
Chapter 1
Theory of Normal

Vibrations

1.1. ORIGIN OF MOLECULAR SPECTRA

As a first approximation, the energy of the molecule can be separated into three
additive components associatedwith (1) the motion of the electrons in the molecule,*

(2) the vibrations of the constituent atoms, and (3) the rotation of the molecule as a
whole:

Etotal ¼ EelþEvibþErot ð1:1Þ

The basis for this separation lies in the fact that electronic transitions occur on a much
shorter timescale, and rotational transitions occur on a much longer timescale, than
10 vibrational transitions. The translational energy of the molecule may be ignored in
this discussion because it is essentially not quantized.

If a molecule is placed in an electromagnetic field (e.g., light), a transfer of energy
from the field to themoleculewill occur whenBohr’s frequency condition is satisfied:

DE ¼ hn ð1:2Þ
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*Hereafter the word molecule may also represent an ion.
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where DE is the difference in energy between two quantized states, h is Planck’s
constant (6.625� 10�27 erg s), and n is the frequency of the light. Here, the frequency
is the number of electromagnetic waves in the distance that light travels in one second:

n ¼ c

l
ð1:3Þ

where c is the velocity of light (3� 1010 cm s�1) and l is the wavelength of the
electromagneticwave. Ifl has the units of cm, n has dimensions of (cm s�1)/cm¼ s�1,
which is also called “Hertz (Hz).”

The wavenumber ð~nÞ defined by

~n ¼ 1

l
ð1:4Þ

is most commonly used in vibrational spectroscopy. It has the dimension of cm�1. By
combining Eqs. 1.3 and 1.4, we obtain

~n ¼ 1

l
¼ n

c
or n ¼ c

l
¼ c~n ð1:5Þ

Although the dimensions of n and~ndiffer fromone another, it is convenient to use them
interchangeably. Thus, an expression such as “a frequency shift of 5 cm�1” is used
throughout this book.

Using Eq. 1.5, Bohr’s condition (Eq. 1.2) is written as

DE ¼ hc~n ð1:6Þ
Since h and c are known constants, DE can be expressed in units such as*

1ðcm� 1Þ ¼ 1:99� 10� 16ðerg �molecule� 1Þ
¼ 2:86 ðcal �mol� 1Þ
¼ 1:24� 10� 4ðeV �molecule� 1Þ

Suppose that

DE ¼ E2�E1 ð1:7Þ
where E2 and E1 are the energies of the excited and ground states, respectively.

Then, the molecule “absorbs” DEwhen it is excited from E1 to E2 and “emits” DE
when it reverts from E2 to E1. Figure 1.1 shows the regions of the electromagnetic
spectrum where DE is indicated in ~n, l, and n. In this book, we are concerned mainly
with vibrational transitions which are observed in infrared (IR) or Raman (R) spectra.

*Use conversion factors such as
Avogadro’s numberN0 ¼ 6:023� 1023ðmol� 1Þ

1 ðcalÞ ¼ 4:1846� 107ðergÞ
1 ðeVÞ ¼ 1:6021� 10� 12ðerg �molecule� 1Þ
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These transitions appear in the102� 104 cm�1 region, andoriginate fromvibrationsof
nuclei constituting the molecule. Rotational transitions occur in the 1–102 cm�1

region (microwave region) because rotational levels are relatively close to each other,
whereas electronic transitions are observed in the 104–106 cm�1 region (UV–visible
region) because their energy levels are far apart. However, such division is somewhat
arbitrary, for pure rotational spectramay appear in the far-infrared region if transitions
to higher excited states are involved, and pure electronic transitions may appear in the
near-infrared region if electronic levels are closely spaced.

Figure 1.2 illustrates transitions of the three types mentioned for a diatomic
molecule. As the figure shows, rotational intervals tend to increase as the rotational
quantum number J increases, whereas vibrational intervals tend to decrease as the
vibrational quantum number v increases. The dashed line below each electronic level
indicates the “zero-point energy” thatmust exist even at a temperature of absolute zero
as a result of Heisenberg’s uncertainty principle:

E0 ¼ 1

2
hn ð1:8Þ

It should be emphasized that not all transitions between these levels are possible. To
seewhether the transition is “allowed” or “forbidden,” the relevant selection rulemust
be examined. This, in turn, is determined by the symmetry of the molecule.

As expected fromFig. 1.2, electronic spectra are very complicated because they are
accompanied by vibrational as well as rotational fine structure. The rotational fine
structure in the electronic spectrum can be observed if a molecule is simple and
the spectrum is measured in the gaseous state under high resolution. The vibrational
fine structure of the electronic spectrum is easier to observe than the rotational fine
structure, and can provide structural and bonding information about molecules in
electronic excited states.

Vibrational spectra are accompanied by rotational transitions. Figure 1.3 shows
the rotational fine structure observed for the gaseous ammonia molecule. In most
polyatomic molecules, however, such a rotational fine structure is not observed

Fig. 1.1. Regions of the electromagnetic spectrum and energy units.
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Fig. 1.3. Rotational fine structure of gaseous NH3.
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Fig. 1.2. Energy level of a diatomic molecule (the actual spacings of electronic levels are much

larger, and those of rotational levels are much smaller, than that shown in the figure).
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because the rotational levels are closely spaced as a result of relatively large moments
of inertia. Vibrational spectra obtained in solution do not exhibit rotational fine
structure, sincemolecular collisions occur before a rotation is completed and the levels
of the individual molecules are perturbed differently.

The selection rule allows any transitions corresponding toDv¼�1 if themolecule
is assumed to be a harmonic oscillator (Sec. 1.3), Under ordinary conditions, however,
only the fundamentals that originate in the transition from v¼ 0 to v¼ 1 in the
electronic ground state can be observed. This is because the Maxwell–Boltzmann
distribution law requires that the ratio of population atv¼ 0andv¼ 1 states is givenby

R ¼ Pðv ¼ 1Þ
Pðv ¼ 0Þ ¼ e�DEv=kT ð1:9Þ

where DEv is the vibrational frequency (cm
�1) and kT¼ 208 (cm�1) at room tempera-

ture. In the case of H2, DEv¼ 4160 cm�1 and R¼ 2.16� 10�9. Thus, almost all mole-
cules are at v¼ 0. However, the population at v¼ 1 increases as DEv becomes small.
For example, R¼ 0.36 for I2 (DEv¼ 213 cm�1) Then, about 27% of the molecules are
at v¼ 1 state, and the transition from v¼ 1 to v¼ 2 can be observed as a “hot band.”

In addition to the harmonic oscillator selection rule, another restriction results from
the symmetry of the molecule (Sec. 1.10). Thus, the number of allowed transitions in
polyatomicmolecules is greatly reduced.Overtones and combination bands* of these
fundamentals are forbidden by the selection rule. However, they are weakly observed
in the spectrumbecause of the anharmonicity of thevibration (Sec. 1.3). Since they are
less important than the fundamentals, they will be discussed only when necessary.

1.2. ORIGIN OF INFRARED AND RAMAN SPECTRA

As stated previously, vibrational transitions can be observed as infrared (IR) or Raman
spectra.† However, the physical origins of these two spectra are markedly different.
Infrared (absorption) spectra originate in photons in the infrared region that are
absorbed by transitions between twovibrational levels of themolecule in the electronic
ground state. On the other hand, Raman spectra have their origin in the electronic
polarization caused by ultraviolet, visible, and near-IR light. If a molecule is irradiated
bymonochromatic light of frequency n (laser), then, because of electronic polarization
induced in the molecule by this incident beam, the light of frequency n (“Rayleigh
scattering”) as well as that of frequency n� ni (“Raman scattering”) is scattered where
ni represents a vibrational frequency of the molecule. Thus, Raman spectra are
presented as shifts from the incident frequency in the ultraviolet, visible, and near-
IR region. Figure 1.4 illustrates the difference between IR and Raman techniques.

*Overtones represent somemultiples of the fundamental, whereas combination bands arise from the sum or
difference of two or more fundamentals.
†Raman spectra were first observed by C. V. Raman [Indian J. Phys. 2, 387 (1928)] and C. V. Raman and
K. S. Krishnan [Nature 121, 501 (1928)].
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AlthoughRaman scattering ismuchweaker thanRayleigh scattering (by a factor of
10�3–10�5), it is still possible to observe the former by using a strong exciting source.
In the past, the mercury lines at 435.8 nm (22.938 cm�1) and 404.7 nm (24,705 cm�1)
froma low-pressuremercury arcwere used to observeRaman scattering.However, the
advent of lasers revolutionized Raman spectroscopy. Lasers provide strong, coherent
monochromatic light in awide range of wavelengths, as listed in Table 1.1. In the case
of resonanceRaman spectroscopy (Sec. 1.22), the exciting frequency is chosen so as to
fall inside the electronicabsorptionband.Thedegreeof resonance enhancementvaries
as a function of the exciting frequency and reaches a maximum when the exciting
frequency coincides with that of the electronic absorption maximum. It is possible to
change the exciting frequency continuously by pumping dye lasers with powerful gas
or pulsed lasers.

The origin of Raman spectra can be explained by an elementary classical theory.
Consider a light wave of frequency n with an electric field strength E. Since E
fluctuates at frequency n, we can write

E ¼ E0 cos 2pnt ð1:10Þ
where E0 is the amplitude and t the time. If a diatomic molecule is irradiated by this
light, the dipole moment P given by

P ¼ aE ¼ aE0 cos 2pnt ð1:11Þ

Fig. 1.4. Mechanisms of infrared absorption and Raman scattering.
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is induced. Here a is a proportionality constant and is called the polarizability. If the
molecule is vibrating with frequency ni, the nuclear displacement q is written as

q ¼ q0 cos 2pnit ð1:12Þ

where q0 is the vibrational amplitude. For small amplitudes of vibration, a is a linear
function of q. Thus, we can write

a ¼ a0þ
 
qa
qq

!
0

q ð1:13Þ

Here, a0 is the polarizability at the equilibrium position, and (qa/qq)0 is the rate of
change ofawith respect to the change in q, evaluated at the equilibriumposition. If we
combine Eqs. 1.11–1.13, we have

P ¼ aE0 cos 2pnt

¼ a0E0 cos 2pntþ
 
qa
qq

!
0

q0E0 cos 2pnt cos 2pnit

¼ a0E0 cos 2pnt

þ 1

2

 
qa
qq

!
0

q0E0 fcos 2pðnþ niÞt½ � þ cos 2pðn� niÞt½ �g ð1:14Þ

TABLE 1.1. Some Representative Laser Lines for Raman Spectroscopy

Lasera Mode Wavelength (nm) ~n ðcm�1Þ
Gas lasers

Ar–ion CW 488.0 (blue) 20491.8

514.5 (green) 19436.3

Kr–ion CW 413.1 (violet) 24207.2

530.9 (green/yellow) 18835.9

647.1 (red) 15453.6

He–Ne CW 632.8 (red) 15802.8

He–Cd CW 441.6 (blue/violet) 22644.9

Nitrogen Pulsed 337.1 (UV) 29664.7

Excimer (XeCl) 308 (UV) 32467.5

Solid-state lasers

Nd:YAGb CW or pulsed 1064 (near-IR) 9398.4

Liquid lasers

A variety of dye solutions are pumped by strong CW or pulsed-laser sources; a wide range

(440–800nm) can be covered continuously by choosing proper organic dyes

aAcronym of light amplification by stimulated emission of radiation.
bAcronym of neodymium-doped yttrium aluminum garnet.

Source: For more information, see Nakamoto and collegues [21,26].
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According to classical theory, the first termdescribes an oscillatingdipole that radiates
light of frequency n (Rayleigh scattering). The second termgives theRaman scattering
of frequencies nþ ni (anti-Stokes) and n� ni (Stokes). If (qa/qq)0 is zero, the second
term vanishes. Thus, the vibration is not Raman-active unless the polarizability
changes during the vibration.

Figure 1.5 illustrates the mechanisms of normal and resonance Raman (RR)
scattering. In the former, the energy of the exciting line falls far below that required
to excite the first electronic transition. In the latter, the energy of the exciting line
coincides with that of an electronic transition.* If the photon is absorbed and then
emitted during the process, it is called resonance fluorescence (RF). Although the
conceptual difference between resonance Raman scattering and resonance fluores-
cence is subtle, there are several experimental differences which can be used to

Normal Raman

Resonance Raman
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ν 

– 
ν 1 ν 
+

 ν
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A S A
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E1

Fig. 1.5. Mechanisms of normal and resonance Raman scattering. S and A denote Stokes and

anti-Stokes scattering, respectively. The shaded areas indicate the broadening of rotational-

vibrational levels in the liquid and solid states (Sec. 1.22).

*If the exciting line is close to but not inside an electronic absorption band, the process is called
preresonance Raman scattering.

8 THEORY OF NORMAL VIBRATIONS



distinguish between these two phenomena. For example, in RF spectra all lines are
depolarized, whereas in RR spectra some are polarized and others are depolarized.
Additionally, RR bands tend to be broad and weak compared with RF bands [66,67].

In the case of Stokes lines, the molecule at v¼ 0 is excited to the v¼ 1 state by
scattering light of frequency n� ni. Anti-Stokes lines arisewhen themolecule initially
in the v¼ 1 state scatters radiation of frequency nþ n1 and reverts to the v¼ 0 state.
Since the population ofmolecules is larger atv¼ 0 than atv¼ 1 (Maxwell–Bottzmann
distribution law), the Stokes lines are always stronger than the anti-Stokes lines. Thus,
it is customary to measure Stokes lines in Raman spectroscopy. Figure 1.6 illustrates
the Raman spectrum (below 500 cm�1) of CCI4 excited by the blue line (488.0 nm) of
an argon ion laser.

1.3. VIBRATION OF A DIATOMIC MOLECULE

Through quantum mechanical considerations [2,7], the vibration of two nuclei in a
diatomic molecule can be reduced to the motion of a single particle of mass m, whose
displacement q from its equilibrium position is equal to the change of the internuclear
distance. The mass m is called the reduced mass and is represented by

1

m
¼ 1

m1
þ 1

m2
ð1:15Þ

Fig. 1.6. Raman spectrum of CCI4 (488.0 nm excitation).
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where m1 and m2 are the masses of the two nuclei. The kinetic energy is then

T ¼ 1

2
m _q2 ¼ 1

2m
p2 ð1:16Þ

wherep is the conjugatemomentumm _q. If a simple parabolic potential function such as
that shown in Fig. 1.7 is assumed, the system represents a harmonic oscillator, and the
potential energy is simply given by.

V ¼ 1

2
Kq2 ð1:17Þ

Here K is the force constant for the vibration. Then the Schr€odinger wave equation
becomes

d2c
dq2
þ 8p2m

h2

 
E� 1

2
Kq2

!
c ¼ 0 ð1:18Þ

If this equation is solved with the condition that c must be single-valued, finite, and
continuous, the eigenvalues are

Ev ¼ hn vþ 1

2

� �
¼ hc~n vþ 1

2

� �
ð1:19Þ

Fig. 1.7. Potential energy curves for a diatomic molecule: actual potential (solid line), parabolic

potential (dashed line), and cubic potential (dotted line).
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with the frequency of vibration

n ¼ 1

2p

ffiffiffiffi
K

m

s
or ~n ¼ 1

2pc

ffiffiffiffi
K

m

s
ð1:20Þ

Here v is the vibrational quantum number, and it can have the values 0, 1, 2, 3, and so
on.

The corresponding eigenfunctions are

cv ¼
ða=pÞ1=4ffiffiffiffiffiffiffiffiffi

2vv!
p e� aq2=2Hvð

ffiffiffi
a
p

qÞ ð1:21Þ

where a ¼ 2p
ffiffiffiffiffiffiffi
mK
p

=h ¼ 4p2mn=h, and Hvð
ffiffiffi
a
p

qÞ is a Hermite polynomial of the vth
degree. Thus the eigenvalues and the corresponding eigenfunctions are

E0 ¼ 1

2
hn; c0 ¼ ða=pÞ1=4e� aq2=2

E1 ¼ 3

2
hn; c1 ¼ ða=pÞ1=421=2qe� aq2=2

..

. ..
.

ð1:22Þ

AsFig. 1.7 shows, actual potential curves canbe approximatedmore exactly byadding
a cubic term [2]:

V ¼ 1

2
Kq2�Gq3 ðK � GÞ ð1:23Þ

Then, the eigenvalues become

Ev ¼ hcwe vþ 1

2

� �
� hcxewe vþ 1

2

� �2

þ � � � ð1:24Þ

where we is the wavenumber corrected for anharmonicity and xewe indicates the
magnitude of anharmonicity.Table 2.1a (inChapter 2) listswe and xewe for a numberof
diatomic molecules. Equation 1.24 shows that the energy levels of the anharmonic
oscillator are not equidistant, and the separation decreases slowly as v increases. This
anharmonicity is responsible for the appearance of overtones and combination
vibrations, which are forbidden in the harmonic oscillator.

Thevalues of xe and xewe can be determined by observing a series of overtone bands
in IR and Raman spectra. From Eq. 1.24, we obtain

Ev�E0

hc
¼ vwe� xeweðv2þ vÞþ � � �

Then

Fundamental: ~n1 ¼ we� 2xewe

First overtone : ~n2 ¼ 2we� 6xewe

Second overtone : ~n3 ¼ 3we� 12xewe
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For H35C1, these transitions are observed at 2885.9, 5668.1, and 8347.0 cm�1,
respectively, in IR spectrum [2]. Using these values, we find that

we ¼ 2988:9 cm� 1 and xewe ¼ 52:05 cm� 1

As will be shown in Sec. 1.23, a long series of overtone bands can be observed when
Raman spectra of small molecules such as I2 and TiI4 are measured under rigorous
resonance conditions. Anharmonicity constants can also be determined from the
analysis of rotational fine structures of vibrational transitions [2].

Since the anharmonicity correction has not been made for most polyatomic
molecules, in large part because of the complexity of the calculation, the frequencies
given in Chapter 2 are not corrected for anharmonicity (except those given in
Table 2.1a).

According to Eq. 1.20, the wavenumber of the vibration in a diatomic molecule is
given by

~n ¼ 1

2pc

ffiffiffiffi
K

m

s
ð1:20Þ

A more exact expression is given by using the wavenumber corrected for anharmo-
nicity:

we ¼ 1

2pc

ffiffiffiffi
K

m

s
ð1:25Þ

or

K ¼ 4p2c2w2
em ð1:26Þ

ForHC1,we¼ 2989 cm�1 and m¼ 0.9799 awu (where awu is the atomicweight unit).
Thus, we obtain*

K ¼ 4ð3:14Þ2ð3� 1010Þ2
6:025� 1023

w2
em

¼ ð5:8883� 10� 2Þw2
em

¼ ð5:8883� 10� 2Þð2989Þ2ð0:9799Þ
¼ 5:16� 105ðdyn=cmÞ
¼ 5:16 ðmdyn=ÅÞ*

Table 1.2 lists the observed frequencies ð~nÞ, wavenumbers corrected for anharmo-
nicity (we), reduced masses (m), and force constants (K) for several series of diatomic

*105 (dynes/cm)¼ 105 (103millidynes/108Å)¼ 1 (mdyn/Å)¼ 102N/m (SI unit).
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molecules. In the first series, we decreases in the order H2>HD>D2, because m
increases in the same order, while K is almost constant (mass effect). In the second
series, we decreses in the order HF>HC1>HBr>HI, because K decreases in the
same order, while m shows little change (force constant effect). In the third series, we

decreases in the order F2>Cl2>Br2> I2, because m increases andK decreases in the
same order. In this case, bothmass effect and force constant effect are operative. In the
last series, we decreases in the order N2>CO>NO>O2, mainly owing to the force
constant effect. This may be attributed to the differences in bond order:

N�N > C��Oþ $ C¼O > N¼O$ N�¼Oþ > O¼O$ O��Oþ

More examples of similar series in diatomic molecules are found in Sec. 2.1. These
simple rules, obtained for a diatomic molecule, are helpful in understanding the
vibrational spectra of polyatomic molecules.

Figure 1.8 indicates the relationship between the force constant and thedissociation
energy for the three series listed in Table 1.2. In the series of hydrogen halides, the
dissociation energy decreases almost linearly as the force constant decreases. Thus,
the force constantmay be used as ameasure of the bond strength in this case.However,
such a monotonic relationship does not hold for the other two series. This is not
unexpected, because the force constant is a measure of the curvature of the potential
well near the equilibrium position

K ¼
 
d2V

dq2

!
q! 0

ð1:27Þ

TABLE 1.2. Relationships between Vibrational Frequency, Reduced Mass, and Force
Constant

Molecule Obs. ~n (cm�1) we (cm
�1) m (awu) K (mdyn/Å)

H2 4160 4395 0.5041 5.73

HD 3632 3817 0.6719 5.77

D2 2994 3118 1.0074 5.77

HF 3962 4139 0.9573 9.65

HCl 2886 2989 0.9799 5.16

HBr 2558 2650 0.9956 4.12

HI 2233 2310 1.002 3.12

F2 892 — 9.5023 4.45

Cl2 564 565 17.4814 3.19

Br2 319 323 39.958 2.46

I2 213 215 63.466 1.76

N2 2331 2360 7.004 22.9

CO 2145 2170 6.8584 19.0

NO 1877 1904 7.4688 15.8

O2 1555 1580 8.000 11.8
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whereas the dissociation energyDe is given by the depth of the potential energy curve
(Fig. 1.7). Thus, a large force constantmeans sharp curvature of the potentialwell near
the bottom, but does not necessarily indicate a deep potentialwell. Usually, however, a
larger force constant is an indication of a stronger bond if the nature of the bond is
similar in a series.

It is difficult to derive a general theoretical relationship between the force constant
and the dissociation energy even for diatomic molecules.

In the case of small molecules, attempts have been made to calculate the force
constants by quantummechanical methods. The principle of the method is to express
the total electronic energy of a molecule as a function of nuclear displacements near
the equilibriumposition and to calculate its second derivatives,q2V=qq2i , and so on for
each displacement coordinate qi. In the past, ab initio calculations of force constants
were made for small molecules such as HF, H2O, and NH3. The force constants thus
obtained are in good agreement with those calculated from the analysis of vibrational
spectra. More recent progress in computer technology has made it possible to extend
this approach to more complex molecules (Sec. 1.24).

There are several empirical relationshipswhich relate the force constant to the bond
distance. Badger’s rule [68] is given by

K ¼ 1:86ðr� dijÞ� 3 ð1:28Þ
where r is the bond distance and dij has a fixed value for bonds between atoms of row i
and j in the periodic table. Gordy’s rule [69] is expressed as

K ¼ aN

 
cAcB
d2

!3=4
þ b ð1:29Þ

Fig. 1.8. Relationships between force constants and dissociation energies in diatomic molecules.
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where cA and cB are the electronegativities of atoms A and B constituting the bond,
d is the bond distance, N is the bond order, and a and b are constants for certain
broad classes of compounds. Herschbach and Laurie [70] modified Badger’s rule in
the form

r ¼ dijþðaij� dijÞK � 1=3 ð1:30Þ

Here, aij and dij are constants for atoms of rows i and j in the periodic table.
Another empirical relationship is found by plotting stretching frequencies against

bond distances for a series of compounds having common bonds. Such plots are
highly important in estimating the bond distance from the observed frequency.
Typical examples are found in the OH� � �O hydrogen-bonded compounds [71],
carbon–oxygen and carbon–nitrogen bonded compounds [72], and molybdenum–
oxygen [73] and vanadium–oxygen bonded compounds [74]. More examples are
given in Sec. 2.2.

1.4. NORMAL COORDINATES AND NORMAL VIBRATIONS

Indiatomicmolecules, thevibrationof thenuclei occursonly along the line connecting
twonuclei. In polyatomicmolecules, however, the situation ismuchmorecomplicated
because all the nuclei perform their own harmonic oscillations. It can be shown,
however, that any of these extremely complicated vibrations of the molecule may be
represented as a superposition of a number of normal vibrations.

Let the displacement of each nucleus be expressed in terms of rectangular
coordinate systems with the origin of each system at the equilibrium position of
each nucleus. Then the kinetic energy of an N-atom molecule would be expressed
as

T ¼ 1

2

X
N

mN

" 
dDxN
dt

!2

þ
 
dDyN
dt

!2

þ
 
dDzN
dt

!2#
ð1:31Þ

If generalized coordinates such as

q1 ¼ ffiffiffiffiffiffi
m1
p

Dx1; q2 ¼ ffiffiffiffiffiffi
m1
p

Dy1; q3 ¼ ffiffiffiffiffiffi
m1
p

Dz1 q4 ¼ ffiffiffiffiffiffi
m2
p

Dx2; . . . ð1:32Þ

are used, the kinetic energy is simply written as

T ¼ 1

2

X3N
i

_q2i ð1:33Þ
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Thepotential energyof thesystemisacomplexfunctionofall thecoordinates involved.
For small values of the displacements, it may be expanded in a Taylor’s series as

Vðq1; q2; . . . ; q3NÞ ¼ V0þ
X3N
i

 
qV
qqi

!
0

qiþ 1

2

X3N
i;j

 
q2V

qqi qqj

!
0

qiqjþ � � � ð1:34Þ

where the derivatives are evaluated at qi¼ 0, the equilibrium position. The constant
termV0 can be taken as zero if the potential energy at qi¼ 0 is taken as a standard. The
(qV/qqi)0 terms also become zero, since Vmust be a minimum at qi¼ 0. Thus, Vmay
be represented by

V ¼ 1

2

X3N
i;j

 
q2V

qqi qqj

!
0

qiqj ¼ 1

2

X3N
i;j

bijqiqj ð1:35Þ

neglecting higher-order terms.
If the potential energy given by Eq. 1.35 did not include any cross-products such as

qiqj, the problem could be solved directly by using Lagrange’s equation:

d

dt

 
qT
q _qi

!
þ qV

qqi
¼ 0; i ¼ 1; 2; . . . ; 3N ð1:36Þ

From Eqs. 1.33 and 1.35, Eq. 1.36 is written as

€qiþ
X
j

bijqj ¼ 0; j ¼ 1; 2; . . . ; 3N ð1:37Þ

If bij¼ 0 for i „ j, Eq. 1.37 becomes

€qiþ biiqi ¼ 0 ð1:38Þ
and the solution is given by

qi ¼ q0i sin

 ffiffiffiffiffi
bii

p
tþ di

!
ð1:39Þ

where q0i and di are the amplitude and the phase constant, respectively.
Since, in general, this simplification is not applicable, the coordinates qi must be

transformed into a set of new coordinates Qi through the relations

q1 ¼
X
i

B1iQi

q2 ¼
X
i

B2iQi

..

.

qk ¼
X
i

BkiQi ð1:40Þ
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The Qi are called normal coordinates for the system. By appropriate choice of the
coefficients Bki, both the potential and the kinetic energies can be written as

T ¼ 1

2

X
i

_Q
2
i ð1:41Þ

V ¼ 1

2

X
i

liQ2
i ð1:42Þ

without any cross-products.
If Eqs. 1.41 and 1.42 are combined with Lagrange’s equation (Eq. 1.36), there

results

€Qiþ liQi ¼ 0 ð1:43Þ

The solution of this equation is given by

Qi ¼ Q0
i sin

 ffiffiffiffi
li

p
tþ di

!
ð1:44Þ

and the frequency is

ni ¼ 1

2p

ffiffiffiffi
li

p
ð1:45Þ

Such a vibration is called a normal vibration.
For the general N-atom molecule, it is obvious that the number of the normal

vibrations is only 3N – 6, since six coordinates are required to describe the transla-
tional and rotational motion of the molecule as a whole. Linear molecules have 3N – 5
normal vibrations, as no rotational freedomexists around themolecular axis. Thus, the
general form of the molecular vibration is a superposition of the 3N – 6 (or 3N – 5)
normal vibrations given by Eq. 1.44.

The physical meaning of the normal vibration may be demonstrated in the
following way. As shown in Eq. 1.40, the original displacement coordinate is related
to the normal coordinate by

qk ¼
X
i

BkiQi ð1:40Þ

Since all the normal vibrations are independent of each other, consideration may be
limited to a special case in which only one normal vibration, subscripted by 1, is
excited (i.e., Q0

1 „ 0;Q0
2 ¼ Q0

3 ¼ � � � ¼ 0). Then, it follows from Eqs. 1.40 and 1.44
that

qk ¼ Bk1Q1 ¼ Bk1Q
0
1sinð

ffiffiffiffiffi
l1

p
tþ d1Þ

¼ Ak1sinð
ffiffiffiffiffi
l1

p
tþ d1Þ

ð1:46Þ
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This relation holds for all k. Thus, it is seen that the excitation of one normal vibration
of the system causes vibrations, given by Eq. 1.46, of all the nuclei in the system. In
other words, in the normal vibration, all the nuclei movewith the same frequency and
in phase.

This is true for anyother normal vibration.ThusEq. 1.46maybewritten in themore
general form

qk ¼ Ak sinð
ffiffiffi
l
p

tþ dÞ ð1:47Þ

If Eq. 1.47 is combined with Eq. 1.37, there results

� lAk þ
X
j

bkjAj ¼ 0 ð1:48Þ

This is a system of first-order simultaneous equationswith respect toA. In order for all
the As to be nonzero, we must solve

b11� l b12 b13 . . .
b21 b22� l b23 . . .
b31 b32 b33� l . . .

..

. ..
. ..

.

