
C H A P T E R  3
CIRCUIT ANALYSIS TECHNIQUES
Assuming any system of linear conductors connected in such a manner that to the extremities of each one of them there is connected
at least one other, a system having electromotive forces E1, E2 . . . . E3, no matter how distributed, we consider two points A and A�
belonging to the system and having potentials V and V�. If the points A and A� are connected by a wire ABA�, which has a resistance
r, with no electromotive forces, the potentials of points A and A� assume different values from V and V�, but the current i flowing
through this wire is given by i � (V � V�)/(r � R) in which R represents the resistance of the original wire, this resistance being
measured between the points A and A�, which are considered to be electrodes.

Leon Charles Thévenin, 1883,
French Telegraph Engineer

Some History Behind This Chapter
Leon Charles Thévenin (1857–1926), a distinguished French
telegraph engineer and teacher, was led to his theorem in
1883 following an extensive study of Kirchhoff’’s laws. Nor-
ton’s theorem, the dual of Thévenin’s theorem, was not pro-
posed until 1926 by Edward L. Norton, an American elec-
trical engineer working on long-distance telephony.
Curiously, it turns out that the basic concept had been dis-
covered earlier by Herman von Helmholtz, while studying
electricity in animal tissue. Electrical engineering tradition
credits Thévenin and Norton, perhaps because they worked
in areas that offered practical applications for their results.

Why This Chapter Is Important Today
In this chapter you advance to studying general methods
of analyzing circuits and to the major theorems that
describe linear circuits. These theorems are conceptual
tools that give new insight into circuit behavior. Most
importantly, you will be introduced to the design of inter-
face circuits; your first exposure to devising a circuit to
perform a predetermined function. 

Chapter Sections
3–1 Node-Voltage Analysis

3–2 Mesh-Current Analysis

3–3 Linearity Properties

3–4 Thévenin and Norton Equivalent Circuits

3–5 Maximum Signal Transfer

3–6 Interface Circuit Design

Chapter Learning Objectives 
3-1 General Circuit Analysis (Sects. 3-1 to 3-2)

Given a linear resistance circuit:
(a) (Formulation) Write node-voltage or mesh-current

equations for the circuit.
(b) (Solution) Solve the equations from part (a) for

selected signal variables or input-output
relationships.

3-2 Linearity Properties (Sect. 3-3)

Given a linear resistance circuit:
(a) Use the proportionality principle to find selected

signal variables.
(b) Use the superposition principle to find selected

signal variables. 

3-3 Thévenin and Norton Equivalent Circuits (Sect. 3-4)

Given a linear resistance circuit:
(a) Find the Thévenin or Norton equivalent at a

specified pair of terminals.
(b) Use the Thévenin or Norton equivalent to find the

signals delivered to linear or nonlinear loads.

3-4 Maximum Signal Transfer (Sect. 3-5)

Given a linear resistance circuit:
(a) Find the maximum voltage, current, and power

available at a specified pair of terminals. 
(b) Find the resistive loads required to obtain the maxi-

mum available signal levels.

3-5 Interface Circuit Design (Sect. 3-6)

Given the signal transfer goals at a source-load interface,
design one or more two-port interface circuits to achieve
the goals and evaluate the alternative design solutions.

1353T_c03_066-136.qxd  9/12/05  13:29  Page 66



3–1 N O D E - V O L T A G E A N A L Y S I S
Before describing node-voltage analysis, we first review the foundation for
every method of circuit analysis. As noted in Sec. 2–3, circuit behavior is
based on constraints of two types: (1) connection constraints (Kirchhoff’s
laws) and (2) device constraints (element i–v relationships). As a practical
matter, however, using element voltages and currents to express the circuit
constraints produces a large number of equations that must be solved simul-
taneously to find the circuit responses. For example, a circuit with only six
devices requires us to treat 12 equations with 12 unknowns. Although this is
not an impossible task using software tools like Mathcad, it is highly desir-
able to reduce the number of equations that must be solved simultaneously.

You should not abandon the concept of element and connection
constraints. This method is vital because it provides the foundation for all
methods of circuit analysis. In subsequent chapters, we use element and con-
nection constraints many times to develop important ideas in circuit analysis.

Using node voltages instead of element voltages as circuit variables can re-
duce the number of equations that must be treated simultaneously. To define
a set of node voltages, we first select a reference node. The node voltages are
then defined as the voltages between the remaining nodes and the selected ref-
erence node. Figure 3–1 shows the notation used to define node-voltage vari-
ables. In this figure the reference node indicated by the ground symbol and the
node voltages are identified by a voltage symbol next to all the other nodes.
This notation means that the positive reference mark for the node voltage is
located at the node in question while the negative mark is at the reference
node. Obviously, any circuit with N nodes involves N − 1 node voltages.

A fundamental property of node voltages needs to be covered at the out-
set. Suppose we are given a two-terminal element whose element voltage is
labeled v1. Suppose further that the terminal with the plus reference mark
is connected to a node, say node A. The two cases shown in Figure 3–2 are
the only two possible ways the other element terminal can be connected. In
case A, the other terminal is connected to the reference node, in which case
KVL requires v1 = vA. In case B, the other terminal is connected to a non-
reference node, say node B, in which case KVL requires v1 = vA − vB. This
example illustrates the following fundamental property of node voltages:

If the Kth two-terminal element is connected between nodes X
and Y, then the element voltage can be expressed in terms of
the two node voltages as

(3–1)

where X is the node connected to the positive reference for ele-
ment voltage vK.

Equation (3–1) is a KVL constraint at the element level. If node Y is the
reference node, then by definition vY = 0 and Eq. (3–1) reduces to vK = vX.
On the other hand, if node X is the reference node, then vX = 0 and there-
fore vK � �vY. The minus sign occurs here because the positive reference
for the element is connected to the reference node. In any case, the impor-
tant fact is that the voltage across any two-terminal element can be ex-
pressed as the difference of two node voltages, one of which may be zero.

vK � vX � vY
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F I G U R E  3 – 1 Node-voltage
definition and notation.
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Case B

F I G U R E  3 – 2 Two possible
connections of a two-terminal element.
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Exe r c i s e  3–1  

The reference node and node voltages in the bridge circuit of Figure 3–3 are vA =
5 V, vB = 10 V, and vC = −3 V. Find the element voltages. 

68 C H A P T E R 3 CIRCUIT ANALYSIS TECHNIQUES

F I G U R E  3 – 3

i0

iS R1 R3

R2

i1 i3

i2vA vB

F I G U R E  3 – 4 Circuit for dem-
onstrating node-voltage analysis.

Answe r s : v1 = 10 V; v2 = 3 V; v3 = 13 V; v4 = 8 V; v5 = −5 V

FORMULATING NODE-VOLTAGE EQUATIONS

To formulate a circuit description using node voltages, we use element and
connection constraints, except that the KVL connection equations are not
explicitly written. Instead we use the fundamental property of node analy-
sis to express the element voltages in terms of the node voltages.

The circuit in Figure 3–4 will demonstrate the formulation of node-
voltage equations. In Figure 3–4 we have identified a reference node (indi-
cated by the ground symbol), four element currents (i0, i1, i2, and i3), and
two node voltages (vA and vB). 

The KCL constraints at the two nonreference nodes are

(3–2)

Using the fundamental property of node analysis, we use the element
equations to relate the element currents to the node voltages.

(3–3)

We have written six equations in six unknowns—four element currents
and two node voltages. The right side of the element equations in Eq.
(3–3) involves unknown node voltages and the input signal iS. Substituting
the element constraints in Eq. (3–3) into the KCL connection constraints
in Eq. (3–2) yields

 Current Source:  i0 � � iS

 Resistor R3:  i3 � G3vB

 Resistor R2:  i2 � G2(vA � vB)

 Resistor R1:  i1 � G1vA

 Node B:  i2 � i3 � 0

 Node A: �i0 � i1 � i2 � 0
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NODE-VOLTAGE ANALYSIS S E C T I O N 3 – 1 69

which can be arranged in the following standard form:

(3–4)

In this standard form all of the unknown node voltages are grouped on one
side and the independent sources on the other.

By systematically eliminating the element currents, we have reduced the
circuit description to two linear equations in the two unknown node volt-
ages. The coefficients in the equations on the left side (G1 + G2, G2, G2 +
G3) depend only on circuit parameters, while the right side contains the
known input driving force iS.

As noted previously, every method of circuit analysis must satisfy KVL,
KCL, and the element i–v relationships. In developing the node-voltage
equations in Eq. (3–4), it may appear that we have not used KVL. However,
KVL is satisfied because the equations v1 = vA, v2 = vA − vB, and v3 = vB
were used to write the right side of the element equations in Eq. (3–3). The
KVL constraints do not appear explicitly in the formulation of node equa-
tions, but are implicitly included when the fundamental property of node
analysis is used to write the element voltages in terms of the node voltages.

In summary, four steps are needed to develop node-voltage equations.

S T E P 1 Select a reference node. Identify a node voltage at each of the
remaining N − 1 nodes and a current with every element in the
circuit.

S T E P 2 Write KCL connection constraints in terms of the element cur-
rents at the N − 1 nonreference nodes.

S T E P 3 Use the element i–v relationships and the fundamental property
of node analysis to express the element currents in terms of the
node voltages.

S T E P 4 Substitute the element constraints from step 3 into the KCL con-
nection constraints from step 2 and arrange the resulting N − 1
equations in a standard form.

Writing node-voltage equations leads to N − 1 equations that must be
solved simultaneously. If we write the element and connection constraints
in terms of element voltages and currents, we must solve 2E simultaneous
equations. The reduction from 2E to N − 1 is particularly impressive in cir-
cuits with a large number of elements (large E) connected in parallel
(small N).

 Node B:  �G2vA � (G2 � G3)vB � 0

 Node A:  (G1 � G2)vA � G2vB � iS

 Node B:  G2(vA � vB) � G3vB � 0

 Node A:  iS � G1vA � G2(vA � vB) � 0

E X A M P L E  3 – 1

Formulate node-voltage equations for the bridge circuit in Figure 3–5. 

S O L U T I O N :
Step 1: The reference node, node voltages, and element currents are shown
in Figure 3–5.

iS1

i1
i0 R1

i2

R2

i4

R4R3

i3

i5
iS2

vA

vCvB

Reference node

F I G U R E  3 – 5
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70 C H A P T E R 3 CIRCUIT ANALYSIS TECHNIQUES

Step 2: The KCL constraints at the three nonreference nodes are:

Step 3: We write the element equations in terms of the node voltages and
input signal sources.

Step 4: Substituting the element equations into the KCL constraints and
arranging the result in standard form yields three equations in the three
unknown node voltages.

■

WRITING NODE-VOLTAGE EQUATIONS BY INSPECTION

The node-voltage equations derived in Example 3–1 have a symmetrical pat-
tern. The coefficient of vB in the node A equation and the coefficient of vA
in the node B equation are both the negative of the conductance connected
between the nodes (−G1). Likewise, the coefficients of vA in the node C
equation and vC in the node A equation are both −G2. Finally, coefficients of
vA in the node A equation’, vB in the node B equation, and vC in the node C
equation are the sum of the conductances connected to the node in question.

The symmetrical pattern always occurs in circuits containing only resis-
tors and independent current sources. To understand why, consider any
general two-terminal conductance G with one terminal connected to, say,
node A. According to the fundamental property of node analysis, there are
only two possibilities. Either the other terminal of G is connected to the ref-
erence node, in which case the current leaving node A via conductance G is

or else it is connected to another nonreference node, say, node B, in which
case the current leaving node A via G is

The pattern for node equations follows from these observations. The sum
of the currents leaving any node A via conductances involves the following
terms:

1. vA times the sum of conductances connected to node A

2. Minus vB times the sum of conductances connected between
nodes A and B and similar terms for all other nodes connected
to node A by conductances

i � G(vA � vB)

i � G(vA � 0) � GvA

 Node C:  � G2vA � (G2 � G4)vC � �iS2

 Node B:  � G1vA � (G1 � G3)vB � iS2

 Node A:  (G1 � G2)vA � G1vB � G2vC � iS1

 i2 � G2(vA � vC)    i5 � iS2

 i1 � G1(vA � vB)    i4 � G4vC

 i0 � iS1                     i3 � G3vB

Node C: i2 � i4 � i5 � 0

Node B: i1 � i3 � i5 � 0

Node A: i0 � i1 � i2 � 0
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NODE-VOLTAGE ANALYSIS S E C T I O N 3 – 1 71

Because of KCL, the sum of currents leaving node A via conductances plus
the sum of currents directed away from node A by independent current
sources must equal zero.

The aforementioned process allows us to write node-voltage equations
by inspection without going through the intermediate steps involving the
KCL constraints and the element equations. For example, the circuit in
Figure 3–6 contains two independent current sources and four resistors.
Starting with node A, the sum of conductances connected to node A is
G1 + G2. The conductance between nodes A and B is G2. The reference  di-
rection for the source current iS1 is into node A, while the reference direc-
tion for iS2 is directed away from node A. Pulling all of the observations to-
gether, we write the sum of currents directed out of node A as

(3–5)

Similarly, the sum of conductances connected to node B is G2 + G3 + G4,
the conductance connected between nodes B and A is again G2, and the
source current iS2 is directed toward node B. These observations yield the
following node-voltage equation:

(3–6)

Rearranging Eqs. (3–5) and (3–6) in standard form yields

(3–7)

We have two symmetrical equations in the two unknown node voltages.
The equations are symmetrical because the conductance G2 connected be-
tween nodes A and B appears as the cross-coupling term in each equation.

 Node B:  � G2vA � (G2 � G3 � G4)vB � iS2

 Node A:  (G1 � G2)vA � G2vB � iS1 � iS2

Node B: (G2 � G3 � G4)vB � G2vA � iS2 � 0

Node A: (G1 � G2)vA � G2vB � iS1 � iS2 � 0

E X A M P L E  3 – 2

Formulate node-voltage equations for the bridged-T circuit in Figure 3–7. 

S O L U T I O N :
The total conductance connected to node A is 1/2R + 2/R = 2.5G, to node B is
1/2R + 1/2R + 2/R = 3G, and to node C is 1/R + 2/R + 1/2R = 3.5G. The con-
ductance connected between nodes A and B is 1/2R = 0.5G, between nodes
A and C is 2/R = 2G, and between nodes B and C is 1/2R = 0.5G. The inde-
pendent current source is directed into node A. By inspection, the node-
voltage equations are

Written in matrix form,

£
2.5G �0.5G �2G

�0.5G 3G �0.5G
�2G �0.5G 3.5G

§  £
vA

vB

vC

§ � £
iS

0
0
§

 Node C:  �2GvA � 0.5GvB � 3.5GvC � 0

 Node B:  �0.5GvA � 3GvB � 0.5GvC � 0

 Node A:  2.5GvA � 0.5GvB � 2GvC � iS

iS1

iS2

vA

R2

R1 R3 R4

vB

F I G U R E  3 – 6 Circuit for
demonstrating writing node-voltage
equations by inspection.

iS

vA vC2R 2R

R

vB

R/2

R/2

F I G U R E  3 – 7

1353T_c03_066-136.qxd  9/12/05  13:29  Page 71



72 C H A P T E R 3 CIRCUIT ANALYSIS TECHNIQUES

1 See Appendix B for a discussion of matrix algebra, including the definition of a sym-
metrical matrix.

iS1 iS2

vA

vO

vB

−

+

2 kΩ

1 kΩ 500 Ω

F I G U R E  3 – 8

This matrix equation is of the form Ax = B, where A is a 3 × 3 square
matrix describing the circuit, x is a 3 × 1 column matrix of unknown node
voltages, and B is a 3 × 1 column matrix of known inputs. Note that the A
matrix is symmetrical about its main diagonal.1 ■

Exe r c i s e  3–2  

Formulate node-voltage equations for the circuit in Figure 3–8.

Answe r s :

SOLVING LINEAR ALGEBRAIC EQUATIONS

So far, we have only dealt with the problem of formulating node-voltage
equations. To complete a circuit analysis problem, we must solve these
linear equations for selected responses. Cramer’s rule and Gaussian
elimination are standard mathematical tools commonly used for hand
solution of circuit equations. These tools are assumed to be part of the
reader’s mathematical background. Those needing a review of these
matters are referred to Appendix B.

Cramer’s rule and Gaussian elimination are suitable for hand calcula-
tions involving up to three or perhaps four simultaneous equations.
Cramer’s rule is useful when the circuit parameters are left in symbolic
form, while the Gaussian method is more efficient for numerical examples
involving four or more equations. However, any problem in which Gauss-
ian methods offer significant advantages over Cramer’s rule is probably
best handled using computer tools. In other words, the ready availability of
computer tools makes hand solution by Gaussian elimination an obsolete
skill.

At about four or five simultaneous equations, numerical solutions are
best obtained using computer-aided analysis. Many scientific hand-held
calculators have a built-in capability to solve five or more linear equations.
Virtually all PC-based mathematical software can solve systems of linear

 �(0.5 � 10�3)vA � (2.5 � 10�3)vB � �iS2

 (1.5 � 10�3)vA � (0.5 � 10�3)vB � iS1
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NODE-VOLTAGE ANALYSIS S E C T I O N 3 – 1 73

equations or, what is equivalent, perform matrix manipulations. In particular,
Appendix B illustrates that both MATLAB and Mathcad can solve systems
of linear equations written in matrix form.

