1.7).

(a) (b)

FIGURE 1.32. (a) Stator iron for a wound field DC motor, (b) Cross-sectional
view of the stator iron with the field windings.
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1.7.3 Armature Reaction
Figure 1.33 shows current in a field winding which is used to magnetize
the iron in a fashion similar to that shown in Figure 1.7. Closed curves are
drawn in Figure 1.33 to show the magnetic field distribution in the iron
and air gap due to just the field current. Note that the magnetic field tends
to be in the horizontal direction as it goes inside the field windings. Figure
1.34 shows the magnetic field distribution in the iron and air gap due to
just the armature current. By having many equally spaced loops on the
rotor, the magnetic field distribution due to the armature current will be
as shown in Figure 1.34 for any rotor position. Note that this magnetic
field tends to be vertical in the iron core inside the field windings (the
field windings are not shown in Figure 1.34). In other words, in the stator
iron core within the field windings, the magnetic field due to the armature
current is perpendicular to the flux surfaces of the field windings. As a
result, any changing magnetic field due to a changing armature current
will not induce voltages inside the field windings. Armature reaction refers
to the voltage induced in the field winding by the magnetic field of the
armature current. (This is undesirable as such a voltage would cause the
current in the field winding to change, and therefore not be constant as the
analysis up to this point has assumed.) The symmetric placement of rotor
loops around the periphery of the rotor essentially eliminates the armature
reaction.

FIGURE 1.33. Magnetic field due to the field current. Adapted from Ref. [23].
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FIGURE 1.34. Magnetic field distribution due to the armature current. Adapted
from Ref. [23].

Finally, Figure 1.35 shows the sum of the two magnetic fields.

FIGURE 1.35. Magnetic field due to field and armature currents. Adapted from
Ref. [23].
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1.7.4 Field Flux Linkage and the Air Gap Magnetic Field

In the separately excited DC motor of Figure 1.36, it is convenient to have
an expression relating the radial magnetic field B in the air gap to the total
flux in the field windings.

FIGURE 1.36. Separately excited DC motor. Adapted from Ref. [21].

The magnetic field lines are shown in Figure 1.4. Figure 1.37 shows a
closed flux surface which is now used to derive a relationship between the
radial magnetic field B in the air gap and the field flux linkage Xf.

Surface 1

Surface 2 <j>f-BfS-Btp(l2l2)
Surface 2 with
area £^(£^2)

FIGURE 1.37. The flux through surface 1 is BfS and the flux through surface 2
is ^i7r(^2/2)B. TO a good approximation, these two fluxes are equal.

The field flux linkage Xf is defined by

Xf(if) = Nf<j>f = NfSBf(if)

where Nf is the total number of field windings, S is the cross-sectional
area of the iron core of the field winding and Bf(if) is the magnetic field
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produced inside the magnetic material of the field circuit due to the field
current if. With this definition of flux linkage, the total induced emf in the
field windings produced by a changing Bf is given by

dXf{if) d(j)f
Sfieldwinding ^ "f ^ -

With the two flux surfaces shown in Figure 1.37, it turns out that con-
servation of flux11 implies the flux through the surface 1 in the iron core
equals the flux through the half cylindrical surface 2 in the air gap. That
is,

<f>f = SBf(if)=enr(e2/2)B(if)

where £2/% is the radius of the rotor, f\ is the axial length of the rotor and
B(if) is the radial magnetic field in the air gap due to the field current if.
Consequently,

BtiT)-SBfM- Xf{if)
{ f) 7^2/2 NfTre^/2

is an expression for the radial magnetic field B(if) in the air gap in terms
of the flux linkage A/(z/) = Nff.if.2Bf {if) in the field windings.

1.7.5 Armature Flux Due to the External Magnetic Field

In what follows, the multiloop motor of Figure 1.30 is considered in which
the armature circuit consists of two parallel circuits each having n loops.
Let OR be referenced relative to loop 1 — 1' so that OR — 0 corresponds to
loop 1 —I7 being vertical. (Recall in Figure 1.5 that OR — 0 corresponded
to loop a—a' being vertical.) For the single loop motor, the flux <f)si{if, OR)
in the loop 1 — 1' of the rotor due to the external magnetic field B{if) is

</>si(if,0R) = -e1£2B(if)(eRmodTT-n/2).

In general, let Ok — 0 correspond to loop k— k1 being vertical so that the
position of the fcth rotor loop may be written as

Qk — QR + (k — l)ix/n for k = 1,..., n

where n is the number of loops connected in series in each parallel circuit
(n — 4 in Figure 1.30). The flux in the fcth rotor loop is [see equation (1.4)]

<t>k{if,eR) = - ^ 2 S ( v ) ( f l f c m o d 7 r - | )

= -hf2B{if) ([0R + (fc - 1) J } modTr - I ) .

11 See problem 6 and Chapter 3.
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The total flux linkage A(z'/, OR) in the n rotor loops is then

n

fc=i

= -f^tiWif) ({6R + (k~ 1)£} modTr - I ) . (1.7)

In Figures 1.30(a) —(c), eacft of the two parallel sets of n rotor loops has
the flux linkage A(z'/,##) in it.

Recall that the sign convention for the fluxes 4>k(if,0R) is such that if
—d(j>k(if,9fi)/dt > 0, then it is acting in the direction opposite to positive
current flow, that is, its sign convention is opposite to that of applied
voltage Vs. As a consequence, the sum

VS- -
d\(if,6R)

dt = VS +
dX(if,(

dt

is the total emf in the loop due to the applied voltage and the external
magnetic field.