��������

��������
¼ 0 ð1:49Þ

The order of this secular equation is equal to 3N. Suppose that one root,l1, is found for
Eq. 1.49. If it is inserted in Eq. 1.48, Ak1, Ak2, . . . are obtained for all the nuclei. The
same is true for the other roots of Eq. 1.49. Thus, the most general solution may be
written as a superposition of all the normal vibrations:

qk ¼
X
l

BklQ
0
l sin

 ffiffiffiffi
ll

p
tþ dl

!
ð1:50Þ

Thegeneral discussion developedabovemaybeunderstoodmore easily ifwe apply
it to a simplemolecule suchasCO2,which is constrained tomove inonlyonedirection.
If the mass and the displacement of each atom are defined as follows:

the potential energy is given by

V ¼ 1

2
k ðDx1�Dx2Þ2þðDx2�Dx3Þ2
h i

ð1:51Þ

Considering that m1¼m3, we find that the kinetic energy is written as

T ¼ 1

2
m1ðD _x21þD _x23Þþ

1

2
m2D _x22 ð1:52Þ
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Using the generalized coordinates defined by Eq. 1.32, we may rewrite these
energies as

2V ¼ k

" 
q1ffiffiffiffiffiffi
m1
p � q2ffiffiffiffiffiffi

m2
p

!2

þ
 

q2ffiffiffiffiffiffi
m2
p � q3ffiffiffiffiffiffi

m1
p

!2#
ð1:53Þ

2T ¼
X

_q2i ð1:54Þ

From comparison of Eq. 1.53 with Eq. 1.35, we obtain

b11 ¼ k

m1
; b22 ¼ 2k

m2

b12 ¼ b21 ¼ � kffiffiffiffiffiffiffiffiffiffiffi
m1m2
p ; b23 ¼ b32 ¼ � kffiffiffiffiffiffiffiffiffiffiffi

m1m2
p

b13 ¼ b31 ¼ 0; b33 ¼ k

m1

If these terms are inserted in Eq. 1.49, we obtain the following result:

k

m1
� l � kffiffiffiffiffiffiffiffiffiffiffi

m1m2
p 0

� kffiffiffiffiffiffiffiffiffiffiffi
m1m2
p 2k

m2
� l � kffiffiffiffiffiffiffiffiffiffiffi

m1m2
p

0 � kffiffiffiffiffiffiffiffiffiffiffi
m1m2
p k

m1
� l

��������������

��������������
¼ 0 ð1:55Þ

By solving this secular equation, we obtain three roots:

l1 ¼ k

m1
; l2 ¼ km; l3 ¼ 0

where

m ¼ 2m1þm2

m1m2

Equation 1.48 gives the following three equations:

� lA1þ b11A1þ b12A2þ b13A3 ¼ 0

� lA2þ b21A1þ b22A2þ b23A3 ¼ 0

� lA3þ b31A1þ b32A2þ b33A3 ¼ 0

NORMAL COORDINATES AND NORMAL VIBRATIONS 19



Using Eq. 1.47, we rewrite these as

ðb11� lÞq1þ b12q2þ b13q3 ¼ 0

b21q1þðb22� lÞq2þ b23q3 ¼ 0

b31q1þ b32q2þðb33� lÞq3 ¼ 0

If l1¼ k/m1 is inserted in the simultaneous equations above, we obtain

q1 ¼ � q3; q2 ¼ 0

Similar calculations give

q1 ¼ q3; q2 ¼ � 2

ffiffiffiffiffiffi
m1

m2

s
q1 for l2 ¼ km

q1 ¼ q3; q2 ¼
ffiffiffiffiffiffi
m2

m1

s
q1 for l3 ¼ 0

The relative displacements are depicted in the following figure:

It is easy to see that l3 corresponds to the translational mode (Dx1¼Dx2¼Dx3). The
inclusion of l3 could be avoided if we consider the restriction that the center of gravity
does not move; m1(Dx1þDx3)þm2Dx2¼ 0.

The relationships between the generalized coordinates and the normal coordinates
are given by Eq. 1.40. In the present case, we have

q1 ¼ B11Q1þB12Q2þB13Q3

q2 ¼ B21Q1þB22Q2þB23Q3

q3 ¼ B31Q1þB32Q2þB33Q3

In the normal vibration whose normal coordinate isQ1,B11:B21: B31 gives the ratio of
the displacements. From the previous calculation, it is obvious that B11: B21: B31¼
1:0:�1. Similarly, B12 : B22 : B32 ¼ 1 : � 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m1=m2

p
: 1 gives the ratio of the dis-

placements in the normal vibration whose normal coordinate is Q2. Thus the mode
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of a normal vibration can be drawn if the normal coordinate is translated into a set of
rectangular coordinates, as is shown above.

So far, we have discussed only the vibrations whose displacements occur along the
molecular axis. There are, however, two other normal vibrations in which the
displacements occur in the direction perpendicular to the molecular axis. They are
not treated here, since the calculation is not simple. It is clear that themethod described
abovewill becomemore complicated as amolecule becomes larger. In this respect, the
GF matrix method described in Sec. 1.12 is important in the vibrational analysis of
complex molecules.

By using the normal coordinates, the Schr€odingerwave equation for the system can
be written as

X
i

q2cn

qQ2
i

þ 8p2

h2

 
E� 1

2

X
i

liQ2
i

!
cn ¼ 0 ð1:56Þ

Since the normal coordinates are independent of each other, it is possible to write

cn ¼ c1ðQ1Þc2ðQ2Þ � � � ð1:57Þ

and solve the simpler one-dimensional problem.
If Eq. 1.57 is substituted in Eq. 1.56, there results

d2ci

dQ2
i

þ 8p2

h2

 
Ei� 1

2
liQ2

i

!
ci ¼ 0 ð1:58Þ

where

E ¼ E1þE2þ � � �

with

Ei ¼ hni viþ 1

2

0
@

1
A

vi ¼ 1

2p

ffiffiffiffi
li

p ð1:59Þ

1.5. SYMMETRY ELEMENTS AND POINT GROUPS [9–14]

As noted before, polyatomic molecules have 3N – 6 or, if linear, 3N – 5 normal
vibrations. For any given molecule, however, only vibrations that are permitted by
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the selection rule for thatmolecule appear in the infrared andRaman spectra. Since the
selection rule is determinedby the symmetryof themolecule, thismust first be studied.

The spatial geometric arrangement of the nuclei constituting the molecule deter-
mines its symmetry. If a coordinate transformation (a reflection or a rotation or a
combination of both) produces a configuration of the nuclei indistinguishable from the
original one, this transformation is called a symmetry operation, and the molecule is
said to have a corresponding symmetry element. Molecules may have the following
symmetry elements.

1.5.1. Identity I

This symmetry element is possessed by every molecule no matter how unsymmetric
it is; the corresponding operation is to leave the molecule unchanged. The inclusion
of this element is necessitated by mathematical reasons that will be discussed in
Sec. 1.7.

1.5.2. A Plane of Symmetry �

If reflection of a molecule with respect to some plane produces a configuration
indistinguishable from the original one, the plane is called a plane of symmetry.

1.5.3. A Center of Symmetry i

If reflection at the center, that is, inversion, produces a configuration indistinguishable
from the original one, the center is called a centerof symmetry. This operation changes
the signs of all the coordinates involved: xi! � xi; yi! � yi; zi! � zi.

1.5.4. A p-Fold Axis of Symmetry Cp
*

If rotation through an angle 360	/p about an axis produces a configuration indistin-
guishable from the original one, the axis is called a p-fold axis of symmetry Cp. For
example, a twofold axisC2 implies that a rotation of 180	 about the axis reproduces the
original configuration. A molecule may have a two-, three-, four-, five-, or sixfold, or
higher axis. A linear molecule has an infinite-fold (denoted by ¥-fold) axis of
symmetry C¥ since a rotation of 360	/¥, that is, an infinitely small angle, transforms
the molecule into one indistinguishable from the original.

1.5.5. A p-Fold Rotation–Reflection Axis Sp
*

If rotation by 360	/p about the axis, followed by reflection at a plane perpendicular to
the axis, produces a configuration indistinguishable from the original one, the axis is
called a p-fold rotation–reflection axis. A molecule may have a two-, three-, four-,

* The notationCn
p (or S

n
p) is used to indicate that the Cp (or Sp) operation is carried out successively n times.
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five-, or sixfold, or higher, rotation–reflection axis. A symmetrical linear molecule
has an S¥ axis. It is easily seen that the presence of Sp alwaysmeans the presence ofCp

as well as s when p is odd.

1.5.6. Point Group

A molecule may have more than one of these symmetry elements. Combination
of more and more of these elements produces systems of higher and higher
symmetry. Not all combinations of symmetry elements, however, are possible. For
example, it is highly improbable that amoleculewill have aC3 andC4 axis in the same
direction because this requires the existence of a 12-fold axis in themolecule. It should
also be noted that the presence of some symmetry elements often implies the presence
of other elements. For example, if a molecule has two s planes at right angles to
each other, the line of intersection of these two planes must be a C2 axis. A
possible combination of symmetry operations whose axes intersect at a point is called
a point group.*

Theoretically, an infinite number of point groups exist, since there is no restriction
on the order (p) of rotation axes that may exist in an isolated molecule. Practically,
however, there are fewmolecules and ions that possess a rotation axis higher than C6.
Thus most of the compounds discussed in this book belong to the following point
groups:

(1) Cp. Molecules having only a Cp and no other elements of symmetry: C1,C2,
C3, and so on.

(2) Cph. Molecules having a Cp and a sh perpendicular to it: C1h�Cs, C2h, C3h,
and so on.

(3) Cpv. Molecules having a Cp and psv through it: C1v�Cs;C2v;C3v;C4v; . . . ;
C¥v:

(4) Dp. Molecules having a Cp and pC2 perpendicular to the Cp and at equal
angles to one another: D1�C2, D2�V, D3, D4, and so on.

(5) Dph. Molecules having a Cp, psn through it at angles of 360	/2p to
one another, and a sh perpendicular to the Cp: D1h�C2v;D2h�Vh;D3h;D4h;
D5h;D6h; . . . ;D¥h:

(6) Dpd. Molecules having a Cp, pC2 perpendicular to it, and psd which go
through the Cp and bisect the angles between two successive C2 axes:
D2d�Vd, D3d, D4d, D5d, and so on.

(7) Sp. Molecules having only a Sp (p even). For p odd, Sp is equivalent to
Cp�sh, for which other notations such asC3h are used: S2�Ci,S4, S6, and so
on.

(8) Td.Molecules having threemutually perpendicularC2 axes, fourC3 axes, and
a sd through each pair of C3 axes: regular tetrahedral molecules.

*In this respect, point groups differ from space groups, which involve translations and rotations about
nonintersecting axes (see Sec. 1.27).
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(9) Oh. Molecules having three mutually perpendicular C4 axes, four C3 axes,
and a center of symmetry, i: regular octahedral and cubic molecules.

(10) Ih. Molecules having 6 C5 axes, 10 C3 axes, 15 C2 axes, 15 s planes, and a
center of symmetry. In total, suchmolecules possess 120 symmetry elements.
One example is an icosahedron having 20 equilateral triangular faces, which
is found in the B12 skeleton of the B12H

2�
21 ion (Sec. 2.13). Another example

is a regular dodecahedron having 12 regular pentagonal faces. Buckminster-
fullerene,C60 (Sec. 2.14), also belongs to the Ih point group. It is a truncated
icosahedron with 20 hexagonal and 12 pentagonal faces.

Figure 1.9 illustrates the symmetry elements present in the point group, D4h.
Complete listings of the symmetry elements for common point groups are found in the
character tables included inAppendix I. Figure 1.10 illustrates examples ofmolecules
belonging to some of these point groups. From the symmetry perspective, molecules

Fig. 1.9. Symmetry elements in D4h point group.
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belonging to theC1,C2,C3,D2�V, andD3 groups possess only Cp axes, and are thus
optically active.

1.6. SYMMETRY OF NORMAL VIBRATIONS AND SELECTION RULES

Figures 1.11 and 1.12 illustrate the normal modes of vibration of CO2 and H2O
molecules, respectively. In each normal vibration, the individual nuclei carry out a
simple harmonicmotion in the direction indicated by the arrow, and all the nuclei have

Fig. 1.10. Examples of molecules belonging to some point groups.
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the same frequency of oscillation (i.e., the frequency of the normal vibration) and
are moving in the same phase. Furthermore, the relative lengths of the arrows indicate
the relative velocities and the amplitudes for each nucleus.* The n2 vibrations in CO2

areworth comment, since theydiffer from theothers in that twovibrations (n2a and n2b)
have exactly the same frequency. Apparently, there are an infinite number of normal
vibrations of this type, which differ only in their directions perpendicular to the
molecular axis. Any of them, however, can be resolved into two vibrations such as n2a
and n2b, which are perpendicular to each other. In this respect, the n2 vibrations in CO2

are called doubly degenerate vibrations. Doubly degenerate vibrations occur only
when a molecule has an axis higher than twofold. Triply degenerate vibrations also
occur in molecules having more than one C3 axis.

To determine the symmetry of a normal vibration, it is necessary to begin by
considering the kinetic and potential energies of the system. These were discussed in
Sec. 1.4:

Fig. 1.10. (Continued)

*In this respect, all the normal modes of vibration shown in this book are only approximate.
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T ¼ 1

2

X
i

_Q
2

i ð1:60Þ

V ¼ 1

2

X
i

liQ2
i ð1:61Þ

Consider a case in which amolecule performs only one normal vibration,Qi. Then,
T ¼ 1

2
_Q
2

i and V ¼ 1
2liQ

2
i . These energies must be invariant when a symmetry

operation, R, changes Qi to RQi. Thus, we obtain

T ¼ 1

2
_Q
2

i ¼
1

2
ðR _QiÞ2

V ¼ 1

2
liQ2

i ¼
1

2
liðRQiÞ2

Fig. 1.10. (Continued)
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Fig. 1.10. (Continued)

Fig. 1.11. Normal modes of vibration in CO2 (þ and – denote vibrations going upward and

downward, respectively, in the direction perpendicular to the paper plane).
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For these relations to hold, it is necessary that

ðRQiÞ2 ¼ Q2
i or RQi ¼ �Qi ð1:62Þ

Thus, the normal coordinate must change either into itself or into its negative. If
Qi¼RQi, the vibration is said to be symmetric. If Qi¼�RQi, it is said to be
antisymmetric.

If the vibration is doubly degenerate, we have

T ¼ 1

2
_Q
2
iaþ

1

2
_Q
2
ib

V ¼ 1

2
liðQiaÞ2þ 1

2
liðQibÞ2

In this case, a relation such as

ðRQiaÞ2þðRQibÞ2 ¼ Q2
iaþQ2

ib ð1:63Þ
must hold. As will be shown later, such a relationship is expressed more conveniently
by using a matrix form:*

R

"
Qia

Qib

#
¼
"
A B
C D

#"
Qia

Qib

#

where the values of A, B,C, andD depend on the symmetry operation, R. In any case,
thenormal vibrationmust be either symmetric or antisymmetric or degenerate for each
symmetry operation.

The symmetry properties of the normal vibrations of the H2O molecule shown in
Fig. 1.12 are classified as indicated in Table 1.3. Here,þ1 and�1 denote symmetric
and antisymmetric, respectively. In the n1 and n2 vibrations, all the symmetry
properties are preserved during the vibration. Therefore they are symmetric vibrations
and are called, in particular, totally symmetric vibrations. In the n3 vibration, however,
symmetry elements such as C2 and sv (xz) are lost. Thus, it is called a nonsymmetric
vibration. If amolecule has a number of symmetry elements, the normal vibrations are
classified according to the number and the kind of symmetry elements preserved
during the vibration.

To determine the activity of the vibrations in the infrared and Raman spectra, the
selection rulemust be applied to each normal vibration. Aswill be shown in Sec. 1.10,
rigorous selection rules can be derived quantum mechanically, and applied to
individual molecules using group theory.

For small molecules, however, the IR and Raman activities may be determined by
simple inspection of their normal modes. First, we consider the general rule which
states that the vibration is IR-active if the dipole moment is changed during
the vibration. It is obvious that the vibration of a homopolar diatomic molecule is

*For matrix algebra, see Appendix II.
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not IR-active,whereas that of a heteropolar diatomicmolecule is IR-active. In the case
of CO2, shown in Fig. 1.11, it is readily seen that the n1 is not IR-active, whereas the n2
and n3 are IR-active. Figure 1.13 illustrates the changes in dipole moment during the
three normal vibrations of H2O. It is readily seen that all the vibrations are IR-active
because the magnitude or direction of the dipole moment is changed as indicated.

To discuss Raman activity,wemust consider the nature of polarizability introduced
in Sec. 1.2. When a molecule interacts with the electric field of a laser beam, its
electron cloud is distorted because the positively charged nuclei are attracted toward
the negative pole, and the electrons toward the positive pole, as shown inFig. 1.14. The
charge separation produces an induced dipole moment (P) given by*

P ¼ aE* ð1:64Þ

TABLE 1.3.

C2v I C2(z) sv(xz)
a sv(xz)

a

Q1, Q2 þ1 þ1 þ1 þ1
Q3 þ1 �1 �1 þ1
asv¼ vertical plane of symmetry.

*A more complete form of this equation is P ¼ aE þ 1
2bE

2 . . .. Here, b
 a and b is called the
hyperpolarizability. The second term becomes significant only when E is large (�109 V cm�1). In this
case, we observe novel spectroscopic phenomena such as the hyper Raman effect, stimulated Raman effect,
inverse Raman effect, and coherent anti-Stokes Raman scattering (CARS). For a discussion of nonlinear
Raman spectroscopy, see Refs. 25 and 26.

Fig. 1.12. Normal modes of vibration in H2O.
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whereE is the strength of the electric field anda is the polarizability. By resolvingP,a,
and E in the x, y, and z directions, we can write.

Px ¼ axEx; Py ¼ ayEy; Pz ¼ azEz ð1:65Þ

However, the actual relationship is more complicated since the direction of polariza-
tion may not coincide with the direction of the applied field. This is so because the
direction of chemical bonds in the molecule also affects the direction of polarization.
Thus, instead of Eq. 1.65, we have the relationship

Px ¼ axxExþ axyEyþ axzEz

Py ¼ ayxExþ ayyEyþ ayzEz

Pz ¼ azxExþ azyEyþ azzEz

ð1:66Þ

In matrix form, Eq. 1.66 is written as

"
Px

Py

Pz

#
¼
" axx axy axz
ayx ayy ayz
azx azy azz

#"
Ex

Ey

Ez

#
ð1:67Þ

Fig. 1.13. Changes in dipole moment for H2O during each normal vibration.

Fig. 1.14. Polarization of a diatomic molecule in an electric field.
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and the first matrix on the right-hand side is called the polarizability tensor. In normal
Raman scattering, the tensor is symmetric; axy¼ ayx, ayz¼ azy, and axz¼ azx. This is
not so, however, in the case of resonance Raman scattering (Sec. 1.22).

According to quantummechanics, the vibration is Raman-active if one of these six
components of the polarizability changes during the vibration. Thus, it is obvious that
the vibration of a homopolar diatomic molecule is Raman-active but not IR-active,
whereas the vibration of a heteropolar diatomic molecule is both IR- and Raman-
active.

Changes in the polarizability tensor can be visualized if we draw a polarizability
ellipsoid by plotting 1=

ffiffiffi
a
p

in every direction from the origin. This gives a three-
dimensional surface such as shown below:

If we rotate such an ellipsoid so that its principal axes coincide with the molecular
axes (X, Y, and Z), Eq. 1.67 is simplified to

"
PX

PY

PZ

#
¼
" aXX 0 0

0 aYY 0
0 0 aZZ

#"
EX

EY

EZ

#
ð1:68Þ

Such axes are called principal axes of polarizability. In terms of the polarizability
ellipsoid, the vibration is Raman-active if the polarizability ellipsoid changes in size,
shape, or orientation during the vibration.

As an example, Fig. 1.15 illustrates the polarizability ellipsoids for the three
normal vibrations of H2O at the equilibrium (q¼ 0) and two extreme configurations
(q¼�q). It is readily seen that both n1 and n2 are Raman-active because the size and
the shape of the ellipsoid (axx, ayy, and azz) change during these vibrations. The n3 is
also Raman-active because the orientation of the ellipsoid (ayz) changes during the
vibration. Thus, all three normal vibrations of H2O are Raman-active. Figure 1.16
illustrates the changes in polarizability ellipsoids during the normal vibrations of
CO2. It is readily seen that n1 is Raman-active because the size of the ellipsoid
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changes during the vibration (axx, ayy, and azz change proportionately). Although the
size and/or shape of the ellipsoid change during the n2 and n3 vibrations, they are
identical in two extreme positions, as seen in Fig. 1.16. If we consider a limiting
case where the nuclei undergo very small displacements, there is effectively no
change in the polarizability. This is illustrated in Fig. 1.17. Thus, these two
vibrations are not Raman-active.

It should be noted that in CO2 the vibration symmetric with respect to the center of
symmetry (n1) is Raman-active and not IR-active, whereas the vibrations antisym-
metric with respect to the center of symmetry (n2 and n3) are IR-active but not Raman-
active. In a polyatomic molecule having a center of symmetry, the vibrations
symmetric with respect to the center of symmetry (g vibrations*) are Raman-active

Fig. 1.15. Changes in polarizability ellipsoid during normal vibrations of H2O.

Fig. 1.16. Changes in polarizability ellipsoid during normal vibrations of CO2.

*The symbols g and u stand for gerade and ungerade (German), respectively.
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and not IR-active, but the vibrations antisymmetric with respect to the center of
symmetry (u vibrations*) are IR-active and not Raman-active. This rule is called the
“mutual exclusion rule.” It should be noted, however, that in polyatomic molecules
having several symmetry elements in addition to the center of symmetry, the vibra-
tions that should be active according to this rulemay not necessarily be active, because
of the presence of other symmetry elements. An example is seen in a square–planar
XY4-type molecule ofD4h symmetry, where the A2g vibrations are not Raman-active
and the A1u, B1u, and B2u vibrations are not IR-active (see Sec. 2.6).

1.7. INTRODUCTION TO GROUP THEORY [9–14]

In Sec. 1.5, the symmetry and the point group allocation of a given molecule were
discussed. To understand the symmetry and selection rules of normal vibrations in
polyatomic molecules, however, a knowledge of group theory is required. The
minimum amount of group theory needed for this purpose is given here.

Consider a pyramidalXY3molecule (Fig. 1.18) forwhich the symmetry operations
I, Cþ3 , C�3 , s1, s2, and s3 are applicable. Here, C

þ
3 and C�3 denote rotation through

120	 in the clockwise and counterclockwise directions, respectively; and s1, s2, and
s3 indicate the symmetry planes that pass through X and Y1, X and Y2, and X and Y3,
respectively. For simplicity, let these symmetry operations be denoted by I,A,B,C,D,
and E, respectively. Other symmetry operations are possible, but each is equivalent to
someoneof the operationsmentioned. For instance, a clockwise rotation through 240	

is identical with operation B. It may also be shown that two successive applications of
any one of these operations is equivalent to some single operation of the group
mentioned. Let operationC be applied to the original figure. This interchangesY2 and
Y3. If operation A is applied to the resulting figure, the net result is the same as

Fig. 1.17. Changes in polarizability with respect to displacement coordinate during the n1 and n2,3
vibrations in CO2.

*The symbols g and u stand for gerade and ungerade (German), respectively.
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application of the single operationD to the original figure. This iswritten asCA¼D. If
all the possible multiplicative combinations are made, then a tabular display such as
Table 1.4, inwhich the operation applied first iswritten across the top, is obtained.This
is called the multiplication table of the group.

It is seen that a group consisting of the mathematical elements (symmetry
operations) I, A, B, C, D, and E satisfies the following conditions:

(1) The product of any two elements in the set is another element in the set.

(2) The set contains the identity operation that satisfies the relation IP¼PI¼P,
where P is any element in the set.

(3) The associative law holds for all the elements in the set, that is, (CB)A¼C (BA),
for example.

(4) Every element in the set has its reciprocal, X, which satisfies the relation
XP¼PX¼ I, where P is any element in the set. This reciprocal is usually
denoted by P�1.

These are necessary and sufficient conditions for a set of elements to formagroup. It is
evident that operations I,A,B,C,D, andE formagroup in this sense. It should be noted

TABLE 1.4.

I A B C D E

I I A B C D E

A A B I D E C

B B I A E C D

C C E D I B A

D D C E A I B

E E D C B A I

Fig. 1.18. Pyramidal XY3 molecule.
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that the commutative law of multiplication does not necessarily hold. For example,
Table 1.4 shows that CD „ DC.

The six elements can be classified into three types of operation: the identity
operation I, the rotationsCþ3 andC�3 , and the reflectionss1,s2, ands3. Each of these
sets of operations is said to form a class. More precisely, two operations, P and Q,
which satisfy the relation X�1PX¼P orQ, where X is any operation of the group and
X�1 is its reciprocal, are said to belong to the same class. It can easily be shown thatCþ3
andC�3 , for example, satisfy the relation. Thus the six elements of the point groupC3v

are usually abbreviated as I, 2C3, and 3sv.
The relations between the elements of the group are shown in the multiplication

table (Table 1.4). Such a tabulation of a group is, however, awkward to handle. The
essential features of the table may be abstracted by replacing the elements by some
analytical function that reproduces the multiplication table. Such an analytical
expression may be composed of a simple integer, an exponential function, or a
matrix. Any set of such expressions that satisfies the relations given by the multipli-
cation table is called a representation of the group and is designated by G. The
representations of the point group C3v discussed above are indicated in Table 1.5. It
can easily be proved that each representation in the table satisfies the multiplication
table.

In addition to the three representations in Table 1.5, it is possible towrite an infinite
number of other representations of the group. If a set of six matrices of the type
S�1R(K)S is chosen,whereR(K) is a representation of the elementKgiven inTable 1.5,
SðjSj „ 0Þ is any matrix of the same order as R, and S�1 is the reciprocal of S, this set
also satisfies the relations givenby themultiplication table. The reason is obvious from
the relation

S� 1RðKÞSS� 1RðLÞS ¼ S� 1RðKÞRðLÞS ¼ S� 1RðKLÞS

Such a transformation is called a similarity transformation. Thus, it is possible tomake
an infinite number of representations by means of similarity transformations.

On the other hand, this statement suggests that a given representationmay possibly
be broken into simpler ones. If each representation of the symmetry element K is

TABLE 1.5.

C3v I A B C D E

A1(G1) 1 1 1 1 1 1

A2(G2) 1 1 1 �1 �1 �1

E(G3)
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transformed into the form

by a similarity transformation,Q1(K),Q2(K), . . . are simpler representations. In such a
case,R(K) is called reducible. If a representation cannot be simplified any further, it is
said tobe irreducible. The representationsG1,G2, andG3 inTable1.5 are all irreducible
representations. It can be shown generally that the number of irreducible representa-
tions is equal to the number of classes. Thus, only three irreducible representations
exist for the point group C3v. These representations are entirely independent of each
other. Furthermore, the sum of the squares of the dimensions (l) of the irreducible
representations of a group is always equal to the total number of the symmetry
elements, namely, the order of the group (h). Thus

X
l2i ¼ l21þ l22þ � � � ¼ h ð1:70Þ

In the point group C3v, it is seen that

12þ 12þ 22 ¼ 6

A point group is classified into species according to its irreducible representations. In
the point group C3v, the species having the irreducible representations G1, G2, and G3

are called the A1, A2, and E species, respectively.*

The sum of the diagonal elements of a matrix is called the character of the matrix
and is denoted by c. It is to be noted in Table 1.5 that the character of each of the
elements belonging to the same class is the same. Thus, using the character,
Table 1.5 can be simplified to Table 1.6. Such a table is called the character table
of the point group C3v.

That the character of a matrix is not changed by a similarity transformation
can be proved as follows. If a similarity transformation is expressed by T¼ S�1RS,
then

cT ¼
X
i

ðS� 1RSÞii ¼
X
i;j;k

ðS� 1ÞijRjkSki ¼
X
j;k;i

SkiðS� 1ÞijRjk

¼
X
j;k

dkjRjk ¼
X
k

Rkk ¼ cR

ð1:69Þ

*For labeling of the irreducible representations (species), see Appendix I.
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where dkj is Kr€onecker’s delta (0 for k „ j and 1 for k¼ j). Thus, any reducible
representation can be reduced to its irreducible representations by a similarity
transformation that leaves the character unchanged. Therefore, the character of the
reducible representation, c(K), is written as

cðKÞ ¼
X
m

amcmðKÞ ð1:71Þ

where cm(K) is the character of Qm(K), and am is a positive integer that indicates
the number of times that Qm(K) appears in the matrix of Eq. 1.69. Hereafter the
character will be used rather than the corresponding representation because a 1 : 1
correspondence exists between these two, and the former is sufficient for vibra-
tional problems.

It is important to note that the following relation holds in Table 1.6:

X
K

ciðKÞcjðKÞ ¼ hdij ð1:72Þ

If Eq. 1.71 ismultiplied by ci(K) on both sides, and the summation is taken over all the
symmetry operations, then

X
K

cðKÞciðKÞ ¼
X
K

X
m

amcmðKÞciðKÞ

¼
X
m

X
K

amcmðKÞciðKÞ

For a fixed m, we have

X
K

amcmðKÞciðKÞ ¼ am
X
K

cmðKÞciðKÞ ¼ amhdim

If we consider the sum of such a term over m, only the sum in which m¼ i remains.
Thus, we obtain

X
K

cðKÞcmðKÞ ¼ ham

TABLE 1.6. Character Table of the Point GroupC3v

C3v I 2C3(z) 3sv

A1 (c1) 1 1 1

A2 (c2) 1 1 �1
E (c3) 2 �1 0
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or

am ¼ 1

h

X
K

cðKÞcmðKÞ ð1:73Þ

This formula is written more conveniently as

am ¼ 1

h

X
ncðKÞcmðKÞ ð1:74Þ

where n is the number of symmetry elements in any one class, and the summation is
made over the different classes. As Sec. 1.8 will show, this formula is very useful in
determining the number of normal vibrations belonging to each species.*

1.8. THE NUMBER OF NORMAL VIBRATIONS FOR EACH SPECIES

As shown in Sec. 1.6, the 3N� 6 (or 3N� 5) normal vibrations of anN-atommolecule
can be classified into various species according to their symmetry properties. The
number of normal vibrations in each species can be calculated by using the general
equations given in Appendix III. These equations were derived from consideration of
the vibrational degrees of freedom contributed by each set of identical nuclei for each
symmetry species [1]. As an example, let us consider the NH3 molecule belonging to
the C3v point group. The general equations are as follows:

A1 species : 3mþ 2mvþm0� 1

A2 species : 3mþmv� 1

E species : 6mþ 3mvþm0� 2

Nðtotal number of atomsÞ ¼ 6mþ 3mvþm0

From the definitions given in the footnotes of Appendix III, it is obvious that m¼ 0,
m0¼ 1, and mv¼ 1 in this case. To check these numbers, we calculate the total
number of atoms from the equation for N given above. Since the result is 4, these
assigned numbers are correct. Then, the number of normal vibrations in each species
can be calculated by inserting these numbers in the general equations given above:
2, 0, and 2, respectively, for the A1, A2, and E species. Since the E species is doubly
degenerate, the total number of vibrations is counted as 6, which is expected from
the 3N� 6 rule.