In this book we often use Cramer’s rule to solve simultaneous equa-
tions. This does not mean Cramer’s rule is the optimum method, but only
that it can easily handle and compactly document the solution of the class
of problems treated in this book. We will also use MATLAB and Mathcad
to demonstrate the use of computer tools to solve circuit equations in the
matrix form. Readers needing a review of or an introduction to matrix
methods are advised to study  Appendix B.

Earlier in this section we formulated node-voltage equations for the
circuit in Figure 3–4. [See Eq. (3–4).]

We use Cramer’s rule to solve these equations because it easily handles the
case in which the circuit parameters are left in symbolic form:

(3–8)

(3–9)

These results express the two node voltages in terms of the circuit parame-
ters and the input signal. Given the two node voltages vA and vB, we can
now determine every element voltage and every current using Ohm’s law
and the fundamental property of node voltages.

In solving the node equations, we left everything in symbolic form to
emphasize that responses depend on the values of the circuit parameters
(G1, G2, G3) and the input signal (iS). Even when numerical values are
given, it is sometimes useful to leave some parameters in symbolic form to
obtain input-output relationships or to reveal the effect of specific param-
eters on circuit response.

 i1 � G1vA        i2 � G2(vA � vB)       i3 � G3vB

 v1 � vA            v2 � vA � vB              v3 � vB

 vB �
¢  B

¢  

�

`G1 � G2

�G2

iS

0
`

¢  

� a G2

G1G2 � G1G3 � G2G3
biS

 vA �
¢  A

¢  

�

` iS

0
�G2

G2 � G3
`

`G1 � G2

�G2

�G2

G2 � G3
`

� a G2 � G3

G1G2 � G1G3 � G2G3
biS

 Node B:  �G2vA � (G2 � G3)vB � 0

 Node A:  (G1 � G2)vA � G2vB � iS

E X A M P L E  3 – 3

Given the circuit in Figure 3–9, find the input resistance RIN seen by the
current source and the output voltage vO.
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74 C H A P T E R 3 CIRCUIT ANALYSIS TECHNIQUES

S O L U T I O N :
In Example 3–2 we formulated node-voltage equations for this circuit as
follows:

The input resistance is the ratio vA/iS, so we first solve for vA:

Hence the input resistance is

To find the output voltage, we solve for vC:

■ �
6.25G2iS

11.75G3 � 0.532iSR

vC �
¢  C

¢  

�

2.5G
�0.5G

�2G

�0.5G
3G

�0.5G

iS

0
0

¢  

�

iS � G2 `�0.5
�2

3
�0.5

`
¢  

RIN �
vA

iS
�

10.25
11.75G

� 0.872R

�
10.25iS

11.75G

�

iS � G2� 3
�0.5

�0.5
3.5�

2.5G3� 3
�0.5

�0.5
3.5� � 0.5G3��0.5

�0.5
�2
3.5� � 2G3��0.5

3
�2

�0.5�

vA �
�  A

�  

�

iS

0
0

�0.5G
3G

�0.5G

�2G
�0.5G

3.5G
2.5G

�0.5G
�2G

�0.5G
3G

�0.5G

�2G
�0.5G

3.5G

 Node C:  �2GvA � 0.5GvB � 3.5GvC � 0

 Node B:  �0.5GvA � 3GvB � 0.5GvC � 0

 Node A:  2.5GvA � 0.5GvB � 2GvC � iS

iS

vA vC

vO

2R 2R

R

vB

R/2

R/2

RIN

−

+

F I G U R E  3 – 9
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Exe r c i s e  3–3

Solve the node-voltage equations in Exercise 3–2 for vO in Figure 3–8.

Answe r : vO = 1000(iS1 − 3iS2)/7

Exe r c i s e  3–4  

Use node-voltage equations to solve for v1, v2, and i3 in Figure 3–10.

Answe r s : v1 = 12 V; v2 = 32 V; i3 = −10 mA

NODE ANALYSIS WITH VOLTAGE SOURCES

Up to this point we have analyzed circuits containing only resistors and in-
dependent current sources. Applying KCL in such circuits is simplified be-
cause the sum of currents at a node only involves the output of current
sources or resistor currents expressed in terms of the node voltages.
Adding voltage sources to circuits modifies node analysis procedures be-
cause the current through a voltage source is not directly related to the
voltage across it. While initially it may appear that voltage sources complicate
the situation, they actually simplify node analysis by reducing the number of
equations required.

Figure 3–11 shows three ways to deal with voltage sources in node analy-
sis. Method 1 uses a source transformation to replace the voltage source
and series resistance with an equivalent current source and parallel resis-
tance. We can then formulate node equations at the remaining nonrefer-
ence nodes in the usual way. The source transformation eliminates node C,
so there are only N − 2 nonreference nodes left in the circuit. Obviously,
method 1 only applies when there is a resistance in series with the voltage
source.

Method 2 in Figure 3–11 can be used whether or not there is a resis-
tance in series with the voltage source. When node B is selected as the ref-
erence node, then by definition vB = 0 and the fundamental property of
node voltages says that vA = vS. We do not need a node-voltage equation
at node A because its voltage is known to be equal to the source voltage.
We write the node equations at the remaining N − 2 nonreference nodes
in the usual way. In the final step, we move all terms involving vA to the
right side, since it is a known input and not an unknown response. Method
2 reduces the number of node equations by 1 since no equation is needed
at node A.

The third method in Figure 3–11 is needed when neither node A nor
node B can be selected as the reference and the source is not connected in

− v1 +
i3 +

v2
−

2 kΩ 2 kΩ

3 kΩ 3.2 kΩ 20 mA

F I G U R E  3 – 1 0
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+
−

+
−

+
−

C

vA

vB

RS

vS

vS
RS

vA

vB

RS

vA

vB

vS

vA

vB

vS

Rest

of the

circuit

Rest

of the

circuit

Rest

of the

circuit

Rest

of the

circuit

≡

Method 1

Supernode

Method 2 Method 3

F I G U R E 3 – 1 1 Three meth-
ods of treating voltage sources in
node analysis.

series with a resistance. In this case we combine nodes A and B into a super-
node, indicated by the boundary in Figure 3–11. We use the fact that KCL
applies to the currents penetrating this boundary to write a node equation at
the supernode. We then write node equations at the remaining N − 3 nonref-
erence nodes in the usual way. We now have N − 3 node equations plus one
supernode equation, leaving us one equation short of the N − 1 required.
Using the fundamental property of node voltages, we can write

(3–10)

The voltage source inside the supernode constrains the difference between
the node voltages at nodes A and B. The voltage source constraint pro-
vides the additional relationship needed to write N − 1 independent equa-
tions in N − 1 node voltages.

For reference purposes we will call these modified node equations, since
we either modify the circuit (method 1), use voltage source constraints to
define node voltage at some nodes (method 2), or combine nodes to
produce a supernode (method 3). The three methods are not mutually ex-
clusive. We frequently use a combination of methods, as illustrated in the
following examples.

vA � vB � vS

E X A M P L E  3 – 4

Use node-voltage analysis to find vO in the circuit in Figure 3–12(a).
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vS1 vO

vA

−

+

vO

−

+

R1

vS2

R2
R1

R3

R1 R2

R2 R3

(b)

(a)

vS1 vS2
+
−

+
−

vS

vA vC2R 2R

R

vB

R/2

R/2

RIN

iIN

+
−

S O L U T I O N :
The given circuit in Figure 3–12(a) has four nodes, so we appear to need 
N − 1 = 3 node-voltage equations. However, applying source transformations
to the two voltage sources (method 1) produces the two-node circuit in
Figure 3–12(b). For the modified circuit, we need only one node equation.

To find the output voltage, we solve for vA:

Because of the two voltage sources, we need only one node equation in
what appears to be a three-node circuit. The two voltage sources have a
common node, so the number of unknown node voltages is reduced from
three to one. The general principle illustrated is that the number of indepen-
dent KCL constraints in a circuit containing N nodes and NV voltage sources
is N − 1 − NV. ■

vO � vA �
G1vS1 � G2vS2

G1 � G2 � G3

(G1 � G2 � G3)vA � G1vS1 � G2vS2

E X A M P L E  3 – 5

Find the input resistance of the circuit in Figure 3–13.

F I G U R E  3 – 1 2

F I G U R E  3 – 1 3
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S O L U T I O N :
Method 1 of handling voltage sources will not work here because the
source in Figure 3–13 is not connected in series with a resistor. Method 2
will work in this case because the voltage source is connected to the refer-
ence node. As a result, we only need node equations at nodes B and C
since the node A voltage is vA = vS. By inspection, the two required node
equations are

Since vA = vS, these equations can be written in standard form as follows:

Solving for the two unknown node voltages yields

Given the two node voltages, we can now solve for the input current.

Hence, the input resistance is

This is the same answer as in Example 3–3, where the same circuit was driven
by a current source rather than a voltage source. Input resistance is an intrinsic
property of a circuit that does not depend on how the circuit is driven. ■

RIN �
vS

iIN
�

10.25R
11.75

� 0.872R

iIN �
vS � vB

2R
�

vS � vC

R�2
�

3.75vS

10.25R
�

8vS

10.25R
�

11.75vS

10.25R

vC �
�  C

�  

�
� 3G
�0.5G

0.5GvS

2GvS
�

�  

�
6.25G2vS

10.25G2 �
6.25vS

10.25

vB �
�  B

�  

�
�0.5GvS

2GvS

�0.5G
3.5G�

� 3G
�0.5G

�0.5G
3.5G�

�
2.75G2vS

10.25G2 �
2.75vS

10.25

 Node C:  �0.5GvB � 3.5GvC � 2GvS

 Node B:  3GvB � 0.5GvC � 0.5GvS

 Node C: �2GvA � 0.5GvB � 3.5GvC � 0

 Node B: �0.5GvA � 3GvB � 0.5GvC � 0

E X A M P L E  3 – 6

For the circuit in Figure 3–14,

(a) Formulate node-voltage equations.
(b) Solve for the output voltage vO using R1 = R4 = 2 k� and R2 = R3 =

4 k�.

S O L U T I O N :
(a) The voltage sources in Figure 3–14 do not have a common node, and
we cannot select a reference node that includes both sources. Selecting
node D as the reference forces the condition vB = vS2 (method 2) but leaves
the other source vS1 ungrounded. We surround the ungrounded source,
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+
−

+ −

vA
i2

i1

R1

R2 R3

i3vB vC

vS1

vS2

i4

R4

D

Reference

+
vO
−

Supernode

and all wires leading to it, by the supernode boundary shown in Figure
3–14 (method 3). KCL applies to the four element currents that penetrate
the supernode boundary, and we can write

These currents can easily be expressed in terms of the node voltages.

Since vB = vS2, the standard form of this equation is

We have one equation in the two unknown node voltages vA and vC. Ap-
plying the fundamental property of node voltages inside the supernode, we
can write

That is, the ungrounded voltage source constrains the difference between
the two unknown node voltages inside the supernode. It thereby supplies
the relationship needed to obtain two equations in two unknowns.

(b) Inserting the given numerical values yields

To find the output vO, we need to solve these equations for vC. The second
equation yields vA = vC + vS1, which, when substituted into the first equa-
tion, yields the required output:

■vO � vC �
vS2

3
�

vS1

2

 vA � vC � vS1

 (7.5 � 10�4)vA � (7.5 � 10�4)vC � (5 � 10�4)vS2

vA � vC � vS1

(G1 � G2)vA � (G3 � G4)vC � (G2 � G3)vS2

G1vA � G2(vA � vB) � G3(vC � vB) � G4vC � 0

i1 � i2 � i3 � i4 � 0

F I G U R E  3 – 1 4
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+
−

+

vO

−

E

10 kΩ4 kΩ

5 V

1 kΩ 10 kΩ

F I G U R E  3 – 1 5

Exe r c i s e  3–5

Find vO in Figure 3–15 when the element E is

(a) A 10-k� resistance
(b) A 4-mA independent current source with reference arrow pointing left

Answe r s :

(a) 2.53 V
(b) −17.3 V

Exe r c i s e  3–6

Find vO in Figure 3–15 when the element E is

(a) An open circuit
(b) A 10-V independent voltage source with the plus reference on the right

Answe r s :

(a) 1.92 V
(b) 12.96 V

SUMMARY OF NODE-VOLTAGE ANALYSIS

We have seen that node-voltage equations are very useful in the analysis
of a variety of circuits. These equations can always be formulated using
KCL, the element constraints, and the fundamental property of node
voltages. When in doubt, always fall back on these principles to formu-
late node equations in new situations. With practice and experience,
however, we eventually develop an analysis approach that allows us to
recognize shortcuts in the formulation process. The following guidelines
summarize our approach and may help you develop your own analysis
style:

1. Simplify the circuit by combining elements in series and parallel
wherever possible.

2. If not specified, select a reference node so that as many voltage
sources as possible are directly connected to the reference.

3. Node equations are required at supernodes and all other nonreference
nodes except those that are directly connected to the reference by
voltage sources.

4. Use KCL to write node equations at the nodes identified in step 3.
Express element currents in terms of node voltages or the currents
produced by independent current sources.

5. Write expressions relating the node voltages to the voltages produced
by independent voltage sources.

6. Substitute the expressions from step 5 into the node equations from
step 4 and arrange the resulting equations in standard form.

7. Solve the equations from step 6 for the node voltages of interest.
Cramer’s rule is often useful when circuit parameters are left in sym-
bolic form. Computer tools are useful when there are four or more
equations and numerical values are given.
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iA iB iC

iD iE iF

iG iH iJ

x

F I G U R E  3 – 1 6 Meshes in a
planar circuit.

3–2 M E S H - C U R R E N T A N A L Y S I S
Mesh currents are analysis variables that are useful in circuits containing
many elements connected in series. To review terminology, a loop is a
closed path formed by passing through an ordered sequence of nodes
without passing through any node more than once. A mesh is a special
type of loop that does not enclose any elements. For example, loops A
and B in Figure 3–16 are meshes, while the loop X is not a mesh because
it encloses an element.

Mesh-current analysis is restricted to planar circuits. A planar circuit
can be drawn on a flat surface without crossovers in the “window pane”
fashion shown in Figure 3–16. To define a set of variables, we associate a
mesh current (iA, iB, iC, etc.) with each window pane and assign a refer-
ence direction. The reference directions for all mesh currents are custom-
arily taken in a clockwise sense. There is no momentous reason for this,
except perhaps tradition.

We think of these mesh currents as circulating through the elements in
their respective meshes, as suggested by the reference directions shown
in Figure 3–16. We should emphasize that this viewpoint is not based on
the physics of circuit behavior. There are not red and blue electrons run-
ning around that somehow get assigned to mesh currents iA or iB. Mesh
currents are variables used in circuit analysis. They are only somewhat ab-
stractly related to the physical operation of a circuit and may be impossible
to measure directly. For example, there is no way to cut the circuit in
Figure 3–16 to insert an ammeter that only measures iE.

Mesh currents have a unique feature that is the dual of the fundamental
property of node voltages. If we examine Figure 3–16, we see the elements
around the perimeter are contained in only one mesh, while those in the
interior are in two meshes. In a planar circuit any given element is con-
tained in at most two meshes. When an element is in two meshes, the two
mesh currents circulate through the element in opposite directions. In such
cases KCL declares that the net current through the element is the differ-
ence of the two mesh currents.

These observations lead us to the fundamental property of mesh currents:
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If the Kth two-terminal element is contained in meshes X and
Y, then the element current can be expressed in terms of the
two mesh currents as

(3–11)

where X is the mesh whose reference direction agrees with the
reference direction of iK.

Equation (3–11) is a KCL constraint at the element level. If the element is
contained in only one mesh, then iK = iX or iK = −iY, depending on whether
the reference direction for the element current agrees or disagrees with the
reference direction of the mesh current. The key idea is that the current
through every two-terminal element in a planar circuit can be expressed in
terms of no more than two mesh currents.

Exe r c i s e  3–7  

In Figure 3–17 the mesh currents are iA = 10 A, iB = 5 A, and iC = −3 A. Find the
element currents i1 through i6 and show that KCL is satisfied at nodes A, B, and C.

Answe r s : i1 = −10 A; i2 = 13 A; i3 = 5 A; i4 = 8 A; i5 = 5 A; i6 = −3 A.

To use mesh currents to formulate circuit equations, we use elements
and connection constraints, except that the KCL constraints are not explic-
itly written. Instead, we use the fundamental property of mesh currents to
express the element voltages in terms of the mesh currents. By doing so we
avoid using the element currents and work only with the element voltages
and mesh currents.

For example, the planar circuit in Figure 3–18 can be analyzed using the
mesh-current method. In the figure we have defined two mesh currents

iK � iX � iY

iC

iA iB

B CA

i1
i2

i3 i4
i5

i6

F I G U R E  3 – 1 7

A

+
v0−

+  v2  −
+
v3−

+
v4−

R2

R3

R1

+  v1  −
+
−

+
−vS1 vS2iA iB

F I G U R E  3 – 1 8 Circuit for demonstrating
mesh-current analysis.

and five element voltages. We write KVL constraints around each mesh
using the element voltages.