For n = 4, the flux linkage A(z/, OR) is plotted as a function of the rotor
position 0R in Figure 1.38. Note that d\(if,On)/d0R = —nti^B^f) which
is proportional to the number of rotor loops n and to the strength of the
external magnetic field strength B(if) in the air gap.

WreR)

FIGURE 1.38. Flux linkage A(z/,^/?) versus OR in radians with n = 4 sets of
rotor loops and 0 < OR < TT. The slope is d\(if,OR)/d0R = -ni^B^if).

6 o n71

~ ] 2 2
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In the case of a permanent magnet stator, the armature flux linkage is
simply given by

HOR) = Y.M0R)
fc=l

n

= - £ ^ 2 f l ( { 0 f l + (fc-l)Z[}mod7r-Z[) (1.8)
k = l

where B > 0 is the strength of the radial magnetic field in the air gap
produced by the permanent magnet of the stator.

1.7.6 Equations of the PM DC Motor

In the multiloop motor considered here, the armature circuit consists of
two parallel circuits each having n loops. That is, there are a total of 2n
loops on the rotor as each of the two parallel circuits has a loop at the
same location on the rotor. Let L denote the total inductance of the n
rotor loops making up either of the two parallel circuits. Then, if a current
i/2 is in each parallel circuit, each circuit will have a flux linkage of Li/2
due to its current and an additional flux linkage of Li/2 due to the current
in the other circuit. This is simply because the two sets of parallel loops
(windings) are wound around the rotor core together so that they can be
considered to be perfectly (magnetically) coupled.

The total flux linkage in the n loops making up either of the parallel
circuits is now computed. To proceed, let i be the current into the armature
so that i/2 is the current in the n loops of each parallel circuit. The quantity
Li/2 is the flux linkage due to the current i/2 in the loops and an additional
flux linkage of Li/2 is produced in these same loops by the current i/2 in
the other parallel circuit for a total flux of Li. By equation (1.8), X(0R) is
the flux linkage in the n loops due to the external magnetic field produced
by the permanent magnet of the stator. Recall that the sign convention for
the induced emf —d\(0R)/dt is opposite to that of —d(Li)/dt. Specifically
(see Section 1.3.5), the normal to the flux surface was taken to be radially in
to compute the flux Li while in Section 1.3.4 the surface normal was taken
to be radially out to compute the flux X(9R). Simply writing —X(0R) then
gives the flux due to the external magnetic field with the surface normal
radially in and the induced voltages by both of these changing fluxes will
then have the same sign convention as the applied armature voltage. Using
the same sign convention as the applied armature voltage V5, the total flux
linkage in each parallel circuit of the armature may be written as

Li - \{0R).

Let R\ denote the resistance of the n loops connected in series making
up either of the two parallel circuits. The equation describing the electrical
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dynamics of the current in each of the parallel circuits is found by applying
Kirchhoff's voltage law to obtain

-jt [Li - \{9R) ) - Rii/2 + Vs = 0

where Vs is the applied voltage to the armature. Finally, defining R = i?i/2,
the equation describing the electrical dynamics of the armature circuit is

M _Ri + dMM + Vs_ (19)
at at

The quantity dX(0R)/dt can be expanded to obtain

^ = ̂ U = -rU&Bu* = -KbuR (1.10)
at <J"R

where Kb = nl^B.
Each loop carries the current z/2 so that the torque produced by the

two sides of each loop is 2 (^2/2) (i/2)£iB. As there are 2n loops, the total
torque is

rm = 2n£1£2B(i/2) = ni^Bi = KTi (1.11)

where KT — n£i£2-B = Kb- Finally, using (1.9) and (1.11), the complete
set of equations for the PM DC motor is then

di
L— - -Ri-KbuR + Vs (1.12)

J^aT = K^-f^R-^L (1-13)

* = •» (••">
where Vs is the applied armature voltage, TL is the load torque on the
motor, / is the coefficient of viscous friction and J is the rotor's moment
of inertia.

1.7.7 Equations of the Separately Excited DC Motor

The separately excited DC motor has an additional equation compared to
the PM DC motor which describes the flux/current in the field winding.
Similar to the case of the PM DC motor, the total flux linkage in either
parallel circuit of the armature windings is given by

Li-X(if,0R)

where X(if, OR) now depends on if as given by (1.7), and L is the inductance
the n loops connected in series making up either parallel circuit. Again, R\
denotes the resistance of either circuit and Kirchhoff's voltage law gives

-~ (Li - X(if, 0R) ) - Rii/2 + Vs = 0
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where Vs is the applied voltage to the armature. Finally, defining R = R\/2,
the equation describing the electrical dynamics of the armature circuit is

The quantity dX(if, 6R) jdt can be expanded to obtain

d\(if,9p) d\ dif d\ OX dir „ „ , x

dt azf dt a## 9Z/ dt

Here B(if) is the strength of the radial magnetic field in the air gap pro-
duced by the current in the field windings. The flux linkage in the field wind-
ings is Xf(if) = NfSBf(if) where Bf(if) is the magnetic field strength in
the iron core of the field, Arf is the number of field windings, and S is the
cross sectional area of this iron core. The flux SBf(if) in each of the field
windings goes through the air gap and, by conservation of flux (see Section
1.7.4), SBf(if) = li(-K£2l%)B(if) so that the radial magnetic field in the
air gap produced by the field current is

) = NfSBf(if)= Xf(if)
UJ Nf 7riie2/2 Nf<K£1£2/2'