Amore general method of finding the number of normal vibrations in each species
can be developed by using group theory. The principle of the method is that all the

*Since this equation is not applicable to the infinite point groups (C¥v and D¥h), several alternative
approaches have been proposed (see Refs. 75 and 76).
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representations are irreducible if normal coordinates are used as the basis for the
representations. For example, the representations for the symmetry operations based
on three normal coordinates, Q1, Q2, and Q3, which correspond to the n1, n2, and n3
vibrations in the H2O molecule of Fig. 1.12, are as follows:

I

"Q1

Q2

Q3

#
¼
" 1 0 0

0 1 0

0 0 1

#"Q1

Q2

Q3

#
; C2ðzÞ

"Q1

Q2

Q3

#
¼
" 1 0 0

0 1 0

0 0 � 1

#"Q1

Q2

Q3

#

svðxzÞ
"
Q1

Q2

Q3

#
¼
" 1 0 0
0 1 0
0 0 � 1

#"
Q1

Q2

Q3

#
; svðyzÞ

"
Q1

Q2

Q3

#
¼
" 1 0 0
0 1 0
0 0 1

#"
Q1

Q2

Q3

#

Let a representation be written with the 3N rectangular coordinates of an N-atom
molecule as its basis. If it is decomposed into its irreducible components, the basis for
these irreducible representations must be the normal coordinates, and the number of
appearances of the same irreducible representation must be equal to the number of
normal vibrations belonging to the species represented by this irreducible represen-
tation. As stated previously, however, the 3N rectangular coordinates involve six (or
five) coordinates, which correspond to the translational and rotational motions of the
molecule as awhole. Therefore, the representations that have such coordinates as their
basis must be subtracted from the result obtained above. Use of the character of the
representation, rather than the representation itself, yields the same result.

For example, consider a pyramidalXY3molecule that has six normal vibrations.At
first, the representations for the various symmetry operations must bewritten with the
12 rectangular coordinates in Fig. 1.19 as their basis. Consider pure rotationCþp . If the

Fig. 1.19. Rectangular coordinates in a pyramidal XY3 molecule (Z axis is perpendicular to the

paper plane).
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clockwise rotation of the point (x,y,z) around the z axis by the angle y brings it to the
point denoted by the coordinates (x0,y0,z0), the relations between these two sets of
coordinates are given by.

x0 ¼ x cosyþ y siny

y0 ¼ � x sinyþ y cosy

z0 ¼ z ð1:75Þ

By using matrix notation,* this can be written as

"
x0

y0

z0

#
¼ Cþ0

"
x
y
z

#
¼
" cosy siny 0
� siny cosy 0

0 0 1

#"
x
y
z

#
ð1:76Þ

Then the character of the matrix is given by

cðCþy Þ ¼ 1þ 2cosy ð1:77Þ

The same result is obtained for cðC�y Þ. If this symmetry operation is applied to all
the coordinates of the XY3 molecule, the result is

whereA denotes the small square matrix given by Eq. 1.76. Thus, the character of this
representation is simply given by Eq. 1.77. It should be noted in Eq. 1.78 that only the
smallmatrixA, related to the nuclei unchanged by the symmetry operation, appears as
adiagonal element.Thus, amoregeneral formof the character of the representation for
rotation around the axis by y is

*For matrix algebra, see Appendix II.

ð1:78Þ
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cðRÞ ¼ NRð1þ 2 cosyÞ ð1:79Þ

whereNR is the number of nuclei unchangedby the rotation. In the present case,NR¼ 1
and y¼ 120	. Therefore, we obtain

cðC3Þ ¼ 0 ð1:80Þ

Identity (I) can be regarded as a special case of Eq. 1.79 in which NR¼ 4 and y¼ 0	.
The character of the representation is

cðIÞ ¼ 12 ð1:81Þ

Pure rotation and identity are called proper rotation.
It is evident from Fig. 1.19 that a symmetry plane such as s1 changes the

coordinates from (xi, yi, zi) to (�xi, yi, zi). The corresponding representation is
therefore written as

s1

"
x
y
z

#
¼
" � 1 0 0

0 1 0
0 0 1

#"
x
y
z

#
ð1:82Þ

The result of such an operation on all the coordinates is

where B denotes the small square matrix of Eq. 1.82. Thus, the character of this
representation is calculated as 2� 1¼ 2. It is noted again that the matrix on the
diagonal is nonzero only for the nuclei unchanged by the operation.

More generally, a reflection at a plane (s) is regarded as s¼ i�C2. Thus, the
general form of Eq. 1.82 may be written as

ð1:83Þ
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" � 1 0 0
0 � 1 0
0 0 � 1

#" cosy siny 0
� siny cosy 0

0 0 1

#
¼
" � cosy � siny 0

siny � cosy 0
0 0 � 1

#

Then

cðsÞ ¼ � ð1þ 2 cosyÞ

As a result, the character of the large matrix shown in Eq. 1.83 is given by

cðRÞ ¼ �NRð1þ 2 cosyÞ ð1:84Þ

In the present case, NR¼ 2 and y¼ 180	. This gives

cðsvÞ ¼ 2 ð1:85Þ

Symmetry operations such as i and Sp are regarded as

i ¼ i� I; y ¼ 0	

S3 ¼ i� C6; y ¼ 60	

S4 ¼ i� C4; y ¼ 90	

S6 ¼ i� C3; y ¼ 120	

Therefore, the characters of these symmetry operations can be calculated by Eq. 1.84
with the values of y defined above. Operations such ass, i, and Sp are called improper
rotations. Thus, the character of the representation based on 12 rectangular coordi-
nates is as follows:

I 2C3 3sv

12 0 2
ð1:86Þ

To determine the number of normal vibrations belonging to each species, the c(R)
thus obtained must be resolved into the ci(R) of the irreducible representations
of each species in Table 1.6. First, however, the characters corresponding to the
translational and rotationalmotions of themoleculemust be subtracted from the result
shown in Eq. 1.86.

The characters for the translational motion of the molecule in the x, y, and z
directions (denoted by Tx, Ty, and Tz) are the same as those obtained in Eqs. 1.79 and
1.84. They are as follows:

ctðRÞ ¼ �ð1þ 2 cosyÞ ð1:87Þ

where the þ and � signs are for proper and improper rotations, respectively. The
characters for the rotations around the x, y, and z axes (denoted by Rx, Ry, and Rz) are
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given by

crðRÞ ¼ þ ð1þ 2 cosyÞ ð1:88Þ

for both proper and improper rotations. This is due to the fact that a rotation of the
vectors in the plane perpendicular to the x, y, and z axes can be regarded as a rotation of
the components of angular momentum,Mx,My, andMz, about the given axes. If px, py,
and pz are the components of linear momentum in the x, y, and z directions, the
following relations hold:

Mx ¼ ypz� zpy

My ¼ zpx� xpz

Mz ¼ xpy� ypx

Since (x,y,z) and (px,py ,pz) transform as shown in Eq. 1.76, it follows that

Cy

"
Mx

My

Mz

#
¼
" cosy siny 0
� siny cosy 0

0 0 1

#"
Mx

My

Mz

#

Then, a similar relation holds for Rx, Ry , and Rz:

Cy

"
Rx

Ry

Rz

#
¼
" cosy siny 0
� siny cosy 0

0 0 1

#"
Rx

Ry

Rz

#

Thus, the characters for the proper rotations are as givenbyEq. 1.88. The same result is
obtained for the improper rotation if the latter is regarded as i� (proper rotation).
Therefore, the character for the vibration is obtained from

cvðRÞ ¼ cðRÞ� ctðRÞ� crðRÞ ð1:89Þ

It is convenient to tabulate the foregoing calculations as in Table 1.7. By using the
formula inEq. 1.74 and the character of the irreducible representations inTable 1.6, am
can be calculated as follows:

amðA1Þ ¼ 1

6
ð1Þð6Þð1Þþ ð2Þð0Þð1Þþ ð3Þð2Þð1Þ½ � ¼ 2

amðA2Þ ¼ 1

6
ð1Þð6Þð1Þþ ð2Þð0Þð1Þþ ð3Þð2Þð� 1Þ½ � ¼ 0

amðEÞ ¼ 1

6
ð1Þð6Þð2Þþ ð2Þð0Þð� 1Þþ ð3Þð2Þð0Þ½ � ¼ 2
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and

cv ¼ 2cA1þ 2cE ð1:90Þ

In other words, the six normal vibrations of a pyramidal XY3 molecule are classified
into two A1 and two E species.

This procedure is applicable to any molecule. As another example, a similar
calculation is shown in Table 1.8 for an octahedral XY6 molecule. By use of Eq. 1.74
and the character table in Appendix I, the am are obtained as

amðA1gÞ ¼ 1

48
ð1Þð15Þð1Þþ ð8Þð0Þð1Þþ ð6Þð1Þð1Þþ ð6Þð1Þð1Þ½
þ ð3Þð� 1Þð1Þþ ð1Þð� 3Þð1Þþ ð6Þð� 1Þð1Þþ ð8Þð0Þð1Þ

þ ð3Þð5Þð1Þþ ð6Þð3Þð1Þ�

¼ 1

TABLE 1.7.

Symmetry Operation: I 2C3 3sv

Kind of Rotation:
Proper Improper

y: 0	 120	 180	

cos y 1 � 1
2 –1

1þ 2 cos y 3 0 –1

NR 4 1 2

c,�NR(1þ2 cos y) 12 0 2

ct,� (1þ2 cos y) 3 0 1

cr ,þ (1þ 2 cos y) 3 0 –1

cn, c� ct�cr 6 0 2

TABLE 1.8.

Symmetry Operation I 8C3 6C2 6C4 3C2
4 � C

00
2 S2�i 6S4 8S6 3sh

a
6sd

a

Kind of Rotation:
Proper Improper

y: 0	 120	 180	 90	 180	 0	 90	 120	 180	 180	

cos y 1 � 1
2 �1 0 �1 1 0 � 1

2 �1 �1
1þ2 cos y 3 0 �1 1 �1 3 1 0 �1 �1
NR 7 1 1 3 3 1 1 1 5 3

c,�NR(1þ 2 cos y) 21 0 �1 3 �3 �3 �1 0 5 3

ct,� (1þ2 cos y) 3 0 �1 1 �1 �3 �1 0 1 1

cr,þ (1þ 2 cos y) 3 0 �1 1 �1 3 1 0 �1 �1
cn, c�ct�cr 15 0 1 1 �1 �3 �1 0 5 3

ash¼ horizontal plane of symmetry; sd¼diagonal plane of symmetry.
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amðA1uÞ ¼ 1

48
ð1Þð15Þð1Þþ ð8Þð0Þð1Þþ ð6Þð1Þð1Þþ ð6Þð1Þð1Þ½
þ ð3Þð� 1Þð1Þþ ð1Þð� 3Þð� 1Þþ ð6Þð� 1Þð� 1Þ

þ ð8Þð0Þð� 1Þ þ ð3Þð5Þð� 1Þþ ð6Þð3Þð� 1Þ�

¼ 0

..

.

and therefore

cv ¼ cA1g
þ cEg

þ 2cF1uþ cF2gþ cF2u

1.9. INTERNAL COORDINATES

InSec. 1.4, thepotential and thekinetic energieswereexpressed in termsof rectangular
coordinates. If, instead, these energies are expressed in terms of internal coordinates
such as increments of the bond length and bond angle, the corresponding force
constants have clearer physical meanings than do those expressed in terms of
rectangular coordinates, since these force constants are characteristic of the bond
stretching and the angle deformation involved. The number of internal coordinates
must be equal to, or greater than, 3N� 6 (or 3N� 5), the degrees of vibrational
freedom of an N-atom molecule. If more than 3N� 6 (or 3N� 5) coordinates are
selected as the internal coordinates, this means that these coordinates are not
independent of each other. Figure 1.20 illustrates the internal coordinates for various
types of molecules.

In linear XYZ (a), bent XY2 (b), and pyramidal XY3 (c) molecules, the number of
internal coordinates is the same as the number of normal vibrations. In a nonplanar
X2Y2molecule (d) such as H2O2, the number of internal coordinates is the same as the
number of vibrations if the twisting angle around the central bond (Dt) is considered.
In a tetrahedral XY4 molecule (e), however, the number of internal coordinates
exceeds the number of normal vibrations by one. This is due to the fact that the six
angle coordinates around the central atom are not independent of each other, that is,
they must satisfy the relation

Da12þDa23þDa31þDa14þDa24þDa34 ¼ 0 ð1:91Þ

This is called a redundant condition. In a planar XY3 molecule (f), the number of
internal coordinates is seven when the coordinate Dy, which represents the deviation
from planarity, is considered. Since the number of vibrations is six, one redundant
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Fig. 1.20. Internal coordinates for various molecules.
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condition such as
Da12þDa23þDa31 ¼ 0 ð1:92Þ

must be involved. Such redundant conditions always exist for the angle coordinates
around the central atom. In an octahedral XY6 molecule (g), the number of internal
coordinates exceeds the number of normal vibrations by three. This means that, of
the 12 angle coordinates around the central atom, three redundant conditions are
involved:

Da12þDa26þDa64þDa41 ¼ 0

Da15þDa56þDa63þDa31 ¼ 0

Da23þDa34þDa45þDa52 ¼ 0

ð1:93Þ

The redundant conditions are more complex in ring compounds. For example, the
number of internal coordinates in a triangular X3 molecule (h) exceeds the number of
vibrations by three. One of these redundant conditions (A

0
1species) is

Da1þDa2þDa3 ¼ 0 ð1:94Þ

The other two redundant conditions (E0 species) involve bond stretching and angle
deformation coordinates such as

ð2Dr1�Dr2�Dr3Þþ rffiffiffi
3
p ðDa1þDa2� 2Da3Þ ¼ 0

ðDr2�Dr3Þ� rffiffiffi
3
p ðDa1�Da2Þ ¼ 0 ð1:95Þ

where r is the equilibrium length of the X�X bond. The redundant conditions
mentioned above can be derived by using the method described in Sec. 1.12.

The procedure for finding the number of normal vibrations in each species
was described in Sec. 1.8. This procedure is, however, considerably simplified if
internal coordinates are used. Again, consider a pyramidal XY3 molecule. Using the
internal coordinates shown in Fig. 1.20c, we can write the representation for the Cþ3
operation as

Cþ3

Dr1
Dr2
Dr3
Da12
Da23
Da31

2
666664

3
777775 ¼

0 0 1 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 0 0 0 1
0 0 0 1 0 0
0 0 0 0 1 0

2
6666664

3
7777775

Dr1
Dr2
Dr3
Da12
Da23
Da31

2
666664

3
777775 ð1:96Þ

Thus cðCþ3 Þ ¼ 0, as does cðC�3 Þ. Similarly, c(I)¼ 6 and c(sv)¼ 2. This result is
exactly the same as that obtained in Table 1.7 using rectangular coordinates. When

48 THEORY OF NORMAL VIBRATIONS



using internal coordinates, however, the character of the representation is simply
given by the number of internal coordinates unchanged by each symmetry
operation.

If this procedure is made separately for stretching (Dr) and bending (Da) co-
ordinates, it is readily seen that

crðRÞ ¼ cA1
þ cE

caðRÞ ¼ cA1
þ cE

ð1:97Þ

Thus, it is found that both A1 and E species have one stretching and one bending
vibration, respectively. No consideration of the translational and rotational motions is
necessary if the internal coordinates are taken as the basis for the representation.

Another example, for an octahedral XY6 molecule, is given in Table 1.9. Using
Eq. 1.74 and the character table in Appendix I, we find that these characters are
resolved into.

crðRÞ ¼ cA1g
þ cEg

þ cF1u
ð1:98Þ

caðRÞ ¼ cA1g
þ cEg

þ cF1u
þ cF2g

þ cF2u
ð1:99Þ

Comparison of this result with that obtained in Sec. 1.8 immediately suggests that
three redundant conditions are included in these bending vibrations (one in A1g and
one in Eg). Therefore, ca(R) for genuine vibrations becomes

caðRÞ ¼ cF1u
þ cF2g

þ cF2u
ð1:100Þ

Thus, it is concluded that six stretching and nine bending vibrations are distributed
as indicated in Eqs. 1.98 and 1.100, respectively. Although the method given above
is simpler than that of Sec. 1.8, caution must be exercised with respect to the
bending vibrations whenever redundancy is involved. In such a case, comparison of
the results obtained from both methods is useful in finding the species of
redundancy.

1.10. SELECTION RULES FOR INFRARED AND RAMAN SPECTRA

According to quantum mechanics [3], the selection rule for the infrared spectrum is
determined by the following integral:

TABLE 1.9.

I 8C3 6C2 6C4 3C2
4 � C

00
2 S2� i 6S4 8S6 3sh 6sd

cr (R) 6 0 0 2 2 0 0 0 4 2

ca (R) 12 0 2 0 0 0 0 0 4 2
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½m�v0v00 ¼
ð
c*
v0 ðQaÞmcv00 ðQaÞdQa ð1:101Þ

Here, m is the dipole moment in the electronic ground state, c is the vibrational
eigenfunction given by Eq. 1.21, and v0 and v00 are the vibrational quantum numbers
before and after the transition, respectively. The activity of the normal vibrationwhose
normal coordinate isQa is being determined. By resolving the dipole moment into the
three components in the x, y, and z directions, we obtain the result

½mx�v0v00 ¼
ð
c*
v0 ðQaÞmxcv00 ðQaÞdQa

½my�v0v00 ¼
ð
c*
v0 ðQaÞmycv00 ðQaÞdQa

½mz�v0v00 ¼
ð
c*
v0 ðQaÞmzcv00 ðQaÞdQa ð1:102Þ

If one of these integrals is not zero, the normal vibration associatedwithQa is infrared-
active. If all the integrals are zero, the vibration is infrared-inactive.

Similar to the case of infrared spectrum, the selection rule for the Raman spectrum
is determined by the integral

½a�v0v00 ¼
ð
c*
v0 ðQaÞacv00 ðQaÞdQa ð1:103Þ

As shown in Sec. 1.6, a consists of six components, axx,ayy, azz, axy, ayz, and axz. Thus
Eq. 1.103 may be resolved into six components:

If one of these integrals is not zero, the normal vibration associated withQa is Raman-
active. If all the integrals are zero, the vibration is Raman-inactive. As shown below, it
is possible to determine whether the integrals of Eqs. 1.102 and 1.104 are zero or
nonzero from a consideration of symmetry:

1.10.1. Selection Rules for Fundamentals

Let us consider the fundamentals in which transitions occur from v0 ¼ 0 to v00 ¼ 1. It is
evident from the form of the vibrational eigenfunction (Eq. 1.22) that c0(Qa) is
invariant under any symmetry operation, whereas the symmetry ofc1(Qa) is the same
as that ofQa. Thus, the integral does not vanishwhen the symmetry ofmx, for example,
is the same as that of Qa. If the symmetry properties of mx and Qa differ in even one

ð1:104Þ

50 THEORY OF NORMAL VIBRATIONS



symmetry element of the group, the integral becomes zero. In other words, for the
integral to be nonzero, Qa must belong to the same species as mx.More generally, the
normal vibration associated with Qa becomes infrared-active when at least one of
the components of the dipole moment belongs to the same species as Qa. Similar
conclusions are obtained for the Raman spectrum. Namely, the normal vibration
associated with Qa becomes Raman-active when at least one of the components of the
polarizability belongs to the same species as Qa.

Since the species of the normal vibration can be determined by the methods
described in Sections 1.8 and 1.9, it is necessary only to determine the species of the
components of the dipolemoment and polarizability of themolecule. This can be done
as follows. The components of the dipolemoment,mx,my, andmz, transform as do those
of translational motion, Tx, Ty, and Tz, respectively. These were discussed in Sec. 1.8.
Thus, the character of the dipole moment is given by Eq. 1.87, which is

cuðRÞ ¼ �ð1þ 2 cosyÞ ð1:105Þ

where þ and � have the same meaning as before. In a pyramidal XY3 molecule,
Eq. 1.105 gives

I 2C3 3sv

cmðRÞ 3 0 1

UsingEq. 1.74,we resolve this intoA1þE. It is obvious thatmz belongs toA1. Then,mx
and my must belong to E. In fact, the pair, mx and my, transforms as follows:

I

�
mx
my

�
¼
"
1 0

0 1

#�
mx
my

�
; Cþ3

�
mx
my

�
¼

� 1

2

ffiffiffi
3
p

2

�
ffiffiffi
3
p

2
� 1

2

2
666664

3
777775
�
mx
my

�

cðIÞ ¼ 2; cðCþ3 Þ ¼ � 1

s1

"
mx
my

#
¼
"
� 1 0
0 1

#"
mx
my

#

cðs1Þ ¼ 0

Thus, it is found that mz belongs to A1 and (mx, my) belongs to E.
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The character of the representation of the polarizability is given by

caðRÞ ¼ 2 cosyð1þ 2 cosyÞ ð1:106Þ

for both proper and improper rotations. This can be derived as follows. The
polarizability in the x, y, and z directions is related to that in X, Y, and Z coordinates
by

" aXX aXY aXZ
aYX aYY aYZ
aZX aZY aZZ

#
¼
"CXx CXy CXz

CYx CYy CYz

CZx CZy CZz

#" axx axy axz
ayx ayy ayz
azx azy azz

#"
CXx CYx CZx

CXy CYy CZy

CXz CYz CZz

#

where CXx, CXy, and so forth denote the direction cosines between the two axes
subscripted. If a rotation through y around the Z axis superimposes theX, Y, and Z axes
on the x, y, and z axes, the preceding relation becomes

Cy

"axx axy axz
ayx ayy ayz
azx azy azz

#
¼
" cosy siny 0
� siny cosy 0

0 0 1

#"axx axy axz
ayx ayy ayz
azx azy azz

#" cosy � siny 0
siny cosy 0
0 0 1

#

This can be written as

Cy

axx
ayy
azz
axy
axz
ayz

2
666666664

3
777777775
¼

cos2y sin2y 0 2 siny cosy 0 0

sin2y cos2y 0 � 2 siny cosy 0 0

0 0 1 0 0 0

� siny cosy siny cosy 0 2 cos2y� 1 0 0

0 0 0 0 cosy siny

0 0 0 0 � siny cosy

2
666666664

3
777777775
�

axx
ayy
azz
axy
axz
ayz

2
6666664

3
7777775

Thus, the character of this representation is given by Eq. 1.106. The same results are
obtained for improper rotations if they are regarded as the product i� (proper
rotation). For a pyramidal XY3 molecule, Eq. 1.106 gives

I 2C3 3sv

caðRÞ 6 0 2
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Using Eq. 1.74, this is resolved into 2A1þ 2E. Again, it is immediately seen that*

the component azz belongs to A1, and the pair azx and azy belongs to E since

"
zx
zy

#
¼ z

"
x
y

#
¼ A1 � E ¼ E

It is more convenient to consider the components axxþ ayy and axx� ayy than axx and
ayy. If a vector of unit length is considered, the relation

x2þ y2þ z2 ¼ 1

holds. Sinceazz belongs toA1,axxþ ayymust belong toA1. Then, the pairaxx� ayy and
axy must belong to E. As a result, the character table of the point group C3v, is
completed as in Table 1.10. Thus, it is concluded that, in the point groupC3v both the
A1 and the E vibrations are infrared- as well as Raman-active, while the A2 vibrations
are inactive.

Complete character tables like Table 1.10 have already been worked out for all the
point groups. Therefore, no elaborate treatment such as that described in this section is
necessary in practice. Appendix I gives complete character tables for the point groups
that appear frequently in this book. From these tables, the selection rules for the
infrared and Raman spectra are obtained immediately: The vibration is infrared- or
Raman-active if it belongs to the same species as one of the components of the dipole
moment or polarizability, respectively. For example, the character table of the point
group Oh signifies immediately that only the F1u vibrations are infrared-active and
only theA1g,Eg, andF2gvibrations areRaman-active, for the components of the dipole
moment or the polarizability belong to these species in this point group. It is to be noted
in these character tables that (1) a totally symmetric vibration is Raman-active in any

*The quantum mechanical expression of the polarizability [77] is

axx ¼ 2

3h

X
j

ðmxÞ2j0v2j0
v2j0� v2

axy ¼ 2

3h

X
j

ðmxÞj0ðmyÞj0v2j0
v2j0� v2

etc:

Here, (mx)j0, for example, is the induced dipole moment along the x axis caused by the 0 (ground state)! j
(excited state) electronic transition,vj0 is the frequencyof the0! j transition, and n is the exciting frequency.
Thus, it is readily seen that the character of thepolarizability components such asaxx andaxy is determinedby
considering the product of the characters of dipole moments such as mx and my.
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TABLE 1.10. Character Table of the Point Group C3v

C3v I 2C3 3sv

A1 þ1 þ1 þ1 mz axxþ ayy, azz
A2 þ1 þ1 �1
E þ2 �1 0 (mx , my)

a (axz, ayz),
a (axx�ayy , axy)

a

aA doubly degenerate pair is represented by two terms in parentheses.

point group, and (2) the infrared- and Raman-active vibrations always belong to u and
g types, respectively, in point groups having a center of symmetry.

1.10.2. Selection Rules for Combination and Overtone Bands

As stated in Sec. 1.3, some combination and overtone bands appear weakly because
actual vibrations are not harmonic and some of these nonfundamentals are allowed by
symmetry selection rules.

Selection rules for combination bands (ni� nj) can bederived from the characters of
the direct products of those of individual vibrations. Thus, we obtain

cijðRÞ ¼ ciðRÞ � cjðRÞ ð1:107Þ
As an example, consider a molecule of C3v symmetry. It is readily seen that

I 2C3 3sv

cA1
ðRÞ 1 1 1

�) cE (R) 2 �1 0

cA1�EðRÞ 2 �1 0

cA1�EðRÞ ¼ cEðRÞ

Thus, a combination band between the A1 and E vibrations is IR- as well as Raman-
active.The activity of a combinationbandbetween twoEvibrations canbedetermined
by considering the direct product of their characters:

I 2C3 3sv

cE (R) 2 �1 0
�) cE (R) 2 �1 0

cE�E (R) 4 1 0

Using Eq. 1.74, this set of the characters can be resolved into

cE�EðRÞ ¼ cA1
ðRÞþ cA2

ðRÞþ cEðRÞ
Since bothA1 andE species are IR- andRaman-active, a combination bandbetween

two E vibrations is also IR- and Raman-active. It is convenient to apply the general
rules of Appendix IV in determining the symmetry species of direct products.
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Selection rules for overtones of nondegenerate vibrations can be obtained using the
following relation:

cnðRÞ ¼ ½cðRÞ�n ð1:108Þ
Here, cn(R) is the character of the (n� 1)th overtone (n¼ 2 for the first overtone). As
an example, consider a molecule ofC3v symmetry. The character of the first overtone
of the A2 fundamental is calculated as follows:

I 2C3 3sv

cA2
ðRÞ 1 1 �1

�) cA2
ðRÞ 1 1 �1

c2A2
ðRÞ 1 1 1

Namely, it is IR- as well as Raman-active because c2A2
ðRÞ ¼ cA1

ðRÞ. However, the
second overtone of the A2 fundamental is IR- as well as Raman-inactive because
c3A2
ðRÞ ¼ c2A2

ðRÞ � cA2ðRÞ ¼ cA2
ðRÞ (inactive). In general, odd overtones (A1) are

IR- and Raman-active, whereas even overtones (A2) are inactive. It is obvious that all
the overtones of the A1 fundamental are IR- and Raman-active.

Selection rules for overtones of doubly degenerate vibrations (E species) are
determined by

cnEðRÞ ¼ 1

2
cn� 1
E ðRÞ � cEðRÞþ cEðRnÞ� � ð1:109Þ

For the first overtone, this is written as

c2EðRÞ ¼ 1

2
fcEðRÞg2þ cEðR2Þ
h i

Here, cE(R2) is the character that corresponds to the operation R performed twice
successively. Thus, one obtains

cEðI2Þ ¼ cEðIÞ ¼ 2

cE½ðCþ3 Þ2� ¼ cEðC�3 Þ ¼ � 1

cE½ðsvÞ2� ¼ cEðIÞ ¼ 2

Therefore, c2EðRÞ can be calculated as follows:

I 2C3 3sv

cE(R ) 2 �1 0
�) cE(R ) 2 �1 0

{cE(R )}2 4 1 0
þ) cE(R2 ) 2 �1 2

{cE(R )}2þcE(R2 ) 6 0 2

�2) c2EðRÞ 3 0 1

c2EðRÞ ¼ cA1
ðRÞ þ cEðRÞ
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Thus, the first overtone of the doubly degeneratevibration is IR- andRaman-active.
The characters of overtones for triply degenerate vibrations are given by

cnFðRÞ ¼ 1

3
f2cFðRÞcn� 1

F ðRÞ� 1

2
cn� 2
F ðRÞ½cFðRÞ�2

þ 1

2
cFðR2Þcn� 2

F ðRÞþ cFðRnÞg ð1:110Þ

For more details, see Refs. [3,5], and [9].

1.11. STRUCTURE DETERMINATION

Suppose that a molecule has several probable structures, each of which belongs to a
different point group. Then the number of infrared- and Raman-active fundamentals
should be different for each structure. Therefore, the most probable model can be
selected by comparing the observed number of infrared- and Raman-active funda-
mentals with that predicted theoretically for each model.