(3–12)

Using the fundamental property of mesh currents, we write the element
voltages in terms of the mesh currents and input voltages:

(3–13)

 v3 � R3(iA � iB)

 v2 � R2iB            v4 � vS2

 v1 � R1iA            v0 � vS1

Mesh B: �v3 � v2 � v4 � 0

Mesh A: �v0 � v1 � v3 � 0
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We substitute these element equations into the KVL connection equations
and arrange the result in standard form.

(3–14)

We have completed the formulation process with two equations in two
unknown mesh currents.

As we have previously noted, every method of circuit analysis must sat-
isfy KCL, KVL, and the element i–v relationships. When formulating mesh
equations, it may appear that we have not used KCL. However, writing the
element constraints in the form in Eq. (3–13) requires the KCL equations
i1 = iA, i2 = iB, and i3 = iA − iB. Mesh-current analysis implicitly satisfies
KCL when the element constraints are expressed in terms of the mesh
currents. In effect, the fundamental property of mesh currents ensures
that the KCL constraints are satisfied.

We use Cramer’s rule to solve for the mesh currents in Eq. (3–14):

(3–15)

and

(3–16)

Equations (3–15) and (3–16) can now be substituted into the element con-
straints in Eq. (3–13) to solve for every voltage in the circuit. For instance,
the voltage across R3 is

(3–17)

You are invited to show that the result in Eq. (3–17) agrees with the node
analysis result obtained in Example 3–4 for the same circuit.

The mesh-current analysis approach just illustrated can be summarized
in four steps:

S T E P 1 Identify a mesh current with every mesh and a voltage across
every circuit element.

S T E P 2 Write KVL connection constraints in terms of the element volt-
ages around every mesh.

S T E P 3 Use KCL and the i–v relationships of the elements to express the
element voltages in terms of the mesh currents.

S T E P 4 Substitute the element constraints from step 3 into the connection
constraints from step 2 and arrange the resulting equations in
standard form.

v3 � R3(iA � iB) �
R2R3vS1 � R1R3vS2

R1R2 � R1R3 � R2R3

iB �
�  B

�  

�
�R1 � R3

�R3

vS1

�vS2
�

�R1 � R3

�R3

�R3

R2 � R3
�

�
R3vS1 � (R1 � R3)vS2

R1R2 � R1R3 � R2R3

iA �
�  A

�  

�
� vS1

�vS2

�R3

R2 � R3
�

�R1 � R3

�R3

�R3

R2 � R3
�

�
(R2 � R3)vS1 � R3vS2

R1R2 � R1R3 � R2R3

 �R3iA � (R2 � R3)iB � �vS2

 (R1 � R3)iA � R3iB � vS1
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The number of mesh-current equations derived in this way equals the
number of KVL connection constraints in step 2. When discussing com-
bined constraints in Chapter 2, we noted that there are E − N + 1 inde-
pendent KVL constraints in any circuit. Using the window panes in a pla-
nar circuit generates E − N + 1 independent mesh currents. Mesh analysis
works best when the circuit has many elements (E large) connected in
series (N also large).

WRITING MESH-CURRENT EQUATIONS BY INSPECTION

The mesh equations in Eq. (3–14) have a symmetrical pattern that is
similar to the coefficient symmetry observed in node equations. The co-
efficients of iB in the first equation and iA in the second equation are the
negative of the resistance common to meshes A and B. The coefficients of
iA in the first equation and iB in the second equation are the sum of the
resistances in meshes A and B, respectively.

This pattern will always occur in planar circuits containing resistors and
independent voltage sources when the mesh currents are defined in the
window panes of a planar circuit, as shown in Figure 3–16. To see why,
consider a general resistance R that is contained in, say, mesh A. There are
only two possibilities. Either R is not contained in any other mesh, in
which case the voltage across it is

or else it is also contained in only one adjacent mesh, say mesh B, in which
case the voltage across it is

These observations lead to the following conclusions. The voltage across
resistance in mesh A involves the following terms:

1. iA times the sum of the resistances in mesh A

2. −iB times the sum of resistances common to mesh A and mesh
B, and similar terms for any other mesh adjacent to mesh A

The sum of the voltages across resistors plus the sum of the independent
voltage sources around mesh A must equal zero.

The aforementioned process makes it possible for us to write mesh-
current equations by inspection without going through the intermediate
steps involving the KVL connection constraints and the element constraints.

v � R(iA � iB)

v � R(iA � 0) � RiA

E X A M P L E  3 – 7

For the circuit of Figure 3–19,

(a) Formulate mesh-current equations.
(b) Find the output vO using R1 = R4 = 2 k� and R2 = R3 = 4 k�.
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+
vO−

R2

vS2iA iB
+
−R1

R3

R4

+ −

vS1

iC

S O L U T I O N :
(a) To write mesh-current equations by inspection, we note that the total
resistances in meshes A, B, and C are R1 + R2, R3 + R4, and R2 + R3, respec-
tively. The resistance common to meshes A and C is R2. The resistance
common to meshes B and C is R3. There is no resistance common to
meshes A and B. Using these observations, we write the mesh equations as

The algebraic signs assigned to voltage source terms follow the passive
convention for the mesh current in question. Arranged in standard form,
these equations become

Coefficient symmetry greatly simplifies the formulation of these equations
compared with the more fundamental, but time-consuming, process of
writing element and connection constraints.
(b) Inserting the numerical values into these equations yields

Placing these three mesh equations in matrix form produces

This is a matrix equation of the form AX = B, where

A � £
6000

0
�4000

0
6000

�4000

�4000
�4000
�8000

§       X � £
iA

iB

iC

§       B � £
�vS2

vS2

�vS1

§

£
6000

0
�4000

0
6000

�4000

�4000
�4000
�8000

§ £
iA

iB

iC

§ � £
�vS2

vS2

�vS1

§

6000 iA

�4000 iA

6000 iB

� 4000 iB

� 4000 iC

� 4000 iC

� 8000 iC

� �vS2

� vS2

� �vS1

� R2iA � R3iB � 1R2 � R32iC � �vS1

 � 1R3 � R42iB � R3iC � � vS2

 1R1 � R22iA � R2iC � � vS2

 Mesh C:  (R2 � R3)iC � R2iA � R3iB � vS1 � 0

 Mesh B:  (R3 � R4)iB � 0 iA � R3iC � vS2 � 0

 Mesh A:  (R1 � R2)iA � 0 iB � R2iC � vS2 � 0

F I G U R E  3 – 1 9
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The matrix A is a square matrix of the coefficients on the left side of the
mesh equations, X is a column matrix of the unknown mesh currents, and
B is a column matrix of the input voltages on the right side of the mesh
equations. To solve this matrix equation, we multiply by the inverse of the
coefficient matrix (A−1). On the left side the result is A−1 AX = X, and the
right side becomes A−1 B. In other words, multiplying by A−1 yields the so-
lution for the unknown mesh currents as

In sum, to solve a system of linear equations by matrix methods we form
the matrix product A�1B. It is at this point that MATLAB comes into play.

Using MATLAB to solve for the mesh currents, we first enter the A ma-
trix by the statement

A=[6000 0 -4000;0 6000 -4000;-4000 -4000 8000];

The elements in B matrix are the symbolic variables vS1 and vS2. These
quantities are not unknowns, but symbols that represent all possible values
of the input voltages. Thus, we must first write the statement

syms VS1 VS2

which declares these identifiers to be symbolic rather than numerical quan-
tities. We can now enter the B matrix as

B=[-VS2;VS2;-VS1];

and solve for the unknown mesh currents using MATLAB statement
X=inv(A)*B

which yields
X =

[-1/6000*VS2-1/4000*VS1]
[1/6000*VS2-1/4000*VS1]
[           -3/8000*VS1]

The elements of the column matrix X are the three unknown mesh cur-
rents expressed in terms of the input voltages. The output voltage in Figure
3–19 is written in terms of the mesh currents as vO = R4iB. In MATLAB no-
tation the required mesh current is

iB = X(2)=1/6000*VS2-1/4000*VS1

Since R4 = 2000 we conclude that

The mesh-current analysis result obtained here is the same as the node-
voltage result obtained in Example 3–6. Either approach produces the
same answer, but which method do you think is easier? ■

MESH EQUATIONS WITH CURRENT SOURCES

In developing mesh analysis, we assumed that circuits contain only voltage
sources and resistors. This assumption simplifies the formulation process
because the sum of voltages around a mesh is determined by voltage
sources and the mesh currents through resistors. A current source compli-
cates the picture because the voltage across it is not directly related to its

vO �
vS2

3
�

vS1

2

X � A�1B
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current. We need to adapt mesh analysis to accommodate current sources
just as we revised node analysis to deal with voltage sources.

There are three ways to handle current sources in mesh analysis:

1. If the current source is connected in parallel with a resistor, then
it can be converted to an equivalent voltage source by source
transformation. Each source conversion eliminates a mesh and
reduces the number of equations required by 1. This method is
the dual of method 1 for node analysis.

2. If a current source is contained in only one mesh, then that mesh
current is determined by the source current and is no longer an
unknown. We write mesh equations around the remaining
meshes in the usual way and move the known mesh current to
the source side of the equations in the final step. The number of
equations obtained is one less than the number of meshes. This
method is the dual of method 2 for node analysis.

3. Neither of the first two methods will work when a current source is
contained in two meshes or is not connected in parallel with a resis-
tance. In this case we create a supermesh by excluding the current
source and any elements connected in series with it, as shown in
Figure 3–20. We write one mesh equation around the supermesh

iA iB
iS

Supermesh

Excludes these elements

F I G U R E  3 – 2 0 Example of a supermesh.

using the currents iA and iB. We then write mesh equations of the
remaining meshes in the usual way. This leaves us one equation
short because parts of meshes A and B are included in the super-
mesh. However, the fundamental property of mesh currents relates
the currents iS, iA, and iB as

This equation supplies the one additional relationship needed to get
the requisite number of equations in the unknown mesh currents.

The aforementioned three methods are not mutually exclusive. We can
use more than one method in a circuit, as the following examples illustrate.

iA � iB � iS

1353T_c03_066-136.qxd  9/12/05  13:29  Page 87



88 C H A P T E R 3 CIRCUIT ANALYSIS TECHNIQUES

E X A M P L E  3 – 8

Use mesh-current equations to find iO in the circuit in Figure 3–21(a).

+
−

iO

iA iB

(a)

+
−

+
−

iO

(b)

3 kΩ

3 kΩ

5 kΩ

5 kΩ

2 kΩ

2 kΩ

4 kΩ

4 kΩ

1 kΩ

1 kΩ

2 mA5 V

5 V 8 V

S O L U T I O N :
The current source in this circuit can be handled by a source transforma-
tion (method 1). The 2-mA source in parallel with the 4-k� resistor in
Figure 3–21(a) can be replaced by an equivalent 8-V voltage source in
series with the same resistor, as shown in Figure 3–21(b). In this circuit
the total resistance in mesh A is 6 k�, the total resistance in mesh B is
11 k�, and the resistance contained in both meshes is 2 k�. By inspec-
tion, the mesh equations for this circuit are

Solving for the two mesh currents yields iA = 0.6290 mA and iB = −0.6129
mA. By KCL the desired current is iO = iA − iB = 1.2419 mA. The given
circuit in Figure 3–21(a) has three meshes and one current source. The
source transformation leading to Figure 3–21(b) produces a circuit with
only two meshes. The general principle illustrated is that the number of
independent mesh equations in a circuit containing E elements, N nodes,
and NI current sources is E − N + 1 − NI. ■

 �(2000)iA � (11000)iB � �8

 (6000)iA � (2000)iB � 5

F I G U R E  3 – 2 1

E X A M P L E  3 – 9

Use mesh-current equations to find the vO in Figure 3–22.

S O L U T I O N :
Source transformation (method 1) is not possible here since neither cur-
rent source is connected in parallel with a resistor. The current source iS2
is in both mesh B and mesh C, so we exclude this element and create the
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vO

−

+

iS2

R3

R4

R2

R1

iS1 iA

iB

iC

Supermesh

Excluded

F I G U R E  3 – 2 2

supermesh (method 3) shown in the figure. The sum of voltages around
the supermesh is

The supermesh voltage constraint yields one equation in the three un-
known mesh currents. Applying KCL to each of the current sources yields

Because of KCL, the two current sources force constraints that supply two
more equations. Using these two KCL constraints to eliminate iA and iB
from the supermesh KVL constraint yields

(R1 + R2 + R3 + R4)iC = (R1 + R3)iS1 − (R1 + R2)iS2

Hence, the required output voltage is

■

Exe r c i s e  3–8  

Use mesh analysis to find the current iO in Figure 3–23 when the element E is

(a) A 5-V voltage source with the positive reference at the top
(b) A 10-k� resistor

Answe r s :

(a) −0.136 mA
(b) −0.538 mA

Exe r c i s e  3–9  

Use mesh analysis to find the current iO in Figure 3–23 when the element E is

(a) A 1-mA current source with the reference arrow directed down
(b) Two 20-k� resistors in parallel

Answe r s :

(a) −1 mA
(b) −0.538 mA

vO � R4iC � R4 � �(R1 � R3)iS1 � (R1 � R2)iS2

R1 � R2 � R3 � R4
�

 iB � iC � iS2

 iA � iS1

R1(iB � iA) � R2(iB) � R4(iC) � R3(iC � iA) � 0

iO

5 kΩ 10 kΩ

4 kΩ

+ −

10 V

E

F I G U R E  3 – 2 3
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Exe r c i s e  3–10

Use mesh-current equations to find vO in Figure 3–24.

Answe r : vO = (v1 + v2)/4

SUMMARY OF MESH-CURRENT ANALYSIS

Mesh-current equations can always be formulated from KVL, the element
constraints, and the fundamental property of mesh currents. When in
doubt, always fall back on these principles to formulate mesh equations in
new situations. The following guidelines summarize an approach to formu-
lating mesh equations for resistance circuits:

1. Simplify the circuit by combining elements in series or parallel
wherever possible.

2. Mesh equations are required for supermeshes and all other
meshes except those where current sources are contained in
only one mesh.

3. Use KVL to write mesh equations for the meshes identified in
step 2. Express element voltages in terms of mesh currents or the
voltage produced by independent voltage sources.

4. Write expressions relating the mesh currents to the currents pro-
duced by independent current sources.

5. Substitute the expressions from step 4 into the mesh equations
from step 3 and place the result in standard form.

6. Solve the equations from step 5 for the mesh currents of interest.
Cramer’s rule is often useful when circuit parameters are left in
symbolic form. Computer tools are useful when there are four or
more equations and numerical values are given.

3–3 L I N E A R I T Y P R O P E R T I E S
This book treats the analysis and design of linear circuits. A circuit is said
to be linear if it can be adequately modeled using only linear elements and
independent sources. The hallmark feature of a linear circuit is that out-
puts are linear functions of the inputs. Circuit inputs are the signals pro-
duced by external sources, and outputs are any other designated signals.
Mathematically, a function is said to be linear if it possesses two proper-
ties—homogeneity and additivity. In linear circuits, homogeneity means
that the output is proportional to the input. Additivity means that the out-
put due to two or more inputs can be found by adding the outputs obtained
when each input is applied separately. Mathematically, these properties
are written as follows:

(3–18)

and

(3–19)f (x1 � x2) � f (x1) � f (x2)   (additivity)

f (Kx) � Kf (x)  (homogeneity)

+

vO

−

+
−

2R

+
−

v1
v2

R

2R 2R

F I G U R E  3 – 2 4

1353T_c03_066-136.qxd  9/12/05  13:29  Page 90



LINEARITY PROPERTIES S E C T I O N 3 – 3 91

K
x y = Kx

Input Output

F I G U R E  3 – 2 5 Block dia-
gram representation of the propor-
tionality property.

where K is a scalar constant. In circuit analysis the homogeneity property is
called proportionality, while the additivity property is called superposition.

THE PROPORTIONALITY PROPERTY

The proportionality property applies to linear circuits with one input. For
linear resistive circuits, proportionality states that every input-output rela-
tionship can be written as

(3–20)

where x is the input current or voltage, y is an output current or voltage, and
K is a constant. The block diagram in Figure 3–25 describes this linear
input–output relationship. In a block diagram the lines headed by arrows in-
dicate the direction of signal flow. The arrow directed into the block indi-
cates the input, while the output is indicated by the arrow directed out of the
block. The variable names written next to these lines identify the input and
output signals. The scalar constant K written inside the block indicates that
the input signal x is multiplied by K to produce the output signal as y = Kx.

Caution: Proportionality only applies when the input and output are
current or voltage. It does not apply to output power since power is equal
to the product of current and voltage. In other words, output power is not
linearly related to the input current or voltage.

We have already seen several examples of proportionality. For instance,
using voltage division in Figure 3–26(a) produces

which means

Similarly, applying current division in Figure 3–26(b) yields

so that

In these two examples the proportionality constant K is dimensionless
because the input and output have the same units. In other situations K
could have the units of ohms or siemens when the input and output have
different units.

The next example illustrates that the proportionality constant K can be
positive, negative, or even zero.