Consequently.

nM2B(is) = n*&N
X

f$*li2 = KmXf(if)

where

IT Nf

As a result, equation (1.16) may be rewritten as

^ - £ £ - * - * ' < « , » . . (1-17)
Each loop carries the current i/2 so that the torque produced on each of
the two sides of the loop is 2 (£2/2) (i/2)£iB(if). As there are 2n loops, the
total torque is

r.m = 2n£1£2B(if)(i/2) = vJL^B{%5)i = KmXf(if)i (1.18)

using the above expressions for K.m and A/(z/). Finally, using (1.15), (1.16),
and (1.18), the mathematical model of the separately excited DC motor is
given by

L^- = -Ri + ̂ ^l-Km\f(if)coR + Vs (1.19)
at 01 f at

J ^ = KmXf(if)i-TL (1.20)

d-±fl = -Rfi/ + Vf (1.21)
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where Vf is the applied voltage to the field, Rf is the resistance of the field
winding, TL is the load torque on the motor and J is the rotor's moment
of inertia.

If the iron in the field is not in saturation, then one may write

A/(V) = Lfif

and the dynamic model simplifies to

J ^ = KmLfifi-TL (1.23)

Lf^- = -Rfif + Vf. (1.24)

Under normal operating conditions, the term — -f is typically negli-
oif at

gible and the model then reduces to12

di
L - - -Ri-KmLfifLjR + Vs (1.25)

J^~ = K^Lfiji-TL (1.26)

Lf^- = -Rfif + Vf. (1.27)

A typical mode of operation is to use the field voltage Vf to hold the field
current if constant at some value. Then the field flux is of course constant
and Lfdif/dt — 0. However, in the first equation (1.19) (or 1.25), it is
seen that the back emf is —Km\fU)R (or —KmLfifLJn) which increases in
proportion to the speed. The input voltage Vs must be at least large enough
to overcome the back emf in order to maintain the armature current. To
have the motor achieve higher speeds within the voltage limit \Vs\ < Vmax,
field weakening is employed. This is accomplished by using the input voltage
Vf to decrease the field flux A/ = Lfif at higher speeds usually according
to a flux reference of the form

{ A/0 \WR\ < ^base

u , (1.28)
A/OH f \UR\ > Ubase-

\VR\

This is illustrated in Figure 1.39. For UJ > ubase, field weakening results in
the back emf ~-Km\fujR = -KmXfQ^^-UR = -K.niXfOcobasesign(ujR) be-
ing constant. The trade-off is that the torque KmXfi = KniXfo^f^-i is now

x I — n |

This is illustrated in Figure 1.39. For UJ > ubase, field weakening results in
the back emf ~-Km\fujR = -KmXfo^f^-ujR = -K.niXfOcobasesign(ujR) be-
ing constant. The trade-off is that the torque KmXfi = KniXfo^f^-i is now

12 It will be seen later that field-oriented control of an induction motor results in a
mathematical model of the induction motor that looks similar to these equations!

rdi „ d\ dif ^ -r •
L— = -Ri + ——±- KmLfifujR + Vsat oif at

dojR .
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less for the same armature current % due to the decrease in the field flux link-
age A/. If the armature resistance is negligible and if is constant, then the
base speed Ubase is defined to be the speed satisfying KmXfLobase = Vm&x.
Otherwise, the base speed is chosen to be somewhat smaller to account for
the Ri and J^--Jf voltage drops [see equation (1.19)].

"base base

FIGURE 1.39. Flux reference for field weakening.

Appendices

Rotational Dynamics

The equations of motion of a rigid body that is constrained to rotate about a
fixed axis are reviewed here briefly. Consider a cylinder which is constrained
to rotate about a fixed axis as shown below.

Axle

FIGURE 1.40. Cylinder constrained to rotate about a fixed axis.

The approach here is to obtain the equations of motion of the cylinder
by first computing obtaining an expression for its kinetic energy. To do so,
denote the angular speed of the cylinder by UJ and the mass density of the
material making up the cylinder by p. Then consider the cylinder to be
made up of n small pieces of material Ara^ where the ith piece has mass

Ami = prAOAlAr.

This is illustrated in Figure 1.41.
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"dr

FIGURE 1.41. Cylinder is considered to be made up of small masses Ami. Drawn
by Sharon Katz.

Each piece of mass Am.; is rotating at the same angular speed UJ SO that
the linear speed of Ara2- is vi = TiUJ where ri is the distance of Ara?; from
the axis of rotation. The kinetic energy KEi of Ami is given by

KEi = -Amivf = -Ami(riu)2 .

The total kinetic energy is then

i=l i=l i=l 2 = 1

Dividing the cylinder into finer and finer pieces so that n. —> oo and A?n?; —>
0, the sum

n

2 = 1

becomes the integral

J= [[[ r
2dm.

J J Jcylinder

The quantity J is called the moment of inertia and the kinetic energy of
the cylinder may now be written as

KE= i jo;2 .

Assuming the axle radius is zero, the moment of inertia of the cylinder is
computed to be

nR pi p2<rr 1 -,

Jo Jo Jo
J = I I / r2prd0d£dr = -(7rR2£p)R2 = -MR

where M is the total mass of the cylinder.
The above expression for the kinetic energy is now used to derive a rela-

tionship between torque and angular acceleration. Recall from elementary
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mechanics that the work done on a mass by an external force equals the
change in its kinetic energy. In particular, consider an external force F
acting on the cylinder as shown in Figure 1.42.