Consider the XeF4 molecule as an example. It may be tetrahedral or square-planar.
By use of the methods described in the preceding sections, the number of infrared- or
Raman-active fundamentals can be found easily for each structure. Tables 1.11a and
1.11b summarize the results. It is seen that the distinctionof these twostructures can be
made by comparing the number of IR- and Raman-active FXeF bending modes; the
tetrahedral structure predicts one IR and twoRamanbands,whereas the square–planar
structure predicts two IR and one Raman bands. In general, the XeF stretching
vibrations appear above 500 cm�1,whereas the FXeFbending vibrations are observed
below 300 cm�1. The IR and Raman spectra of XeF4 are shown in Fig. 2.17. The IR
spectrum exhibits two bending bands at 291 and 123 cm�1, whereas the Raman

TABLE 1.11a. Number of Fundamentals for Tetrahedral XeF4

Td Activitya
Number of

Fundamentals

XeF

Stretching

FXeF

Bending

A1 R (p) 1 1 0

A2 ia 0 0 0

E R (dp) 1 0 1

F1 ia 0 0 0

F2 IR, R (dp) 2 1 1

Total IR 2 1 1

R 4 2 2

ap, polarized; dp, depolarized (see Sec. 1.20).
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spectrum shows one bending vibration at 218 cm�1. Thus, the square–planar structure
is preferable to the tetrahedral structure.*

Another example is given by the XeF�5 ion, which has the three possible structures
shown in Fig. 1.21. The results of vibrational analysis for each are summarized in
Table 1.12. It is seen that thenumbers of IR-activevibrations are 5, 6, and3 and thoseof
Raman-active vibrations are 6, 9, and 3, respectively, for the D3h, C4v, and D5h

structures, As discussed in Sec. 2.7.3, theXeF�5 ion exhibits three IR bands (550–400,
290, and 274 cm�1) and three Raman bands (502, 423, and 377 cm�1). Thus, a
pentagonal planar structure is preferable to the other two structures. The somewhat
unusual structures thus obtained for XeF4 and XeF

�
5 can be rationalized by the use of

the valence shell electron-pair repulsion (VSEPR) theory (Sec. 2.6.3).
This rather simple method has been used widely for the elucidation of molecular

structure of inorganic and coordination compounds. In Chapter 2, the number of IR-
and Raman-active vibrations is compared for possible structures of XYn and other

Fig. 1.21. Three possible structures for the XeF�5 ion.

TABLE 1.11b. Number of Fundamentals for Square-Planar XeF4

D4h Activity

Number of

Fundamentals

XeF

Stretching

FXeF

Bending

A1g R (p) 1 1 0

A1u ia 0 0 0

A2g ia 0 0 0

A2u IR 1 0 1

B1g R (dp) 1 1 0

B1u ia 0 0 0

B2g R (dp) 1 0 1

B2u ia 1 0 1

Eg R (dp) 0 0 0

Eu IR 2 1 1

Total IR 3 1 2

R 3 2 1

*This conclusionmay be drawn directly from observation of themutual exclusion rule, which holds forD4h

but not for Td.
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molecules. Appendix V lists the number of IR- and Raman-active vibrations of
MXnYm-type molecules. It should be noted, however, that this method does not give a
clear-cut answer if the predicted numbers of infrared- andRaman-active fundamentals
are similar for various probable structures. Furthermore, a practical difficulty arises in
determining the number of fundamentals from the observed spectrum, since the
intensities of overtone and combination bands are sometimes comparable to those of
fundamentals when they appear as satellite bands of the fundamental. This is
particularly true when overtone and combination bands are enhanced anomalously
by Fermi resonance (accidental degeneracy). For example, the frequency of the first
overtone of the n2 vibration of CO2 (667 cm

�1) is very close to that of the n1 vibration
(1337 cm�1). Since these two vibrations belong to the same symmetry species ðPþ

g Þ,
they interact with each other and give rise to two strong Raman lines at 1388 and
1286 cm�1. Fermi resonances similar to the resonance observed for CO2may occur for
a number of other molecules. It is to be noted also that the number of observed bands
depends on the resolving power of the instrument used. Finally, the molecular
symmetry in the isolated state is not necessarily the same as that in the crystalline
state (Sec. 1.27). Therefore, this method must be applied with caution to spectra
obtained for compounds in the crystalline state.

1.12. PRINCIPLE OF THE GF MATRIX METHOD*

As described in Sec. 1.4, the frequency of the normal vibration is determined by
the kinetic and potential energies of the system. The kinetic energy is determined
by the masses of the individual atoms and their geometrical arrangement in the
molecule. On the other hand, the potential energy arises from interaction between the
individual atoms and is described in terms of the force constants. Since the poten-
tial energy provides valuable information about the nature of interatomic forces, it
is highly desirable to obtain the force constants from the observed frequencies. This
is usually done by calculating the frequencies, assuming a suitable set of force
constants. If the agreement between the calculated and observed frequencies is
satisfactory, this particular set of the force constants is adopted as a representation
of the potential energy of the system.

TABLE 1.12. Number of IR- and Raman-Active Fundamentals for Three Possible
Structures of the XeF�5 Anion

Type D3h C4v D5h

IR 2A
00
2 þ3E

0
3A1þ 3E A

00
2 þ2E

0
1

Raman 2A
0
1þ 3E

0 þE
00

3A1þ 2B1þB2þ 3E A
0
1þ 2E

0
2

* For details, see Ref. 3. The term “normal coordinate analysis” is almost synonymous with theGFmatrix
method, since most of the normal coordinate calculations are carried out by using this method.

58 THEORY OF NORMAL VIBRATIONS



To calculate the vibrational frequencies, it is necessary first to express both the
potential and the kinetic energies in terms of some common coordinates (Sec. 1.4).
Internal coordinates (Sec. 1.9) are more suitable for this purpose than rectangular
coordinates, since (1) force constants expressed in terms of internal coordinates
have clearer physical meanings than those expressed in terms of rectangular co-
ordinates, and (2) a set of internal coordinates does not involve translational and
rotational motion of the molecule as a whole.

Using the internal coordinates Ri we write the potential energy as

2V ¼ ~RFR ð1:111Þ

For a bent Y1XY2molecule such as that in Fig. 1.20b,R is a columnmatrix of the form

R ¼
"Dr1
Dr2
Da

#

~R is its transpose:

~R ¼ ½Dr1 Dr2 Da�

and F is a matrix whose components are the force constants

F ¼
"
f11 f12 r1f13
f21 f22 r2f23
r1f31 r2f32 r1r2f33

#
�
"
F11 F12 F13

F21 F22 F23

F31 F32 F33

#
ð1:112Þ21

Here r1 and r2 are the equilibrium lengths of theX�Y1 andX�Y2 bonds, respectively.
The kinetic energy is not easily expressed in terms of the same internal coordinates.

Wilson [78] has shown, however, that the kinetic energy can be written as

2T ¼ ~_RG� 1 _R ð1:113Þ

whereG�1 is the reciprocal of theGmatrix, which will be defined later. If Eqs. 1.111
and 1.113 are combined with Lagrange’s equation

d

dt

 
qT

q _Rk

!
þ qV

qRk
¼ 0 ð1:36Þ

†

*

*Here f11 and f22 are the stretching force constants of theX�Y1 andX�Y2 bonds, respectively, and f33 is the
bending force constant of the Y1XY2 angle. The other symbols represent interaction force constants
between stretching and stretching or between stretching and bending vibrations. Tomake the dimensions of
all the force constants the same, f13 (or f31), f23 (or f32), and f33 are multiplied by r1, r2, and r1r2, respectively.
†Appendix VI gives the derivation of Eq. 1.113.
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the following secular equation, which is similar to Eq. 1.49, is obtained:

F11�ðG�1Þ11l F12�ðG�1Þ12l . . .
F21�ðG�1Þ21l F22�ðG�1Þ22l . . .

..

. ..
.

�������
������� � jF�G� 1lj ¼ 0 ð1:114Þ

By multiplying by the determinant of G

G11 G12 � � �
G21 G22 � � �
..
. ..

.

�������
������� � jGj ð1:115Þ

from the left-hand side of Eq. 1.114, the following equation is obtained:

P
G1tFt1� l

P
G1tFt2 � � �P

G2tFt1
P

G2tFt2� l � � �
..
. ..

.

�������
������� � jGF�Elj ¼ 0 ð1:116Þ

Here, E is the unit matrix, and l is related to the wavenumber ~v by the relation
l ¼ 4p2c2~v2.* The order of the equation is equal to the number of internal coordinates
used.

The Fmatrix can be written by assuming a suitable set of force constants. If theG
matrix is constructed by the following method, the vibrational frequencies are
obtained by solving Eq. 1.116. The G matrix is defined as

G ¼ BM�1~B ð1:117Þ
HereM�1 is a diagonal matrix whose components are mi, where mi is the reciprocal of
the mass of the ith atom. For a bent XY2 molecule, we obtain

M�1 ¼

m1
m1 0

m1
. .
.

0 m3

2
66664

3
77775

where m3 and m1 are the reciprocals of the masses of the X and Yatoms, respectively.
The B matrix is defined as

R ¼ BX ð1:118Þ
where R and X are column matrices whose components are the internal and
rectangular coordinates, respectively.

*Here l should not be confused with lw (wavelength).
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Towrite Eq. 1.118 for a bentXY2molecule, we express the bond stretching (Dr1) in
terms of the x and y coordinates shown in Fig. 1.22a. It is readily seen that

Dr1 ¼ �ðDx1ÞðsÞ� ðDy1ÞðcÞþ ðDx3ÞðsÞþ ðDy3ÞðcÞ

Here, s¼ sin(a=2), c¼ cos(a=2), and r is the equilibriumdistancebetween theXandY
atoms. A similar expression is obtained for Dr2. Thus

Dr2 ¼ ðDx2ÞðsÞ� ðDy2ÞðcÞ� ðDx3ÞðsÞþ ðDy3ÞðcÞ

For the bond bending (Da), consider the relationships illustrated in Fig. 1.22b. It is
readily seen that

rðDaÞ ¼ � ðDx1ÞðcÞþ ðDy1ÞðsÞþ ðDx2ÞðcÞþ ðDy2ÞðsÞ� 2ðDy3ÞðsÞ

Fig. 1.22. Relationship between internal and rectangular coordinates in (a) stretching and (b)

bending vibrations of a bent XY2 molecule.

PRINCIPLE OF THE GF MATRIX METHOD 61



If these equations are summarized in a matrix form, we obtain

If unit vectors such as those in Fig. 1.23 are considered, Eq. 1.119 can be written in a
more compact form using vector notationr:

"Dr1
Dr2
Da

#
¼
" e31 0 � e31
0 e32 � e32
p31=r p32=r �ðp31þ p32Þ=r

#" q1
q2
q3

#
ð1:120Þ

Here q1, q2, and q3 are the displacement vectors of atoms 1, 2, and 3, respectively. Thus
Eq. 1.120 can be written simply as

R ¼ S � q ð1:121Þ

where the dot represents the scalar product of the two vectors. Here S is called the S
matrix, and its components (S vector) can be written according to the following
formulas: (1) bond stretching

Dr1 ¼ D31 ¼ e31 � q1� e31 � q3 ð1:122Þ

Fig. 1.23. Unit vectors in a bent XY2 molecule.

ð1:119Þ
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and (2) angle bending:

Da ¼ Da132 ¼ p31 � q1þ p32 � q2�ðp31þ p32Þ � q3
r

ð1:123Þ
It is seen that the S vector is oriented in the direction in which a given displacement of
the ith atomwill produce thegreatest increase inDrorDa. Formulas for obtaining theS
vectors of other internal coordinates such as those of out-of-plane (Dy) and torsional
(Dt) vibrations are also available [3].

By using the S matrix, Eq. 1.117 is written as

G ¼ Sm� 1~S ð1:124Þ
For a bent XY2 molecule, this becomes

G ¼
e31 0 � e31
0 e32 � e32
p31=r p32=r �ðp31þ p32Þ=r

2
64

3
75

m1 0 0

0 m1 0

0 0 m3

2
64

3
75

�
e31 0 p31=r

0 e32 p32=r

� e31 � e32 �ðp31þ p32Þ=r

2
64

3
75

¼

ðm3þ m1Þe231 m3e31 � e32 m1
r
e31 � p31þ m3

r
e31 � ðp31þ p32Þ

ðm3m1Þe232
m1
r
e32 � p32þ m3

r
e32 � ðp31þ p32Þ

m1
r2

p231þ
m1
r2

p232þ
m3
r2
ðp31þ p32Þ2

2
666666664

3
777777775

Considering

e31 � e31 ¼ e32 � e32 ¼ p31 �p31 ¼ p32 � p32 ¼ 1; e31 �p31 ¼ e32 �p32 ¼ 0

e31 � e32 ¼ cos a; e31 �p32 ¼ e32 �p31 ¼ � sin a

ðp31þ p32Þ2 ¼ 2ð1� cos aÞ

we find that the G matrix is calculated as follows:

G ¼

m3þ m1 m3cos a � m3
r
sina

m3þ m1 � m3
r
sina

2m1
r2
þ 2m3

r2
ð1� cos aÞ

2
66666664

3
77777775

ð1:125Þ
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If the G-matrix elements obtained are written for each combination of internal
coordinates, there results

GðDr1;Dr1Þ ¼ m3þ m1
GðDr2;Dr2Þ ¼ m3þ m1
GðDr1;Dr2Þ ¼ m3 cos a

GðDa;DaÞ ¼ 2m1
r2
þ 2m3

r2
ð1� cos aÞ

GðDr1;DaÞ ¼ � m3
r

sin a

GðDr2;DaÞ ¼ � m3
r

sin a

ð1:126Þ

If such calculations aremade for several types ofmolecules, it is immediately seen that
the G-matrix elements themselves have many regularities. Decius [79] developed
general formulas for writing G-matrix elements.* Some of them are as follows:

G2
rr ¼ m1 þ m2

G1
rr ¼ m1cosf

G2
rf ¼ � r23m2sinf

G1
rf

1

1

 !
¼�ðr13sinf213 cosc234

þr14sinf214 cosc243Þm1
G3

ff ¼ r212 m1 þ r223 m3 þ ðr212 þ r223

� 2r12r23 cosfÞm2

*See also Refs. 3 and 80.

G2
��

1
1

� �
¼ ðr212 cosc314Þm1 þ ½r12 � r23 cos�123

�r24 cos�124Þr12 cosc314

þðsin�123 sin�124 sin
2 c314

þ cos�324 cosc314Þr23r24�m2
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Fig. 1.24. Spherical angles involving atomic positions, a, b, g, and d.

Here, the atoms surrounded by a bold line circle are those common to both coordinates.
The symbols m and r denote the reciprocals of mass and bond distance, respectively.
The spherical angle cabg in Fig. 1.24 is defined as

coscabg ¼
cosfadg� cosfadbcosfbdg

sinfadbsinfbdg
ð1:127Þ

The correspondence between theDecius formulas and the results obtained inEq. 1.126
is evident.

With the Decius formulas, the G-matrix elements of a pyramidal XY3 molecule
have been calculated and are shown in Table 1.13.

1.13. UTILIZATION OF SYMMETRY PROPERTIES

In view of the equivalence of the twoX�Ybonds of a bent XY2molecule, theF andG
matrices obtained in Eqs. 1.112 and 1.125 are written as

F ¼
"
f11 f12 rf13
f12 f11 rf13
rf13 rf13 r2f33

#
ð1:128Þ

G ¼

m3þ m1 m3cosa � m3
r
sina

m3cosa m3þ m1 � m3
r
sina

� m3
r
sina � m3

r
sina

2m1
r2
þ 2m3

r2
ð1� cosaÞ

2
66666664

3
77777775

ð1:129Þ
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Both of these matrices are of the form

"
A C D
C A D
D D B

#
ð1:130Þ

The appearance of the same elements is evidently due to the equivalence of the two
internal coordinates, Dr1 and Dr2. Such symmetrically equivalent sets of internal
coordinates are seen inmanyothermolecules, such as those inFig. 1.20. In these cases,
it is possible to reduce the order of the F and G matrices (and hence the order of the
secular equation resulting from them) by a coordinate transformation.

Let the internal coordinates R be transformed by

Rs ¼ UR ð1:131Þ

Then, we obtain

2T ¼ ~_RG�1 _R ¼ ~_Rs~U�1G�1U�1 _Rs

¼ ~_RsG�1s
_Rs

2V ¼ ~RFR ¼ ~Rs~U�1FU�1Rs

¼ ~RsFsR
s

TABLE 1.13.

Dr1 Dr2 Dr3 Da23 Da31 Da12

Dr1 A B B C D D

Dr2 — A B D C D

Dr3 — — A D D C

Da23 — — — E F F

Da31 — — — — E F

Da12 — — — — — E

A ¼ G2
rr ¼ mx þmy

B ¼ G1
rr ¼ mxcos a

C ¼ G1
rf

 
1

1

!
¼ � 2

r

cos að1� cos aÞmx
sin a

D ¼ G2
2f ¼ �

mx
r
sin a

E ¼ G3
ff ¼

2

r2
my þmxð1� cos aÞ� �

F ¼ G2
ff

 
1

1

!
¼ my

r2
cos a

1þ cos a
þ mx

r2
ð1þ3 cos aÞð1� cos aÞ

1þ cos a
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where

G�1s ¼ ~U�1G�1U�1 or Gs ¼ UG~U

Fs ¼ ~U�1FU�1
ð1:132Þ

If U is an orthogonal matrix ðU� 1 ¼ ~UÞ, Eq. 1.132 is written as

Fs ¼ UF~U and Gs ¼ UG~U ð1:133Þ

Both GF and GsFs give the same roots, since

jGsFs�Elj ¼ jUG~U~U�1FU�1�Elj
¼ jUGFU�1�Elj
¼ jUkGF�ElkU�1j
¼ jGF�Elj

ð1:134Þ

Ifwe choose aproperUmatrix fromsymmetry consideration, it is possible to factor the
original G and F matrices into smaller ones. This, in turn, reduces the order of the
secular equation tobe solved, thus facilitating their solution.These newcoordinatesRs

are called symmetry coordinates.
The U matrix is constructed by using the equation

Rs ¼ N
X
K

ciðKÞKðDr1Þ ð1:135Þ

Here, K is a symmetry operation, and the summation is made over all symmetry
operations. Also, ci(K) is the character of the representation to which Rs belongs.
Called a generator,Dr1 is, by symmetry operationK, transformed intoK(Dr1),which is
another coordinate of the same symmetrically equivalent set. Finally, N is a normal-
izing factor.

As an example, consider a bentXY2molecule in whichDr1 andDr2 are equivalent.
Using Dr1 as a generator, we obtain

I C2(z) s(xz) s(yz)

K(Dr1) Dr1 Dr2 Dr2 Dr1
cA1
ðKÞ 1 1 1 1

cB2
ðKÞ 1 –1 –1 1
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Thus

Rs
A1
¼ N

X
cA1
ðKÞKðDr1Þ ¼ 2NðDr1þDr2Þ

N ¼ 1

2
ffiffiffi
2
p sinceð2NÞ2þð2NÞ2 ¼ 1

Then

RS
A1
¼ 1ffiffiffi

2
p ðDr1þDr2Þ ð1:136Þ

Similarly,

Rs
B2
¼ 1ffiffiffi

2
p ðDr1�Dr2Þ ð1:137Þ

The remaining internal coordinate,Da, belongs to theA1 species.Thus, the completeU
matrix is written as

"Rs
1ðA1Þ

Rs
2ðA1Þ

Rs
3ðB2Þ

#
¼

1ffiffiffi
2
p 1ffiffiffi

2
p 0

0 0 1
1ffiffiffi
2
p � 1ffiffiffi

2
p 0

2
6666664

3
7777775
"Dr1
Dr2
Da

#
ð1:138Þ

If the G and Fmatrices of type 1.130 are transformed by relations 1.133, where U is
given by the matrix of Eq. 1.138, they become

or, more explicitly

ð1:139Þ

ð1:140Þ
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In a pyramidal XY3 molecule (Fig. 1.20c),Dr1,Dr2, andDr3 are the equivalent set; so
are Da23, Da31, and Da12. It is already known from Eq. 1.107 that one A1 and one E
vibration are involvedboth in the stretching and in thebendingvibrations.UsingDr1 as
a generator, we obtain from Eq. 1.135

I Cþ3 C�3 s1 s2 s3

K(Dr1) Dr1 Dr2 Dr3 Dr1 Dr3 Dr2
cA1
ðKÞ 1 1 1 1 1 1

cE(K) 2 �1 �1 0 0 0

Then, we obtain

Rs
A1
¼ 1ffiffiffi

3
p ðDr1þDr2þDr3Þ ð1:142Þ

Rs
E1
¼ 1ffiffiffi

6
p ð2Dr1�Dr2�Dr3Þ ð1:143Þ

To find a coordinate that forms a degenerate pair with Eq. 1.143, we repeat the same
procedure, using Dr2 and Dr3 as the generators. The results are

Rs
E2
¼ Nð2Dr2�Dr3�Dr1Þ

Rs
E2
¼ Nð2Dr3�Dr1�Dr2Þ

However, these coordinates are not orthogonal to Rs
E1

(Eq. 1.143).
If we take a linear combination, Rs

E2
þRs

E3
, we obtain Eq. 1.143. If we take

Rs
E2
�Rs

E3
, we obtain

Rs
E4
¼ 1ffiffiffi

2
p ðDr2�Dr3Þ ð1:144Þ

ð1:141Þ
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SinceEqs. 1.143 and1.144 aremutually orthogonal, these twocoordinates are taken as
a degenerate pair. Similar results are obtained for three angle-bending coordinates.
Thus, the complete U matrix is written as

Rs
1ðA1Þ

Rs
2ðA1Þ

Rs
3aðEÞ

Rs
4aðEÞ

Rs
3bðEÞ

Rs
4bðEÞ

2
666666664

3
777777775
¼

1=
ffiffiffi
3
p

1=
ffiffiffi
3
p

1=
ffiffiffi
3
p

0 0 0

0 0 0 1=
ffiffiffi
3
p

1=
ffiffiffi
3
p

1=
ffiffiffi
3
p

2=
ffiffiffi
6
p �1=

ffiffiffi
6
p �1=

ffiffiffi
6
p

0 0 0

0 0 0 2=
ffiffiffi
6
p �1=

ffiffiffi
6
p �1=

ffiffiffi
6
p

0 1=
ffiffiffi
2
p �1=

ffiffiffi
2
p

0 0 0

0 0 0 0 1=
ffiffiffi
2
p �1=

ffiffiffi
2
p

2
666666664

3
777777775
�

Dr1
Dr2
Dr3
Da23
Da31
Da12

2
666666664

3
777777775

ð1:145Þ

The G matrix of a pyramidal XY3 molecule has already been calculated (see
Table 1.14). By using Eq. 1.133, the new Gs matrix becomes

Here A, B, and so forth denote the elements in Table 1.13. The F matrix transforms
similarly.Therefore, it is necessaryonly to solve twoquadratic equations for theA1 and
E species.

For the tetrahedral XY4 molecule shown in Fig. 1.20e, group theory (Secs. 1.8 and
1.9) predicts one A1 and one F2 stretching, and one E and one F2 bending, vibration.
The U matrix for the four stretching coordinates is

Rs
1ðA1Þ

Rs
2aðF2Þ

Rs
2bðF2Þ

Rs
2cðF2Þ

2
6664

3
7775 ¼

1=2 1=2 1=2 1=2

1=
ffiffiffi
6
p

1=
ffiffiffi
6
p � 2=

ffiffiffi
6
p

0

1=
ffiffiffiffiffi
12
p

1=
ffiffiffiffiffi
12
p

1=
ffiffiffiffiffi
12
p � 3=

ffiffiffiffiffi
12
p

� 1=
ffiffiffi
2
p

1=
ffiffiffi
2
p

0 0

2
6664

3
7775

Dr1
Dr2
Dr3
Dr4

2
6664

3
7775 ð1:147Þ

(1.146)
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whereas the U matrix for the six bending coordinates becomes

Rs
1ðA1Þ

Rs
2aðEÞ

Rs
2bðEÞ

Rs
3aðF2Þ

Rs
3bðF2Þ

Rs
3cðF2Þ

2
666666664

3
777777775
¼

1=
ffiffiffi
6
p

1=
ffiffiffi
6
p

1=
ffiffiffi
6
p

1=
ffiffiffi
6
p

1=
ffiffiffi
6
p

1=
ffiffiffi
6
p

2=
ffiffiffiffiffi
12
p �1=

ffiffiffiffiffi
12
p �1=

ffiffiffiffiffi
12
p �1=

ffiffiffiffiffi
12
p �1=

ffiffiffiffiffi
12
p

2=
ffiffiffiffiffi
12
p

0 1=2 �1=2 1=2 �1=2 0

2=
ffiffiffiffiffi
12
p �1=

ffiffiffiffiffi
12
p �1=

ffiffiffiffiffi
12
p

1=
ffiffiffiffiffi
12
p

1=
ffiffiffiffiffi
12
p �2=

ffiffiffiffiffi
12
p

1=
ffiffiffi
6
p

1=
ffiffiffi
6
p

1=
ffiffiffi
6
p �1=

ffiffiffi
6
p �1=

ffiffiffi
6
p �1=

ffiffiffi
6
p

0 1=2 �1=2 �1=2 1=2 0

2
666666666664

3
777777777775

�

Da12
Da23
Da31
Da14
Da24
Da34

2
666666664

3
777777775

ð1:148Þ

The symmetry coordinate Rs
1ðA1Þ in Eq. 1.148 represents a redundant coordinate

(see Eq. 1.91). In such a case, a coordinate transformation reduces the order of
the matrix by one, since all theG-matrix elements related to this coordinate become
zero. Conversely, this result provides a general method of finding redundant
coordinates. Suppose that the elements of the G matrix are calculated in terms of
internal coordinates such as those in Table 1.13. If a suitable combination of internal
coordinates is made so that Sj Gij¼ 0 (where j refers to all the equivalent internal
coordinates), such a combination is a redundant coordinate. By using theUmatrices
in Eqs. 1.147 and 1.148, the problem of solving a tenth-order secular equation for a
tetrahedral XY4molecule is reduced to that of solving two first-order (A1 and E) and
one quadratic (F2) equation.

The normal modes of vibration of the tetrahedral XY4 molecule are shown in
Fig. 2.12ofChapter 2. It canbe seen that the normalmodes, n1 and n3, correspond to the
symmetry coordinates Rs

1ðA1Þ and Rs
2bðF2Þ of Eq. 1.147, respectively, and that the

normalmodes, n2 and n4, correspond to the symmetry coordinatesRs
2aðEÞ andRs

3bðF2Þ
of Eq. 1.148, respectively.

1.14. POTENTIAL FIELDS AND FORCE CONSTANTS

Using Eqs. 1.111 and 1.128, we write the potential energy of a bent XY2 molecule as

2V ¼ f11ðDr1Þ2þ f11ðDr2Þ2þ f33r
2ðDaÞ2þ 2f12ðDr1ÞðDr2Þ

þ 2f13rðDr1ÞðDaÞþ 2f13rðDr2ÞðDaÞ
ð1:149Þ
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This type of potential field is called a generalized valence force (GVF) field.* It
consists of stretching and bending force constants, as well as the interaction force
constants between them. When using such a potential field, four force constants
are needed to describe the potential energy of a bent XY2 molecule. Since only three
vibrations are observed in practice, it is impossible to determine all four force
constants simultaneously. One method used to circumvent this difficulty is to
calculate the vibrational frequencies of isotopic molecules (e.g., D2O and HDO
for H2O), assuming the same set of force constants.† This method is satisfactory,
however, only for simple molecules. As molecules become more complex, the
number of interaction force constants in the GVF field becomes too large to allow
any reliable evaluation.

In another approach, Shimanouchi [82] introduced the Urey–Bradley force (UBF)
field, which consists of stretching and bending force constants, as well as repulsive
force constants between nonbonded atoms. The general form of the potential field is
given by

V ¼
X
i

 
1

2
KiðDriÞ2þK

0
iriðDriÞ

!

þ
X
i

 
1

2
Hir

2
iaðDaiÞ2þH

0
ir
2
iaðDaiÞ

!

þ
X
i

 
1

2
FiðDqiÞ2þF

0
iqiðDqiÞ

!
ð1:150Þ

HereDri,Dai, andDqi, are the changes in the bond lengths, bond angles, and distances
between nonbonded atoms, respectively. The symbols Ki;K

0
i;Hi;H

0
i and Fi;F

0
i repre-

sent the stretching, bending, and repulsive force constants, respectively. Furthermore,
ri, ria, and qi are thevalues of the distances at the equilibriumpositions and are inserted
to make the force constants dimensionally similar. Linear force constants (K

0
i;H

0
i and

F
0
i) must be included since Dri, Dai, and Dqi are not completely independent of each

other.
Using the relation

q2ij ¼ r2i þ r2j � 2rirjcosaij ð1:151Þ

*A potential field consisting of stretching and bending force constants only is called a simple valence force
field.
†In addition to isotope frequency shifts, mean amplitudes of vibration, Coriolis coupling constants,
centrifugal distortion constants, and so forth may be used to refine the force constants of small molecules
(see Ref. 81).
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and considering that the first derivatives can be equated to zero in the equilibrium
case, we can write the final form of the potential field as

V ¼ 1

2

X
i

"
Kiþ

X
jð„iÞ
ðt2ijF

0
ijþ s2ijFijÞ

#
ðDriÞ2

þ 1

2

X
i< j

ðHij� sijsjiF
0
ijþ tijtjiFijÞð ffiffiffiffiffiffiffirirj

p
DaijÞ2

þ
X
i< j

ð� tijtjiF
0
ijþ sijsjiFijÞðDriÞðDrjÞ

þ
X
i„j
ðtijsjiF 0ijþ tjisijFijÞ

 
rj
ri

!1=2

ðDriÞð ffiffiffiffiffiffiffirirj
p

DaijÞ

ð1:152Þ

Here

sij ¼ ri� rjcosaij
qij

sji ¼ rj� ricosaij
qij

tij ¼ rjsinaij
qij

tji ¼ risinaij
qij

ð1:153Þ

In a bent XY2 molecule, Eq. 1.152 becomes

V ¼ 1

2
ðK þ t2F

0 þ s2FÞ ðDr1Þ2þðDr2Þ2
h i

þ 1

2
ðH� s2F

0 þ t2FÞðrDaÞ2

þð�t2F 0 þ s2FÞðDr1ÞðDr2Þþ tsðF0 þFÞðDr1ÞðrDaÞ
þ tsðF0 þFÞðDr2ÞðrDaÞ

ð1:154Þ

where

*

*In the case of tetrahedral molecules, a term

X
i„j„k

 
kffiffiffi
2
p
!
rijrikðrijDaijÞðrikDaikÞ

must be added, where k is called the internal tension.
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s ¼ rð1� cosaÞ
q

t ¼ rsina
q

Comparing Eqs. 1.154 and 1.149, we obtain the following relations between the force
constants of the generalized valence force field and those of the Urey–Bradley force
field:

f11 ¼ Kþ t2F
0 þ s2F

r2f33 ¼ ðH� s2F
0 þ t2FÞr2

f12 ¼ � t2F
0 þ s2F

rf13 ¼ tsðF0 þFÞr

ð1:155Þ

Although the Urey–Bradley field has four force constants, F0 is usually taken as
� 1

10F, on the assumption that the repulsive energy between nonbonded atoms is
proportional to 1/r9.* Thus, only three force constants, K, H, and F, are needed to
construct theFmatrix. The orbital valence force (OVF) field developed by Heath and
Linnett [83] is similar to the UBF field. The OVF field uses the angle (Db), which
represents the distortion of the bond from the axis of the bonding orbital instead of the
angle between two bonds (Da).