K �
G2

G1 � G2

x � iS        y � iO

iO � � G2

G1 � G2
�iS

K �
R2

R1 � R2

x � vS        y � vO

vO � � R2

R1 � R2
�vS

y � Kx

+
− vS = x

R1

R2

K

+

vO = y

−

iS = x G1

K

G2

iO = y

(a)

(b)

F I G U R E  3 – 2 6 Examples of
circuit exhibiting proportionality:
(a) Voltage divider. (b) Current
divider.
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E X A M P L E  3 – 1 0

Given the bridge circuit of Figure 3–27,

(a) Find the proportionality constant K in the input-output relationship
vO = KvS.

(b) Find the sign of K when R2R3 > R1R4, R2R3 = R1R4, and R2R3 < R1R4.

+
−vS

R1

R3 R4

R2

+ vO −
+

vA
−

+
vB
−

S O L U T I O N :
(a) We observe that the circuit consists of two voltage dividers. Applying

the voltage division rule to each side of the bridge circuit yields

The fundamental property of node voltages allows us to write

Substituting the equations for vA and vB into this KVL equation yields

(b) The proportionality constant K can be positive, negative, or zero.
Specifically,

When the products of the resistances in opposite legs of the bridge are
equal, then K = 0 and the bridge is said to be balanced. ■

UNIT OUTPUT METHOD

The unit output method is an analysis technique based on the propor-
tionality property of linear circuits. The method involves finding the
input-output proportionality constant K by assuming an output of one
unit and determining the input required to produce that unit output. This
technique is most useful when applied to ladder circuits, and it involves
the following steps:

1. A unit output is assumed; that is, vO = 1 V or iO = 1 A.

2. The input required to produce the unit output is then found by
successive application of KCL, KVL, and Ohm’s law.

If R2R3 � R1R4  then  K � 0

If R2R3 � R1R4  then  K � 0

If R2R3 	 R1R4  then  K 	 0

 �                   (K)               vS

 � � R2R3 � R1R4

(R1 � R3)(R2 � R4)
�vS

 vO � � R3

R1 � R3
�

R4

R2 � R4
�vS

vO � vA � vB

vA �
R3

R1 � R3
vS    and    vB �

R4

R2 � R4
vS

F I G U R E  3 – 2 7

1353T_c03_066-136.qxd  9/12/05  13:29  Page 92



LINEARITY PROPERTIES S E C T I O N 3 – 3 93

+
−

A B

5 V 15 Ω 20 Ω

10 Ω 10 Ω

15 Ω 20 Ω

10 Ω 10 Ω

+

vO

−

(a)

+

vS

−

i3 i1

+ v3  − +  v1  −i2

L1 L2

iO
vO = 1  V

(Assumed)
−

+
+
v2−

(b)

3. Because the circuit is linear, the proportionality constant relating
input and output is

Given the proportionality constant K, we can find the output for any input
using Eq. (3–20).

In a way, the unit output method solves the circuit response problem
backwards—that is, from output to input—as illustrated by the next example.

K �
Output
Input

�
1

Input for unit output

E X A M P L E  3 – 1 1

Use the unit output method to find vO in the circuit shown in Fig-
ure 3–28(a).

S O L U T I O N :
We start by assuming vO = 1, as shown in Figure 3–28(b). Then, using
Ohm’s law, we find iO.

Next, using KCL at node B, we find i1.

Again, using Ohm’s law, we find v1.

Then, writing a KVL equation around loop L2, we find v2 as

v2 � v1 � vO � 0.5 � 1.0 � 1.5 V

v1 � 10i1 � 0.5 V

i1 � iO � 0.05 A

iO �
vO

20
� 0.05 A

F I G U R E  3 – 2 8
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94 C H A P T E R 3 CIRCUIT ANALYSIS TECHNIQUES

Using Ohm’s law once more produces

Next, writing a KCL equation at node A yields

Using Ohm’s law one last time,

We can now find the source voltage vS by applying KVL around loop L1:

A 3-V source voltage is required to produce a 1-V output. From this result,
we calculate the proportionality constant K to be

Once K is known, the output for the specified 5-V input is vO = (¹⁄₃)5 =
1.667 V. ■

Exe r c i s e  3–11  

Find vO in the circuit of Figure 3–28(a) when vS is −5 V, 10 mV, and 3 kV.

Answe r s : vO = −1.667 V; 3.333 mV; 1 kV

Exe r c i s e  3–12

Use the unit output method to find K = iO /iIN for the circuit in Figure 3–29. Then use
the proportionality constant K to find iO for the input current shown in the figure.

K �
vO

vS
�

1
3

vS�for vO�1V � v3 � v2 � 1.5 � 1.5 � 3 V

v3 � 10i3 � 1.5 V

i3 � i1 � i2 � 0.05 � 0.1 � 0.15 A

i2 �
v2

15
�

1.5
15

� 0.1 A

2 kΩ 3 kΩ 2 kΩ

500 Ω 1 kΩ

0.6 mA

iO

+
vO
−

F I G U R E  3 – 2 9

Answe r s : K = ¹⁄₄; iO = 0.15 mA

Exe r c i s e  3–13  

Use the unit output method to find K = vO /iIN for the circuit in Figure 3–29.
Then use K to find vO for the input current shown in the figure.

Answe r s : K = 750 �; vO = 450 mV

Note: In this exercise K has the dimensions of ohms because the input is a cur-
rent and the output a voltage.
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+
−

+

vO

−

R1

vS

vA

iS R2

F I G U R E 3 – 3 1 Circuit used
to demonstrate superposition.

ADDITIVITY PROPERTY

The additivity property states that any output current or voltage of a linear
resistive circuit with multiple inputs can be expressed as a linear combina-
tion of the several inputs:

(3–21)

where x1, x2, x3, . . . are current or voltage inputs, and K1, K2, K3 . . . are
constants that depend on the circuit parameters. Figure 3–30 shows how
we represent this relationship in block diagram form. Again the arrows in-
dicate the direction of signal flow and the K’s within the blocks are scalar
multipliers. The circle in Figure 3–30 is a new block diagram element
called a summing point that implements the operation y = ∑ Kixi. Although
the block diagram in Figure 3–30 is nothing more than a pictorial represen-
tation of Eq. (3–21), the diagram often helps us gain a clearer picture of
how signals interact in different parts of a circuit.

To illustrate this property, we analyze the two-input circuit in Figure
3–31 using node-voltage analysis. Applying KCL at node A, we obtain

Moving the inputs to the right side of this equation yields

Since vO = vA, we obtain the input-output relationship in the form

(3–22)

This result shows that the output is a linear combination of the two in-
puts. Note that K1 is dimensionless since its input and output are volt-
ages, and that K2 has the units of ohms since its input is a current and its
output is a voltage.

SUPERPOSITION PRINCIPLE

Since the output in Eq. (3–21) is a linear combination, the contribution of
each input source is independent of all other inputs. This means that the
output can be found by finding the contribution from each source acting
alone and then adding the individual responses to obtain the total re-
sponse. This suggests that the output of a multiple-input linear circuit can
be found by the following steps:

S T E P 1 “Turn off” all independent sources except one and find the output
of the circuit due to that source acting alone. 

S T E P 2 Repeat the process in step 1 until each independent source has
been turned on and the output due to that source found.

S T E P 3 The total output with all independent sources turned on is the al-
gebraic sum of the outputs caused by each source acting alone.

 y � [K1]x1 � [K2]x2

 vO � � R2

R � R2
�vS � � R1R2

R1 � R2
�iS

� 1
R1

�
1

R2
�vA �

vS

R1
� iS

vA � vS

R1
� iS �

vA

R2
� 0

y � K1x1 � K2x2 � K3x3 � . . .

K1

K2

K3

...

x1

x2

x3

y
+

+
+

+

K1x1

K2x2

K3x3

F I G U R E  3 – 3 0 Block dia-
gram representation of the additivity
property.
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96 C H A P T E R 3 CIRCUIT ANALYSIS TECHNIQUES

These steps describe a circuit analysis technique called the superposition
principle. Before applying this method, we must discuss what happens
when a voltage or current source is “turned off.”

The i–v characteristics of voltage and current sources are shown in
Figure 3–32. A voltage source is “turned off” by setting its voltage to zero
(vS = 0). This step translates the voltage source i–v characteristic to the 
i-axis, as shown in Figure 3–32(a). In Chapter 2 we found that a vertical line
on the i-axis is the i–v characteristic of a short circuit. Similarly, “turning
off” a current source (iS = 0) in Figure 3–32(b) translates its i–v characteris-
tic to the v-axis, which is the i–v characteristic of an open circuit. Therefore,
when a voltage source is “turned off” we replace it by a short circuit, and
when a current source is “turned off” we replace it by an open circuit.

The superposition principle is now applied to the circuit in Figure 3–31
to duplicate the response in Eq. (3–22), which was found by node analysis.
Figure 3–33 shows the steps involved in applying superposition to the cir-
cuit in Figure 3–31. Figure 3–33(a) shows that the circuit has two input
sources. We will first “turn off” iS and replace it with an open circuit, as
shown in Figure 3–33(b). The output of the circuit in Figure 3–33(b) is
called vO1 and represents that part of the total output caused by the voltage
source. Using voltage division in Figure 3–33(b) yields vO1 as

Next we “turn off” the voltage source and “turn on” the current source,
as shown in Figure 3–33(c). Using Ohm’s law, we get vO2 = iO2R2. We use
current division to express iO2 in terms of iS to obtain vO2:

vO2 � iO2R2 � � R1

R1 � R2
 iS�R2 �

R1R2

R1 � R2
 iS

vO1 �
R2

R1 � R2
 vS

+
−

+

v

−

+

v = 0

−

−

v

+

−

v

+

i

i

i i i

v

v = 0

v

v = vS

vS

iS

i i i = 0

i = iS
i = 0

v v

Set vS to 0

Set iS to 0

≡ ≡

≡ ≡

Short circuit

Open circuit

(a)

(b)

F I G U R E  3 – 3 2 Turning off an independent source: (a) Voltage source.
(b) Current source.

+

vO

−

R1

R2iS
+
− vS

+

vO1

−

R1

R2
+
− vS

+

vO2

−

R1

R2iS

Open circuit

Short circuit

iO2

(a)

(b)

(c)

F I G U R E  3 – 3 3 Circuit an-
alysis using superposition: (a) Cur-
rent source off. (b) Voltage source
off.
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+
−

+
−

+
−

+
−

+

vO

−

+

vO3

−

R

R

R

R

R

R

vS1 vS2 vS3

vS3

Short circuits

(a)

(b)

Applying the superposition principle, we find the response with both
sources “turned on” by adding the two responses vO1 and vO2.

This superposition result is the same as the circuit reduction result given in
Eq. (3–22).

 � � R2

R1 � R2
�vS � � R1R2

R1 � R2
�iS

 vO � vO1 � vO2

E X A M P L E  3 – 1 2

Figure 3–34(a) shows a resistance circuit used to implement a signal-
summing function. Use superposition to show that the output vO is a
weighted sum of the inputs vS1, vS2, and vS3.

S O L U T I O N :
To determine vO using superposition, we first turn off sources 1 and 2
(vS1 = 0 and vS2 = 0) to obtain the circuit in Figure 3–34(b). This circuit is
a voltage divider in which the output leg consists of two equal resistors
in parallel. The equivalent resistance of the output leg is R/2, so the volt-
age division rule yields

Because of the symmetry of the circuit, it can be seen that the same tech-
nique applies to all three inputs; therefore

Applying the superposition principle, the output with all sources “turned
on” is

That is, the output is proportional to the sum of the three input signals
with K1 = K2 = K3 = ¹⁄₃. ■

Exe r c i s e  3–14  

The circuit of Figure 3–35 contains two R-2R modules. Use superposition to
find vO.

Answe r : vO = ¹⁄₂vS1 + ¹⁄₄vS2

 �
1
3

[vS1 � vS2 � vS3]

 vO � vO1 � vO2 � vO3

vO2 �
vS2

3
  and  vO1 �

vS1

3

vO3 �
R�2

R � R�2
vS3 �

vS3

3

F I G U R E  3 – 3 4
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+
−

+
−

+

−
vOvS2 vS1

2R 2R R 2R 2R R

Exe r c i s e  3–15  

Repeat Exercise 3–14 with the voltage source vS2 replaced by a current source
iS2 with the current reference arrow directed toward ground.

Answe r : vO = 3vS1/5 − 4iS2R/5

The preceding examples and exercises illustrate the applications of the
superposition principle. You should not conclude that superposition is
used primarily to solve for the response of circuits with multiple indepen-
dent sources. In fact, superposition is not a particularly attractive method
of analysis since a circuit with N sources requires N different circuit
analyses to obtain the final result. Unless the circuit is relatively simple, su-
perposition does not reduce the analysis effort compared with, say, node-
voltage analysis. Superposition is still an important property of linear
circuits because it is often used as a conceptual tool to develop other circuit
analysis techniques. For example, superposition is used in the next section
to prove Thévenin’s theorem.

3–4 T H É V E N I N A N D N O R T O N
E Q U I V A L E N T C I R C U I T S

An interface is a connection between circuits. Circuit interfaces occur fre-
quently in electrical and electronic systems, so special analysis methods are
used to handle them. For the two-terminal interface shown in Figure 3–36,
we normally think of one circuit as the source S and the other as the load
L. We think of signals as being produced by the source circuit and deliv-
ered to the load circuit. The source-load interaction at an interface is one
of the central problems of circuit analysis and design.

The Thévenin and Norton equivalent circuits shown in Figure 3–37 are
valuable tools for dealing with circuit interfaces. The conditions under
which these equivalent circuits exist can be stated as a theorem:

If the source circuit in a two-terminal interface is linear, then the inter-
face signals � and i do not change when the source circuit is replaced by
its Thévenin or Norton equivalent circuit.

The equivalence requires the source circuit to be linear but places no
restriction on the linearity of the load circuit. Later in this section we

F I G U R E  3 – 3 5

i A

B

+

v

−
S L

Source Interface Load

F I G U R E  3 – 3 6 A two-
terminal interface.
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i A

B

L

i A

B

L

+
−

+

v

−

+

v

−

vT

RT

iN RN

Source Interface
(a)

Load

Source Interface
(b)

Load

F I G U R E  3 – 3 7 Equivalent circuits for
the source: (a) Thévenin equivalent. (b) Norton
equivalent.

consider cases in which the load is nonlinear. In subsequent chapters we
will study circuits in which the loads are energy storage elements called
capacitors and inductors.

The Thévenin equivalent circuit consists of a voltage source (vT) in se-
ries with a resistance (RT). The Norton equivalent circuit is a current source
(iN) in parallel with a resistance (RN). Note that the Thévenin and Norton
equivalent circuits are practical sources in the sense discussed in Chapter 2.

The two circuits have the same i–v characteristics, since replacing one by
the other leaves the interface signals unchanged. To derive the equivalency
conditions, we apply KVL and Ohm’s law to the Thévenin equivalent in
Figure 3–37(a) to obtain its i–v relationship at the terminals A and B:

v = vT − iRT (3–23)

Next, applying KCL and Ohm’s law to the Norton equivalent in Figure
3–37(b) yields its i–v relationship at terminals A–B:

(3–24)

Solving Eq. (3–24) for v yields

(3–25)

The Thévenin and Norton circuits have identical i–v relationships. Com-
paring Eqs. (3–23) and (3–25), we conclude that

(3–26) iNRN � vT

 RN � RT

v � iNRN � iRN

i � iN �
v

RN
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100 C H A P T E R 3 CIRCUIT ANALYSIS TECHNIQUES

In essence, the Thévenin and Norton equivalent circuits are related by
the source transformation studied in Chapter 2. We do not need to find
both equivalent circuits. Once one of them is found, the other can be de-
termined by a source transformation. The Thévenin and Norton circuits
involve four parameters (vT, RT, iN, RN), and Eq. (3–26) provides two rela-
tions between the four parameters. Therefore, only two parameters are
needed to specify either equivalent circuit.

In circuit analysis problems it is convenient to use the short-circuit cur-
rent and open-circuit voltage to specify Thévenin and Norton circuits. The
circuits in Figure 3–38(a) show that when the load is an open circuit the in-
terface voltage equals the Thévenin voltage; that is, vOC = vT, since there is
no voltage across RT when i = 0. Similarly, the circuits in Figure 3–38(b)
show that when the load is a short circuit the interface current equals the
Norton current; that is, iSC = iN, since all the source current iN is diverted
through the short-circuit load.

In summary, the parameters of the Thévenin and Norton equivalent cir-
cuits at a given interface can be found by determining the open-circuit
voltage and the short-circuit current.

(3–27)

 RN � RT � vOC�iSC

 iN � iSC

 vT � vOC

i = 0A

B

+

vOC = vT

−

S

iSC = iN

A

B

+

v = 0

−

iN RN

i = 0A

B

+
−

+

vOC = vT

−

vT

RT

A

B

+

v = 0

−

S iSC = iN

(a)

(b)

F I G U R E  3 – 3 8 Loads used to find Thévenin and Norton equivalent cir-
cuits: (a) Open circuit yields the Thévenin voltage. (b) Short circuit yields the Norton
current.
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APPLICATIONS OF THÉVENIN AND NORTON EQUIVALENT CIRCUITS

Replacing a complex circuit by its Thévenin or Norton equivalent can
greatly simplify the analysis and design of interface circuits. For example,
suppose we need to select a load resistance in Figure 3–39(a) so the source
circuit to the left of the interface A–B delivers 4 volts to the load. This task
is easily handled once we have the Thévenin or Norton equivalent for the
source circuit.