FIGURE 1.42. Force F applied to the cylinder is resolved into a normal and
tangential component. Drawn by Sharon Katz.

The cylinder is on an axle and therefore constrained to rotate about the
z axis. Figure 1.42 shows the force F applied to the cylinder at the position
(r, 0) (in polar coordinates) resolved into a tangential component FT and
a normal component FM SO that F = Fj^r + FTO . The torque is defined as

f ~ r x F = r r x (FNY + FT0\ = rFTz = rFsin(^)z (1.29)

where ip is the angle between r and F. (By definition, the magnitude of
the cross product r x F is defined as rF sin(^) and the direction of r x F
is perpendicular to both r and F along the axis of rotation determined by
the right hand rule13). As FT = Fsin(^) is the tangential component, the
torque may be rewritten as

or, in scalar form, as

r = rz = TFTZ

T = TFT>

The motivation for the definition of torque as given by (1.29) is that it is
the cause of rotational motion. Specifically, the rotational motion about an
axis is caused by the applied tangential force FT and the further away from
the axis of rotation that the tangential force FT is applied, the easier it is
to get rotational motion. That is, the torque (cause of rotational motion)

13 Using your right hand, curl your fingers in the direction from the first vector r to
the second vecotor F. Then your thumb points in the direction of r x F.
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increases if either r or FT increases which corresponds to one's experience
(e.g., opening doors).

To summarize, r is a vector pointing along the axis of rotation and the
magnitude is given by

T ~ \rFT\.

(Recall that the angular velocity vector cD = OJZ also points along the axis
of rotation where UJ is the angular speed.)

With ds = dsO — rdQO, the change in work done on the cylinder by the
external force F is

dW = F-ds = FTrd0 = rdO

where r = TFT- Dividing by dt, the power (rate of work) delivered to the
cylinder is given by

dW dO
—— = T— — TUJ.
dt dt

As the rate of work done equals the rate of change of kinetic energy, it
follows that

dt " dt \2 ) ~Tdt

or

_ duj
JUJ-- ~ TOO.

dt

This gives the fundamental relationship between torque and angular accel-
eration:

_ duj
T = Jit-

That is, the applied torque equal the moment of inertia times the angular
acceleration. This is the basic equation for rigid body rotational dynamics.

Viscous Rotational Friction

Almost always there are frictional forces, and therefore, frictional torques
acting between the axle and the bearings.14 This is illustrated in Figure
1.43.

14An interesting exception are magnetic bearings where the axel is levitated by mag-
netic fields so that there is no mechanical contact.
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Axle

FIGURE 1.43. Viscous friction torque.

Often the frictional force is proportional to the angular speed and this
model of friction is called viscous friction which is expressed mathemati-
cally as

f = — fui = —fooz

or, in scalar form,

T=-/W

where / > 0 is the coefficient of viscous friction.

Sign Convention for Torque

Suppose the axis of rotation is along the z axis. Recall that the definition
of torque is

f = r x F = rFsin(^)z = rFTz

where ^ is the angle between r and F. The magnitude of the cross product
r x F is rF sin(^) and the direction of r x F is perpendicular to both r and
F along the z axis. In engineering applications, the systems are designed so
that the applied force is tangential to the rotational motion, i.e., i\) — ir/2,
F = FT, and

r = rz = rFz.

If r = rF > 0 then the torque will cause the cylinder to rotate around the
z axis in the direction indicated by the curved arrow. On the other hand,
if r = rF < 0 then the torque will cause the cylinder to rotate around
the z axis in the direction opposite to that indicated by the curved arrow.
Typically in engineering texts, the sign convention for torque is indicated
by a curved arrow as shown in Figure 1.44. (Physics texts prefer to write
T 4 rz.)
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FIGURE 1.44. Sign convention for torque.

Gears

Using the elementary rigid body dynamics developed in the previous ap-
pendix, the model of a two gear system illustrated in Figure 1.45 below is
now developed.

L,

FIGURE 1.45. Two gear system. Drawn by Sharon Katz.

This presentation is from that given in Professor Ogata's book [37]. In
Figure 1.45,

T\ is the torque exerted on gear 1 by gear 2.
F\ is the force exerted on gear 1 by gear 2.
T2 is the torque exerted on gear 2 by gear 1.
F2 is the force exerted on gear 2 by gear 1.
#i is the angle rotated by gear 1.
92 is the angle rotated by gear 2.
n,\ is the number of teeth on gear 1.
ri2 is the number of teeth on gear 2.
r\ is the radius of gear 1.
r2 is the radius of gear 2.

Let Fi = Fi(—x) so that if F1 > 0, the force is in the —x direction
as shown in Figure 1.45. Also, let r\ = r\(— y) so that T\ = ?i x Fi =
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nFi(-y) x (-x) = riFi(-z) = r\Fin. That is, f i = rifi where T\ = r\Fi
and n = — z is a unit vector. Similarly, let F2 — F2x so that if F2 > 0, the
force is in the x direction. Writing r2 = r2y it follows that r2 = r2 x F2 =
r2F2(-z) = - T 2 Z = r2n with r2 = r2F2. The reason that ?i,f i,Fi are
referred to the basis vectors — x, — y, — z while r2 ,T2 ,F2 are referred to
the basis vectors x, y, z is so that there will no minus signs in the gear
relationships to be derived below.

Algebraic Relationships Between Two Gears

There are three important algebraic relationships between the gears.