The number of force constants in the Urey–Bradley field is, in general, much
smaller than that in the generalized valence force field. In addition, the UBF field has
the advantage that (1) the force constants have clearer physicalmeanings than those of
the GVF field, and (2) they are often transferable from molecule to molecule. For
example, the force constants obtained for SiCl4 and SiBr4 can be used for SiCl3Br,
SiCl2Br2, and SiClBr3. Mizushima, Shimanouchi, and their coworkers [81] and
Overend and Scherer [84] have given many examples that demonstrate the transfer-
ability of the force constants in theUBF field. This property of theUrey–Bradley force
constants is highly useful in calculations for complex molecules. It should be
mentioned, however, that ignorance of the interactions between nonneighboring
stretching vibrations and between bending vibrations in the Urey–Bradley field
sometimes causes difficulties in adjusting the force constants to fit the observed
frequencies. In such a case, it is possible to improve the results by introducing more
force constants [84,85].

*This assumption does not cause serious error in final results, since F0 is small in most cases.
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Evidently, the values of force constants depend on the force field initially assumed.
Thus, a comparison of force constants between molecules should not be made unless
they are obtained by using the same force field. The normal coordinate analysis
developed in Secs. 1.12–1.14 has already been applied to a number of molecules of
various structures. Appendix VII lists the G and F matrix elements for typical
molecules.

1.15. SOLUTION OF THE SECULAR EQUATION

Once the G and F matrices are obtained, the next step is to solve the matrix secular
equation:

jGF�Elj ¼ 0 ð1:116Þ

In diatomic molecules, G¼G11¼ 1/m and F¼F11¼K. Then l¼G11F11 and
~n ¼ ffiffiffi

l
p

=2pc ¼ ffiffiffiffiffiffiffiffiffi
K=m

p
=2pc (Eq. 1.20). If the units of mass and force constant are

atomic weight and mdyn/A
	
(or 105 dyn/cm), respectively,* l is related to ~nðcm� 1Þ by

~n ¼ 1302:83
ffiffiffi
l
p

or

l ¼ 0:58915

 
~n

1000

!2

ð1:156Þ

As an example, for the HF molecule m¼ 0.9573 and K¼ 9.65 in these units. Then,
from Eqs. 1.20 and 1.156, ~n is 4139 cm�1.

The F andGmatrix elements of a bent XY2 molecule are given in Eqs. 1.140 and
1.141, respectively. The secular equation for the A1 species is quadratic:

jGF�Elj ¼ G11F11þG12F21� l G11F12þG12F22

G21F11þG22F21 G21F12þG22F22� l

����
���� ¼ 0 ð1:157Þ

If this is expanded into an algebraic equation, the following result is obtained:

l2�ðG11F11þG22F22þ 2G12F12ÞlþðG11G22�G2
12ÞðF11F22�F2

12Þ ¼ 0

ð1:158Þ

*Although the bond distance is involved in both theG andFmatrices, it is canceled duringmultiplication of
the G and F matrix elements. Therefore, any unit can be used for the bond distance.
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For the H2O molecule, we obtain

m1 ¼ mH ¼
1

1:008
¼ 0:99206

m3 ¼ mO ¼
1

15:995
¼ 0:06252

r ¼ 0:96ðA	 Þ; a ¼ 105	

sina ¼ sin 105	 ¼ 0:96593

cosa ¼ cos 105	 ¼ � 0:25882

Then, the G matrix elements of Eq. 1.141 are

G11 ¼ m1þ m3ð1þ cosaÞ ¼ 1:03840

G12 ¼ �
ffiffiffi
2
p

r
m3sina ¼ � 0:08896

G22 ¼ 1

r2
2m1þ 2m3ð1� cosaÞ½ � ¼ 2:32370

If the force constants in terms of the generalized valence force field are selected
as

f11 ¼ 8:4280; f12 ¼ � 0:1050

f13 ¼ 0:2625; f33 ¼ 0:7680

the F matrix elements of Eq. 1.140 are

F11 ¼ f11þ f12 ¼ 8:32300

F12 ¼
ffiffiffi
2
p

rf13 ¼ 0:35638

F22 ¼ r2f33 ¼ 0:70779

Using these values, we find that Eq. 1.158 becomes

l2� 10:22389lþ 13:86234 ¼ 0

The solution of this equation gives

l1 ¼ 8:61475; l2 ¼ 1:60914

If these values are converted to ~n through Eq. 1.156, we obtain

~n1 ¼ 3824 cm� 1; ~n2 ¼ 1653 cm� 1
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With the same set of force constants, the frequency of the B2 vibration is calculated as

l3 ¼ G33F33 ¼ ½m1þ m3ð1� cos aÞ� ðf11 � f12Þ
¼ 9:13681

~n3 ¼ 3938 cm�1

Theobserved frequencies corrected for anharmonicity are as follows:w1¼ 3825 cm�1,
w2¼ 1654 cm�1, and w3¼ 3936 cm�1.

If the secular equation is third order, it gives rise to a cubic equation:

l3�ðG11F11þG22F22þG33F33þ2G12F12þ2G13F13þ2G23F23Þl2

þ
(

G11 G12

G21 G22

�����
F11 F12

F21 F22

�����
�����þ G12 G13

G22 G23

���� F12 F13

F22 F23

����
���� þ G11 G13

G21 G23

���� F11 F13

F21 F23

����
����

����
����

�����
þ G11 G12

G31 G32

���� F11 F12

F31 F32

����
���� þ G12 G13

G32 G33

���� F12 F13

F32 F33

����
����

����
����

þ G11 G13

G31 G33

���� F11 F13

F31 F33

����
���� þ G21 G22

G31 G32

���� F21 F22

F31 F32

����
����þ G22 G23

G32 G33

���� F22 F23

F32 F33

����
����

����
����

����
þ G21 G23

G31 G33

����� F21 F23

F31 F33

�����
�����
)
l�

G11 G12 G13

G21 G22 G33

G31 G32 G33

�����
F11 F12 F13

F21 F23 F33

F31 F32 F33

������
������¼ 0

������
������ ð1:159Þ

Thus, it is possible to solve the secular equation by expanding it into an algebraic
equation. If the order of the secular equation is higher than three, however, direct
expansion such as that just shown becomes too cumbersome. There are several
methods of calculating the coefficients of an algebraic equation using indirect
expansion [3]. The use of an electronic computer greatly reduces the burden of
calculation. Excellent programs written by Schachtschneider [86] and other workers
are available for the vibrational analysis of polyatomic molecules.

1.16. VIBRATIONAL FREQUENCIES OF ISOTOPIC MOLECULES

As stated in Sec. 1.14, the vibrational frequencies of isotopic molecules are very
useful in refining a set of force constants in vibrational analysis. For large molecules,
isotopic substitution is indispensable in making band assignments, since only
vibrations involving the motion of the isotopic atom will be shifted by isotopic
substitution.

Two important rules hold for the vibrational frequencies of isotopicmolecules. The
first, called the product rule, can be derived as follows.

Let l1, l2,. . ., ln be the roots of the secular equation |GF�El|¼ 0. Then

l1l2 � � � ln ¼ jGkFj ð1:160Þ
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holds for a givenmolecule. Since the isotopicmolecule has exactly the same |F| as that
in Eq. 1.160, a similar relation

l
0
1l
0
2 � � � l0n ¼ jG0 kFj

holds for this molecule. It follows that

l1l2 � � � ln
l
0
1l
0
2 � � � l0n

¼ jGjjG0 j ð1:161Þ

Since

~n ¼ 1

2pc

ffiffiffi
l
p

Equation 1.161 can be written as

~n1~n2 � � �~nn
~n
0
1~n
0
2 � � �~n0n

¼
ffiffiffiffiffiffiffiffi
jGj
jG0 j

s
ð1:162Þ

This rule has been confirmed by using pairs of molecules such as H2O and D2O and
CH4 and CD4. The rule is also applicable to the product of vibrational frequencies
belonging to a single symmetry species.

A more general form of Eq. 1.162 is given by the Redlich-Teller product rule [1]:

~n1~n2 � � �~nn
~n
0
1~n
0
2 � � �~n0n

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 
m01
m1

!a 
m02
m2

!b

� � �
 
M

M 0

!t 
Ix
I 0x

!dx 
Iy
I 0y

!dy 
Iz
I 0z

!dz
vuut ð1:163Þ

Here m1, m2,. . . are the masses of the representative atoms of the various sets of
equivalent nuclei (atoms represented by m,m0,mxy,. . . in the tables given in
Appendix III); a, b,. . . are the coefficients of m,m0,mxy,. . .; M is the total mass of
themolecule; t is the number ofTx,Ty,Tz in the symmetry type considered; Ix,Iy,Iz are the
moments of inertia about the x, y, z axes, respectively, which go through the center of
themass; anddx,dy,dzare 1 to0, dependingonwhetherRx,Ry,Rzbelong to the symmetry
type considered. A degenerate vibration is counted only once on both sides of the
equation.

Another useful rule in regard to the vibrational frequencies of isotopic molecules,
called the sum rule, can be derived as follows. It is obvious from Eqs. 1.158 and 1.159
that

l1þ l2þ � � � þ ln ¼
X
n

l ¼
X
i; j

GijFij ð1:164Þ
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Letsk denoteSijGijFij for k different isotopic molecules, all of which have the sameF
matrix. If a suitable combination of molecules is taken, so that

s1þs2þ � � � þsk ¼
 X

GijFij

!
1

þ
 X

GijFij

!
2

þ � � � þ
 X

GijFij

!
k

¼
" X

Gij

!
1

þ
 X

Gij

!
2

þ � � � þ
 X

Gij

!
k

# X
Fij

!

¼ 0

then it follows that

 X
l

!
1

þ
 X

l

!
2

þ � � � þ
 X

l

!
k

¼ 0 ð1:165Þ

This rule has been verified for such combinations as H2O, D2O, and HDO, where

2sðHDOÞ�sðH2OÞ�sðD2OÞ ¼ 0

Such relations between the frequencies of isotopic molecules are highly useful in
making band assignments.

1.17. METAL–ISOTOPE SPECTROSCOPY [87,88]

As a first approximation, vibrational spectra of coordination compounds (Chapter 3,
in Part B) can be classifed into ligand vibrations that occur in the high-frequency
region (4000–600 cm�1) and metal–ligand vibrations that appear in the low-
frequency region (below 600 cm�1). The former provide information about the
effect of coordination on the electronic structure of the ligand, while the latter
provide direct information about the structure of the coordination sphere and the
nature of the metal–ligand bond. Since the main interest of coordination chemistry
is the coordinate bond, it is the metal–ligand vibrations that have held the interest of
inorganic vibrational spectroscopists. It is difficult, however, to make unequivocal
assignments of metal–ligand vibrations since the interpretation of the low-frequency
spectrum is complicated by the appearance of ligand vibrations as well as lattice
vibrations in the case of solid-state spectra.

Conventional methods that have been used to assign metal–ligand vibrations are

(1) Comparison of spectra between a free ligand and its metal complex; the metal–
ligand vibration should be absent in the spectrum of the free ligand. This method
oftenfails togiveaclear-cutassignmentbecausesomeligandvibrationsactivatedby
complex formation may appear in the same region as the metal–ligand vibrations.
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(2) The metal–ligand vibration should be metal sensitive and be shifted by
changing the metal or its oxidation state. This method is applicable only
when a series of metal complexes have exactly the same structure, where
only the central metal is different. Also, it does not provide definitive
assignments since some ligand vibrations (such as chelate ring deformations)
are also metal-sensitive.

(3) The metal–ligand stretching vibration should appear in the same frequency
region if the metal is the same and the ligands are similar. For example, the
n(Zn-N) (n: stretching) of Zn(II) pyridine complexes are expected to be similar
to those of Zn(II) a-picoline complexes. This method is applicable only when
the metal–ligand vibration is known for one parent compound.

(4) The metal–ligand vibration exhibits an isotope shift if the ligand is iso-
topically substituted. For example, the n(Ni-N) of [Ni(NH3)6]Cl2 at
334 cm�1 is shifted to 318 cm�1 on deuteration of the ammonia ligands.
The observed shift (16 cm�1) is in good agreement with that predicted
theoretically for this mode. This method was used to assign the metal–ligand
vibrations of chelate compounds such as oxamido (14N/15N) and acetyla-
cetonato(l6O/l8O) complexes. However, isotopic substitution of the a-atom
(atom directly bonded to the metal) causes shifts of not only metal–ligand
vibrations but also of ligand vibrations involving the motion of the a-atom.
Thus, this method alone cannot provide an unequivocal assignment of the
metal–ligand vibration.

(5) The frequency of a metal–ligand vibration may be predicted if the metal–
ligand stretching and other force constants are known a priori. At present, this
method is not practical since only a limited amount of information is available
on the force constants of coordination compounds.

It is obvious that none of the above methods is perfect in assigning metal–ligand
vibrations. Furthermore, these methods encounter more difficulties as the structure of
the complex (and hence the spectrum) becomes more complicated. Fortunately, the
“metal isotope technique”whichwas developed in 1969may be used to obtain reliable
metal–ligand assignments [89]. Isotope pairs such as (H/D) and (16O/18O) had been
used routinely bymany spectroscopists. However, isotopic pairs of heavymetals such
as (58Ni/62Ni) and (104Pd/110Pd)were not employed until 1969when the first report on
the assignments of the Ni�P vibrations of trans-Ni(PEt3)2X2 (X¼Cl and Br) was
made. The delay in their use was probably due to two reasons:

(1) It was thought that the magnitude of isotope shifts arising from metal isotope
substitution might be too small to be of practical value.

(2) Pure metal isotopes were too expensive to use routinely in the laboratory.
Nakamoto and coworkers [87,88] have shown, however, that the magnitudes
of metal isotope shifts are generally of the order of 2–10 cm�1 for stretching
modes and 0–2 cm�1 for bending modes, and that the experimental error in
measuring the frequency could be as small as�0.2 cm�1 if proper precautions
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are taken. They have also shown that this technique is financially feasible if the
compounds are prepared on a milligram scale. Normally, the vibrational
spectrum of a compound can be obtained with a sample less than 10mg.
Table 1.14 lists metal isotopes that are useful for vibrational studies of
coordination compounds.

TABLE 1.14. Some Stable Metal Isotopesa

Element

Inventory

Form Isotope

Natural

Abundance (%) Purity (%)

Magnesium Oxide Mg-24 78.99 99.9

Mg-25 10.00 94

Mg-26 11.01 97

Silicon Oxide Si-28 92.23 >99.8

Si-30 3.10 >94

Titanium Oxide Ti-46 8.0 70–96

Ti-48 73.8 >99

Chromium Oxide Cr-50 4.345 >95

Cr-52 83.79 >99.7

Cr-53 9.50 >96

Iron Oxide Fe-54 5.9 >96

Fe-56 91.72 >99.9

Fe-57 2.1 86–93

Nickel Metal Ni-58 68.27 >99.9

Oxide Ni-60 26.1 >99

Oxide Ni-62 3.59 >96

Copper Oxide Cu-63 69.17 >99.8

Cu-65 30.83 >99.6

Zinc Oxide Zn-64 48.6 >99.8

Zn-66 27.9 >98

Zn-68 18.8 97–99

Germanium Oxide Ge-72 27.4 >97

Ge-74 36.5 >98

Zirconium Oxide Zr-90 51.45 97–99

Zr-94 17.38 >98

Molybdenum Metal/oxide Mo-92 14.84 >97

Mo-95 15.92 >96

Mo-97 9.55 >92

Mo-100 9.63 >97

Ruthenium Metal Ru-99 12.7 >98

Ru-102 31.6 >99

Palladium Metal Pd-104 11.4 >95

Pd-108 26.46 >98

Tin Oxide Sn-116 14.53 >95

Sn-120 32.59 >98

Sn-124 5.79 >94

Barium Carbonate Ba-135 6.593 >93

Ba-138 71.70 >99

aAvailable at Oak Ridge National Laboratory.
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It should be noted that the central atom of a highly symmetrical molecule (Td,Oh,
etc.) does not move during the totally symmetric vibration. Thus, no metal–isotope
shifts are expected in these cases [90].When the central atom is coordinated by several
different donor atoms, multiple isotope labeling is necessary to distinguish different
coordinate bond-stretching vibrations. For example, complete assignments of bis
(glycino)nickel(II) require 14N=15N and/or I6O=18O isotope shift data as well as
58Ni=62Ni isotope shift data [91]. This book contains many other applications of
metal–isotope techniques. These results show that metal–isotope data are indispens-
able not only in assigning themetal–ligandvibrations but also in refiningmetal–ligand
stretching force constants in normal coordinate analysis [88]. The presence of
vibrational coupling between metal–ligand and other vibrations can also be detected
by combining metal–isotope data with normal coordinate calculations (Sec. 1.18)
since both experimental and theoretical isotope shift values would be smaller when
such couplings occur.

The metal–isotope techniques become more important as the molecules become
larger and complex. In biological molecules such as heme proteins, structural
and bonding information about the active site (iron porphyrin) can be obtained
through definitive assignments of coordinate bond-stretching vibrations around
the iron atom. Using resonance Raman techniques (Sec. 1.22), it is possible to
observe iron porphyrin and iron-axial ligand vibrations without interference from
peptide chain vibrations. Thus, these vibrations can be assigned by comparing
resonance Raman spectra of a natural heme protein with that of a 54Fe-reconstituted
heme protein. Chapter 5 (in Part B) includes several examples of applications
of metal-isotope techniques to bioinorganic compounds [hemoglobin (54Fe, 57Fe),
oxy-hemocyanin (63Cu, 65Cu), etc.]. An example of a multiple labeling is seen in
the case of cytochrome P450cam having the axial Fe–S linkage in addition to
four Fe–N (porphyrin) bonds; Champion et al. [92] were able to assign its Fe–S
stretching vibration (351 cm�1) by combining 32S–34S and 54Fe–56Fe isotope shift
data.

1.18. GROUP FREQUENCIES AND BAND ASSIGNMENTS

From observation of the infrared spectra of a number of compounds having a
common group of atoms, it is found that, regardless of the rest of the molecule, this
common group absorbs over a narrow range of frequencies, called the group
frequency. For example, the methyl group exhibits the antisymmetric stretching
[na(CH3)], symmetric stretching [ns(CH3)], degenerate bending [dd(CH3)], sym-
metric bending [ds(CH3)], and rocking [rs(CH3)] vibrations in the ranges 3050–
2950, 2970–2860, 1480–1410, 1385–1250, and 1200–800 cm�1, respectively.
Figure 1.25 illustrates their vibrational modes together with the observed frequen-
cies for CH3C1, The methylene group vibrations are also well known; the antisym-
metric stretching [na(CH2)], symmetric stretching [ns(CH2)], scissoring [d(CH2)],
wagging [rw(CH2)], twisting [rt,(CH2)], and rocking [rr(CH2)] vibrations appear
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in the regions 3100–3000, 3060–2980, 1500–1350, 1400–1100, 1260–1030, and
1180–750 cm�1, respectively. Figure 1.26 illustrates the normal modes of these
vibrations together with the observed frequencies for CH2C12. The normal modes
illustrated for CH3C1 and CH2C12 are applicable to vibrational assignments of
coordination and organometallic compounds, which will be discussed in Chapters
3 and 4, respectively. Group frequencies have been found for a number of organic and
inorganic groups, and they have been summarized as group frequency charts [39,40]
which are highly useful in identifying the atomic groups from observed spectra. Group
frequency charts for inorganic compounds are given in Appendix VIII as well as in
Figs. 2.55 and 2.61.

The concept of group frequency rests on the assumption that the vibrations of a
particular group are relatively independent of those of the rest of the molecule. As
stated in Sec. 1.4, however, all the nuclei of the molecule perform their harmonic
oscillations in a normal vibration. Thus, an isolated vibration, which the group
frequencywould have to be, cannot be expected in polyatomicmolecules. If, however,
a group includes relatively light atoms such as hydrogen (OH, NH, NH2, CH, CH2,
CH3, etc.) or relatively heavy atoms such as the halogens (CC1, CBr, CI, etc.), as
compared to other atoms in the molecule, the idea of an isolated vibration may be
justified, since the amplitudes (or velocities) of theharmonic oscillationof these atoms
are relatively larger or smaller than those of the other atoms in the same molecule.
Vibrations ofgroups havingmultiple bonds (C�C,C�N,C¼C,C¼N,C¼O,etc.)may

Fig. 1.25. Approximate normal modes of a CH3X-typemolecule (frequencies are given for X¼Cl).
The subscripts s, d, and rdenote symmetric, degenerate, and rocking vibrations, respectively.Only

the displacements of the H or X atoms are shown.
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alsobe relatively independent of the rest of themolecule if thegroupsdonot belong to a
conjugated system.

If atoms of similar mass are connected by bonds of similar strength (force
constant), the amplitude of oscillation is similar for each atom of the whole system.
Therefore, it is not possible to isolate the group frequencies in a system like the
following:

A similar situationmay occur in a system in which resonance effects average out the
single and multiple bonds by conjugation. Examples of this effect are seen for

Fig. 1.26. Approximate normalmodesof aCH2X2-typemolecule (frequencies are given for X¼Cl).
Only the displacements of the H or X atoms are shown.
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the metal chelate compounds discussed in Chapter 3. When the group frequency
approximation is permissible, themode of vibration corresponding to this frequency
can be inferred empirically from the band assignments obtained theoretically for
simple molecules. If coupling between various group vibrations is serious, it is
necessary to make a theoretical analysis for each individual compound, using a
method like the following one.

As stated in Sec. 1.4, the generalized coordinates are related to the normal
coordinates by

qk ¼
X
i

BkiQi ð1:40Þ

In matrix form, this is written as

q ¼ BqQ ð1:166Þ

It can be shown [3] that the internal coordinates are also related to the normal
coordinates by

R ¼ LQ ð1:167Þ

This is written more explicitly as

R1 ¼ l11Q1þ l12Q2þ � � � þ l1NQN

R2 ¼ l21Q1þ l22Q2þ � � � þ l2NQN

..

. ..
.

Ri ¼ li1Q1þ li2Q2þ � � � þ liNQN ð1:168Þ

Inanormalvibration inwhich thenormal coordinateQNchangeswith frequencynN, all
the internal coordinates,R1,R2, . . .,Ri, changewith the same frequency.Theamplitude
of oscillation is, however, different for each internal coordinate. The relative ratio of
the amplitudes of the internal coordinates in a normal vibration associated withQN is
given by

l1N : I2N : � � � : IiN ð1:169Þ

If one of these elements is relatively large compared to the others, the normal
vibration is said to be predominantly due to the vibration caused by the change of
this coordinate.
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The ratio of l’s given by Eq. 1.169 can be obtained as a column matrix (or
eigenvector) lN, which satisfies the relation [3]

GFlN ¼ lNkN ð1:170Þ
It consists of i elements, l1N ; l2N ; . . . ; liN , where i is the number of internal coordinates,
and can be calculated if theG and Fmatrices are known. An assembly by columns of
the l elements obtained for each l gives the relation

GFL ¼ LL ð1:171Þ

where L is a diagonal matrix whose elements consist of l values.
As an example, calculate the L matrix of the H2O molecule, using the results

obtained in Sec. 1.15. The G and F matrices for the A1 species are as follows:

G ¼
"
1:03840 � 0:08896
� 0:08896 2:32370

#
; F ¼

"
8:32300 0:35638
0:35638 0:70779

#

with l1¼ 8.61475 and l2¼ 1.60914. The GF product becomes

GF ¼
"
8:61090 0:30710
0:08771 1:61299

#

The L matrix can be calculated from Eq. 1.171:

"
8:61090 0:30710
0:08771 1:61299

#"
l11 l12
l21 l22

#
¼
"
l11 l12
l21 l22

#"
8:61475 0
0 1:60914

#

However, this equation gives only the ratios l11: l21 and l12: l22 To determine their
values, it is necessary to use the following normalization condition:

L~L ¼ G ð1:172Þ30

Then the final result is

"
l11 l12
l21 l22

#
¼
"
1:01683 � 0:06686
0:01274 1:52432

#

�

*This equation can be derived as follows. According to Eq. 1.113, 2T ¼ ~_RG� 1 _R. On the other hand,
Eq. 1.167 gives _R ¼ L _Q and ~_R ¼ ~_Q~L. Thus 2T ¼ ~_Q~LG� 1L _Q. Comparing thiswith 2T ¼ ~_QE _Q (matrix
form of Eq. 1.41), we obtain ~LG–1L¼E or L~L ¼ G.
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This result indicates that, in the normal vibrationQ1, the relative ratio of amplitudes of
two internal coordinates, R1 (symmetric OH stretching) and R2 (HOH bending), is
1.0168: 0.0127. Therefore, this vibration (3824 cm�1) is assigned to an almost pure
OH stretching mode. The relative ratio of amplitudes for theQ2 vibration is�0.0669:
1.5243. Thus, this vibration is assigned to an almost pureHOHbendingmode. In other
cases, the l values do not provide the band assignments that are expected empirically.
This occurs because the dimension of l for a stretching coordinate is different from that
for a bending coordinate.

The potential energy due to a normal vibration, QN is written as

VðQNÞ ¼ 1

2
Q2

N

X
ij

FijliNljN ð1:173Þ

Individual FijliNljN terms in the summation represent the potential energy distribution
(PED) in QN, which gives a better measure for making band assignments [93]. In
general, the value of FijliNljN is large when i¼ j. Therefore, the Fiil

2
iN terms are most

important in determining the distribution of the potential energy. Thus, the ratios of the
Fiil

2
iN terms provide a measure of the relative contribution of each internal coordinate

Ri to the normal coordinateQN. If any Fiil
2
iN term is exceedingly large compared with

the others, the vibration is assigned to the mode associated with Ri. If Fiil
2
iN and Fjjl

2
jN

are relatively large compared with the others, the vibration is assigned to a mode
associated with both Ri and Rj (coupled vibration).

As an example, let us calculate the potential energy distribution for the H2O
molecule.Using theFandLmatrices obtainedpreviously,we find that the~LFLmatrix
is calculated to be

l211F11 þ l221F22 þ 2l21l11F12

8:60551 0:00011 0:00923

� �
0

0
l212F11 þ l222F22 þ 2l12l22F12

0:03721 1:644459 0:07264

� �
2
664

3
775

Then, the potential energy distribution in each normal vibration ðFiil
2
iNÞ is given by

l1 l2

R1

R2

"
8:60551 0:03721

0:00011 1:64459

#

�

*According to Eq. 1.111, the potential energy iswritten as 2V ¼ ~RFR. Using Eq. 1.167,we canwrite this as
2V ¼ ~Q~LFLQ. On the other hand, Eq. 1.42 can be written as 2V¼QLQ. A comparison of these two
expressions gives L ¼ ~LFL. If this is written for one normal vibration whose frequency is lN, we have

lN ¼
X
ij

l~NiFijljN ¼
X
ij

FijliN ljN

Then the potential energy due to this vibration is expressed by Eq. 1.173.
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More conveniently, PED is expressed by calculating ðFiil
2
iN=SFiil

2
iNÞ�100 for each

coordinate:

l1 l2

R1

R2

"
99:99 2:21

0:01 97:79

#

In this case, the final results are the samewhether thebandassignments are basedon the
Lmatrix or on the potential energydistribution:Q1 is the symmetricOHstretching and
Q2 is theHOHbending. In other cases, different resultsmaybe obtained, depending on
which criterion is used for band assignments.

In the example above, no serious coupling occurs between the OH stretching and
HOH bending modes of H2O in the A1 species. This is because the vibrational
frequencies of these two modes are far apart. In other cases, however, vibrational
frequencies of twoormoremodes in the same symmetry species are relatively close to
each other. Then, the liN values for these modes become comparable.

A more rigorous method of determining the vibrational mode involves drawing
the displacements of individual atoms in terms of rectangular coordinates. As in
Eq. 1.167, the relationship between the rectangular and normal coordinates is given
by

X ¼ LxQ ð1:174Þ
The Lx matrix can be obtained from the relationship [94]

Lx ¼M� 1~BG� 1L ð1:175Þ

The matrices on the right-hand sides have already been defined.
Three-dimensional drawings of normal modes, such as those shown in Chapter 2,

can be made from the Cartesian displacement calculations obtained above. However,
hand plotting of these data is laborious and complicated. Use of computer plotting
programs greatly facilitates this process [95].