To obtain the Thévenin and Norton equivalents, we need vOC and iSC.
The open-circuit voltage vOC is found by disconnecting the load at the ter-
minals A and B, as shown in Figure 3–39(b). The voltage across the 15-�
resistor is zero because the open circuit causes the current through the re-
sistor to be zero. The open-circuit voltage at the interface is the same as
the voltage across the 10-� resistor. Using voltage division, this voltage is

vT � vOC �
10

10 � 5
� 15 � 10 V

Load+
−

B

A15 Ω5 Ω

10 Ω15 V

(a)

+
−

B

A15 Ω5 Ω

10 Ω15 V

(b)

Load+
−

B

A18.3 Ω

10 V

(d)

i = 0

+

vOC

−

+
−

B

A15 Ω5 Ω

10 Ω15 V

(c)

Load

B

A

545 mA

(e)

iX
+

v = 0

−
iSC

REQ

18.3 Ω

F I G U R E  3 – 3 9 Example of finding the Thévenin and Norton equivalent
circuits: (a) The given circuit. (b) Open circuit yields the Thévenin voltage. (c)
Short circuit yields the Norton current. (d) Thévenin equivalent circuit. (e) Norton
equivalent circuit.
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102 C H A P T E R 3 CIRCUIT ANALYSIS TECHNIQUES

Next we find the short-circuit current iSC using the circuit in Figure
3–39(c). The total current iX delivered by the 15-V voltage source is

where REQ is the equivalent resistance seen by the voltage source with a
short circuit at the interface.

We find iX = 15/11 = 1.36 A. Given iX, we now use current division to ob-
tain the short-circuit current:

Finally, we compute the Thévenin and Norton resistances:

The resulting Thévenin and Norton equivalent circuits are shown in Fig-
ures 3–39(d) and 3–39(e).

It now is an easy matter to select a load RL so 4 V is supplied to the load.
Using the Thévenin equivalent circuit, the problem reduces to a voltage
divider:

Solving for RL yields RL = 12.2 �.
The Thévenin or Norton equivalent can always be found from the open-

circuit voltage and short-circuit current at the interface. The following ex-
amples illustrate other methods of determining these equivalent circuits.

RL

RL � RT
� vT �

RL

RL � 18.3
� 10 � 4 V

RT � RN �
vOC

iSC
� 18.3 � 

iN � iSC �
10

10 � 15
� iX � 0.545 A

REQ � 5 �
1

1
10

�
1
15

� 11 � 

iX � 15�REQ

E X A M P L E  3 – 1 3

(a) Find the Thévenin equivalent circuit of the source circuit to the left
of the interface in Figure 3–40(a).

(b) Use the Thévenin equivalent to find the power delivered to two dif-
ferent loads. The first load is a 10-k� resistor and the second is a 
5-V voltage source whose positive terminal is connected to the
upper interface terminal.

S O L U T I O N :
(a) To find the Thévenin equivalent, we use the sequence of circuit reduc-

tions shown in Figure 3–40. In Figure 3–40(a) the 15-V voltage source
in series with the 3-k� to the left of terminals A and B is replaced by a
3-k� resistor in parallel with an equivalent current source with iS =
15/3000 = 5 mA. In Figure 3–40(b), looking to the left at terminals C
and D, we see two resistors in parallel whose equivalent resistance is
(3 k�)||(6 k�) = 2 k�. We also see two current sources in parallel
whose equivalent is iS = 5 mA − 2 mA = 3 mA. This equivalent current
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source is shown in Figure 3–40(c) to the left of terminals C and D. Fig-
ure 3–40(d) shows this current source converted to an equivalent volt-
age source vS = 3 mA × 2 k� = 6 V in series with 2 k�. In Figure
3–40(d) the three resistors are connected in series and can be replaced
by an equivalent resistance REQ = 2 k� + 3 k� + 4 k� = 9 k�. This
step produces the Thévenin equivalent shown in Figure 3–40(e).

Note: The steps leading from Figure 3–40(a) to 3–40(e) involve cir-
cuit reduction techniques studied in Chapter 2, so we know that this
approach only works on ladder circuits like the one in Figure 3–40(a).

Load+
−

3 kΩ

4 kΩ

3 kΩ

6 kΩ15 V(a)

(b)

(c)

(d)

(e)

iC

D

A

B

+
−

−

+

2 mA v

Load

3 kΩ

4 kΩ

3 kΩ
6 kΩ5 mA

iC

D

A

B

−

+

2 mA v

Load

3 kΩ

4 kΩ

2 kΩ3 mA

iC

D

−

+

v

Load

3 kΩ

4 kΩ

2 kΩ

6 V

iC

D

−

+

v

+
− Load

9 kΩ

6 V

i

−

+

v

F I G U R E  3 – 4 0

1353T_c03_066-136.qxd  9/12/05  13:29  Page 103



104 C H A P T E R 3 CIRCUIT ANALYSIS TECHNIQUES

(b) Figure 3–41 shows the Thévenin equivalent found in (a) and the two
loads. When the load is a 10-k� resistor, the interface current is i =
(6)/(9000 + 10,000) = 0.3158 mA, and the power delivered to the load
is i2RL = 0.9973 mW. When the load is a 5-V source, the interface volt-
age and current are v = 5 V and i = (6 − 5)/9000 = 0.1111 mA, and the
power to the load is vi = 0.5555 mW. Since p > 0 in the latter case, we
see that the voltage source load is absorbing rather than delivering
power. A practical example of this situation is a battery charger.

Caution: The Thévenin equivalent allows us to calculate the power
delivered to a load, but it does not tell us what power is dissipated in
the source circuit. For instance, if the load in Figure 3–40(e) is an open
circuit, then no power is dissipated in the Thévenin equivalent since 
i = 0. This does not mean that the power dissipated in the source cir-
cuit is zero, as we can easily see by looking back at Figure 3–40(a). The
Thévenin equivalent circuit has the same i–v characteristic at the inter-
face, but it does not duplicate the internal characteristics of the source
circuit. ■

E X A M P L E  3 – 1 4

(a) Find the Norton equivalent of the source circuit to the left of the
interface in Figure 3–42.

(b) Find the interface current i when the power delivered to the load
is 5 W.

S O L U T I O N :
(a) The circuit reduction method will not work here since the source circuit

is not a ladder. In this example we write mesh-current equations and
solve directly for the source circuit i–v relationship. We only need to
write equations for meshes A and B since the 2-A current source deter-
mines the mesh C current. The voltage sums around these meshes are

But since iB = i and the current source forces the condition iC = −2,
these equations have the form

 �180iA � 195i � �30 � v

 240iA � 180i � �80

 Mesh B:  �180(iA � iB) � 15(iB � iC) � v � 0

 Mesh A:  �40 � 60(iA � iC) � 180(iA � iB) � 0

9 kΩ

10 kΩ6 V 5 V+
−

+

−

v

i

+
−

F I G U R E  3 – 4 1

Load40 V

2 A

60 Ω 15 Ω

180 Ω

i

iBiA

iC

+

−

v+
−

F I G U R E  3 – 4 2
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Solving for i in terms of v yields

At the interface the i–v relationship of the source circuit is i = −1.5 −
v/60. Equation (3–24) gives the i–v relationship of the Norton circuit as
i = iN − v/RN. By direct comparison, we conclude that iN = −1.5 A and
RN = 60 �. This equivalent circuit is shown in Figure 3–43.

(b) When 5 W is delivered to the load, we have vi = 5 or v = 5/i. Substitut-
ing v = 5/i into the source i–v relationship i = −1.5 − v/60 yields a qua-
dratic equation

whose roots are i = −0.05778 A and −1.442 A. Thus, there are two
values of interface current that deliver 5 W to the load. ■

DERIVATION OF THÉVENIN’S THEOREM

The derivation of Thévenin’s theorem is based on the superposition prin-
ciple. We begin with the circuit in Figure 3–44(a), where the source cir-
cuit S is linear. Our approach is to use superposition to show that the
source circuit and the Thévenin circuit have the same i–v relationship at
the interface. To find the source circuit i–v relationship, we first discon-
nect the load and apply a current source iTEST,  as shown in Figure 3–44(b).
Using superposition to find vTEST, we first turn iTEST off and leave all the
sources inside S on, as shown in Figure 3–44(c). Turning a current source
off leaves an open circuit, so

Next we turn iTEST back on and turn off all of the sources inside S. Since
the source circuit S is linear, it reduces to the equivalent resistance shown
in Figure 3–44(d) when all internal sources are turned off. Using Ohm’s
law, we write

The minus sign in this equation results from the reference directions ori-
ginally assigned to iTEST and vTEST in Figure 3–44(b). Using the superposi-
tion principle, we find the i–v relationship of the source circuit at the in-
terface to be

This equation has the same form as the i–v relationship of the Thévenin
equivalent circuit in Eq. (3–23) when vTEST = v, iTEST = i, vOC = vT, and RT =
REQ.

 � vOC � REQiTEST

vTEST � vTEST1 � vTEST2

vTEST2 � (REQ)(�iTEST)

vTEST1 � vOC

12i2 � 18i � 1 � 0

 � �1.5 �
v
60

 i �

` 240
�180

�80
�30 � v

`
` 240
�180

�180
195
`

�
� 21600 � 240v

14400

Load1.5 A 60 Ω

i

+

−

v

i

+

v

−
S L

(a)

+

vTEST

−
S

(b)

iTEST

+

vTEST1

−

Sources
ON

(c)

iTEST
OFF

+

vTEST2

−

REQ
Sources

OFF

(d)

iTEST
ON

F I G U R E  3 – 4 4 Using sup-
erposition to prove Thévenin’s theo-
rem.

F I G U R E  3 – 4 3
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106 C H A P T E R 3 CIRCUIT ANALYSIS TECHNIQUES

The derivation points out another method of finding the Thévenin resis-
tance. As indicated in Figure 3–44(d), when all the sources are turned off,
the i–v relationship of the source circuit reduces to v = −iREQ. Similarly,
the i–v relationship of a Thévenin equivalent circuit reduces to v = −iRT
when vT = 0. We conclude that

(3–28)

We can find the value of RT by determining the resistance seen looking
back into the source circuit with all sources turned off. For this reason the
Thévenin resistance RT is sometimes called the lookback resistance.

The next example shows how lookback resistance contributes to finding
a Thévenin equivalent circuit.

RT � REQ

E X A M P L E  3 – 1 5

(a) Find the Thévenin equivalent of the source circuit to the left of the
interface in Figure 3–45.

(b) Use the Thévenin equivalent to find the voltage delivered to the load.

S O L U T I O N :
(a) The source circuit in Figure 3–45 is treated in Example 3–12 by using

superposition to calculate the open-circuit voltage between terminals A
and B. Using the results from Example 3–12, we have

Turning all sources off in Figure 3–45 leads to the resistance circuit in
Figure 3–46. Looking back into the source circuit in Figure 3–46, we
see three equal resistances connected in parallel whose equivalent re-
sistance is R/3. Hence, the Thévenin resistance is

(b) Given the Thévenin circuit parameters vT and RT, we apply voltage di-
vision in Figure 3–45 to find the interface voltage.

RT � REQ �
R
3

vT � vOC �
1
3

(vS1 � vS2 � vS3)

+
−

+
−

+
−

+

v

−

R

R

R

vS1 vS2 vS3

i

A

B

RL

LoadSource

F I G U R E  3 – 4 5
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The interface voltage is proportional to the sum of the three source
voltages. The proportionality constant K = RL/(3RL + R) depends on
both the source and the load since these two circuits are connected at
the interface. ■

Exe r c i s e  3–16  

(a) Find the Thévenin and Norton equivalent circuits seen by the load in
Figure 3–47.

(b) Find the voltage, current, and power delivered to a 50-� load resistor.

 � � RL

3RL � R�(vS1 � vS2 � vS3)

 v �
RL

RL � RT
vT � � RL

RL � R�3��
vS1 � vS2 � vS3

3 �

Answe r s :

(a) vT = −30 V; iN = −417 mA; RN = RT = 72 �
(b) v = −12.3 V; i = −246 mA; p = 3.03 W

Exe r c i s e  3–17  

Find the current and power delivered to an unknown load in Figure 3–47 when 
v = +6 V.

Answe r s : i = − ¹⁄₂A; p = − 3 W

R

R

R

Short circuits REQ = RT
B

A

+ −

B

A

+

v

−

20 Ω 60 Ω
50 V

20 Ω 40 Ω 30 Ω

i

Load

F I G U R E  3 – 4 6

F I G U R E  3 – 4 7
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APPLICATION TO NONLINEAR LOADS

Thévenin and Norton equivalent circuits can be used to find the response of a
two-terminal nonlinear element (NLE). The method of analysis is a straight-
forward application of device and interface i–v characteristics. An interface is
defined at the terminals of the nonlinear element, and the linear part of the
circuit is reduced to the Thévenin equivalent in Figure 3–48(a). The i–v rela-
tionship of the Thévenin equivalent can be written with interface current as
the dependent variable:

(3–29)

This is the equation of a straight line in the i–v plane shown in Figure
3–48(b). The line intersects the i-axis (v = 0) at i = vT/RT = iSC and intersects

i � ��
1

RT
�v � � vT

RT
�

+
−

+

v

−

N
L

E

RT

vT

i

(a)

(b) (c)

(d)

i i

i

v

v v

iSC
Thevenin circuit's
i-v characteristics

or load line

vOC

Nonlinear device's
i-v characteristics

iNLE

vNLE

Q-point

Load line

`

F I G U R E  3 – 4 8 Graphical
analysis of a nonlinear circuit: (a)
Given circuit. (b) Load line. (c) Non-
linear device i–
 characteristics. (d)
Q-point.
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the v-axis (i = 0) at v = vT = vOC. This line could logically be called the
source line since it is determined by the Thévenin parameters of the source
circuit. Logic notwithstanding, electrical engineers call this the load line for
reasons that have blurred with the passage of time.

The nonlinear element has the i–v characteristic shown in Figure
3–48(c). Mathematically, this nonlinear characteristic has the form

(3–30)

To find the circuit response, we must solve Eqs. (3–29) and (3–30) simulta-
neously. Computer software tools like Mathcad can easily solve this prob-
lem when a numerical expression for the function f(v) is known explicitly.
However, in practice an approximate graphical solution is often adequate,
particularly when f(v) is only given in graphical form.

In Figure 3–48(d) we superimpose the load line on the i–v characteristic
curve of the nonlinear element. The two curves intersect at the point i = iNLE
and v = vNLE, which yields the values of interface variables that satisfy both
the source constraints in Eq. (3–29) and the nonlinear element constraints in
Eq. (3–30). In the terminology of electronics, the point of intersection is
called the operating point or Q-point, where Q stands for quiescent.

i � f (v)

E X A M P L E  3 – 1 6

Find the voltage, current, and power delivered to the diode in Fig-
ure 3–49(a).

S O L U T I O N :
We first find the Thévenin equivalent of the circuit to the left of the termi-
nals A and B. By voltage division, the open-circuit voltage is

When the voltage source is turned off, the lookback equivalent resistance
seen between terminals A and B is

The source circuit load line is given by

This line intersects the i-axis (v = 0) at i = iSC = 2.5/60 = 41.7 mA and inter-
sects the v-axis (i = 0) at v = vOC = 2.5 V. Figure 3–49(b) superimposes the
source circuit load line on the diode’s i–v curve. The intersection (Q-point) is
at i = iD = 15 mA and v = vD = 1.6 V. This is the point (iD, vD) at which both
the source and diode device constraints are satisfied. Finally, the power de-
livered to the diode is

Because of the nonlinear element, the proportionality and superposition
properties do not apply to this circuit. For instance, if the source voltage
in Figure 3–49 is decreased from 5 V to 2.5 V, the diode current and volt-
age do not decrease by one-half. Try it. ■

pD � iDvD � (15 � 10�3)(1.6) � 24 mW

i � �
1
60

v �
1
60

� 2.5

RT � 10 � 100��100 � 60 � 

vT � vOC �
100

100 � 100
� 5 � 2.5 V
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+
−

A

B

+

v

−

i

Diode

10 Ω100 Ω

100 Ω5 V

(a)

i (mA)

v (V)

50

30

10

41.7

iD = 15

0.0 1.0 2.0 3.0

vD = 1.6
(b)

Circuit's i–v
characteristics

or
Load line

Diode's i–v
characteristics

Q-point

2.5

F I G U R E  3 – 4 9

Exe r c i s e  3–18

Find the voltage, current, and power delivered to the diode in Figure 3–49(a)
when the 10-� resistor is replaced by a short circuit.