1. The gears have different radii, but the teeth on each gear are the
same size so that they will mesh together properly. Consequently, the
number of teeth on the surface of gears is proportional to the radius
of the gears so that, for example, if r2 = 2r*i, then n2 = 2n\. In
general,

H = -L
n n 1'

2. By Newton's third law, the forces Fi = Fi(—x),F2 = F2x are equal
in magnitude, but opposite in direction so that F2 = — (—F\) — F\.
Thus, as TI = r\F\ and r2 = r2F2 it follows that

11 = -L

3. As the teeth on each gear are meshed together at the point of contact,
the distance traveled along the surface of the gears is the same. In
other words, B\T\~ #2r2 or

The first two algebraic relationships can be summarized as
r2 r2 n2

Ti ri 7li

and these ratios are easily remembered by thinking of gear 2 as larger in
radius than gear 1. Then the number of teeth on gear 2 must also be larger
(because its circumference is larger) and the torque on gear 2 is also larger
(because its radius is larger).

The last algebraic relationship is summarized as

7*1 _ 62 _ CJ2

r2 0\ UJ\

but it is more easily remembered by writing 9\ri = 0^2 which just states
the distance traveled along the surface of each gear is the same as they are
meshed together.
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Dynamic Relationship Between Two Gears

Consider the two gear system shown in Figure 1.46 below. The motor torque
rm acts on gear 1 and the torque TL is a load torque acting on gear 2.

Gear 2

FIGURE 1.46. Dynamic equations for a two gear system. Drawn by Sharon Katz.

In Figure 1.46,
J\ is the moment of inertia of the motor shaft.
J2 is the moment of inertia of the output shaft.
/1 is the viscous friction coefficient of the motor shaft.
f2 is the viscous friction coefficient of the output shaft.
#1 is the angle rotated by gear 1.
#2 is the angle rotated by gear 2.
UJI is the angular speed of gear 1.
a;2 is the angular speed of gear 2.
Ti is the torque exerted on gear 1 by gear 2.
r2 is the torque exerted on gear 2 by gear 1.

The sign conventions for the torques rm, T\, T2, TL are indicated in Figure
1.46. In particular, if rm > 0,TI > 0 then they oppose each other and
similarly, if T2 > 0, TL > 0 then these two torques oppose each other. A
load torque is illustrated in Figure 1.47 in which the load torque on gear 2
is TL — ^mg with r2 the radius of the pick up reel (gear 2).
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Motor

/k

FIGURE 1.47. Illustration of load torque. Drawn by Sharon Katz.

The above development is now put together to write down differential
equations that characterize the dynamic behavior of the gears. Recall that
the fundamental equation of rigid body dynamics is given by

Tduj

where r is the total torque on the rigid body, J is the moment of inertia
of the rigid body and duj/dt is its angular acceleration about the fixed axis
of rotation. Applying this relationship, the equations of motion for the two
gears are then

duj\
- n - /ICJI = Ji

dt
(1.30)

T~2 — TL — J20J2 = 2~JT'

Typically, the input (motor) torque r m is known and, the output position
02 and speed UJ2 are measured. Consequently, the variables TI,T2,CJI need
to be eliminated which is done as follows:

T2 =

•/i^i-Ji-^-

ri2
T\

ni

U2_

rti

VH
ni

n2 (ni^\t (n2\2 J
—Tm - — /i^2 - I — Ji-
nx \nij \ni

= — rm - / :
ri2 \ , d (n2
—UJ2 - J\-r,\ —^2
n\ J dt \ni

duj2

~dT' (1.31)

Substituting this expression for T2 into the second equation of (1.30) results
in

n2 fn2\ , / n 2 \ C?CJ2 . T du2

m \nij \niJ dt dt



56 1. The Physics of the DC Motor

Rearranging, the desired result is

^ r m = (J2 + Mm)2h ) ̂  + (/2 + (n2/m)2/i ) 002 + rL. (1.32)

Let n = 712/m denote the gear ratio, J = J2+n2Ji denote the total inertia
reflected to output shaft and / = f2 + n2/i denote the total viscous fric-
tion coefficient reflected to the output shaft, equation (1.32) can be written
succinctly as

nTm = J^+fuj2+rL. (1.33)
at

The net effect of the gears is to increase the motor torque from rm on the
motor shaft to nrm on the output shaft, to add the quantity n2J\ to the
inertia of the output shaft and to add n2/i to the viscous friction coefficient
of the output shaft.

Remark

Everything could have been referred to the motor shaft instead of the out-
put (load) shaft. To do so, simply substitute UJ2 = {m/n2)wi into (1.32) to
obtain

Multiply both sides by ml^2 results in

or, finally, the desired form is

In this formulation, the load torque on the input shaft is reduced by ni/n2
from that on the output shaft, and (ni/n2)2 J2 has been added to the inertia
of the motor shaft and [n\ln2)

2f2 has been added to the viscous friction
coefficient of the motor shaft.
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Problems

Faraday's Law and Induced Electromotive Force (emf)

Problem 1 Faraday's Law
Consider Figure I.48 where a magnet is moving up into a square planar

loop of copper wire.

m

FIGURE 1.48. Induced emf in a loop due to a moving magnet.

(a) Using the normal xi\, is the flux in the loop produced by the magnet
increasing or decreasing?

(b) Using the normal fii, what is the direction of positive travel around
the surface whose boundary is the loop (clockwise or counterclockwise)?

(c) What is the direction of the induced current in Figure I.48 (clockwise
or counterclockwise)? Does the induced current produce a change in the flux
in the loop that opposes the change in flux produced by the magnet?