1.19. INTENSITY OF INFRARED ABSORPTION [16]

The absorption of strictly monochromatic light (n) is expressed by the Lambert–Beer
law:

In ¼ I0;ne
� anpl ð1:176Þ

(1.75)�

*By combining Eqs. 1.118 and 1.174, we have R¼BX¼BLxQ. Since R¼LQ (Eq. 1.167), it follows
thatLQ¼BLxQ orL¼BLx. The kinetic energy is written as 2T ¼ ~_XM _X. In terms of internal coordinates,
it is written as 2T ¼ ~_RG� 1 _R ¼ ~_X~BG� 1B _X. By comparing these two expressions, we haveM ¼ ~BG� 1B.
Then we can write Lx ¼M� 1MLx ¼M� 1B~ G� 1BLx ¼M� 1~BG� 1L.
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where In is the intensity of the light transmitted by a cell of length l containing a gas at
pressure p, I0,n is the intensity of the incident light, and an is the absorption coefficient
for unit pressure. The true integrated absorption coefficient A is defined by

A ¼
ð
band

andn ¼ 1

pl

ð
band

ln

 
I0;n
In

!
dn ð1:177Þ

where the integration is carried over the entire frequency region of a band.
In practice, In and I0,v cannot be measured accurately, since no spectropho-

tometers have infinite resolving power. Therefore we measure instead the apparent
intensity Tn:

Tn ¼
ð
slit
IðnÞgðn; n0 Þdn ð1:178Þ

where g(n, n0) is a function indicating the amount of light of frequency n when the
spectrophotometer reading is set at n0. Then the apparent integrated absorption
coefficient B is defined by

B ¼ 1

pl

ð
band

ln

Ð
slitI0ðnÞgðn; n

0 ÞdnÐ
slitIðnÞgðn; n0 Þdn

dn
0 ð1:179Þ

It can be shown that

limpl! 0ðA�BÞ ¼ 0 ð1:180Þ

if I0 and an are constant within the slit width used. (This condition is approximated
by using a narrow slit.) In practice, we plot B/pl against pl, and extrapolate the curve
to pl! 0. To apply this method to gaseous molecules, it is necessary to broaden
the vibrational–rotational bands by adding a high-pressure inert gas (pressure
broadening).

For liquids and solutions, p and a in the preceding equations are replaced by M
(molar concentration) and e (molar absorption coefficient), respectively. However, the
extrapolation method just described is not applicable, since experimental errors in
determiningBvalues become too large at lowconcentration or at small cell length. The
true integrated absorption coefficient of a liquid canbe calculated ifwe assume that the
shape of an absorption band is represented by the Lorentz equation and that the slit
function is triangular [96].

Theoretically, the true integrated absorption coefficient AN of the Nth normal
vibration is given by [3]

AN ¼ np
3c

qmx
qQN

� �2

0

þ qmy
qQN

� �2

0

þ qmz
qQN

� �2

0

" #
ð1:181Þ

where n is the number of molecules per cubic centimeter, and c is the velocity of light.
As shown by Eq. 1.167, an internal coordinate Ri is related to a set of normal
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coordinates by

Ri ¼
X
N

LiNQN ð1:182Þ

If the additivity of the bond dipole moment is assumed, it is possible to write

qm
qQN

¼
X
i

 
qm
qRi

! 
qRi

qQN

!

¼
X
i

 
qm
qRi

!
LiN

ð1:183Þ

Then Eq. 1.181 is written as

AN ¼ np
3c

" X
i

qmx
qRi

LiN

!2

0

þ
 X

i

qmy
qRi

LiN

!2

0

þ
 X qmz

qRi
LiN

!2

0

#

¼ np
3c

X
i

" 
qmx
qRi

!2

0

þ
 
qmy
qRi

!2

0

þ
 
qmz
qRi

!2

0

#
ðLiNÞ2

ð1:184Þ

This equation shows that the intensity of an infrared band depends on the values of the
qm/qR terms as well as the L matrix elements.

Equation1.184hasbeenapplied to relativelysmallmolecules tocalculate theqm/qR
terms from the observed intensity and knownLiN values [7]. However, the additivity of
the bond dipole moment does not strictly hold, and the results obtained are often
inconsistent and conflicting. Thus far, very few studies have been made on infrared
intensities of large molecules because of these difficulties.

As seen in Eq. 1.184, the IR band becomes stronger as the qm/qR term becomes
larger if theLiN termdoesnotvary significantly. Ingeneral, themorepolar thebond, the
larger the qm/qR term. Thus, the IR intensities of the stretching vibrations follow the
general trends:

nðOHÞ > nðNHÞ > nðCHÞ
nðC¼OÞ > nðC¼NÞ > nðC¼CÞ

It is also noted that the antisymmetric stretching vibration is always stronger than the
symmetric stretching vibration because the qm/qR term is larger for the former than for
the latter. This can be seen for functional groups such as These
trends are entirely opposite to those found inRaman spectra (Sec. 1.21), andmakeboth
IR and Raman spectroscopy complementary.

1.20. DEPOLARIZATION OF RAMAN LINES

As stated in Secs. 1.8 and 1.9, it is possible, by using group theory, to classify the
normal vibration intovarious symmetry species.Experimentally,measurements of the
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infrared dichroism and polarization properties of Raman lines of an orientated crystal
provide valuable information about the symmetry of normal vibrations (Sec. 1.31).
Here,we consider the polarization properties ofRaman lines in liquids and solutions in
which molecules or ions take completely random orientations.*

Suppose that we irradiate amolecule fixed at the origin of a space-fixed coordinate
system with natural light from the positive-y direction, and observe the Raman
scattering in the x direction as shown in Fig. 1.27. The incident light vector E may
be resolved into two components, Ex and Ez, of equal magnitude (Ey¼ 0). Both
components give induced dipole moments, Px, Py, and Pz. However, only Py and Pz

contribute to the scattering along thex axis, since anoscillating dipole cannot radiate in
its own direction. Then, from Eq. 1.66, we have.

Py ¼ ayxExþ ayzEz ð1:185Þ
Pz ¼ azxExþ azzEz ð1:186Þ

The intensity of the scattered light is proportional to the sum of squares of the
individual aijEj terms. Thus, the ratio of the intensities in the y and z directions is

rn ¼
Iy
Iz
¼ a2yxE

2
x þ a2yzE

2
z

a2zxE2
x þ a2zzE2

z

ð1:187Þ

where rn is called the depolarization ratio for natural light (n).
In a homogeneous liquid or gas, the molecules are randomly oriented, and

we must consider the polarizability components averaged over all molecular

Fig. 1.27. Experimental configuration formeasuringdepolarization ratios. The scrambler is placed

after the analyzer because the monochromator gratings show different efficiencies for ? and | |

directions.

*It is possible to obtain approximate depolarization ratios of fine powders where the molecules or ions take
pseudorandom orientations (see Ref. 97).
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orientations. The results are expressed in terms of two quantities: �a (mean value)
and g (anisotropy):

�a ¼ 1

3
ðaxxþ ayyþ azzÞ ð1:188Þ

g2 ¼ 1

2
ðaxx� ayyÞ2þðayy� azzÞ2þðazz� axxÞ2 þ 6ða2xyþ a2yzþ a2zxÞ�
h

ð1:189Þ

These twoquantities are invariant to anycoordinate transformation. It canbe shown[3]
that the average values of the squares of aij are

ðaxxÞ2 ¼ ðayyÞ2 ¼ ðazzÞ2 ¼ 1

45
½45ð�aÞ2þ 4g2� ð1:190Þ

ðaxyÞ2 ¼ ðayzÞ2 ¼ ðazxÞ2 ¼ 1

15
g2 ð1:191Þ

Since Ex¼Ez¼E, Eq. 1.187 can be written as

rn ¼
Iy
Iz
¼ 6g2

45ð�aÞ2þ 7g2
ð1:192Þ

The total intensity In is given by

In ¼ Iyþ Iz ¼ const
1

45
½45ð�aÞ2þ 13g2�

	 

E2 ð1:193Þ

If the incident light is plane-polarized (e.g., a laser beam), with its electric vector in
the z direction (Ex¼ 0), Eq. 1.192 becomes

rp ¼
Iy
Iz
¼ 3g2

45ð�aÞ2þ 4g2
ð1:194Þ

where rp is the depolarization ratio for polarized light (p). In this case, the total
intensity is given by

Ip ¼ Iyþ Iz ¼ const
1

45
½45ð�aÞ2þ 7g2�

	 

E2 ð1:195Þ

The symmetry property of a normal vibration can be determined by measuring the
depolarization ratio. From an inspection of character tables (Appendix I), it is obvious
that �a is nonzero only for totally symmetric vibrations. Then, Eq. 1.192 gives
0 
 rn < 6

7, and theRaman lines are said to bepolarized. For all nontotally symmetric
vibrations, �a is zero, and rn ¼ 6

7. Then, the Raman lines are said to be depolarized.
If the exciting line is plane polarized, these criteria must be changed according to
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Eq. 1.194. Thus, 0 
 rp < 3
4 for totally symmetric vibrations, and rp ¼ 3

4 for
nontotally symmetric vibrations. Figure 1.28 shows the Raman spectra of CCl4
(500–150 cm�1) in twodirections of polarization obtainedwith the 488 nmexcitation.
The three bands at 459, 314, and 218 cm�1 giverp values of approximately 0.02, 0.75,
and 0.75, respectively. Thus, it is concluded that the 459 cm�1 band is polarized (A1),
whereas the two bands at 314 (F2) and 218 (E) cm�1 are depolarized.

As stated in Sec. 1.6, the polarizability tensors are symmetric in normal Raman
scattering. If the exciting frequency approaches that of an electronic absorption, some
scattering tensors become antisymmetric,* and resonanceRaman scattering can occur
(Sec. 1.22). In this case, Eq. 1.194 must be written in a more general form [98]

rp ¼
3gsþ 5ga

10goþ 4gs
ð1:196Þ

Fig. 1.28. Raman spectra of CCI4 in two directions of polarization (488nm excitation).

*A tensor is called antisymmetric if axx¼ayy¼azz¼ 0 and axy¼�ayx,ayz¼�azy, and azx¼�axz.
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where
go ¼ 3ð�aÞ2

gs ¼ 1

3
ðaxx� ayyÞ2þðayy� azzÞ2þðazz� axxÞ2
h i

þ 1

2
ðaxyþ ayxÞ2þðaxzþ azxÞ2þðayzþ azyÞ2
h i

ga ¼ 1

2
ðaxy� ayxÞ2þðaxz� azxÞ2þðayz� azyÞ2
h i

ð1:197Þ

If we define

g2s ¼
3

2
gs and g2as ¼

3

2
ga ð1:198Þ

Eq. 1.196 can be written as

rp ¼
3g2s þ 5g2as

45ð�aÞ2þ 4g2s
ð1:199Þ

In normal Raman scattering, g2s ¼ g2 and g2as ¼ 0. Then Eq. 1.199 is reduced to
Eq. 1.194.

The symmetry properties of resonance Raman lines can be predicted on the basis
of Eq. 1.199. For totally symmetric vibrations, �a „ 0 and gas¼ 0. Then, Eq. 20.15
gives 0 
 rp < 3

4. Nontotally symmetric vibrations ð�a ¼ 0Þ are classified into two
types: those that have symmetric scattering tensors, and those that have antisym-
metric scattering tensors. If the tensor is symmetric, gas¼ 0 and gs „ 0. Then
Eq. 1.199 gives rp ¼ 3

4 (depolarized). If the tensor is antisymmetric, gas „ 0 and
gs¼ 0. Then, Eq. 1.199 gives rp¼¥ (inverse polarization). In the case of the D4h

point group, the B1g and B2g representations belong to the former type, whereas the
A2g representations belongs to the latter [99]. As will be shown in Sec. 1.22, Spiro
and Strekas [98] observed for the first time A2g vibrations which exhibit rp values
3
4 < rp < ¥. For these vibrations, the term “anomalous polarization (ap)” is used
instead of “inverse polarization (ip)” [100].

1.21. INTENSITY OF RAMAN SCATTERING

According to the quantum mechanical theory of light scattering, the intensity per
unit solid angle of scattered light arising from a transition between states m and n is
given by

In m ¼ constðn0 � nmnÞ4
X
rs

jðPrsÞmnj2 ð1:200Þ
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where

ðPrsÞmn ¼ ðarsÞmnE ¼
1

h

X
r

"
ðMrÞrnðMsÞmr

nrm� n0
þ ðMrÞmrðMsÞrn

nrnþ n0

#
E ð1:201Þ

Here n0 is the frequency of the incident light: nrm, nrn, and nmn are the frequencies
corresponding to the energy differences between subscripted states; terms of the type
(Ms)mr are theCartesian components of transitionmoments such as

Ð
C�rmsCmdt; and

E is the electric vector of the incident light. It should be noted here that the states
denoted by m, n, and r represent vibronic states cgðx;QÞfg

i ðQÞ;cgðx;QÞfg
j ðQÞ and

ceðx;QÞfe
vðQÞ, respectively,wherecg andce are electronic ground- and excited-state

wavefunctions, respectively, andfg
i ;f

g
j , andf

e
v vibrational functions. The symbols x

andQ represent the electronic and nuclear coordinates, respectively. These notations
are illustrated in Fig. 1.29. Finally, s and r denote x, y, and z components.

Since the electric dipole operator acts only on the electronic wavefunctions, the
(ars)mn term in Eq. 1.201 can be written in the form

ðarsÞmn ¼
1

h

ð
fg
j ðarsÞggfg

j dQ ð1:202Þ

where

ðarsÞgg ¼
X
e

 Ð
c�gmscedt � Ð c�emrcgdt

�neg� n0
þ
Ð
c�gmrcedt � Ð c�emscgdt

�negþ n0

!

Here �neg corresponds to the energy of a pure electronic transition between the ground
and excited states.

Fig. 1.29. Energy-level diagram for Raman scattering.
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To discuss the Raman scattering, we expand the (ars)gg term as a Taylor series with
respect to the normal coordinate Q:

ðarsÞgg ¼ ðarsÞ0ggþ
"
qðarsÞgg

qQ

#
0

Qþ � � � ð1:203Þ

Then, we write Eq. 1.202 as

ðarsÞmn ¼
1

h
ðarsÞ0gg

ð
fg
j f

g
i dQþ

1

h

"
qðarsÞgg

qQ

#
0

ð
fg
j Qf

g
i dQ ð1:204Þ

The first term on the right-hand side is zero unless i¼ j. This term is responsible for
Rayleighscattering.Thesecondtermdetermines theactivityoffundamentalvibrations
in Raman scattering; it vanishes for a harmonic oscillator unless j¼ i� 1 (Sec. 1.10).

If we consider a Stokes transition, v! vþ 1, Eq. 1.204 is written as [3]

ðarsÞv;vþ 1 ¼
1

h

"
qðarsÞgg

qQ

#
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðvþ 1Þh
8p2mn

s
ð1:205Þ

where m and n are the reduced mass and the Stokes frequency. Then Eq. 1.200 is
written as

I ¼ constðn0� nÞ4 E
2

h2

"
qðapsÞgg

qQ

#2
0

ðvþ 1Þh
8p2mn

ð1:206Þ

In Sec. 1.20, we derived a classical equation for Raman intensity:

In ¼ const

 
qa
qQ

!2

E2

¼ const

(
1

45
½45ð�aÞ2þ 13g2�

)
E2

ð1:193Þ

By replacing theqa/qQ termofEq. 1.206with the termenclosed in braces inEq. 1.193,
we obtain

In ¼ constðn0� nÞ4 ðvþ 1Þ
8p2mn

E2

h2

(
1

45
½45ð�aÞ2þ 13g2�

)
ð1:207Þ

At room temperature, most of the scattering molecules are in the v¼ 0 state, but
some are in higher vibrational states. Using the Maxwell–Bolztmann distribution
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law, we find that the fraction of molecules fv with vibrational quantum number v is
given by

fv ¼ e� ½vþð1=2Þ�hn=kTP
v e
� ½vþð1=2Þ�hn=kT ð1:208Þ

Then the total intensity isproportional to
P

v fvðvþ 1Þ,which isequal to (1� e�hv/kT)�1

(see Ref. 23). Hence we can rewrite Eq. 1.207 in the form

In ¼ KI0
ðn0� nÞ4

mnð1� e� hn=kTÞ ½45ð�aÞ
2þ 13g2� ð1:209Þ

Here I0 is the incident light intensity which is proportional to E
2, and K summarizes all

other constant terms.
If the incident light is polarized, the form of Eq. 1.209 is slightly modified:

Ir ¼ KI0
ðn0� nÞ4

mnð1� e� hn=kTÞ ½45ð�aÞ
2þ 7g2� ð1:210Þ

As shown in Sec. 1.20, the degree of depolarization rp is

rp ¼
3g2

45ð�aÞ2þ 4g2
or g2 ¼ 45ð�aÞ2rp

3� 4rp
ð1:211Þ

Since rp ¼ 3
4 for nontotally symmetric vibrations, Eq. 1.211 holds only for totally

symmetric vibrations. Then Eq. 1.210 is written as

Ip ¼ K
0
I0

ðn0� nÞ4
mnð1� e� hn=kTÞ

 
1þ rp
3� 4rp

!
ð�aÞ2 ð1:212Þ

In the case of a solution, the intensity is proportional to the molar concentration C.
Then Eq. 1.212 is written as

Ip ¼ K
00
I0

Cðn0� nÞ4
mnð1� e� hn=kTÞ

 
1þ rp
3� 4rp

!
ð�aÞ2 ð1:213Þ

If we compare the intensities of totally symmetric vibrations (A1 mode) of two
tetrahedral XY4-type molecules, the intensity ratio is given by

I1
I2
¼ C1

C2

 
~n0�~n1
~n0�~n2

!4
~n2m2
~n1m1

ð1� e� hc~n2=kTÞð�a1Þ2
ð1� e� hc~n1=kTÞð�a2Þ2

ð1:214Þ
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In this case, the rp term drops out, since g2¼ 0 for isotropic molecules such as
tetrahedralXY4 andoctahedralXY6 types.ByusingCCI4 as the standard, it is possible
to determine the relative value of the qa/qQ term, which provides information about
the degree of covalency and the bond order [23].

As seen above, the intensity of Raman scattering increases as the (qa/qQ)0 term
becomes larger. The following general rules may reflect the trends in the (qa/qQ)0
values: (1) stretching vibrations produce stronger Raman bands than do bending
vibrations; (2) symmetric vibrations produce stronger Raman bands than do anti-
symmetric vibrations, and totally symmetric “breathing” vibrations produce the most
intense Raman bands; (3) stretching vibrations of covalent bonds produce Raman
bands stronger than those of ionic bonds (among the covalent bonds, Raman
intensities increase as the bond order increases; thus, the ratio of relative intensities
of the C�C, C¼C, and C�C stretching vibrations is approximately 3:2:1); and
(4) bonds involving heavier atoms produce stronger Raman bands than do those
involving lighter atoms. For example, the n(S�S) is stronger than the n(C�C).
Coordination compounds containing heavy metals and sulfur ligands are ideal for
Raman studies.

1.22. PRINCIPLE OF RESONANCE RAMAN SPECTROSCOPY

In normal Raman spectroscopy, the exciting frequency lies in the region where the
compound has no electronic absorption band. In resonance Raman spectroscopy, the
exciting frequency fallswithin the electronic band (Sec. 1.2). In thegaseousphase, this
tends to cause resonance fluorescence since the rotational–vibrational levels are
discrete. In the liquid and solid states, however, these levels are no longer discrete
because of molecular collisions and/or intermolecular interactions. If such a broad
vibronic bands is excited, it tends to give resonance Raman rather than resonance
fluorescence spectra [101,102].

Resonance Raman spectroscopy is particularly suited to the study of biological
macromolecules such as heme proteins because only a dilute solution (biological
condition) is needed to observe the spectrum and only vibrations localized within the
chromophoric group are enhancedwhen the exciting frequency approaches that of the
relevant chromophore. This selectivity is highly important in studying the theoretical
relationship between the electronic transition and the vibrations to be resonance-
enhanced.

The origin of resonance Raman enhancement is explained in terms of Eq. 1.201. In
normal Raman spectroscopy, n0 is chosen in the region that is far from the electronic
absorption. Then, nrm� n0, and ars is independent of the exciting frequency n0. In
resonance Raman spectroscopy, the denominator, nrm� n0, becomes very small as n0
approaches nrm. Thus, the first term in the square brackets of Eq. 1.201 dominates all
other terms and results in striking enhancement of Raman lines. However, Eq. 1.201
cannot account for the selectivity of resonance Raman enhancement since it is
not specific about the states of the molecule. Albrecht [103] derived a more
specific equation for the initial and final states of resonance Raman scattering by
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introducing the Herzberg–Teller expansion of electronic wave functions into the
Kramers–Heisenberg dispersion formula. The results are as follows:

ðarsÞgi;gj ¼ AþBþC ð1:215Þ

A ¼
X0
e„g

X
v

"
ðg0jRsje0Þðe0jRrjg0Þ

Eev�Egi�E0
þðnonresonance termÞ

#
hijvihvjji ð1:216Þ

B ¼
X0
e„g

X
v

X0
s„e

X
a

("
ðg0jRsje0Þðe0jhajs0Þðs0jRrjg0Þ

Eev�Egi�E0
þðnonresonance termÞ

#

�hi=vihv=Qaj ji
E0
e �E0

s

þ
"
ðg0jRsjs0Þðs0jhaje0Þðe0jRrjg0Þ

Eev�Egi�E0
þðnonresonance termÞ

#

�hijQajvihv=ji
E0
e �E0

s

)
ð1:217Þ

C ¼
X0
e„g

X0
t„g

X
v

X
a

("
ðe0jRrjg0Þðg0jhajt0Þðt0jRsje0Þ

Eev�Egi�E0
þðnonresonance termÞ

#

�hijvihvjQajji
E0
g �E0

t

þ
"
ðe0jRrjt0Þðt0jhajg0Þðg0jRsje0Þ

Eev�Egi�E0
þðnonresonance termÞ

#

� hijQajvihvjji
E0
g �E0

t

)
ð1:218Þ

The notations g, i, j, e, and v were explained in Sec. 1.21. Other notations are as
follows: s, another excited electronic state; ha, the vibronic coupling operator
qH=qQa;H, and Qa, the electronic Hamiltonian and the ath normal coordinate of
the electronic ground state, respectively; Egi and Eev, the energies of states gi and ev,
respectively; |g0), |e0), and |s0), the electronic wavefunctions for the equilibrium
nuclear positions of the ground and excited states; E0

e and E0
s , the corresponding

energies of the electronic states, e0 and s0, respectively; and E0, the energy of the
exciting light. The nonresonance terms are similar to the preceding terms except that
the denominator is (Eev�EgjþE0) instead of (Eev�Egj�E0) and that Rs and Rp

(Cartesian components of the transition moment) in the numerator are interchanged.
These terms can be neglected under the strict resonance condition since the resonance
terms become very large. TheC term is usually neglected because its components are
denominatedbyE0

g �E0
t ,where t refers to an excited state that ismuchhigher in energy

than the first excited state. These notations are shown on the right-hand side of
Fig. 1.29. In more rigorous expressions, the damping factor iG must be added to the
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denominators such as Eev�Egj�E0 so that the resonance term does not become
infinity under rigorous resonance conditions [103].

For the A term to be nonzero, the g$ e electronic transition must be allowed, and
the product of the integrals hi | vihv | ji (Franck–Condon factor) must be nonzero. The
latter condition is satisfied if the equilibriumposition is shifted by a transition (D „ 0 as
shown in Fig. 1.30). Totally symmetric vibrations tend to be resonance-enhanced via
the A term since they tend to shift the equilibrium position upon electronic excitation.
If the equilibrium position is not shifted by the g$ e transition, the A term becomes
zero since either one of the integrals, (i |v) or (v | j), becomes zero. This situation tends
to occur for nontotally symmetric vibrations.

In contrast to the A term, the B term resonance requires at least one more
electronic excited state(s), which must be mixed with the e state via normal vibration,
Qa. Namely, the integral (e0 | ha | s0) must be nonzero. The B-term resonance is
significant only when these two excited states are closely located so that the
denominator, E0

e �E0
s , is small. Other requirements are that the g$ e and g$ s

transitions should be allowed and that the integrals hi | vi and hv | Qa | ji should not
be zero. TheB term can cause resonance enhancement of nontotally symmetric aswell
as totally symmetric vibrations, although it is mainly responsible for resonance
enhancement of the former.

As seen in Eqs. 1.216 and 1.217, both A and B terms involve summation over v,
which is the vibrational quantum number at the electronic excited state. Since the
harmonic oscillator selection rule (Dv¼�1) does not hold for a largev, overtones and
combination bands may appear under resonance conditions. In fact, series of these
nonfundamental vibrations have been observed in the case of A-term resonance
(Sec. 1.23).

Fig. 1.30. Shift of equilibrium position caused by totally symmetric vibration.
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In Sec. 1.20, we have shown that the depolarization ratio for totally symmetric
vibrations is in the range 0 
 rp < 3

4. For theA term to be nonzero, however, the term
(g0 |Rs | e

0)(e0 |Rr |g
0)must be nonzero. Sinceg0 is totally symmetric, this condition is

realized only when both c(Rs)c(e0) and c(Rr)c(e0) belong to the totally symmetric
species. Thus, c(Rs)¼ c(Rr), and only one of the diagonal terms of the polarizability
tensor (axx, ayy, or azz) becomes nonzero. Then, it is readily seen from Eq. 1.199 that
rp ¼ 1

3. This rule has been confirmed by many observations. If the electronic excited
state is degenerate, two of the diagonal terms must be nonzero. In this case, rp ¼ 1

8.
These rules hold for any point group with at least one C3 or higher axis, with the
exception of the cubic groups in which the Cartesian coordinates transform as a single
irreducible degenerate representation.

1.23. RESONANCE RAMAN SPECTRA

Because of the advantagesmentioned in the preceding section, resonanceRaman (RR)
spectroscopyhas been applied tovibrational studies of a number of inorganic aswell as
organic compounds. It is currently possible to cover the whole range of electronic
transitions continuously by using excitation lines from a variety of lasers and Raman
shifters [26]. Inparticular, the availabilityof excitation lines in theUVregionhasmade
it possible to carry out UV resonance Raman (UVRR) spectroscopy [104].

In RR spectroscopy, the excitation line is chosen inside the electronic absorption
band.This conditionmay cause thermal decomposition of the sample by local heating.
To minimize thermal decomposition, several techniques have been developed. These
include the rotating sample technique, the rotating (or oscillating) laser beam
technique, and their combinations with low-temperature techniques [21,26]. It is
always desirable to keep low laser power so that thermal decomposition is minimal.
This will also minimize photodecomposition, which occurs depending on laser lines
in some compounds.

An example of the A-term resonance is given by I2, which has an absorption band
near 500 nmand its fundamental at�210 cm�1. Figure 1.31 shows theRR spectrumof
I2 in solution obtained byKiefer andBernstein [105] (excitation at 514.5 nm). It shows
a series of overtones up to the seventeenth. The vibrational energy of an anharmonic
oscillator including the cubic term is expressed as

Ev ¼ hcwe vþ 1

2

� �
� hccewe vþ 1

2

� �2

þ hcyewe vþ 1

2

� �3

� � �

The anharmonicity constants, cewe and yewe can be determined by plotting the
~nðobsÞ=v against the vibrational quantum number v, as shown in Fig. 1.32. The
straight line givescewe and the deviation from the straight line (at higher v) gives yewe

The results (CCl4 solution) in cm�1 are

we ¼ 212:59� 0:08; cewe ¼ 0:62� 0:03; yewe ¼ � 0:005� 0:002
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As stated in the preceding section, the depolarization ratio (rp) is expected to be closed
to 1

3 for totally symmetric vibrations. However, this value increases as the change in
vibrational quantum number (Dv) increases. For example, it is 0.48 for the tenth
overtone of I2 in CCl4 [100].

Fig. 1.31. Resonance Raman spectra of I2 in CCl4, CHCl3, and CS2 (514.5 nm excitation) [105].
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Fig. 1.32. Plot of ~v=v vs. n for I2 in CCl4 [105].
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The second example is given by TiI4, which has the absorption maximum near
514 nm. Figure 1.33 shows the RR spectrum of solid TiI4 obtained by Clark and
Mitchell [106] with 514.5 nm excitation. In this case, a series of overtones up to the
twelfth has been observed. Using these data, they obtained the following constants
(cm�1):

we ¼ 161:0� 0:2 and X11 ¼ 0:11� 0:03

Here,X11 is the anharmonicity constant corresponding to cewe of a diatomicmolecule
(Sec. 1.3).

Theoretical treatments ofRaman intensities of these overtone series under rigorous
resonance conditions have been made by Nafie et al. [107]. There are many other
examples of RR spectra of small molecules and ions that exhibit A-term resonance.
Section 2.6 includes references on RR spectra of the CrO4

2� and MnO4
� ions. Kiefer

[101] reviewed RR studies of small molecules and ions.
Hirakawa and Tsuboi [108] noted that among the totally symmetric modes, the

mode that leads to the excited-state configuration is most strongly resonance en-
hanced. For example, the NH3molecule is pyramidal in the ground state and planar in
the excited state (216.8 nm above the ground state). Then, the symmetric bending
mode near 950 cm�1 is enhanced 10 times more than the symmetric stretching mode
near 3300 cm�1 when the excitation wavelength is changed from 514.5 to 351.1 nm.

A typical example of theB-term resonance is givenbymetalloporphyrins and heme
proteins. As shown in Fig. 1.34, Ni(OEP) (OEP:octaethylporphyrin) exhibits two
electronic transitions referred to as the Q0 (or a) and B (or Soret) bands along with a
vibronic side band (Q1 or b) in the 350–600 nm region. According to MO (molecular
orbital) calculations on the porphyrin core of D4h, symmetry, Q0 and B transitions

Fig. 1.33. Resonance Raman spectrum of solid TiI4 (514.5 nm excitation) [106].
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result from strong interaction between the a1u(p)! eg (p*) and a2u(p)! eg (p*)
transitionswhich have similar energies and the same excited-state symmetry (Eu). The
transition dipoles add up for the strongB transition and nearly cancel out for theweak
Q0 transition. This is an ideal situation for B-term resonance. According to Eq. 1.217,
any normal modes which give nonzero values for the integral (e0 | ha | s

0) are enhanced
via the B term. These vibrations must belong to one of the symmetry species given by
Eu�Eu, that is, A1gþB1gþB2gþA2g.*

Figure 1.35 shows the RR spectra of Ni(OEP)with excitation near theB,Q1 andQ0

transitions as obtained by Spiro and coworkers [109]. As discussed in Sec. 1.20,
polarization properties are expected to be A1g (p, polarized), B1g and B2g (dp,
depolarized), and A2g (ap, anomalous polarization). These polarization properties,
together with normal coordinate analysis, were used to make complete vibrational
assignments of Ni(OEP) [110]. It is seen that the spectra obtained by excitation
near theQ0 band (bottom traces) are dominated by the dp bands (B1g andB2g species),
while those obtained by excitation between the Q0 and Q1 bands (middle traces)
are dominated by the ap bands (A2g species). The spectra obtained by excitation
near the B band (top traces) are dominated by the p bands (A1g species). In this

Fig. 1.34. Structure, energy-level diagram, and electronic spectrum of Ni(OEP) [109].