Answe r : vD = 1.7 V; iD = 18 mA; pD = 30.6 mW

In summary, any two of the following parameters determine the
Thévenin or Norton equivalent circuit at a specified interface:

• The open-circuit voltage at the interface

• The short-circuit current at the interface

• The source circuit lookback resistance

Alternatively, for ladder circuits the Thévenin or Norton equivalent circuit
can be found by a sequence of circuit reductions (see Example 3–13). For
general circuits they can always be found by directly solving for the i–v
relationship of the source circuit using node-voltage or mesh-current equa-
tions that include the interface current and voltage as unknowns (see
Example 3–14).
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3–5 M A X I M U M S I G N A L T R A N S F E R
An interface is a connection between two circuits at which the signal levels
may be observed or specified. In this regard an important consideration is
the maximum signal levels that can be transferred across a given interface.
This section defines the maximum voltage, current, and power available at
an interface between a fixed source and an adjustable load.

For simplicity we will treat the case in which both the source and load
are linear resistance circuits. The source can be represented by a Thévenin
equivalent and the load by an equivalent resistance RL, as shown in Figure
3–50. For a fixed source, the parameters vT and RT are given and the inter-
face signal levels are functions of the load resistance RL.

By voltage division, the interface voltage is

(3–31)

For a fixed source and a variable load, the voltage will be a maximum if RL
is made very large compared with RT. Ideally, RL should be made infinite
(an open circuit), in which case

(3–32)

Therefore, the maximum voltage available at the interface is the source
open-circuit voltage vOC.

The current delivered at the interface is

(3–33)

For a fixed source and a variable load, the current will be a maximum if RL
is made very small compared with RT. Ideally, RL should be zero (a short
circuit), in which case

(3–34)

Therefore, the maximum current available at the interface is the source
short-circuit current iSC.

iMAX �
vT

RT
� iN � iSC

i �
vT

RL � RT

vMAX � vT � vOC

v �
RL

RL � RT
vT

RL

LoadSource

+

v

−

i

A

B

+
− vT

RT 

F I G U R E 3 – 5 0 T w o -
terminal interface for deriving the
maximum signal transfer conditions.
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The power delivered at the interface is equal to the product v × i. Using
Eqs. (3–31) and (3–33), the power is

(3–35)

For a given source, the parameters vT and RT are fixed and the delivered
power is a function of a single variable RL. The condition for maximum volt-
age (RL → ∞) and the condition for maximum current (RL = 0) both produce
zero power. The value of RL that maximizes the power lies somewhere be-
tween these two extremes. To find this value, we differentiate Eq. (3–35)
with respect to RL and solve for the value of RL for which dp/dRL = 0.

(3–36)

Clearly, the derivative is zero when RL = RT. Therefore, maximum power
transfer occurs when the load resistance equals the Thévenin resistance of
the source. When the condition RL = RT exists, the source and load are said
to be matched.

Substituting the condition RL = RT back into Eq. (3–35) shows the maxi-
mum power to be

(3–37)

Since vT = iNRT, this result can also be written as

(3–38)

or

(3–39)

These equations are consequences of what is known as the maximum
power transfer theorem:

A source with a fixed Thévenin resistance RT delivers maximum power
to an adjustable load RL when RL = RT.2

To summarize, at an interface with a fixed source,

1. The maximum available voltage is the open-circuit voltage.

2. The maximum available current is the short-circuit current.

3. The maximum available power is the product of one-half the
open-circuit voltage times one-half the short-circuit current.

pMAX �
vTiN

4
� �vOC

2 ��iSC

2 �

pMAX �
i 

2
NRT

4

pMAX �
v 

2
T

4RT

dp
dRL

�
[(RL � RT)2 � 2RL(RL � RT)]v 

2
T

(RL � RT)4 �
RT � RL

(RL � RT)3 v 

2
T � 0

 �
RLv 

2
T

(RL � RT)2

p � v � i

2 An ideal voltage source has zero internal resistance, hence RT = 0. Equation (3–37)
points out that RT = 0 implies an infinite pMAX. Infinite power is a physical impossibil-
ity, which reminds us that all ideal circuit models have some physical limitations.
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Figure 3–51 shows plots of the interface voltage, current, and power as
functions of RL/RT. The plots of v/vOC, i/iSC, and p/pMAX are normalized to the
maximum available signal levels, so the ordinates in Figure 3–51 range from 0
to 1. The plot of the normalized power p/pMAX in the neighborhood of the
maximum is not a particularly strong function of RL/RT. Changing the ratio
RL/RT by a factor of 2 in either direction from the maximum reduces p/pMAX
by less than 20%. The normalized voltage v/vOC is within 20% of its maxi-
mum when RL/RT = 4. Similarly, the normalized current is within 20% of its
maximum when RL/RT = ¹⁄₄. In other words, for engineering purposes we can
get close to the maximum signal levels with load resistances that only approx-
imate the theoretical requirements.

i/iSC
p/pMAX v/vOC

1.0

0.5

0.0
0.01 0.1 1.0 10 100

RL/RT

F I G U R E 3 – 5 1 Normalized
plots of current, voltage, and power
versus RL/RT.

E X A M P L E  3 – 1 7

A source circuit with vT = 2.5 V and RT = 60 � drives a load with RL = 30 �.

(a) Determine the maximum signal levels available from the source circuit.
(b) Determine the actual signal levels delivered to the load.

S O L U T I O N :
(a) The maximum available voltage and current are

The maximum available power is found using Eq. (3–39).

(b) The actual signal levels delivered to the 30-� load are

Although these levels are less than the maximum available values, the
power delivered to the 30-� load is nearly 90% of the maximum. ■

 pL � vLiL � 23.1 mW

 iL �
2.5

30 � 60
� 27.8 mA

 vL �
30

30 � 60
 2.5 � 0.833 V

pMAX � �vOC

2 ��iSC

2 � � 26.0 mW (RL � RT � 60 � )

 iMAX � iSC �
vT

RT
� 41.7 mA (RL � 0)

 vMAX � vOC � vT � 2.5 V (RL →  �)
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Exe r c i s e  3–19  

A source circuit delivers 4 V when a 50-� resistor is connected across its output
and 5 V when a 75-� resistor is connected. Find the maximum voltage, current,
and power available from the source.

Answe r s : 10 V, 133 mA; 333 mW

Remember that the maximum signal levels just derived are for a fixed
source resistance and an adjustable load resistance. This situation often oc-
curs in communication systems where devices such as antennas, transmit-
ters, and signal generators have fixed source resistances such as 50, 75, 300,
or 600 ohms. In such cases the load resistance is selected to achieve the de-
sired interface conditions, which often involves matching.

Matching source and load applies when the load resistance RL in Figure
3–50 is adjustable and the Thévenin source resistance RT is fixed. When RL
is fixed and RT is adjustable, then Eqs. (3–31), (3–33), and (3–35) point out
that the maximum voltage, current, and power are delivered when the
Thévenin source resistance is zero. If the source circuit at an interface is
adjustable, then ideally the Thévenin source resistance should be zero. In
the next chapter we will see that OP AMP circuits approach this ideal.

3–6 I N T E R F A C E C I R C U I T D E S I G N
The maximum signal levels discussed in the previous section place bounds
on what is achievable at an interface. However, those bounds are based on a
fixed source and an adjustable load. In practice, there are circumstances in
which the source or the load, or both, can be adjusted to produce prescribed
interface signal levels. Sometimes it is necessary to insert a circuit between
the source and the load to achieve the desired results. Figure 3–52 shows the
general situations and some examples of resistive interface circuits. By its
nature, the inserted circuit has two terminal pairs, or interfaces, at which
voltage and current can be observed or specified. These terminal pairs are
also called ports, and the interface circuit is referred to as a two-port net-
work. The port connected to the source is called the input, and the port con-
nected to the load is called the output. The purpose of this two-port network
is to make certain that the source and load interact in a prescribed way.

BASIC CIRCUIT DESIGN CONCEPTS

Before we treat examples of different interface situations, you should recog-
nize that we are now discussing a limited form of circuit design, as contrasted
with circuit analysis. Although we use circuit analysis tools in design, there
are important differences. A linear circuit analysis problem generally has a
unique solution. A circuit design problem may have many solutions or even
no solution. The maximum available signal levels found in the preceding sec-
tion provide bounds that help us test for the existence of a solution. Gener-
ally there will be several ways to meet the interface constraints, and it then
becomes necessary to evaluate the alternatives using other factors, such as
cost, power consumption, or reliability.

At this point in our study, resistors are the only elements we can use to
design interface circuits. In subsequent chapters we will introduce other

114 C H A P T E R 3 CIRCUIT ANALYSIS TECHNIQUES
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i

RL10 V

+

−

v

100 Ω

+
−

devices, such as OP AMPs (Chapter 4) and capacitors and inductors
(Chapter 6). In a design situation the engineer must choose the resistance
values in a proposed circuit. This decision is influenced by a host of prac-
tical considerations, such as standard values and tolerances, power
ratings, temperature sensitivity, cost, and fabrication methods. We will
occasionally introduce some of these considerations into our design ex-
amples. Gaining a full understanding of these practical matters is not one
of our objectives. Rather, our goal is simply to illustrate how different
constraints can influence the design process.

Select the load resistance in Figure 3–53 so that the interface signals are
in the range defined by v ≥ 4 V and i ≥ 30 mA.

F I G U R E  3 – 5 3

S O L U T I O N :
In this design problem, the source circuit is given and we are free to select
the load. For a fixed source, the maximum signal levels available at the in-
terface are

 iMAX �
vT

RT
� 100 mA

 vMAX � vT � 10 V

D E S I G N  E X A M P L E  3–18

LoadSource

Examples of
interface circuits

R

R

R1
R2

R2
R1

Interface
circuit

F I G U R E  3 – 5 2 A general interface cir-
cuit and some examples.
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116 C H A P T E R 3 CIRCUIT ANALYSIS TECHNIQUES

A light-emitting diode (LED) converts electric current into an optical
signal. LEDs operate at low signal levels with voltages from about 1 V
to perhaps 3 V and at currents between about 10 mA and 40 mA. Volt-
ages or currents above these levels may damage or destroy the device.

Figure 3–54 shows an LED operating at and connected to a
5-V source by an interface circuit. Design the interface circuit so that the
LED current is using one or more of the following
standard resistors: . These resistors
all have a tolerance of , which you must account for in your design.; 5%

110 �, 160 �, 240 �, 360 �, and 510 �
i � 15 mA � 10%

v � 1.5 V

The bounds given as design requirements are below the maximum avail-
able signal levels, so we should be able to find a suitable resistor. Using
voltage division, the interface voltage constraint requires

or

This condition yields RL ≥ 400/6 = 66.7 �. The interface current constraint
can be written as

or

which requires RL ≤ 7/0.03 = 233 �. In theory, any value of RL between 66.7 �
and 233 � will work. However, to allow for parameter variations we select
RL = 150 � because it lies at the arithmetic midpoint of the allowable range
and is a standard value of resistance (see Table A–1, Appendix A). ■

10 
 3 � 0.03RL

10
100 � RL


 0.03

10RL 
 4RL � 400

RL

100 � RL
� 10 
 4

D E S I G N  E X A M P L E  3–19

R1

+
−

2 Ω i

5 V
Interface

circuit

+

v

−

F I G U R E  3 – 5 4 
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S O L U T I O N :
If the source is directly connected to the LED, the delivered current would be

This much current would destroy (vaporize?) the device. The series resis-
tor in the interface is needed to limit the current to the prescribed level.
Applying KVL around the series loop yields

Setting and solving for yields

The nearest standard value listed is which means that 
would fall in the range At the end points of this range,
the LED current is

Both of these values are within the tolerance on the LED
current. ■

15 mA � 10%

�
3.5

228 � 2
� 15.2 mAi �

3.5
252 � 2

� 13.8 mA and i

228 � R1 � 252 �.
R1240 � � 5%,

R1 �
3.5

0.015
� 2 � 231 �

R1i � 15 mA

�5 � 12 � R12  i � 1.5 � 0

R1

i �
5 � 1.5

2
� 1.75 A

Design two versions of the interface circuit in Figure 3–55 that deliver
to the load. Evaluate the two designs in terms of power

loss in the interface circuit.
200-�v2 � 5 V

D E S I G N  A N D  E V A L U A T I O N  E X A M P L E  3–20

+
−15V v2

+

v1

−

50 Ω

200 Ω
Interface

circuit

i2i1

R2

R1

+

−

F I G U R E  3 – 5 5
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118 C H A P T E R 3 CIRCUIT ANALYSIS TECHNIQUES

Design the interface circuit in Figure 3–56 so that the 40-V source deliv-
ers to the output load and the resistance seen at the input port
is Note that this means that input resistance of the two
port matches the source resistance.

RIN � 300 �.
v2 � 2 V

D E S I G N  E X A M P L E  3–21

S O L U T I O N :
If the 15-V source is directly connected to the load, the delivered voltage
would be

An interface circuit is required to reduce this voltage to the prescribed 5-V
level.

The figure shows two possible interface circuits. In either case

In the series case , and the same current flows through all el-
ements in the loop. Applying KVL to the series loop

and solving for 

In the parallel case Applying KCL to the parallel resistor 

and solving for 

We have two alternative designs, both of which deliver to the
200-� load.

In practice, engineers use additional factors to evaluate alternatives that
meet the same design goal. The power dissipation in the interface circuit is an
important factor for two reasons. First, less interface dissipation means less
power demand on the source. Second, less dissipation in the interface resistors
means they can have lower power ratings, which are generally less expensive.

In the series case the power dissipated in is In the
parallel case the power dissipated in is Clearly the
power dissipation factor strongly favors the series design. ■

v2
2/R2 � 0.875 W.R2

i2
2R1 � 0.219 W.R1

v2 � 5 V

R2 �
5

0.2 � 0.025
� 28.57 �

R2

i1 �
v2

R2
� i2 �

15 � 5
50

�
5

R2
� 0.025 � 0

R2v1 � v2 � 5 V.

R1 �
10

0.025
� 50 � 350 �

R1

�15 � 0.025 � 150 � R12 � 5 � 0

i1 � i2 � 0.025

i2 �
5

200
� 0.025 A

v2 � a 200
50 � 200

b 15 � 12 V

S O L U T I O N :
This example places constraints at both the output port and the input port
of the interface circuit. In most cases two independent constraints cannot be
satisfied using only one resistor in the interface circuit. To see why, suppose
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F I G U R E  3 – 5 6

we use a single 650-� series resistor in the interface circuit. By voltage divi-
sion, the output voltage would be

as required. However, the input resistance would be 
which does not meet the input port requirement of 

To meet both requirements, we need a two-resistor L-circuit such as the
one shown in the figure. To design this circuit, we first define 
Using this notation, the input port constraint is 
and the output port constraint becomes

But hence, the output constraint reduces to 
which means that By definition

which leads to Finally, since 
, the input port constraint then tells us that 

In sum, the L-circuit in the figure with will
meet both the input port and the output port constraints. ■

R2 � 75 �R1 � 270 � and
� REQ � 270 �.R1 � 30030 �

REQ �50R2 � 1500 � 30R2, or R2 � 75 �.

REQ �
50R2

50 � R2
� 30

REQ � 30 �.2 � 600,
40REQ �R1 � REQ � 300;

v2 � a REQ

300 � R1 � REQ
b 40 � 2 V

RIN � R1 � REQ � 300 �
REQ � R2 750.

300 �.50 � 700 �,
RIN � 650 �

v2 � a 50
300 � 650 � 50

b 40 � 2 V

In Example 3–21 we designed the interface circuit in Figure 3–56 to
meet the requirements V and It is claimed that the
interface circuit in Figure 3–57 meets the same requirements.

RIN � 300 �.v2 � 2

E V A L U A T I O N  E X A M P L E  3–22

300 Ω

50 Ω40 V +
−

R1

R2

RIN

v2

−

+
Interface

circuit
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120 C H A P T E R 3 CIRCUIT ANALYSIS TECHNIQUES

S O L U T I O N :
(a) The circuit in Figure 3–57 meets the input port constraint since

as required. Using this fact and voltage division, we find the voltage at
the input port of the interface circuit to be

Using this voltage as the input to the voltage divider made up of the
450-� series resistor and the 50-� load gives us

This verifies that the circuit in Figure 3–57 produces and

(b) To compare the output resistances, we turn the 40-V source off (re-
place it by a short) and find the lookback resistance seen at the output
port. For the circuit in Figure 3–56

For the circuit in Figure 3–57

Clearly the circuit in Figure 3–56 has a much lower output resistance. ■

ROUT � 450 � 750 7300 � 664 �

ROUT � R2 7 1R1 � 3002 � 75 7 1270 � 3002 � 66.3 �

RIN�300 �.
v2 � 2 V

v2 � a 50
450 � 50

b v1 � a 50
500
b 20 � 2 V

v1 � a RIN

300 � RIN
b 40 � a300

600
b 40 � 20 V

RIN � 750 7 1450 � 502 � 750 7500 � 300 �

(a) Verify that the circuit in Figure 3–57 produces 

(b) It is desired that the 50-� load “see” a low output resistance. Which
of these two circuits best meets this requirement?

RIN � 300 �.
v2 � 2 V and

300 Ω

Interface
circuit 50 Ω

450 Ω

40 V +
−

RIN

v2

−

+

750 Ω

F I G U R E  3 – 5 7
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Design the interface circuit in Figure 3–58 so the 50-� load “sees” a
Thévenin resistance of between terminals C and D, while simulta-
neously the input voltage source “sees” an input resistance of be-
tween terminals A and B. Meeting these two constraints produces
matched conditions at the input and output ports of the interface circuit.