(d) Using the normal \\2, is the flux increasing or decreasing?
(e) Using the normal 112. what is the direction of positive travel around

the surface whose boundary is the loop (clockwise or counterclockwise)?
(f) What is the direction of the induced current in Figure I.48 (clockwise

or counterclockwise) ? Does the induced current produce a change in the flux
in the loop that opposes the change in flux produced by the magnet?

Problem 2 Faraday's Law
Consider Figure 1.4-9 where a magnet is moving down away from a square

planar loop of copper wire.

m

FIGURE 1.49. Induced emf in a loop due to a moving magnet.
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(a) Using the normal fii, is the flux in the loop produced by the magnet
increasing or decreasing?

(b) Using the normal hi. what is the direction of positive travel around
the surface whose boundary is the loop (clockwise or counterclockwise)?

(c) What is the direction of the induced current in Figure 1.49 (clockwise
or counterclockwise) ? Does the induced current produce a change in the flux
in the loop that opposes the change of flux produced by the magnet?

(d) Using the normal n.2; is the flux increasing or decreasing?
(e) Using the normal n.2, what is the direction of positive travel around

the surface whose boundary is the loop (clockwise or counterclockwise) ?
(f) What is the direction of the induced current in Figure 1.49 (clockwise

or counterclockwise) ? Does the induced current produce a change in the flux
in the loop that opposes the change of flux produced by the magnet?

Problem 3 The Linear DC Motor
Consider the simple linear DC motor of Figure 1.3. Take the normal to

the surface enclosed by the loop taken to be n = — z.
(a) What is the flux through the surface ?
(b) What is the direction of positive travel around this flux surface ?
(c) What is the induced emf £ in the loop in terms of B. £ and the speed

v of the bar?
(d) Do Vs and £ have the same sign convention? Explain why £ is now

negative. With R the resistance of the circuit and the inductance L — 0,
write down the differential equations for the current i in the machine and
the speed v of the bar.

Problem 4 The Linear DC Motor
Consider the simple linear motor in Figure 1.50 where the magnetic field

B = Bz (B > 0) is up out of the page.

ccw

(out of page) z

©
0
0
0
0

FIGURE 1.50. Linear DC machine with B = Bz, B > 0.

Closing the switch causes a current to flow in the wire loop,
(a) What is the magnetic force T?magnetic on the sliding bar in terms of

B, i, and £? Give both the magnitude and direction of Fmagnetic-
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(b) Take the normal to the surface enclosed by the loop to be n = z. What
is the flux through the surface?

(c) What is the induced emf £ in the loop in terms of B, £, and the speed
v of the bar?

(d) What is the sign convention for the induced emf £ drop around the
loop? (That is, if £ > 0, would it act to push current in the clockwise or
counterclockwise direction?)

(e) Do Vs and £ have the same sign convention? Draw + and — signs
above and below £ to indicate the sign convention for £.

Problem 5 Back Emf in the Single-Loop Motor
Consider the single loop motor with the flux surface as indicated in Figure

1.51. A voltage source connected to the brushes is forcing current down side
a (®) and up side a' (Q).

Flux surface S

Flux surface S

FIGURE 1.51. Computing the flux with fi = - r .

(a) With the motor at the angular position OR shown, that is, with 0 <
OR < K, and using the inward normal (h = —v), compute the flux through
the surface in terms of the magnitude B of the radial magnetic field in the
air gap, the axial length l\ of the motor, the diameter £2 of the motor and
the angle OR of the rotor.

(b) What is the positive direction of travel around the flux surface S (CW
orCCW)?

(c) What is the emf'£ induced in the rotor loop? What is the sign conven-
tion for the induced emf £ drop around the loop? (That is, if £ > 0, would
it act to push current in CW direction or the CCW direction?) Do Vs and
£ have the same sign convention? Explain why £ is now negative. Draw an
equivalent circuit of the form in Figure 1.18 for the rotor loop current.

Problem 6 Gauss's Law and Conservation of Flux
The flux surface in Figure 1.13 was chosen as the half-cylindrical sur-

face with two half disks at either end because the B field is known on the
cylindrical surface being given by equation (1.1) and can be taken to be zero
on the two half disks. If the flux surface had been taken to be a flat planar
surface with the rectangular loop as its boundary, then it would not be clear
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how to compute the flux on this surface as the B field there is unknown.
Show, using Gauss's law

</> = * B • dS = 0,
Js

that both surfaces give the same flux. In general, by Gauss 's law, one can
compute the flux using any surface as long as its boundary is the loop.

Problem 7 Flux in the Single-Loop DC Motor
Figure 1.52 shows the rotor loop with TT < OR < 2TT.

FIGURE 1.52. Rotor loop where IT < 0R < 2TT.

n = r

dz

FIGURE 1.53. Flux surface with the normal radially out.

(a) Using the flux surface shown in Figure 1.53 with dS = {
show that (j)(6R) = (6R - TT/2 - n) i^B for IT < 9R < 2n. Plot (p{QR)
for 0 < 6R < 2TT (note that <p (OR) for 0 < OR < TT is computed in the
text). Compute the back emf £ and give its sign convention, that is, if £ =
-d(j)(OR) /dt > 0, will it force current in the CW or the CCW direction?
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Do £ and Vs have the same sign convention? (Yes! Explain!) Draw an
equivalent circuit diagram of the form of Figure 1.18 to illustrate the sign
convention.

(b) Using the flux surface shown in Figure 1.54 with dS = (£2l^)d0dz (—r),
show that 4> (0R) = -(0R- TT/2 - TT) £i£2B for IT <6R< 2TT.

dz

FIGURE 1.54. Flux surface with the normal radially in.