*For symmetry species of the direct products, see Appendix IV. Also note that the A1g vibrations are not
effective in vibronic mixing.
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case, the A-term resonance is much more important than the B-term resonance
because of the very strong absorption strength of the B band. Mizutani and
coworkers [110a] analyzed the resonance Raman spectra of Ni(OEP) obtained at
the d–d excited state.

Aswill be shown in Sec. 2.8, anomalously polarized bands have also been observed
in the RR spectra of the IrCl2�6 ion, although their origin is different from the vibronic
coupling mentioned above [111,112].

The majority of compounds studied thus far exhibit the A-term rather than the
B-term resonance. A more complete study of resonance Raman spectra involves
the observation of excitation profiles (Raman intensity plotted as a function of the
excitation frequency for each mode), and the simulation of observed excitation
profiles based on theoretical treatments of resonance Raman scattering [113].

Fig. 1.35. Resonance Raman spectra of Ni(OEP) obtained by excitation near the B, Q1, and Q0

bands [110].
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1.24. THEORETICAL CALCULATION OF VIBRATIONAL FREQUENCIES

Theprocedure for calculatingharmonic vibrational frequencies and force constants by
GF matrix method has been described in Sec. 1.12. In this method, both G (kinetic
energy) and F (potential energy) matrices are expressed in terms of internal
coordinates (R) such as increments of bond distances and bond angles. Then, the
kinetic (T) and potential (V) energies are written as:

2T ¼ ~_RG� 1 _R ð1:113Þ
2V ¼ ~RFR ð1:111Þ

and the secular equation

jGF�Elj ¼ 0 ð1:116Þ

is solved to obtain vibrational frequencies. Here, E is a unit matrix, and l is related to
the wavenumber by the relation given by Eq. 1.156. The G matrix elements can be
calculated from theknownbonddistances and angles, and theFmatrixelements (force
constants) are refined until the differences between the observed and calculated
frequencies areminimized. Force constants thus obtained can be transferred to similar
molecules to predict their vibrational frequencies.

On the other hand, quantum mechanical methods utilize an entirely different
approach to this problem. The principle of themethod is to express the total electronic
energy (E) of a molecule as a function of nuclear displacements near the equilibrium
positions and to calculate its second derivativeswith respect to nuclear displacements,
namely, vibrational force constants. In the past, ab initio calculations of force
constants were limited to small molecules [114] such as H2O and C2H2 because
computational time required for large molecules was prohibitive. This problem has
been solved largely by more recent progress in density functional theory (DFT) [115]
coupled with commercially available computer software. Currently, the DFTmethod
is used almost routinely to calculate vibrational parameters of a variety of inorganic,
organic, coordination, and organometallic compounds. The advent of high-speed
personal computers further facilitated this trend.

Using a commercially available computer program such as “Gaussian 03,” DFT
calculations of the H2O molecule proceed in the following order: First, molecular
parameters (masses of constituent atoms, approximate bond distances and angles) are
used as input data. As an example, let us assume that the O�H distance is 0.96A

	
and

theHOHangle is 109.5	. Then, the program calculates the cartesian coordinates of the
three atoms by placing the origin at the center of gravity (CG) of the molecule. It also
determines the point group of the molecule asC2v on the basis of the given geometry.

Since the total electronic enegy (E) of the H2O molecule is a function of the nine
Cartesian coordinates (xi, i where i¼ 1, 2, . . ., 9), the equilibrium configuration that
renders all the nine first derivatives (qE/qxi) zero can be determined (energy optimi-
zation). Accuracy of the results depends on the level of the approximation method
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chosen in calculating E. Using 6-31G* basis set with B3LYP functional [116], for
example, the optimal geometry was found to be: OH distance¼ 0.9745A

	
and HOH

angle¼ 110.5670	 These values were used to recalculate the Cartesian coordinates
listed in Table 1.15

The next step is to calculate the second derivatives near the equilibrium positions
[(qE2/qxi qxj)0,i,j¼ 1�9], namely, the force constants in terms of Cartesian coordi-
nates (fi,j), using analytical methods [116a]. The force constants thus obtained are
converted to mass-weighted Cartesian coordinates (XM,i) by

xM;1 ¼ ffiffiffiffiffiffi
m1
p

x1; xM;2 ¼ ffiffiffiffiffiffi
m1
p

x2; . . . ð1:219Þ

fM;i;j ¼ fi;jffiffiffiffiffiffiffiffiffiffi
mimj
p ¼

 
q2V

qxMiqxMj

!
0

ð1:220Þ

These fM,i,j terms are the elements of the force constant (Hessian) matrix.
Using matrix expression, the relationship between mass-weighted Cartesian (XM)

and Cartesian (X) coordinates is written as follows:

XM ¼M1=2X ð1:221Þ
Here,M1/2 is a diagonal matrix whose elements are

ffiffiffiffiffiffi
m1
p

; . . .
ffiffiffiffiffiffi
m9
p

andX is a column
matrix, [x1,. . .,x9]. The product, M1/2X, gives a column matrix, XM,
½ ffiffiffiffiffiffim1
p

x1; . . . ;
ffiffiffiffiffiffi
m9
p

x9�. Equation (1.221) is rewritten as

X ¼M�ð1=2ÞXM ð1:222Þ

The relationship between the internal coordinate R and X (Eqs. 1.118 and 1.119) is
now written as

R ¼ BX ¼ BM�ð1=2ÞXM ð1:223Þ

and its transpose is

~R ¼ ~XMM
�ð1=2Þ~B ð1:224Þ

where B is a rectangular (3� 9) matrix shown by Eq. 1.119.

TABLE 1.15. Calculated Cartesian Coordinates
of H2O

Center Atomic
Coordinate (Å)

Number Number X Y Z

1 8 0.0000 0.0000 0.1110

2 1 0.0000 0.8010 �0.4440
3 1 0.0000 �0.8010 �0.4440
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The kinetic energy (Eq. 1.113) in terms of XM is written as

2T ¼ ~_XM _XM ð1:225Þ
and the potential energy (Eq. 1.111) in terms of the same coordinate, XM, is

2V ¼ ~RFRR ¼ ~XMM�ð1=2Þ~BFRBM
�ð1=2ÞXM ¼ ~XMFXMXM ð1:226Þ

where

FXM ¼M�ð1=2Þ~BFRBM
�ð1=2Þ ð1:227Þ

or
~BFRB ¼M1=2FXMM1=2 ð1:228Þ

Vibrational frequencies are calculated by solving the following equation:

jFXM�Elj ¼ 0 ð1:229Þ

In the case of H2O, we obtain nine frequencies, six of which are near zero. These six
frequencies must be eliminated from the results because they correspond to the
translational and rotational motions of the molecule as a whole (3N–6 rule). Thus, the
remaining three frequencies correspond to the normal modes of the H2O molecule. It
should be noted that vibrational frequencies are intrinsic of individual molecules and
do not depend on the coordinate system chosen (R or XM).

The next step is to convert the force constants (FXM) in terms ofXM coordinates to
those of internal coordinates (FR), which have clearer physical meanings. For this
purpose, Eq. 1.228 is rewritten as [117–119]

FR ¼ UG� 1~UBM1=2FXMM1=2~BUG� 1~U ð1:230Þ

Here,U is an orthogonal matrix ðU ¼ ~U� 1Þ that diagonalizesB~B, andG is a diagonal
matrix that is defined as follows:

B~BU ¼ UG ð1:231Þ

In the case ofH2O,B is a 3� 9matrix,whereasU,G, andFR are 3� 3matrices.To take
advantage of symmetry properties, internal coordinates are further transformed to
internal symmetry coordinates (RS) by the relation

RS ¼ USR ð1:131Þ
whereUS is an orthogonal matrix chosen by symmetry consideration. Then, the force
constants in terms of internal symmetry coordinates ðFS

RÞ are given by

FS
R ¼ USFR~U

S ð1:232Þ
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Thus, FXM can be coverted to FS
R using Eqs. 1.230 and 1.232. Several computer

programs are available for this conversion [118].
Table 1.16 summarizes the results of DFT calculation of H2O. It is seen that the

calculated frequencies are in good agreementwith the observed values. In other cases,
however, the former becomes higher than the latter because (1) the effect of
anharmonicity is not included in the calculation and (2) systematic errors result
from the use of finite basis sets and incomplete inclusion of electron correlation
effects. In such cases, several empirical “scaling methods” are applied to the force
constants [120] or frequencies [121] obtained by DFT calculations.

Computer programs such as “Gaussian 03” can simultaneously calculate several
other parameters including normal modes (shown in Table 1.15), IR intensities,
Raman scattering intensities, and depolarization ratios.

1.25. VIBRATIONAL SPECTRA IN GASEOUS PHASE [122] AND INERT
GAS MATRICES [29,30]

As distinct from molecules in condensed phases, those in the gaseous phase are free
from intermolecular interactions. If the molecules are relatively small, vibrational
spectra of gases exhibit rotational fine structure (see Fig. 1.3) fromwhichmoments of
inertia and hence internuclear distances and bond angles can be calculated [1,2].
Furthermore, detailed analysis of rotational fine structure provides information about
the magnitude of rotation–vibration interaction (Coriolis coupling), centrifugal
distortion, anharmonicity, and even nuclear spin statistics in some cases. In the past,
infrared spectroscopy was the main tool in measuring gas-phase vibrational spectra.
However, Raman spectroscopy is also playing a significant role because of the
development of powerful laser sources and high-resolution spectrophotometers. For
example, Clark and Rippon [123] measured gas-phase Raman spectra of Group IV
tetrahalides, and calculated the Coriolis coupling constants from the observed
band contours. For gas-phase Raman spectra of other inorganic compounds, see

TABLE 1.16. Comparison of Observed and Calculated Frequencies (cm�1) and Normal
Modes of H2O

Normal Vibration: n1(A1) n2(A1) n3(B2)

Observed frequenciesa 1595 3657 3756

Calculated frequencies 1565.5 3639.2 3804.7

Normal modesb X Y Z X Y Z X Y Z

O(1) 0.00 0.00 0.08 0.00 0.00 0.04 0.00 0.07 0.00

H(2) 0.00 �0.38 �0.60 0.00 0.62 �0.35 0.00 �0.58 0.40

H(3) 0.00 0.38 �0.60 0.00 �0.62 �0.35 0.00 �0.58 �0.40
Assignment HOH bending Symmetric OH stretch Antisymmetric OH

stretch

aIR spectrum (Table 2.2d of Chapter 2).
bThe normal modes shown in Fig. 1.12 are obtained by plotting these displacement coordinates.
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Ref. [122]. Unfortunately, the majority of inorganic and coordination compounds
exist as solids at room temperature. Although some of these compounds can be
vaporized at high temperatureswithout decomposition, it is rather difficult tomeasure
their spectra by the conventional method. Furthermore, high-temperature spectra are
difficult to interpret because of the increased importance of rotational and vibrational
hot bands.

In 1954, Pimentel and his colleagues [124] developed the matrix isolation
technique to study the infrared spectra of unstable and stable species. In this method,
solutemolecules and inert gasmolecules suchasArandN2aremixedat a ratio of 1:500
or greater and deposited on an IR window such as a CsI crystal cooled to 10–15K.
Since the solute molecules trapped in an inert gasmatrix are completely isolated from
each other, the matrix isolation spectrum is similar to the gas-phase spectrum; no
crystal field splittings and no lattice modes are observed. However, the former
spectrum is simpler than the latter because, except for a few small hydride molecules,
no rotational transitions are observedbecause of the rigidity of thematrix environment
at low temperatures. The lack of rotational structure and intermolecular interactions
results in a sharpeningof the solute band so that evenveryclosely locatedmetal isotope
peaks can be resolved in a matrix environment. This technique is also applicable to a
compound which is not volatile at room temperature. For example, matrix isolation
spectra of metal halides can be measured by vaporizing these compounds at high
temperatures in a Knudsen cell and co-condensing their vapors with inert gas
molecules on a cold window [125].

More recent developments of laser ablation techniques coupled with closed-cycle
helium refrigerators greatly facilitated its application. Thus, matrix isolation tech-
nique has now been utilized to obtain structural and bonding information of a number
of inorganic and coordination compounds. Some important features and applications
are described in this and the following sections.

1.25.1. Vibrational Spectra of Radicals

Highly reactive radicals can be produced in situ in inert gasmatrices by photolysis and
other techniques. Since these radicals are stabilized in matrix environments, their
spectra can be measured by routine spectroscopic techniques. For example, the
spectrum of the HOO radical [126] was obtained by measuring the spectrum of the
photolysis product of a mixture of HI and O2 in an Ar matrix at�4K. Chapter 2 lists
the vibrational frequencies of many other radicals, such as CN, OF, and HSi, obtained
by similar methods.

1.25.2. Vibrational Spectra of High-Temperature Species

Alkali halide vapors produced at high temperatures consist mainly of monomers
and dimers. The vibrational spectra of these salts at high temperatures are difficult
to measure and difficult to interpret because of the presence of hot bands. The
matrix isolation technique utilizing a Knudsen cell has solved this problem. The
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vibrational frequencies of some of these high-temperature species are listed in
Chapter 2.

1.25.3. Isotope Splittings

As stated before, it is possible to observe individual peaks due to heavy-metal isotopes
in inert gas matrices since the bands are extremely sharp (half-band width,
1.5–1.0 cm�1) under these conditions. Figure 1.36a shows the infrared spectrum of
the n7 band (coupled vibration between CrC stretching and CrCO bending modes) of
Cr(CO)6 in a N2 matrix [127]. The bottom curve shows a computer simulation using
the measured isotope shift of 2.5 cm�1 per atomic mass unit, a 1.2 cm�1 half-band
width, and the percentages of natural abundance of Cr isotopes: 50Cr (4.31%), 52Cr
(83.76%), 53Cr (9.55%), and 54Cr (2.38%). The isotope splittings of SnCl4 and GeCl4
in Ar matrices are discussed in Sec. 2.6. These isotope frequencies are highly
important in refining force constants in normal coordinate analysis.

Fig. 1.36. Matrix isolation IR spectra of Cr(CO)6 in N2 (a) and Ar (b) matrices. The bottom spectra

were obtained by computer simulation [127].
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1.25.4. Matrix Effect

The vibrational frequencies of matrix-isolated molecules give slight shifts when the
matrix gas is changed. This result suggests the presence of weak interaction between
the solute and matrix molecules. In some cases, the spectra are complicated by the
presence of more than one trapping site. For example, the infrared spectrum of
Cr(CO)6 in an Ar matrix (Fig. 1.36b) is markedly different from that in a N2 matrix
(Fig. 1.36a) [127]. The former spectrum can be interpreted by assuming two different
sites in anArmatrix. The computer-simulation spectrum (bottom curve)was obtained
by assuming that these two sites are populated in a 2:1 ratio, the frequency separation
of the corresponding peaks being 2 cm�1. Thus, it is always desirable to obtain the
matrix isolation spectra in several different environments.

1.26. MATRIX COCONDENSATION REACTIONS

A number of unstable and transient species have been synthesized via matrix
cocondensation reactions, and their structure and bonding have been studied by
vibrational spectroscopy. The principle of the method is to cocondense two solute
vapors (atom, salt, or molecule) diluted by an inert gas on an IR window (IR
spectroscopy) or ametal plate (Raman spectroscopy) that is cooled to low temperature
by a cryocooler. Solid compounds can bevaporized by conventional heating (Knudsen
cell), laser ablation, or other techniques, and mixed with inert gases at proper ratios
[128]. In general, the spectra of the cocondensation products thus obtained exhibit
many peaks as a result of the mixed species produced. In order to make band
assignments, the effects of changing the temperature, concentration (dilution ratios),
and isotope substitution on the spectra must be studied. In some cases, theoretical
calculations (Sec. 1.24) must be carried out to determine the structure and to make
band assignments. Vibrational frequencies of many molecules and ions obtained by
matrix cocondensation reactions are listed in Chapter 2.

Matrix cocondensation reactions are classified into the following five types:
1. Atom-Atom Reaction. Liang et al. [129] studied the reaction: Uþ S!USn(n¼
1–3), Figure 1.37 shows the IR spectra of laser-ablated U atom vapor cocondensed
withmicrowave-discharged S atom inAr at 7K. In (a) (32S with higher concentration)
and (b) (32S with low concentration), the prominent band at 438.7 cm�1 and a weak
band at 449.8 cm�1 show a consistent intensity ratio of 6 : 1, and are shifted to 427.8
and 437.4 cm�1 respectively, by 32S/34S substitution (c). In the mixed 32Sþ 34S
experiments [traces] (d) and (e), both bands split into asymmetric triplets marked in
(e). These results suggest that two equivalent S atoms are involved in this species. The
bands at 438.7 and 449.8 cm�1were assigned to the antisymmetric (n3) and symmetric
(n1) stretching modes, respectively, of the nonlinear U 32S2 molecule. Although the
analogousUO2molecule is linear, theUS2molecule is bent because ofmore favorable
U(6d)–S(3p) overlap. Theweak band at 451.1 cm�1,which is partly overlapped by the
n1 mode of US2 in (a), is shifted to 439.2 cm�1 by 32S/34S substitution (c), and was
assigned to thediatomicUSmolecule.Anotherweakbandat 458.2 cm�1 in (a) showsa
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triplet pattern in the mixed-isotope experiment shown in (d), and was assigned to the
antisymmetric stretching vibration of the near-linear S�U�S unit of a T-shaped US3
molecule similar to UO3 All these structures and band assignments are supported by
DFT calculations.

2. Atom–Molecule Reaction. Zhou and Andrews [130] studied the reaction of Scþ
CO! Sc(CO)n(n¼ 1–4) via cocondensation of laser-ablated Sc atoms with CO in
excess Ar or Ne, and made band assignments based on the results of 13CO and C18O
isotope shifts, matrix annealing, broadband photolysis, and DFT calculations.
Figure 1.38a shows the IR spectrum of the cocondensation product after one hour
deposition at 10K inAr. The strong and sharp band at 1834.2 cm�1 is shifted to 1792.9
and 1792.3 cm�1 by 13CO and C18O substitutions, respectively, and its intensity
decreases upon annealng to 25K (b) but increases on photolysis (c,d). Twoweak bands
near 1920 cm�1 in (a) are also isotope-sensitive and become stronger on annealing to
25K (b). These bandswere assigned to the Sc(CO)þ cation producedby the reaction of
laser-ablated Scþ ion with CO. In a Ne matrix, a similar experiment exhibits a sharp
band at 1732.0 cm�1 that was assigned to the Sc(CO)� ion produced via electron
capture by Sc(CO). The pair of bands at 1851.4 and 1716.3 cm�1 in (b) were assigned
to the antisymmetric and symmetric stretching vibrations of the bent Sc(CO)2
molecule while the strong and sharp band at 1775.5 cm�1 in (c) was attributed to
the linear Sc(CO)2 molecule. DFT calculations predict Sc(CO)3 to be trigonal
pyramidal (C3v symmetry) in the ground state. The bands at 1968.0 and 1822.2 cm�1

in (b) becomeweaker by photolysis (c,d) and stronger by annealing at 35K (e), These
bands were assigned to the nondegenerate symmetric and degenerate CO stretching
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Fig. 1.37. Infrared spectra of laser-ablated U co-deposited with discharged isotopic S atoms in Ar

at 7K: (a) 32S with higher concentration, (b) 32S with lower concentration, (c) 34S, (d) 35/65
32Sþ 34S mixture, and (e) 50/50 32Sþ 34S mixture [129].
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vibrations, respectively, of the Sc(CO)3 molecule. The band at 1865.4 cm�1 appeared
last when the matrix was annealed to 35K (e), and was tentatively assigned to a
degenerate vibration of Sc(CO)4. Matrix cocondensation reactions of this type have
been studied most extensively as shown in Part B, Sec. 3.18.6.
3. Salt–Molecule Reaction. Tevault and Nakamoto [131] carried out matrix cocon-
densation reactions of metal salts such as PbF2 with L(CO, NO and N2) in Ar, and
confirmed the formation of PbF2–L adducts by observing the shifts of IR bands of both
components. These spectra are shown in Fig. 3.67 (of Sec. 3.18.6).

4. Salt–Salt Reaction. Ault [132] obtained the IR spectrum of the PbF3
� ion via the

reaction of the type,MFþ PbF2!M[PbF3] (M¼Na,K, Rb, andCs). Both salts were
premixed, and themixturewas heated in a singleKnudsen cell at 300–325	C,which is
roughly 200	C below that is needed to vaporize either PbF2 orMF. Figure 1.39 shows
the IR spectra of PbF2 and its cocondensation products with MF in Ar matrices. It is
seen that, except for M¼Na, the cocondensation products exhibit two prominent
bands near 456 and 405 cm�1 with no bands due to PbF2 Thus, these two bands were
assigned to the A1 and E stretching vibrations, respectively, of the PbF3

� ion of C3v

symmetry. The band at 242 cm�1 was observed weakly only in high-yield experi-
ments, and tentatively assigned to a bending mode of the PbF3

� ion.

5. Molecule–Molecule Reaction. The reaction Fe(TPP)þO2! (TPP) Fe-O2 (TPP
tetraphenylporphyrin) was carried out by Watanabe et al. [133] using 16O2 and

18O2
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Fig. 1.38. Infrared spectra of laser-ablatedScatoms co-depositedwith 0.5%CO in excessAr.: (a)

after 1 hr sample deposition at 10K, (b) after annealing to 25K, (c) after 20min l> 470nm
photolysis, (d) after 20min full-arc photolysis, and (e) after annealing to 35K [130].
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diluted in Ar. The IR spectra shown in Fig. 3.76 (in Sec. 3.21.4) indicate that two new
bands appear at 1195 and 1108 cm�1 which are due to the O2 stretching vibrations of
the end-on and side-on type Fe(TPP)O2, respectively. Bajdor and Nakamoto [134]
obtained a novel oxoferrylporphyrin [O¼Fe(IV)(TPP)] via laser photolysis of Fe
(TPP)O2 in pure O2 matrices at�15K. As seen in Fig. 1.82 ( Sec. 1.22.4 of Part B), it
exhibits the Fe(IV)¼O stretching vibration at 852 cm�1.

1.27. SYMMETRY IN CRYSTALS

The symmetry elements and point groups of molecules and ions in the free state have
been discussed in Sec. 1.5. Formolecules and ions in crystals, however, it is necessary
to consider some additional symmetry operations that characterize translational
symmetries in the lattice. Addition of these translational operations results in the
formation of the space groups that can be used to classify the symmetry of molecules
and ions in crystals.
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400 360 320
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NaF/PbF2

KF/PbF2
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CsF/PbF2

Fig. 1.39. Infrared spectra of the MþPbF�3 isolated in Ar matrices. The top trace shows the

spectrum of the parent PbF2 salt, while the next four spectra show the bands attributable to the

vaporization products from the solid mixtures of NaF/PbF2, KF/PbF2, RbF/PbF2, and CsF/PbF2 in

the 580 � 300 cm�1 region [132].
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1.27.1. 32 Crystallographic Point Groups

As discussed in Sec. 1.5, molecular symmetry can be described by point groups that
are derived from the combinations of symmetry operations, I (identity), Cp (p-fold
axis of symmetry), a (plane of symmetry), i (center of symmetry), and Sp (p-fold
rotation–reflection axis), where p may range from 1 to ¥. In the case of crystal
symmetry, p is limited to 1, 2, 3, 4, and 6 because of space-filling requirement in
a crystal lattice. As a result, only the 32 crystallographic point groups listed in
Table 1.17 are possible. Here, Hermann–Mauguin (HM) as well as Sch€onflies (S)
notations are shown. In the HM notation, 1, 2, 3, 4, and 6 denote the principal axis of
rotation, Cp, where p is 1, 2, 3, 4, and 6, respectively, and �1; �2; �3; �4, and �6 denote a
combination of respective rotation about an axis and inversion through a point on the
axis. Thus, �1 means the center of inversion (i), �2 indicates s on a mirror plane (m),
and �3; �4; and �6 correspond to S6, S4, and S3, respectively. For example, the point
group C2h, (I, C2, a, and i) can be written as 2m�1, which can be simplified to 2/m
where the slash means the C2 axis is perpendicular to m. As shown in Table 1.17,
these 32 crystallographic point groups which describe the symmetry of the unit cell
can be classified into seven crystallographic systems according to the most simple
choice of reference axes.

1.27.2. Symmetry of the Crystal Lattice

Acrystal has a lattice structure that is a repetition of identical units. Bravais has shown
that only the 14 different types of lattices shown in Fig. 1.40 are possible. These

TABLE 1.17. Seven Crystallographic Systems and 32 Crystallographic Point Groups

System Axes and Angles

32 Crystallographic

Point Groups

Triclinic a b c I �I

a b g C1 Ci

Monoclinic a b c 2 m or �2 2/m

90	 b 90	 C2 Cs C2h

Orthorthombic a b c 222 mm2 mmm

90	 90	 90	 D2 C2n D2h

Tetragonal a b c 4 �4 4/m 422 4mm �42m 4/mmm

90	 90	 90	 C4 S4 C4h D4 C4v D2d D4h

Trigonal aaa a a c 3 �3 32 3m �3m

(rhombohedral) aaaa
or

90	 90	 120	 C3 C3i D3 C3v D3d

Hexagonal a a c 6 �6 6/m 622 6mm �6m2 6/mmm

90	 90	 120	 C6 C3h C6h D6 C6v D3h D6h

Cubic a a c 23 m3 432 �43m m3m

90	 90	 90	 T Th O Td Oh
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Bravais lattices are also classified into the seven crystallographic systems mentioned
above. Here, the lattice points are regarded as “points” or “small, indentical, perfect
spheres,” thus representing the highest symmetry possible. In actual crystals, these
points are occupied by unsymmetric but identical molecules or ions so that their high
symmetry is lowered. In Fig. 1.40 P, C (or A or B), F, I, and R indicate primitive, base-
centered, face-centered, body-centered, and rhombohedral lattices, respectively. The
number of lattice points (LP) in each cell is summarized in Table 1.18. For crystal
structures designated by P, crystallographic unit cells are identical with the Bravais
unit cells. For those designated by other letters, crystallographic unit cells contain 2, 3,
or 4 Bravais cells. In these cases, the number of molecules in the crystallographic unit

Fig. 1.40. The 14 Bravais lattices belonging to the seven crystallographic systems [135].
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cell must be divided by the corresponding LP since only the consideration of one
Bravais cell is sufficient to interpret the vibrational spectra of crystals.

1.27.3. Space Groups

As stated above, the 32 point groups describe the symmetry of the unit cells, and the 14
Bravais lattices describe all possible arrangements of crystal lattices. To describe
space symmetry, however, symmetry operationsmentioned earlier are not enough.We
must add three new symmetry operations:

Translation. A translational operation along one lattice direction gives an identical
point.

Screw Axis. Rotation of a lattice point about an axis followed by translation gives
an identical point. Namely, rotation by 2p/p followed by a translation of
q=pðq ¼ 1; 2; . . . ; n� 1Þ in thedirectionof theaxis iswrittenaspq. For example,
21 indicates twofold rotation followed by a translation of

1
2 a,

1
2 b, or

1
2 c, as shown

in Fig. 1.41A. If the axis is threefold, the translation must be 1
3 or

2
3, and the

symbols are 31 and 32, respectively.
GlidePlane. Reflection in a plane followed by translation by 1

2 a,
1
2 b,

1
2 c, as shown in

Fig. 1.41B. These planes are indicated by a, b, and c, respectively, n is used for
diagonal translation of (bþ c)/2, (cþ a)/2, or (aþ b)/2.

Fig. 1.41. Screw axis and glide plane.

TABLE 1.18. Primitive and Centered Lattices

Type of Crystal Structure Number of Lattice Points (LP)

Primitive (P) 1

Base-centered (A, B, or C) 2

Body-centered (I) 2

Rhombohedral (R) 3 or 1a

Face-centered (F) 4

aThe crystallographic unit cell may have been divided by 3.
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Addition of these symmetry operations results in 230 different combinationswhich
are called “spacegroups.”Table 1.19 shows the distribution of spacegroups among the
seven crystal systems [136]. Some of these space groups are rarely found in actual
crystals.About half of the crystals belong to13 spacegroups of themonoclinic system.
Spacegroups can be described by using eitherHermann–Mauguin (HM)orSch€onflies
(S) notations. For example, P2/mð� C1

2hÞ indicates a primitive lattice with m perpen-
dicular to 2. The first symbol (capital letter) refers to theBravais lattice (P,A,B,C, F, I,
andR),andthenextsymbolindicatesfundamentalsymmetryelements that liealongthe
special direction in the crystal. In the case of the monoclinic system, it is the twofold
axis. Thus, P21/mð� C2

2hÞ is a primitive cellwithmperpendicular to 21. These symbols
indicate only the minimum symmetry elements that are necessary to distinguish the
spacegroups.Thedifferencesamongspacegroupscanbefoundbycomparing the“unit
cell maps” given in the International Tables for X-Ray Crystallography [137] .