300 �
50 �

D E S I G N  E X A M P L E  3–23

S O L U T I O N :
To meet the two constraints in this example, the interface circuit should be
a two-resistors L-circuit. We have chosen the L-circuit configuration
shown in Figure 3–58 for the following reasons. The source must see a
larger resistance at the input port than the load sees at the output
port This indicates that the source should “look” into a large series
resistor while the load “looks” into a smaller parallel resistor R2.R1

150 �2. 1300 �2

vT

300 Ω
Interface

circuit 50 Ω

Source Load

+
−

A C

B D

(a)

(b)

50 Ω

R1

R2

(c)

300 Ω R1

R2

300 Ω 50 Ω

F I G U R E  3 – 5 8
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The source-load interface in Figure 3–59 serves to introduce an impor-
tant concept that we will encounter many times in subsequent chapters.
By simple voltage division, the interface voltage is

v �
RL

RL � RT
 vT

A P P L I C A T I O N E X A M P L E  3 – 2 4

The design constraints in this example can be expressed in equation
form. At the input port (terminals A and B) the equation is

At the output port (terminals C and D) the equation is

The design requirements reduce to two equations in two unknowns. What
could be simpler?

These equations can easily be solved using programs like Mathcad or
MATLAB. Solving them using pencil and paper is a bit of a chore. At this
point we encourage you to think about the problem in physical terms. For in-
stance, if we simply set , then the conditions at terminals C and D
will be met, at least approximately. With the requirement at ter-
minals A and B reduces to In other
words, by physical reasoning we conclude that is
an approximate solution. How good is the approximation?

These values yield input and output resistances of as
required, and

This value is not exactly but it is within of the desired value.
Since electrical components may have tolerances in the range, a
design based on our first-guess approximation might be adequate.

Our first-guess solution can also serve as the starting place for improv-
ing the design. The fact that tells us that is just a bit
too low. Suppose we increase slightly to, say, (a standard
value—see Appendix A, Table A-l). Then at the input port we have

which would require The nearest standard value to this is
Using the standard values as our

second guess, the input and output resistances are

both of which are within of the desired values. Thus, finding an approxi-
mate solution can serve as the first step in the design process. Finding that
first step is often the most creative and challenging part of circuit design. ■

2%

 RCD � 56 7 1270 � 3002 � 56 7570 � 50.99 �

 RAB � 270 � 50 756 � 270 � 26.42 � 296.42 �

R1 � 270 � and R2 � 56 �R1 � 270 �.
R1 � 273.58 �.

RAB � R1 � 50 756 � R1 � 26.42 � 300 �

R2 � 56 �R2

R2 � 50 �RCD � 46 �

10%
10%50 �,

RCD � 50 7 1275 � 3002 � 50 7575 � 46 �

RAB � 300 �

R1 � 275 � and R2 � 50 �
RAB � R1 � 50 750 � R1 � 25 � 300 �.

R2 � 50 �
R2 � 50 �

1R1 � 3002R2

R1 � 300 � R2
� 50 �

R1 �
50R2

R2 � 50
� 300 �
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F I G U R E  3 – 5 9

An attenuation pad is a two-port resistance circuit that provides a non-
adjustable reduction in signal level while also providing resistance
matching at the input and output ports.  Figure 3–60 shows an example
of an attenuation pad.  The manufacturer’s data sheet for this pad speci-
fies the following characteristics at the input and output ports.

P O R T C H A R A C T E R I S T I C S C O N D I T I O N V A L U E U N I T S

Output Thévenin voltage 600-� source connected at the input port vS/4 V

Output Thévenin resistance 600-� source connected at the input port 600 �

Input Input resistance 600-� load connected at the output port 600 �

A P P L I C A T I O N E X A M P L E  3 – 2 5

Use Orcad to verify these characteristics.

If the source is ideal , then the interface voltage is re-
gardless of the value of the load Conversely, if the load is an open
circuit , then the interface voltage is regardless of the
value of the source resistance Real-world applications typically
fall between these two extremes with the result that Since

, interface voltage is generally less than the maxi-
mum available voltage. The reduction in interface voltage is an exam-
ple of an effect called loading. In general

Loading is the reduction in load voltage due to the effect of load resistance on the
signal source driving it.

A loading problem is fundamentally different than the fixed-source,
maximum power transfer problem. With loading, the source and load
are both adjustable and the question is how they should be chosen to
minimize loading. The undesirable effects of loading can be mitigated
by making , either by reducing the output resistance of the
source or increasing the load resistance, or both. As a rule of thumb, the
loading effect is less than 10% when and less than 1% when
RL � 100RT.

RL � 10RT

RT 66 RL

vT � vOC � vMAX

v 6 vT.
RT.

v � vT1RL � � 2 RL.
v � vT1RT � 02

vT

Source Load

+
−

RT

RLv

+

−
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3 Every time a schematic is drawn (even the same schematic) Orcad generates a new
random number for each node name. To display the Orcad assigned names, double-
click on each node to open a new window that gives information about the node.
Click on the node’s name then select Display. This opens a second window. Select
Value Only. Then click OK. Finally select Apply to place it on the drawing. Alter-
nately, the Orcad assigned names can be viewed in the netlist file.

F I G U R E  3 – 6 1

S O L U T I O N :
Orcad Capture can calculate the two-port characteristics of the pad in
Figure 3–60. A circuit diagram created using Orcad is shown in the
upper right of Figure 3–61. In this schematic a 600-� source is connected at
the pad’s input port. A 600-� load is not connected at the output port. The
reason is that we need to find the open-circuit (Thévenin) voltage at the
output port. We have labeled the pad’s output as node D. Orcad has la-
beled our node D as N03172. This Orcad assignment is not under our con-
trol and will change with every new simulation.3

Selecting the PSpice and the Edit Simulation Profile commands causes
the “Simulation Settings” dialog box shown in the upper left portion of

vS
+
− 600 Ω

1800 Ω

600 Ω

Source

RIN = 600 Ω
vT = vS/4
RT = 600 Ω

600 Ω

600 Ω

200 Ω

Interface circuit Load

F I G U R E  3 – 6 0
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Figure 3-61 to appear. We first check the “Calculate small-signal DC gain
(.TF)” box as shown in the figure. To calculate a gain, Orcad must know the
input and output variables. We inform Orcad of these variables by supplying
entries in the “From Input source name” and “to Output variable” boxes. In
this example, voltage source V1 is the input source and the output variable is
the node voltage V(N03172) (the voltage at our node D). Note that
V(N03172) is the open-circuit voltage at the output port. With these entries
Orcad PSpice will calculate three things: (1) the small-signal gain V(N03172)/
V_V1, (2) the input resistance seen by V1, and (3) the output resistance. 

Returning to the main menu, we select PSpice/ Run. Orcad PSpice per-
forms a dc analysis of the circuit and writes the results to the output file.
Included in the output file are the small-signal characteristics shown at
the bottom left in Figure 3–61. PSpice reports that the small-signal gain
V(N03172)/V_V1 = 2.500E-01, the input resistance seen by V1 is 1.280E+ 03,
and the output resistance is 6.000E+02. This means that the open-circuit
(Thévenin) voltage at the output port is one-fourth of the source voltage
and the output (Thévenin) resistance is 600 � as stated in the data sheet.
The input resistance (1280 �) given in the output file is the resistance seen
by the source V1 when the output port is open-circuited. The manufac-
turer’s data sheet specifies the input resistance when a 600-� load is con-
nected at the output port. Thus, the simulation has not directly verified the
input resistance characteristic.

However, a moment’s reflection shows that the two-port pad circuit is
symmetrical. The simulation results show that the output resistance is
600 � when a 600-� source is connected at the input. It follows from the
circuit’s symmetry that the input resistance is 600 � when a 600-� load is
connected at the output. In summary, the simulation has verified all of the
entries in the manufacturer’s data sheet. ■

S U M M A R Y
• Node-voltage analysis involves identifying a reference node and the

node to datum voltages at the remaining N − 1 nodes. The KCL connec-
tion constraints at the N − 1 nonreference nodes combined with the
element constraints written in terms of the node voltages produce N − 1
linear equations in the unknown node voltages.

• Mesh-current analysis involves identifying mesh currents that circulate
around the perimeter of each mesh in a planar circuit. The KVL connec-
tion constraints around E − N + 1 meshes combined with the element
constraints written in terms of the mesh currents produce E − N + 1
linear equations in the unknown mesh currents.

• Node and mesh analysis can be modified to handle both types of indepen-
dent sources using a combination of three methods: (1) source transforma-
tions, (2) selecting circuit variables so independent sources specify the val-
ues of some of the unknowns, and (3) using supernodes or supermeshes.

• A circuit is linear if it contains only linear elements and independent
sources. For single-input linear circuits, the proportionality property
states that any output is proportional to the input. For multiple-input
linear circuits, the superposition principle states that any output can be
found by summing the output produced when each input acts alone.
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• A Thévenin equivalent circuit consists of a voltage source in series with
a resistance. A Norton equivalent circuit consists of a current source in
parallel with a resistance. The Thévenin and Norton equivalent circuits
are related by a source transformation.

• The parameters of the Thévenin and Norton equivalent circuits can be
determined using any two of the following: (1) the open-circuit voltage
at the interface, (2) the short-circuit current at the interface, and (3) the
equivalent resistance of the source circuit with all sources turned off.

• The parameters of the Thévenin and Norton equivalent circuits can also
be determined using circuit reduction methods or by directly solving for
the source i–v relationship using node-voltage or mesh-current analysis.

• For a fixed source and an adjustable load, the maximum interface signal
levels are vMAX = vOC (RL = ∞), iMAX = iSC (RL = 0), and pMAX = vOCiSC/4
(RL = RT). When RL = RT, the source and load are said to be matched.

• Interface signal transfer conditions are specified in terms of the voltage,
current, or power delivered to the load. The design constraints depend
on the signal conditions specified and the circuit parameters that are
adjustable. Some design requirements may require a two-port interface
circuit. An interface design problem may have one, many, or no solutions.

F I G U R E  P 3 – 1

P R O B L E M S

F I G U R E  P 3 – 2
ix

40 Ω
2 A

30 Ω 60 Ω

20 Ω

+ vx −
vA vB

+
vx−

2 A

vB

4 A

8 ΩvA

40 Ω 10 Ω 4 Ω

ix

O B J E C T I V E 3–1  G E N E R A L C I R C U I T A N A L Y S I S ( S E C T .  3–1
T O 3–2)
Given a circuit consisting of linear resistors and independent
sources:
(a) (Formulation) Write node-voltage or mesh-current

equations for the circuit.
(b) (Solution) Solve the equations from part (a) for selected

signal variables or input-output relationships.
Node-voltage method:
See Examples 3–1, 3–2, 3–3, 3–4, 3–5, 3–6 and Exercises 3–2,
3–3, 3–4, 3–5, 3–6
Mesh-current method:
See Examples 3–7, 3–8, 3–9 and Exercises 3–8, 3–9, 3–10

3–1 (a) Formulate node-voltage equations for the circuit in
Figure P3–1.
(b) Use these equations to find vx and ix.

3–2 (a) Formulate node-voltage equations for the circuit in
Figure P3–2.
(b) Use these equations to find .vx and ix

3–3 (a) Formulate node-voltage equations for the circuit in
Figure P3–3.
(b) Use these equations to find vx and ix.
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F I G U R E  P 3 – 5

F I G U R E  P 3 – 4

4 kΩ

vBvA

ix

2 kΩ

4 kΩ

2 mA

+ vx −

+
− 10 V 4 kΩ

+ vx −

R3

R4

ix

+
−

R2

R1 vSiS

F I G U R E  P 3 – 7

R1

R2

R3

R4

A C

B

iS1

iS2

F I G U R E  P 3 – 6

vS
+ vx −+

−

R1 R2

R3

R5R4

A B

ix

F I G U R E  P 3 – 3

+
vx−

1 kΩ

vB

20 mA

vA

4 kΩ 6 kΩ

ix

40 mA
1 kΩ

2 kΩ

3–5 (a) Formulate node-voltage equations for the circuit in
Figure P3–5.
(b) Solve for when 

vS � 20 V, and iS � 2 mA.
R1 � R2 � R3 � R4 � 10 k�,vx and ix

3–6 (a) Formulate node-voltage equations for the circuit in
Figure P3–6.
(b) Solve for 

10 k�, and vS � 20 V.
vx and ix when R1 � R2 � R3 � R4 � R5 �

3–4 (a) Formulate node-voltage equations for the circuit in
Figure P3–4.
(b) Use these equations to find vx and ix.

3–7 (a) Formulate node-voltage equations for the circuit in
Figure P3–7.
(b) Solve for 

� 2 k�, and iS1 � iS2 � 2 mA.R3 � 4 k�, R4

vA, vB, and vC when R1 � 1 k�, R2 � 2 k�,

3–8 (a) Formulate node-voltage equations for the circuit in
Figure P3–8.
(b) Solve for 

Rx � 500 �,  and vS � 15 V.250 �,
R2 � R3 �vx and ix when R1 � R4 � 1 k�,

vS

R1 R2

R4R3

ix

+ vx −

Rx
+
−

F I G U R E  P 3 – 8

3–9 (a) Formulate mesh-current equations for the circuit in
Figure P3–9.
(b) Use these equations to find vx and ix.
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128 C H A P T E R 3 CIRCUIT ANALYSIS TECHNIQUES

3–10 (a) Formulate mesh-current equations for the circuit
in Figure P3–10.
(b) Use these equations to find vx and ix.

3–11 (a) Formulate mesh-current equations for the circuit
in Figure P3–11.
(b) Use these equations to find vx and ix.

3–13 (a) Formulate mesh-current equations for the circuit
in Figure P3–13.
(b) Solve for 

(c) Find the power supplied by vS1.
� 2.5 mA, vS1 � 12 V, and vS2 � 0.5 V. R4 � 1 k�, iS

vx and ix when R1 � R2 � 10 k�, R3 � 2 k�,

3–14 The circuit in Figure P3–14 seems to require two super-
meshes since both current sources appear in two meshes.
However, sometimes rearranging the circuit diagram will
eliminate the need for a supermesh.
(a) Show that supermeshes can be avoided in Figure

P3–14 by rearranging the connection of resistor 
(b) Formulate mesh-current equations for the modified

circuit as redrawn in part (a).
(c) Solve for 

R6 � 1 k�, iS1 � 40 mA, and iS2 � 20 mA.
vx when R1 � R2 � R3 � R4 � 2 k�, R5 �

R6.

3–12 (a) Formulate mesh-current equations for the circuit
in Figure P3–12.
(b) Solve for 

(c) Find the total power dissipated in the circuit.
15 V.

vS �� 50 mA,  and50 �,  R4 � 250 �,  R5 � 200 �,  iS

vx and ix  when R1 � 200 �, R2 � 300 �, R3 �

F I G U R E  P 3 – 9

iA iB

+
−12 V

10 kΩ 10 kΩ

+ vx −

+
− 8 V

5 kΩ

ix

F I G U R E  P 3 – 1 4

F I G U R E  P 3 – 13

F I G U R E  P 3 – 11

F I G U R E  P 3 – 12

F I G U R E  P 3 – 10

+
vx
−

+
−

4 kΩ

15 V

2 kΩ

iB

ix

4 kΩ

5 V
iA

2 kΩ

+
−

2 kΩ

+
vx−

iA iB

iC

90 Ω

30 Ω 30 Ω
30 Ω

+
−

ix

10 V
10 Ω

ix

vS

vxiSR1

R2 R3

R4

R5

+ −

−

+

+
−

+
vx−

vS1

vS2

iSR1

R3

R2

R4

+ −

ix

B C
DA

+
vx−

iS1 iS2
R6

R5

R1 R2 R3 R4
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PROBLEMS 129

F I G U R E  P 3 – 1 6

F I G U R E  P 3 – 1 7

F I G U R E  P 3 – 1 9

F I G U R E  P 3 – 2 0

F I G U R E  P 3 – 2 1

3–17 In Figure P3–17 all of the resistors are The volt-
age at node C is found to be when node B is
connected to ground. Find the node voltages 
and the mesh currents iA and iB.

vA and vD,
vC � �2 V

1 k�. O B J E C T I V E 3–2  L I N E A R I T Y P R O P E R T I E S ( S E C T .  3–3)
(a) Given a circuit containing linear resistors and one inde-

pendent source, use the proportionality principle to find
selected signal variables. 

(b) Given a circuit containing linear resistors and two or
more independent sources, use the superposition princi-
ple to find selected signal variables.

See Examples 3–10, 3–11, 3–12 and Exercises 3–11, 3–12,
3–13, 3–14, 3–15

3–21 Find the proportionality constant for the cir-
cuit in Figure P3–21.

K � vO /iS

3–15 (a) Formulate mesh-current equations for the circuit
in Figure P3–15.
(b) Use these equations to find 
(c) Find the total power delivered to the resistors.

vx and ix.

3–16 (a) Formulate mesh-current equations for the circuit
in Figure P3–16.
(b) Use these equations to find the input resistance.