Compute the back emf and give its sign convention, that is, if—d(j> (OR) jdt
> 0 will it force current in the CW or the CCW direction. Do £ and Vs
have the same sign convention? (No, they are opposite! Explain!) Draw an
equivalent circuit diagram of the form of Figure 1.18 to illustrate the sign
convention.

(c) Note that in part (b) the normal to the flux surface is taken to be
radially in while with 0 < OR < TT it was taken to be radially out (see
Figure 1.14)- Explain why reversing the norm,al of the flux surface each
half turn in this way results in an equivalent circuit of the form shown in
Figure 1.18 which is valid for all rotor angular positions

Hint: Note that the + side of Vs is now electrically connected to side a1

of the loop through brush 6i, while when 0 < OR < TT in Figure 1.14, the
+ side of Vs was electrically connected to side a of the loop through brush
b\. That is, the sign convention for Vs in the loop changes every half-turn.
Thus it is also necessary to change the sign convention for the flux and
therefore for £ every half-turn in order that the sign conventions for Vs
and £ have the same relationship to each other for all OR.

(d) Show by taking dS = (£2/2)d0dzr for 0 < 0R < n and dS =
(£2/2)d0dz ( -f) for n <0R< 2TT, that (j) (OR) = - (OR mod TT - n/2) hl2B
for all OR and that £ = — d(j) (OR) jdt has the sign convention given in Figure
1.18 for all OR. Verify thai the plot of <P(0R) in Figure 1.15 is correct.
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Problem 8 Simulation of the DC Motor
Let Vmax = 40 V, Im.ax = 5 A, Kb = KT = 0.07 V/rad/sec (= N-m/A),

J = 6 x 10~5 kg-m2, R = 2 ohms, L = 2 mH, and f = 0.0004 N-m/rad/sec.
Develop a simulation of the DC motor thai includes the motor model given
by (1.6) and a voltage saturation model of the amplifier as illustrated in
Figure 1.20. Put a step input ofVs(t) — 10 V into the motor and plot out
(a) 0(t), (b) ou(t), (c) i(t), and (d) Vs(t).

Multiloop Motor

Problem 9 Skewing of the Rotor Sides
Figure 1.29 shows the sides of the rotor loops for the motor (but not the

tachometer!) are not straight in the axial direction, but instead are skewed.
Can you think of a reason why this is done ?

Problem 10 Neutral Plane and Brush Shifting
In the commutation scheme for the multiloop motor, it was shown that

when a rotor loop was perpendicular to the brushes, the current in the loop
was shorted out (brought to zero). Consequently, it is highly desirable that
the total induced voltage in that loop be as close to zero as possible to prevent
arcing. Figure 1.35 shows the total B field distribution in the DC machine.
If the armature current were zero, then the field would be horizontal as in
Figure 1.33. At very high armature currents (e.g., in large machines used
in heavy industry), the field is skewed as shown in Figure 1.35. The neutral
plane is the plane cutting through the axis of the rotor for which the total
B field is perpendicular to the plane. Let ^.(z, z/, 6R) be the total flux in
the fcth rotor loop due to both the field current and the armature current.

Neutral plane

FIGURE 1.55. Magnetic field due to both the field and armature currents.
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(a) Explain why ipk(i, if, OR) is a maximum (or minimum) as a function
of the rotor position OR when the kth loop coincides with the neutral plane,
or equivalently, why —dipk(i,if,0R)/d0R = 0 when the kth loop coincides
with the neutral plane. (This is seen more easily if one takes the flux surface
to be the plane of the loop rather than the cylindrical surface.)

(b) As explained in Section 1.7.2, the current in a rotor loop is commu-
tated when the plane of the loop is perpendicular to the line containing the
two brushes. Consider the situation in which the brushes of Figure 1.30(a)
are rotated counterclockwise (shifted) so that the plane of the loop under-
going commutation is coincident with the neutral plane as shown in Figure
1.56. (After the brushes are rotated, they are held fixed at that position.)

Neutral plane

FIGURE 1.56. Rotating the brushes so that commutation in the loop occurs
when the loop is aligned with the neutral plane.

Show then that the induced voltage in the kth. loop when it undergoes
commutation is

djjk(i,if,OR) __ dipk{i,if,0R) di __ d^k(i,if,0R)dif

dt ~ di dt dif dt

(c) Explain why shifting the brushes alleviates arcing.
(d) Does the amount that the brushes are to be rotated depend on the

amount of armature current?

Problem 11 Flux in the Multiloop Motor
With\{0R) given by (1.8) andn = A, write a program to plot\(0R)/ {h^B)
versus OR to obtain a figure similar to that of Figure 1.38.
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Separately Excited, Series and Shunt DC Machines

Problem 12 Conservation of Energy in the Separately Excited DC Motor
Using the equations (1.19), (1.20) and (1.21) of the separately excited DC

motor show that energy conservations holds. Give a physical interpretation
to the various expressions.

Problem 13 Series DC Motor [1]
Consider a separately excited DC motor in which the terminal T\ of the

armature is connected to the terminal T'2 of the field circuit and a single
voltage soiree is applied between the two remaining terminals T[ and T2.
This configuration is referred to as a series DC motor and is illustrated
in Figure 1.57. This type of connection is often used when the m,otor is
employed as a traction drive, that is, for subways, trolley cars, and so on.
An equivalent circuit for the series DC motor is given in Figure 1.58 where
\f(if) = Lfif is used.