1.28. VIBRATIONAL ANALYSIS OF CRYSTALS [48–52]

Becauseofintermolecular interactions, thesymmetryofamoleculeisgenerallylowerin
the crystalline state than in the gaseous (isolated) state. This change in symmetry
may split the degenerate vibrations and activate infrared- (or Raman-) inactive vibra-
tions. Additionally, intermolecular (interionic) interactions in the crystal lattice cause
frequency shifts relative to the gaseous state. Finally, the spectra obtained in the
crystalline state exhibit lattice modes—vibrations due to translatory and rotatory
motions of a molecule in the crystalline lattice. Although their frequencies are usually
lower than 300 cm�1, theymayappear in the high-frequency region as the combination
bandswith internalmodes (see Fig. 2.18, for example). Thus, the vibrational spectra of
crystals must be interpreted with caution, especially in the low-frequency region.

To analyze the spectra of crystals, it is necessary to carry out a site group or factor
group analysis, as described in the following subsection.

1.28.1. Subgroups and Correlation Tables

For any point group, there are “subgroups” which consist of some, but not all,
symmetry elements of the “parent group.” For example, the character table of the
point group,C3v (Table 1.6) contains I,C3, andsv as the symmetry elements. Then, the
subgroups ofC3v areC3, consisting of I andC3, andCs, consistingof I andsvonly.The
relationship between the symmetry species in the “parent group” and those in
“subgroups” is given in a “correlation table.” Such correlation tables have already
been worked out for all common point groups and are listed in Appendix IX. As an
example, the correlation table for C3v is shown below:

C3v C3 Cs

A1 A A
0

A2 A A
00

E E A
0 þA

00
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Apyramidal XY3molecule such asNH3 belongs to the point groupC3v. If one of
the Yatoms is replaced by a Z atom, the resulting XY2Zmolecule belongs to the point
group Cs. As a result, the doubly degenerate vibration (E) splits into two vibrations
(A0 þA00). These correlation tables are highly important in predicting the effect of
lowering of symmetry on molecular vibrations. Chapter 2 includes a number of
examples of symmetry lowering by substitution of an atomic group by another
group.

1.28.2. Site Group Analysis

According to Halford [138], the vibrations of a molecule in the crystalline state are
governed by a new selection rule derived from site symmetry—a local symmetry
around the center of gravity of a molecule in a unit cell. The site symmetry can be
found by using the following two conditions: (1) the site groupmust be a subgroup of
both the space group of the crystal and the molecular point group of the isolated
molecule, and (2) the number of equivalent sites must be equal to the number of
molecules in the unit cell. Halford derived a complete table that lists possible site
symmetries and the number of equivalent sites for 230 space groups. Suppose that the
space group of the crystal, the number of molecules in the unit cell (Z), and the point
group of the isolated molecule are known. Then, the site symmetry can be found from
the Table of Site Symmetry for the 230 Space Groups, which was originally derived by
Halford.AppendixXgives itsmodified version byFerraro andZiomek [9]. In general,
the site symmetry is lower than the molecular symmetry in an isolated state. In some
cases, it may be difficult to make an unambiguous choice of site symmetry by the
method cited above. Then, Wyckoff ’s tables on crystallographic data [139] must be
consulted.

The vibrational spectra of calcite and aragonite crystals are markedly different,
although both have the same composition (Sec. 2.4). This result can be explained ifwe
consider the difference in site symmetry of the CO2�

3 ion between these crystals.
According to X-ray analysis, the space group of calcite is D6

3d and Z is 2 Appendix X
gives

D3ð2Þ; C3ið2Þ; C3ð4Þ; Cið6Þ; C2ð6Þ; C1ð12Þ

as possible site symmetries for space group D6
3d (the number in front of point group

notation indicates the number of distinct sets of sites, and that in parentheses denotes
the number of equivalent sites for each distinct set). Rule 2 eliminates all butD3(2) and
C3i(2). Rule 1 eliminates the latter since C3i is not a subgroup of D3h. Thus, the site
symmetry of theCO2�

3 ion in calcitemust beD3.On the other hand, the space group of
aragonite is D16

2h and Z is 4. Appendix X gives

2Cið4Þ; Csð4Þ; C1ð8Þ

SinceCi is not a subgroup ofD3h, the site symmetry of theCO2�
3 ion in aragonitemust

beCs. Thus, theD3h, symmetry of the CO2�
3 ion in an isolated state is lowered toD3 in
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calcite and to Cs in aragonite. Then, the selection rules are changed as shown in
Table 1.20.

There is no change in the selection rule in going from the free CO2�
3 ion to

calcite. In aragonite, however, n1 becomes infrared active, and n3 and n4 each split
into two bands. The observed spectra of calcite and aragonite are in good agreement
with these predictions (see Table 2.4b).

1.28.3. Factor Group Analysis

Amore complete analysis including latticemodes can bemade by themethod of factor
group analysis developed by Bhagavantam and Venkatarayudu [140]. In this method,
we consider all the normal vibrations for an entire Bravais cell. Figure 1.42 illustrates
the Bravais cell of calcite, which consists of the following symmetry elements:

TABLE 1.20. Correlation Table for D3h, D3, C2v, and Cs

Point Group n1 n2 n3 n4

D3h A
0
1ðRÞ A

00
2ðIÞ E

0
(I, R) E

0
(I, R)

D3 A1(R) A2(I) E (I, R) E (I, R)

C2v A
0
1ðI; RÞ B1 (I, R) A1 (I, R)þB2 (I, R) A1 (I, R)þB2 (I, R)

Cs A0(I, R) A00(I, R) A0(I, R)þA0(I, R) A0(I, R)þA0(I, R)

Fig. 1.42. The Bravais cell of calcite.
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I, 2S6, 2S
2
6�2C3, S36� i; 3C2, and 3sv (glide plane). These elements are exactly the

same as those of the point group D3d, although the last element is a glide plane rather
than a plane of symmetry in a single molecule.

As mentioned in Sec. 1.27, it is possible to derive the 230 space groups by
combining operations possessed by the 32 crystallographic point groups with opera-
tions such as pure translation, screw rotation (translationþ rotation), and glide plane
reflection (translationþ reflection). If we regard the translations that carry a point in a
unit cell into the equivalent point in another cell as identity, we define the 230 factor
groups that are the subgroups of the corresponding space groups. In the case of calcite,
the factor group consists of the symmetry elements described above, and is denoted by
the same notation as that used for the space group ðD6

3dÞ. The site group discussed
previously is a subgroup of a factor group.

Since the Bravais cell contains 10 atoms, it has 3� 10 – 3¼ 27 normal vibrations,
excluding three translational motions of the cell as a whole.* These 27 vibrations
can be classified into various symmetry species of the factor group D6

3d, using a
procedure similar to that described in Sec. 1.8 for internal vibrations. First, we
calculate the characters of representations corresponding to the entire freedom
possessed by the Bravais cell [cR(N)], translational motions of the whole cell
[cR(T)], translatory lattice modes [cR(T 0)] rotatory lattice modes [cR(R0)], and
internal modes [cR(n)], using the equations given in Table 1.21. Then, each of these
characters is resolved into the symmetry species of the point group, D3d. The final
results show that three internalmodes (A2u and twoEu), three translatorymodes (A2u

and two Eu), and two rotatory modes (A2u and Eu) are infrared-active, and three
internal modes (A1g and two Eg) one translatory mode (Eg), and one rotatory mode
(Eg) are Raman-active. As will be shown in the following sections, these predictions
are in perfect agreement with the observed spectra.

1.29. THE CORRELATION METHOD

In the preceding section, we described the application of factor group analysis to the
calcite crystal. However, the correlation method developed largely by Fateley et al.
[15] is simpler and gives the same results. In this method, intramolecular and lattice
vibrations are classified under point groups of molecular symmetry, site symmetry,
and factor group symmetry, and correlations are made using the correlation tables
given in Appendix IX. In the following, we demonstrate its utility using calcite as an
example. Formore detailed discussions and applications, the reader should consult the
books by Fateley et al. [15] and Ferraro and Ziomek [9].

1.29.1. The CO2�
3 Ion in the Free State

Asmentioned in Sec. 1.4, normal vibrations of amolecule can be described in terms of
translational motions of the individual atoms along the x, y, and z axes. Thus, the

*These three motions give acoustical modes (Sec. 1.30).
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normal modes of an N-atom molecule can be expressed by using 3N translational
motions. Furthermore, the symmetry species of these normal modes must correlate
with those of the translationalmotions of an atom located at a particular sitewithin the
molecule. Since the latter are known from the molecular structure, the former may be
determined directly by using the correlation table.

As an example, consider a planar CO2�
3 ion for which the x, y, and z axes are chosen

as shown in Fig. 1.43. It is readily seen that the C atom is situated at the D3h site,
whereas theO atom is situated at a sitewhere the local symmetry is onlyC2v (I,C2,sh,
andsv). The translationalmotions of theC atomunderD3h symmetry are: TzðA002Þand
(Tx, Ty)(E

0). The translational motions of the O atom underC2v symmetry are: Tx(A1),
Ty(B2) and Tz(B1). In Table 1.22, the symmetry species of these translational motions
are connected by arrows to those of thewhole ion using the correlation table. Then, the
number of times a particular symmetry species occurs in the total representation is
given by the number of arrows that terminate on that species. The number of normal
vibrations of the CO2�

3 ion in each symmetry species is given by subtracting those of
the translational and rotational motions of thewhole ion from the total representation.
The results are shown at the bottom of Table 1.22.

Thus, the CO2�
3 ion exhibits four normal vibrations; n1 (A

0
1 Raman-active), n2 (A

00
2

IR-active), n3(E0, IR- and Raman-active), and n4 (E
0
, IR- and Raman-active). The

normal modes of these four vibrations are shown in Fig. 2.8.
In Sec. 1.8, we derived the general method to classify normal vibrations into

symmetry species based on group theory. As seen above, this procedure is greatly
simplified if we use the correlation method.

1.29.2. Intramolecular Vibrations in the CO2�
3 Ion in Calcite

Applying the same principle as that used above, we can classify the normal vibrations
of the CO2�

3 ion in the calcite lattice by using the correlation method. As discussed in

Fig. 1.43. The x, y, and z axes chosen for planar CO3
2� ion.
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Sec. 1.28, calcite belongs to the space group D6
3d, and Z is 2. From the Bravais cell

shown in Fig. 1.42, it is readily seen that the CO2�
3 ion is at the D3 site, whereas the

Ca2þ ion is at the C3i (�S6) site. Table 1.23 shows the correlations among the
molecular symmetry (D3h), site symmetry (D3), and factor group symmetry (D3d).
Under the “Vib.” column, we list the number of vibrations belonging to each species
of D3h symmetry (Table 1.22). Throughout the present correlations, the number of
degrees of vibrational freedom for all the doubly degenerate species must be
multiplied by 2 since there are two E0 modes (n3 and v4). Thus, it is 4 for the
E0 species. The number under “f’” indicates “Vib.” times Z (¼2), which is the
number of vibrations of the unit cell. In going from D3h to D3, no changes occur

TABLE 1.22. Correlation Method for the CO2�
3 Ion in the Free State

TABLE 1.23. Correlation between Molecular Symmetry, Site Symmetry, and Factor
Group Symmetry for Intramolecular Vibrations of CO2�

3 Ion in Calcite
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except for changes in notations of symmetry species. Column C indicates the
degeneracy, and columnam shows thedegreeofvibrational freedomcontributedby the
corresponding molecular symmetry species. Finally, the species under D3 symmetry
are connected to those of the factorgroup by the arrows using the correlation table. The
last column, “a”, is the degreeof vibrational freedomcontributedby the corresponding
site symmetry species to the factor group species. It should be noted that the number of
degreesofvibrational freedommustbe12throughout thedescribedcorrelationsabove.
Such bookkeeping must be carried out for every correlation.

1.29.3. Lattice Vibrations in Calcite

Table 1.24 shows the correlation diagram for lattice vibrations of the CO2�
3 ion. The

variables “t” and “f” denote the degrees of translational freedom of the CO2�
3 ion for

each ion and for the Bravais cell, respectively. The same result is obtained for the
rotatory lattice vibrations. Table 1.25 shows the correlation diagram for translatory

TABLE 1.24. Correlation between Site Symmetry and Factor Group Symmetry for
Lattice Vibrations of CO2�

3 Ion in Calcite

TABLE 1.25. Correlation between Site Symmetry and Factory Group Symmetry for
Lattice Vibrations of the Ca2þ Ion in Calcite
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lattice vibrations of the Ca2þ ion. No rotatory lattice vibrations exist for single-atom
ions such as theCa2þ ion.Thedistributionof all the translatory latticevibrations canbe
obtained by subtracting c (acoustical) from c (trans, CO2�

3 )þ c (trans, Ca2þ).

1.29.4. Summary

Table 1.26 summarizes the results obtained in Tables 1.23–1.25. The total number of
vibrations including the acoustical modes should be 30 since the Bravais cell contains
10 atoms. These results are in complete agreement with that obtained by factor group
analysis (Table 1.21).

1.30. LATTICE VIBRATIONS [48]

Consider a lattice consisting of two alternate layers of atoms; atoms 1 of massM1 lie
on one set of planes and atoms 2 of massM2 lie on another set of planes, as shown in
Fig. 1.44. For example, such an arrangement is found in the 111 plane of the

TABLE 1.26. Distribution of Normal Vibrations of Calcite as Obtained by Correlation
Method

Symmetry Species of

Factor Group (D3d)

Translatory

Lattice Acoustical

Rotatory

Lattice Intramolecular

A1g (Raman) 0 0 0 1

A1u 1 0 0 1

A2g 1 0 1 1

A2u (IR) 1 1 1 1

Eg (Raman) 1 0 1 2

Eu (IR) 2 1 1 2

Total 9 3 6 12

TABLE 1.27. Correlation between Site Symmetry (C2v) and Factor Group Symmetry
(D2h) for Orthorhombic form of the 123 Conductora

aFor f, t, and a, see Sec. 1.29. The complete correlation table is found in Appendix IX.
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NaCl crystal. Let a denote the distance between atoms 1 and 2. Then the length of the
primitive cell is 2a. We consider waves that propagate in the direction shown by the
arrow, and assume that each plane interacts only with its neighboring planes. If the
force constants (f) are identical between all these neighboring planes, we have

M1
d2us
dt2
¼ f ðvsþ vs� 1� 2usÞ ð1:233Þ

M2
d2vs
dt2
¼ f ðusþ 1þ us� 2vsÞ ð1:234Þ

where us and vs denote the displacements of atoms 1 and 2 in the cell indexed by s.
The solutions for these equations take the form of a travelingwave having different

amplitudes u and v. Thus, we obtain

us ¼ u exp½iðwtþ 2skaÞ� ð1:235Þ
vs ¼ v exp½iðwtþ 2skaÞ� ð1:236Þ

Herew is angular frequency, 2pn [in reciprocal seconds (s�1)]. If these are substituted
in Eqs. 1.233 and 1.234, respectively, we obtain

½M1w2� 2f �uþ f ½1þ expð� 2ikaÞ�v ¼ 0 ð1:237Þ
f ½1þ expð2ikaÞ�uþ ½M2w2� 2f �v ¼ 0 ð1:238Þ

These homogeneous linear equations have a nontrivial solution if the following
determinant is zero:

M1w2� 2f f ½1þ expð� 2ikaÞ�
f ½1þ expð2ikaÞ� M2w2� 2f

�����
����� ¼ 0 ð1:239Þ

By solving this equation, we obtain

w2 ¼ f

 
1

M1
þ 1

M2

!
þ f

" 
1

M1
þ 1

M2

!2

� 4sin2ka

M1M2

#1=2

ðoptical branchÞ

ð1:240Þ

Fig. 1.44. Displacements of atoms 1 and 2 in a diatomic lattice.
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w2 ¼ f

 
1

M1
þ 1

M2

!
� f

" 
1

M1
þ 1

M2

!2

� 4sin2ka

M1M2

#1=2

ðacoustical branchÞ

ð1:241Þ

The term k in Eqs. 1.235–1.241 is called the wavevector and indicates the phase
difference between equivalent atoms in each unit cell. In the case of a one-dimensional
lattice, |k|¼ k.Thus,weusek rather than |k| in thiscase,andk cantakeanyvaluebetween
�p/2aandþ p/2a.This region iscalled the firstBrillouinzone.Figure1.45showsaplot
ofwversusk for thepositivehalfof thefirstBrillouinzone.Thereare twovalues foreach
w that constitute the “optical” and “acoustical” branches in the dispersion curves.

At the center of the first Brillouin zone (k¼ 0), we have

w ¼ 0 and u ¼ v ðacousticalÞ ð1:242Þ

w ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2f

 
1

M1
þ 1

M2

!vuut
and

u

v
¼ � M2

M1
or M1uþM2v ¼ 0 ðopticalÞ

ð1:243Þ

At the end of the first Brillouin zone (k¼ p/2a), we have

w ¼
ffiffiffiffiffiffi
2f

M2

r
and u ¼ 0 ðopticalÞ ð1:244Þ

w ¼
ffiffiffiffiffiffi
2f

M1

r
and v ¼ 0 ðacousticalÞ ð1:245Þ

points A, B, C, and D in Fig. 1.45 correspond to Eqs. 1.242, 1.243, 1.244, and 1.245,
respectively.

Optical

Acoustical

0

A

F

D
2f 1/2

1/21/2

M1

C
E

B

k π/2a

M1 > M2

1
M2

1
M1

2f 2f
M2

+ ( ( (

( (

(

ω

Fig. 1.45. Dispersion curves for lattice vibrations.
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To observe lattice vibrations in IR spectra, themomentum of the IR photonmust be
equal to that of the phonon.* The momentum of the photon (P) is given by

P ¼ h

l
¼ h=2p

l=2p
¼ �hQ ð1:246Þ

whereQ¼ 2p/l. On the other hand, themomentumof the phonon is given by�hk [141].
Thus, the following relationship must hold:

�hQ ¼ �hk ð1:247Þ

Since lattice vibrations are observed in the low-frequency region (lffi 10�3 cm),
Q¼ 2p/lffi 103 cm.The kvalue at the endof theBrillouin zone is k¼ p/2affi 108 cm�1.
Thus, the k value that corresponds to the IRphoton for latticevibration ismuch smaller
than the k value at the end of the Brillouin zone. This result indicates that the optical
transitionsweobserve in IRspectra occurpractically atkffi 0.Asimilar conclusioncan
be derived for Raman spectra of lattice vibrations.

Figure 1.46 shows the modes of lattice vibrations corresponding to various points
on the dispersion curve shown in Fig. 1.45. At point A (acoustical mode), all atoms
move in the same direction (translational motion of the whole lattice) and its
frequency is zero. This is seen in Fig. 1.46a. In a three-dimensional lattice, there are
three such modes. Thus, we subtract 3 from our calculations in factor group analysis
(Sec. 1.28).

On the other hand, at point B (optical branch), the two atoms move in opposite
directions, but the center of gravity of the unit cell remains unshifted (Fig. 1.46b).
Furthermore, the equivalent atom in each lattice moves in phase. If the two atoms
carry opposite electrical charges, such a motion produces an oscillating dipole
moment that can interact with incident IR radiation. Thus, it is possible to observe it
optically. It should be noted that the frequency of a diatomic molecule in the free
state is w ¼ ffiffiffiffiffiffiffiffi

f=m
p

, whereas that of a diatomic lattice is w ¼ ffiffiffiffiffiffiffiffiffiffi
2f=m

p
(m¼ reduced

mass).
At point C (optical branch), the lighter atoms are moving back and forth against

each other while the heavier atoms are fixed (Fig. 1.46c). At point D (acoustical
branch), the situation is opposite to that of point C. The vibrational modes in the
middle of the Brillouin zone (points E and F) are shown in Figs. 1.46e and 1.46f,
respectively.

Thus far, we have discussed the lattice vibrations of a one-dimensional chain. The
treatment of the three-dimensional lattice is basically the same, although more
complicated [48]. If the primitive cell contains s molecules, each of which consists
of N atoms, there are 3 acoustical modes and 3Ns – 3 optical modes. The latter is
grouped into (3N – 6)s internal modes and 6s – 3 lattice modes. The general forms of

*The latticevibration causes elasticwaves in crystals. The quantumof die latticevibrational energy is called
“phonon,” in analogy with the photon of the electromagnetic wave.
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the dispersion curves of such a crystal are shown in Fig. 1.47. In this book, our interest
is focused on vibrational analysis of 3Ns–3 optical modes at kffi 0. Examples are
found in diamond and graphite (Sec. 2.14.3) and quartz (Sec. 2.15.2).

1.31. POLARIZED SPECTRA OF SINGLE CRYSTALS

In the preceding section, the 30 normal vibrations of the Bravais cell of calcite
crystal have been classified into symmetry species of the factor groupD3d. The results
(Table 1.26) show that three intramolecular (A2uþ 2Eu), three translatory lattice
(A2uþ 2Eu) and two rotatory lattice (A2uþEu) vibrations are IR-active, whereas three
intramolecular (A1gþ 2Eg), one translatory lattice (Eg), and one rotatory lattice (Eg)
vibrations are Raman-active. In order to classify the observed bands into these
symmetry species, it is desirable to measure infrared dichroism and polarized Raman
spectra using single crystals of calcite.

Fig. 1.46. Wave motions corresponding to various points on the dispersion curves.
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1.31.1. Infrared Dichroism

Suppose that we irradiate a single crystal of calcite with polarized infrared radiation
whose electric vector vibrates along the c axis (z direction) in Fig. 1.42. Then the
infrared spectrumshownby the solid curve of Fig. 1.48 is obtained [142].According to
Table 1.21, only theA2u vibrations are activated under such conditions. Thus, the three
bands observed at 885(n), 357(t), and 106(r) cm�1 are assigned to theA2u species. The
spectrum shown by the dotted curve is obtained if the direction of polarization is
perpendicular to the c axis (x,y plane). In this case, only the Eu vibrations should be
infrared-active. Therefore the five bands observed at 1484(n), 706(n), 330(t), 182(t),
and 106(r) cm�1 are assigned to theEu species. Here, n, t, and r denote intramolecular,
translatory lattice, and rotatory lattice modes, respectively.

1.31.2. Polarized Raman Spectra

Polarized Raman spectra providemore information about the symmetry properties of
normal vibrations than do polarized infrared spectra [143]. Again consider a single

Fig. 1.47. General form of dispersion curves for a molecular crystal [48].

Fig. 1.48. Infrared dichroism of calcite [142].
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crystal of calcite. According to Table 1.21, theA1g vibrations becomeRaman-active if
anyone of the polarizability components,axx,ayy, andazz, is changed. Suppose thatwe
irradiate a calcite crystal from the y direction, using polarized radiationwhose electric
vector vibrates parallel to the zaxis (seeFig. 1.49), andobserve theRamanscattering in
the x direction with its polarization in the z direction. This condition is abbreviated as
y(zz)x. In this case, Eq. 1.66 is simplified to Pz¼ azzEz because Ex¼Ey¼ 0 and
Px¼Py¼ 0. Since azz belongs to the A1g species, only the A1g vibrations are observed
under this condition. Figure 1.50c illustrates the Raman spectrum obtained with this
condition. Thus, the strong Raman line at 1088 cm�1 (n) is assigned to theA1g species.
Both theA1g andEg vibrations are observed if the z(xx)y condition is used. TheRaman
spectrum (Fig. 1.50a) shows that fiveRaman lines [1088(n), 714(n), 283(r), 156(t), and
1434(n) cm�1 (not shown)] are observed under this condition. Since the 1088 cm�1

line belongs to theA1g species, the remaining fourmust belong to theEg species. These
assignments can also be confirmed bymeasuringRaman spectra using they(xy)x and x
(zx)y conditions (Figs. 1.50b and 1.50d) .

1.31.3. Normal Coordinate Analysis on the Bravais Cell

In the discussion above, we have assigned several bands in the same symmetry species
to the v, t, and r types. In general, the intramolecular (v) vibrations appear above
400 cm�1, whereas the lattice vibrations appear below 400 cm�1. However, more
complete assignments can be made only via normal coordinate analysis on the entire
Bravais cell [144]. Such calculations have been made by Nakagawa andWalter [145]
on crystals of alkali–metal nitrates that are isomorphous with calcite. These workers
employed four intramolecular and seven intermolecular force constants. The latter are
in the range of 0.12–0.00mdyn/A

	
. Figure 1.51 illustrates the vibrational modes of the

18 (27 if E modes are counted as 2) optically active vibrations together with the
corresponding frequencies of calcite.

Fig. 1.49. Schematic representation of experimental condition y(zz)x.
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1.32. VIBRATIONAL ANALYSIS OF CERAMIC SUPERCONDUCTORS

In 1987, Wu et al. [146] synthesized a ceramic superconductor of the composition,
YBa2Cu3O7�d, whose superconducting critical temperature (Tc) was above the
boiling point of liquid nitrogen (77K). Since then, IR and Raman spectra of this
and related compounds have been studied extensively, and the results are reviewed by
Ferraro and Maroni [147,148]. Here, we limit our discussion to the Raman spectra of
the superconductor mentioned above and their significance in studying oxygen
deficiency and the structural changes resulting from it.

Fig. 1.50. Polarized Raman spectra of calcite [143].
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Fig. 1.51. Vibrational modes of calcite. The observed and calculated (in parentheses) are listed

under each mode [145].
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The superconductor, YBa2Cu3O7�d (abbreviated as the 123 conductor), can be
obtained by baking a mixture of Y2O3, and BaCO3, and CuO in a proper ratio. The
product is normally a mixture of an orthorhombic form (0< d< 1) which is super-
conducting and a tetragonal form (d¼ 1) that is an insulator. The Tc increases as d
approaches 0.

Figure 1.52 shows the Bravais unit cells of the orthorhombic (Pmmm¼D1
2h) and

tetragonal (P4/mmm¼D1
4h) forms. The former is a distorted, oxygen-deficient formof

perovskite. The orthorhombic unit cell contains 13 atoms, and their possible site
symmetries can be found from the tables of site symmetries (Appendix X) as follows:

8D2hð1Þ; 12C2vð2Þ; 6Csð4Þ; C1ð8Þ

It is seen in Fig. 1.52 that the three atoms,Y, O(1), andCu(1), are at theD2h sites. These
atoms contribute 3B1uþ 3B2uþ 3B3u vibrations since Tx, Ty, and Tz belong to the B3u,
B2u, and B1u species, respectively, in the D2h point group. On the other hand, the
10 atoms, 2Ba, 2Cu(2), 2O(2), 2O(3), and 2O(4) are at the C2v sites. As shown in
Table 1.27, each pair of these atoms possess six degrees of vibrational freedom (2A1þ
2B1þ2B2),which are split intoAgþB2gþB3gþB1uþB2uþB3u underD2h symmetry.
The number of optical modes at kffi 0 in each species can be obtained by subtracting
three acoustical modes (B1uþB2uþB3u) from the above counting. Table 1.28 sum-
marizes the results. It is seen that theorthorhombicunit cell has15Raman-activemodes
(5Agþ 5B2gþ 5B3g) and 21 IR-active modes (7B1uþ 7B2uþ 7B3u). It should be noted
that themutual exclusion rule holds in this case since theD2h point grouphas a center of
symmetry. Although the same results can be obtained by using factor group analysis
[150], the correlation method is simpler and straightforward.

Similar calculations on the tetragonal unit cell (YBa2Cu3O6) show that 10 vibra-
tions (4A1gþB1gþ 5Eg) are Raman-active while 11 vibrations (5A2uþ 6Eu) are
IR-active under D4h symmetry.

Fig. 1.52. The Bravais unit cells of the orthorhombic and tetragonal forms of YBa2Cu3O7�d [149].

138 THEORY OF NORMAL VIBRATIONS



Figure 1.53 shows the Raman spectrum of a polished sintered pellet of the 123
conductor (d¼ 0.3) obtained by Ferraro et al. [151]. The five Ag modes appear
strongly, and the most probable assignments for these bands are [152,153].

492 cm�1 Axial motion of the O(4) atoms
445 cm�1 O(2)�Cu(2)�O(3) bending with the two O atoms

moving in phase
336 cm�1 O(2)�Cu(2)�O(3) bending with the two O atoms

moving out of phase
145 cm�1 Axial motion of the Cu(2) atoms
116 cm�1 Axial motion of the Ba atoms

TABLE 1.28. Vibrational Analysis for Orthorhombic Form of YBa2Cu3O7�d Using the
Correlation Method

D2h

D2h Y, O(1),

Cu (1)

C2v Ba, Cu(2),

O(2), O(3), O(4)

Acoustical

Vib.

Total Optical

Vib. Activity

Ag 0 5 0 5 Raman

B1g 0 0 0 0 Raman

B2g 0 5 0 5 Raman

B3g 0 5 0 5 Raman

Au 0 0 0 0 Inactive

B1u 3 5 1 7 IR

B2u 3 5 1 7 IR

B3u 3 5 1 7 IR

Total 9 30 3 36

Fig. 1.53. Backscattered Raman spectrum of a polished sintered pellet of YBa2Cu3O7�d [151].
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These values fluctuate within �10 cm�1 depending on variations in oxygen
stoichiometry and crystalline disorder. The results of normal coordinate analysis
[154] indicate considerablemixing among the vibrations represented by the Cartesian
coordinates of individual atoms.

If the 123 conductor is prepared in pure oxygen and the oxygen is removed
quantitatively by heating the sample in argon, a series of samples having d¼ 0, 0.2,
0.5, and 0.7 can be obtained. The Tc values of these samples were found to be 94, 77,
50, and 20K, respectively. Thomsen et al. [155] prepared a series of such samples,
and measured their Raman spectra. Figure 1.54 shows a plot of vibrational
frequencies of the four Ag modes mentioned above against d values. It is seen that
the two modes at 502 and 154 cm�1 are softened and the two modes at 438 and
334 cm�1 are hardened as the oxygen is removed from the sample. These results

Fig. 1.54. Dependence of four Raman frequencies on oxygen concentration at 4 K and 298K

[155].
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seem to suggest that the Tc of the 123 conductor is related to oxygen deficiency in
the O(2)�Cu(2)�O(3) layer. The effect of changing the size of the cation (Y) [156]
and isotopic substitution (16O/18O) [157] on these Raman bands has also been
studied.

Thus far, IR studies on the 123 conductor have been hindered by the difficulties in
obtaining IR spectra from highly opaque samples and in making reliableb and
assignments [147,148].
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