3–19 Find the node voltages in Figure P3–19.vA and vB

3–20 Find the mesh currents in Figure P3–20.iA, iB,  and iC

+
−vS

R

R

R
R

R

R

RIN

+
− iA iB

R1

R2

R3

R4

A C

D

B

10 V

10 mA4 kΩ

vB
+ −

4 kΩ
20 V2 kΩ

vA

iA iB

iC

4 kΩ

2 kΩ

+
−5 V

10 V

+ −

6 kΩ 8 kΩ

iS R1 R3

R2

+
vO
−

3–18 In Figure P3–17 all of the resistors are The volt-
age at node A is observed to be when node C is
connected to ground. Find the node voltages 
and the mesh currents iA and iB.

vB and vD,
vA � 8 V

1 k�.

F I G U R E  P 3 – 1 5

+
−

+

vx

−
25 V

−
+

ix

8 kΩ

4 kΩ40 V

2 kΩ

5 mA
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130 C H A P T E R 3 CIRCUIT ANALYSIS TECHNIQUES

3–22 Find the proportionality constant for the cir-
cuit in Figure P3–22.

K � iO /vS

3–23 Find the proportionality constant for the cir-
cuit in Figure P3–23.

K � vO /iS

3–26 Use the superposition principle to find in Fig-
ure P3–26.

vO

3–27 Use the superposition principle to find in Fig-
ure P3–27.

iO

3–28 Use the superposition principle to find in Fig-
ure P3–28.

vO

3–24 Use the unit output method to find in Figure P3–24.vO

3–29 Use the superposition principle to find in Figure
P3–29.

iO

3–25 Use the unit output method to find in Figure P3–25.iO

F I G U R E  P 3 – 2 3

F I G U R E  P 3 – 2 4

F I G U R E  P 3 – 2 5

F I G U R E  P 3 – 2 6

F I G U R E  P 3 – 2 7

F I G U R E  P 3 – 2 8

F I G U R E  P 3 – 2 9

iS

vO

R1

R3

R2

R4

−

+

+
vO
−

+
− 5 kΩ10 V 3 kΩ 1 kΩ

1 kΩ1 kΩ1 kΩ

+
−

iO
100 Ω 60 Ω

10 Ω30 Ω

10 V 20 Ω

+
−

+
−12 V 6 V

200 Ω

200 Ω

200 Ω

vO

+

−

100 Ω 100 Ω

100 Ω

+
−

12 V6 mA

iO

+
−

6 kΩ 4 kΩ

45 V 4 kΩ 4.5 mA 8 kΩ

vO −+

iO

+
−

10 kΩ

5 kΩ 5 kΩ

15 kΩ 10 kΩ

20 V10 V +
−

1 mA

F I G U R E  P 3 – 2 2

vS

iO

+
−

R3

R4R2R1

1353T_c03_066-136.qxd  9/12/05  13:29  Page 130



PROBLEMS 131

F I G U R E  P 3 – 3 1

F I G U R E  P 3 – 3 6

F I G U R E  P 3 – 3 7

3–30 Use the superposition principle to find in terms of
and R in Figure P3–30.v1, v2,

vO 3–35 This problem involves designing a resistive circuit
with two inputs and and a single output voltage 
Design the circuit so that is delivered
across a 500-� load. The value of K is not specified but
should be greater than 

O B J E C T I V E 3–3  T H É V E N I N A N D N O R T O N E Q U I V A L E N T
C I R C U I T S ( S E C T .  3–4)
Given a circuit containing linear resistors and independent
sources:
(a) Find the Thévenin or Norton equivalent at a specified

pair of terminals.
(b) Use the Thévenin or Norton equivalent to find the sig-

nals delivered to linear or nonlinear loads.
See Examples 3–13, 3–14, 3–15, 3–16 and Exercises 3–16,
3–17, 3–18

3–36 (a) Find the Thévenin or Norton equivalent circuit
seen by in Figure P3–36.
(b) Use the equivalent circuit found in part (a) to find 

in terms of and .
(c) Check your answer in part (b) using current division.

RLiS, R1, R2,
iL

RL

1/10.

vO � K1vS1 � 4vS22
vO.vS2vS1

3–37 Find the Thévenin equivalent circuit seen by in
Figure P3–37. Find the voltage across the load when

and 50 �.RL � 5 �, 10 �,

RL

3–38 Find the Norton equivalent seen by in Figure P3–38.
Find the current through the load when 
and 60 �.

RL � 6 �, 12 �,
RL

3–32 A linear circuit containing two sources drives a 100-�
load resistor. Source number 1 delivers to the
load when source number 2 is off. Source number 2 deliv-
ers to the load when source number 1 is off. Find the
power delivered to the load when both sources are on.
Hint: The answer is not Why?

3–33 A linear circuit is driven by an independent voltage
source and an independent current source

The output voltage is when the volt-
age source is on and the current source off. The output is

when both sources are on. Find the output volt-
age when and 

3–34 A certain linear circuit has three input voltages and
one output voltage The following table lists the output
for different values of the three inputs. Find the input-out-
put relationship for the circuit.

1
1.5
2

�4
2
2

4
2
4

2
1
1

vO1V2vS31V2vS21V2vS11V2

vO.

iS � �10 mA.vS � 5 V
vO � 1 V

vO � 2 ViS � 10 mA.
vS � 10 V

4.25 W.

4 W

250 mW

+
vO
−

i1

R

R R

R A

B

i2

iS R1

R2

RL

B

A
iL

+
−20 V RL

20 Ω

20 Ω

40 Ω

3–31 Use the superposition principle to find in terms of
and R in Figure P3–31.i1, i2,

vO

F I G U R E  P 3 – 3 0

+
vO
−

+
−v1

R

+
−

2 R

v2

R

R A

B
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132 C H A P T E R 3 CIRCUIT ANALYSIS TECHNIQUES

3–39 Find the Thévenin equivalent seen by in Figure
P3–39. Find the power delivered to the load when

and 200 k�.RL � 50 k�

RL

3–42 Figure P3–42 shows an active circuit with two accessi-
ble terminals. The output current is when

The output voltage is when a 
resistor is connected between the terminals. How much
current would this source deliver to a 6-V battery?

2.4-k�v � 6 Vv � 0.
i � 10 mA

3–40 Find the Norton equivalent at terminals A and B in
Figure P3–40.

3–43 The characteristic of the active circuit in P3–42 is
Find the output voltage when a 500-�

resistive load is connected across the two accessible
terminals.

3–44 Figure P3–42 shows a source circuit with two accessible
terminals. Some voltage and current measurements at the
accessible terminals are

v(V) �10 �5 0 �5 �10 12 13 14

i(mA) �5 �4 �3 �2 �1 0 �1 �2

(a) Use these data to plot the source characteristic.
(b) Develop a Thévenin equivalent circuit valid on the

range 
(c) Use the equivalent circuit to predict the source 

and 
(d) Compare your results in part (c) with the given mea-

surements and explain any differences.

3–45 The Thévenin equivalent parameters of a practical
voltage source are and Find the
smallest load resistance for which the load voltage exceeds
15 V.

3–46 Use a sequence of source transformations to find the
Thévenin equivalent at terminals A and B in Figure P3–46.

RT � 150 �.vT � 25 V

iSC.
vOC

�v� 6 10 V.

i�v

5v � 500i � 60.
i�v

3–41 The purpose of this problem is to use Thévenin equiva-
lent circuits to find the voltage in Figure P3–41. Find
the Thévenin equivalent circuit seen looking to the left of
terminals A and B. Find the Thévenin equivalent circuit
seen looking to the right of terminals A and B. Connect
these equivalent circuits together and find the voltage vX.

vX

F I G U R E  P 3 – 4 1

F I G U R E  P 3 – 4 2

F I G U R E  P 3 – 4 6

F I G U R E  P 3 – 3 8

iL

RL3 A 5 Ω

8 Ω

20 Ω

F I G U R E  P 3 – 3 9

RL
+
−

iL

30 kΩ

60 kΩ 40 kΩ

12 V

F I G U R E  P 3 – 4 0

R
v1

v2 2R

+ −
+ −

A B

6 kΩ 1 kΩ 4 kΩ

1.2 kΩ3 kΩ

 

vx 
+
−15 V

A

B

+

−

−

+

v

i

1 A 3 A20 V

15 Ω

15 Ω

5 Ω−
+

−+
5 V

B

A

5 Ω
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F I G U R E  P 3 – 4 8

F I G U R E  P 3 – 5 1

F I G U R E  P 3 – 5 3

F I G U R E  P 3 – 5 4

3–53 Find the Thévenin equivalent seen by in Figure
P3–53.

RL

3–49 A nonlinear resistor is connected across a two-terminal
source whose Thévenin equivalent is and

The characteristic of the resistor is
Plot the characteristic of the

source and the resistor and graphically determine the volt-
age across and current through the nonlinear resistor.

3–50 A nonlinear resistor is connected across a two-terminal
source whose Thévenin equivalent is and

The characteristic of the resistor is
Plot the characteristic of the source and

the resistor and graphically determine the voltage across
and current through the nonlinear resistor.

3–51 Find the Norton equivalent seen by in Figure P3–51.
Select the value of so that 100 mW is delivered to the
load.

RL

RL

i�vv � 4000 i2.
i�vRT � 200 �.

vT � 10 V

i�vi � 10�41v � 2 v3.32.i�vRT � 500 �.
vT � 5 V

O B J E C T I V E 3–4  M A X I M U M S I G N A L T R A N S F E R
( S E C T .  3–5)
Given a circuit containing linear resistors and independent
sources:
(a) Find the maximum voltage, current, and power available

at a specified pair of terminals.
(b) Find the resistive loads required to obtain the maximum

available signal levels.
See Example 3–17 and Exercise 3–19

3–54 The resistance R in Figure P3–54 is adjusted until max-
imum power is delivered to the load consisting of R and
the 6-k� resistor in parallel. Find the required value of R.

3–47 Select the value of in Figure P3–47 so that
iO � 80 �A.

RL 3–52 Find the Norton equivalent seen by in Figure P3–52.RL

0.5 A

12 V

50 Ω

300 Ω

300 Ω

+− A

B

RL

20 Ω

20 Ω400 mA 40 Ω

A

B

F I G U R E  P 3 – 5 2

500 Ω

1 kΩ

10 V

B

A

20 mA
+
− RL

+
−

30 Ω

60 Ω 20 Ω

20 Ω

RL

60 V A B

R3 kΩ 6 kΩ20 mA

1 kΩ

1 kΩ

3–48 Find the Thévenin equivalent at terminals A and B in
Figure P3–48.

F I G U R E  P 3 – 4 7

RL300 kΩ12 V

25 kΩ100 kΩ iO

+
−
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3–55 When a 5-k� resistor is connected across a two-terminal
source, a current of 15 mA is delivered to the load. When
a second 5-k� resistor is connected in parallel with the
first, a total current of 20 mA is delivered. Find the maxi-
mum power available from the source.

3–56 Find the value of R in Figure P3–56 so that maximum
power is delivered to the 4-k� load. Find the value of the
maximum power.

3–57 Find the value of in Figure P3–57 such that
vL � 80 V.

RL

3–61 The output current of the voltage source in Fig-
ure P3–61 must be less then 100 mA. Design an interface
circuit so that the load voltage is and the source
current is i1 6 100 mA.

v2 � 4 V

3–62 Figure P3–62 shows an interface circuit connecting
a 15-V source to a diode load. The characteristic of
the diode is

Design an interface circuit so that v � 0.7 V.

i � 10�141e40v � 12

i�v

3–63 Design the interface circuit in Figure P3–63 so
that the voltage delivered to the load is
Use the following standard resistors in your design:

and These resis-
tors all have a tolerance of , which you must account
for in your design.

;5%
910 �.430 �, 620 �,130 �, 200 �, 300 �,

 v � 10 V � 10%.

F I G U R E  P 3 – 6 1

F I G U R E  P 3 – 6 2

F I G U R E  P 3 – 6 3

F I G U R E  P 3 – 5 7

RL3 kΩ10 mA

2.75 kΩ

1 kΩ

iL

+

vL

−

50 Ω

10 V Interface
circuit

50 Ω+
−

i1 i2

v2

−

+

v1

−

+

+
−

i

15 V Interface
circuit

+

−

v

+
−

50 Ω

20 V 1 kΩInterface
circuit

+

v2

−

+

v1

−

i1 i2

F I G U R E  P 3 – 5 6

10 V 4 kΩ20 kΩ

R

5 mA+
−

3–58 Find the value of in Figure P3–57 such that maxi-
mum power is delivered to the load. Find the value of the
maximum power.

3–59 A 15-V source with negligible internal resistance is
connected in series with a resistor The purpose of is
to limit the signals delivered to any load to the ranges

and Find the range of that
will meet both constraints.

3–60 A practical source delivers 50 mA to a 300-� load. The
source delivers 12 V to a 120-� load. Find the maximum
power available from the source.

O B J E C T I V E 3–5  I N T E R F A C E C I R C U I T D E S I G N
A N D E V A L U A T I O N ( S E C T .  3–6)
(a) Given the signal transfer objectives at a source-load

interface, adjust the circuit parameters or design one
or more two-port interface circuits to achieve the
specified objectives within stated constraints.

(b) Given two or more circuits that perform the same in-
terface function, rank-order the circuits using stated
criteria.

See Examples 3–18, 3–19, 3–20, 3–21, 3–22, 3–23 and Exer-
cise 3–20

RSp 6 200 mW.i 6 50 mA

RSRS.

RL
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F I G U R E  P 3 – 6 6

F I G U R E  P 3 – 6 9

F I G U R E  P 3 – 7 0

3–69 The circuit in Figure P3–69 has a source resistance
of and a load resistance of Design the
interface circuit so that the input resistance is 

and the output resistance is 
600 � � 10%.

ROUT �75 � � 10%
RIN �

600 �.75 �

3–67 Design the interface circuit in Figure P3–67 so that
and the current delivered to the 50-� load is

i � 50 mA.
RIN � 100 �

I N T E G R A T I N G  P R O B L E M S
3–71 Composite Circuit Analysis

The characteristic of network N in Figure P3–71 is
Find the voltage at node A.i � 15 � 10�3v � 0.52 A.

i�v

3–70 It is claimed that both interface circuits in Figure
3–70 will deliver to the 75-� load. Verify this
claim. Which interface circuit consumes the least power?
Which has an output resistance that best matches the 75-�
load?

v � 4 V

3–68 Design the interface circuit in Figure P3–67 so that
and the voltage delivered to the 50-� load is

v � 2 V.
ROUT � 50 �

3–64 Design the interface circuit in Figure P3–63 so that
25 mW is delivered to the 1-k� load resistor.

3–65 Use the resistor array in Figure P3–65 to design a
voltage divider with and an input resis-
tance close to 100 �.

K � v2�v1 � 0.6

3–66 Select in Figure P3–66 so that the power deliv-
ered to the load is 400 mW.

RL

+
−

50 Ω i
PL

10 V RL

F I G U R E  P 3 – 6 7

100 Ω

50 Ω12V +
−

+

RIN ROUT

−

vInterface
circuit

i

75 Ω

600 Ω+
−

RIN ROUT

vS
Interface

circuit

+
−20V

+

v

−

150 Ω

75 Ω

either

Circuit 1 Circuit 2

i

150 Ω 15 Ω

100 Ω

Interface
circuit

ROUT

F I G U R E  P 3 – 6 5

400 Ω 50 Ω

400 Ω 50 Ω

200 Ω 200 Ω
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F I G U R E  P 3 – 7 1

F I G U R E  P 3 – 7 2

F I G U R E  P 3 – 7 3

F I G U R E  P 3 – 7 5

+
− 200 Ω

100 Ω

300 mA

20V v N

−

+

i

A

600 Ω

600 Ω

300 Ω300 Ω

450 ΩvS
+
−

ATTENUATOR

+
−

50 Ω

12 V RL
Interface

circuit

+

v

−

i

+
− 100 Ω100 Ω20 V

150 Ω

Circuit 1

+
− 100 Ω100 Ω20 V

150 Ω

Circuit 2

vO

+

−

vO

+

−

3–72 Attenuation Analysis
In Figure P3–72 a two-port attenuator connects a 600-�
source to a 600-� load. Find the power delivered to the
load in terms of Remove the attenuator and find the
power delivered to the load when the source is directly
connected to the load. By what fraction does the attenua-
tor reduce the power delivered to the 600-� load? Express
the fraction in dB.

vS.

3–74 Battery Design
A satellite requires a battery with an open-circuit voltage

and a Thévenin resistance The
battery is to be constructed using series and parallel
combinations of one of two types of cells. The first type
has and a weight of 40 grams. The
second type has and a weight of
15 grams. Design a minimum-weight battery that meets the
open-circuit voltage and Thévenin resistance requirements.

3–75 Design Evaluation
A requirement exists for a circuit to deliver 0 to 5 V to a
100-� load from a 20-V source rated at 2.5 W. Two pro-
posed circuits are shown in Figure P3–75. Which one
would you choose and why?

vOC � 4 V, RT � 0.5 �,
vOC � 9 V, RT � 4 �,

RT � 10 �.vOC � 36 V

3–73 Interface Circuit Design
Using no more than three 50-� resistors, design the inter-
face circuit in Figure P3–73 so that and

regardless of the value of RL.i � 100 mA
v � 4 V
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