FIGURE 1.57. Series-connected DC motor. Adapted from Ref. [21].

R

Vt

T2O-

FIGURE 1.58. Equivalent circuit for a series DC motor.
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(a) Starting from the model (1.22), (1.23), (1.24) °f the separately ex-
cited DC motor, derive the set of differential equations that characterize
the series connected DC motor.

(b) Show that the torque cannot change sign, i.e., it is always positive or
always negative.

(c) What must be done to change the sign of the torque?

Problem 14 Shunt DC Motor [3]
Consider a separately excited DC motor in which the terminal Ti of the

armature is connected to the terminal T[ of the field circuit and similarly,
the other two terminals X^X1^ are connected together as indicated in Fig-
ure 1.59. This configuration is referred to as a shunt DC motor for which
an equivalent circuit is shown in Figure 1.60. The resistance Radj is an
adjustable resistance added in series with the field winding and aids in the
control of the motor.

FIGURE 1.59. Shunt connected DC motor. Adapted from Ref. [21].

R

FIGURE 1.60. Equivalent circuit for a shunt DC motor.
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Let \(if) = Lfif and using the model (1.22), (1.23), (1.24) of the sepa-
rately excited DC motor, derive the complete set of equations that charac-
terize the shunt DC motor.

Simple AC Generators

Problem 15 A Three-Phase Generator [38]
Consider a simplified model of a three-phase generator shown in Figures

1.61 and 1.62.

FIGURE 1.61. Simplified three-phase permanent magnet generator.

(out of page)

FIGURE 1.62. Half-cylindrical-shaped winding of phase 1.

The rotor consists of a two-pole (one north and one south) permanent
magnet with the pole faces shaped so that the radial magnetic field in the
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air gap due to the rotor's permanent magnet is given by

B(r, 0) = Stfmaxy COS(0 - OR)V

where BRma^ > 0,rs = £2/% + 9 is the radius of the inside surface of the
stator iron and 0, OR are defined as in Figure 1.61. One of the stator phases
(consisting of a single loop) is shown in Figure 1.62 where the rotor and
stator sizes are distorted for expository reasons.

(a) Using a half-cylinder flux surface whose boundary is the stator loop
and whose surface normal is n = f, compute the flux (p1 in stator loop 1
and the voltage £1 = —d<p1/dt induced in this loop.

(b) Also, compute the fluxes <t>2,<j>$ and the induced voltages £2>£3 in

phases 2 and 3, respectively.
(c) With the ends X',2',3' tied together (called the neutral point), show

that if the machine is rotating at constant angular speed UJR, this results
in a three-phase generator producing three sinusoidal voltages which are
identical except being 120° out of phase with each other.

(d) It is shown in Chapters 4 and 5 that the magnetic field due to the
rotating permanent magnet rotor produces an axial electrical field in the
air gap given by

E R (9 - OR) = u>RBRmaxrs cos (9 - OR) Z.

Show that

£ 1 = / ER(0-0R)-d£.

Problem 16 A Two-Phase Four-Pole Generator
To introduce a two-phase four-pole generator, consider first Figure 1.63(a),

which shows a two-phase two-pole generator. Its rotor is a two-pole (one
north and one south) permanent magnet whose pole faces are shaped so
that the radial air gap magnetic field is given by

B(r, 0) = BRmJ£- cos(0 - 0R)r

where BRm3iX > 0,rs = ^ / 2 + 5 is the radius of the inside surface of the
stator iron, and 0,0R are defined as in Figure 1.63(a). The stator phases
are wound in a similar fashion to those of problem 15, and the voltages
induced in the stator phases are computed similarly.
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le

(out of page)

(b)

FIGURE 1.63. (a) A two-phase two-pole machine, (b) Polar coordinate system.

Now consider a two-phase four-pole generator illustrated in Figure 1.64(a)-
The rotor is a four-pole (two north poles and two south poles) permanent
magnet whose pole faces are shaped so that the radial air gap magnetic field
is given by

B(r, 0) = £i?maxy cos (np(0 - 0R)) r.

Here 5 ^ m a x > 07 rs = ^2/2 + g is the radius of the inside surface of the
stator iron, OR is defined as in Figure 1.64 (a), and np (— 2 in Figure 1.64)
is the number of pole pairs. Figure 1.64(c) is a perspective view showing
how phase a is wound while Figure 1.64(d) is a cross-sectional view of the
same phase.

(a) Using an outward normal for the flux surface (h = r), compute the
flux linkage Xa in phase a due to the permanent magnet rotor. (The flux
linkage is the sum of the fluxes in the two loops ai—a^ and a 2 - a 2 making
up phase a.)

(b) Does the positive direction of travel around each of the two flux sur-
faces of phase a coincide with the positive direction of current?

(c) Compute the voltage £a induced in phase a by the permanent magnet
rotor.

(d) Using the expression for £a in phase a from part (c), and the fact
that phase b is rotated ir/(2np) radians from phase a, give the expression

forU-
(e) It is shown in Chapters 4 and 5 that the magnetic field due to the

rotating permanent magnet rotor produces an axial electrical field in the
air gap given by

Efl (9 - OR) = URBRmaxrs cos (np(6 - 0R)) z.
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FIGURE 1.64. (a) A two-phase four-pole machine, (b) Polar coordinate system,
(c) A perspective view of the phase a winding, (d) Cross-sectional view of the
phase a winding.

Problem 17 Generator/Motor
Do problem, 6 in Chapter 5. (The background in this chapter is sufficient

to work this problem!)


