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1.1 Introduction

Inertial Navigation Systems (INSs) are modern, technologically sophisticated implementa-
tions of the age-old concept of dead reckoning. The basic philosophy is to begin with a
knowledge of initial position, keep track of speed and direction, and thus be able to determine
position continually as time progresses. As the name implies, the fundamental principle
involved is the property of inertia. Specifically, a body at rest tends to stay at rest and a body
in motion tends to stay in motion unless acted upon by an external force.

From Newton’s second law of motion, the well-known relation can be derived:

F=ma (1.1)

where “F” is a force vector, “m” 1s mass, and “a” is the acceleration vector. Conceptually, it is
then possible to measure force and subsequently determine acceleration. This may then be
integrated to determine velocity, which in turn may be integrated to determine position.

Each accelerometer described in chapter 5 of the companion volume, Aerospace Sensors
(Konovalov, 2013), can determine a measure of linear acceleration in a single dimension, from
which it follows that multiple accelerometers are needed to determine motion in the general
three-dimensional case. However, in addition, it is necessary to determine the direction in
which the accelerometers are pointing, which is not a trivial exercise considering that an
aircraft can rotate around three axes. If the accelerometers are hard-mounted to the vehicle (as
is typically the case), then theoretically they can be oriented in any direction. Double
integration of their outputs is useless if this time-varying orientation is not properly taken into
account.

The determination of orientation (also known as attitude determination) is accomplished
through processing of data from the gyroscopes described in chapter 6 on Aerospace Sensors
(Branets et al., 2013). These devices measure either angular rate and/or angular displacement.
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So-called navigation-grade gyros can measure angular rate with accuracies on the order of
0.01°/h. Such sensors are needed to determine attitude to permit velocity and position deter-
mination in a given reference frame.

There are two main types of INSs: gimbaled and strapdown (Lawrence, 1998). In a gimbaled
system, the accelerometers are mounted on a platform that is rotationally isolated from the vehicle.
This platform is maintained in a local-level orientation so that there are two accelerometers in the
horizontal plane for providing the data needed to compute horizontal velocity and position. In a
strapdown system, the accelerometers are hard-mounted to the vehicle itself. Gimbaled systems
are mechanically complex but do not require intensive computational capability. Strapdown sys-
tems are mechanically simple but require more intensive computations to deal with the time-
varying orientation of the vehicle. Throughout the remainder of this chapter, strapdown operation
will be assumed because modern processors are in no way challenged by the computational
requirements. Furthermore, the simplified mechanical design (along with modern optical gyros)
yields systems with Mean Time Between Failures (MTBFs) measured in tens of thousands of oper-
ational hours (versus the hundreds of hours that were typical of gimbaled systems in the late 1970s).

1.2 The Accelerometer Sensing Equation

Equation 1.1 stated the well-known relationship between force and acceleration. Solving for
acceleration yields the following equation:

(1.2)
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The quantity on the left is referred to as “specific force” and is what an accelerometer inher-
ently measures. However, in the presence of a gravitational field, the specific force measured
by an accelerometer is not equal to the classic Newtonian acceleration. As an example, the
pendulous accelerometers described by Konovalov in chapter 5 of Aerospace Sensors have
pendulums that displace under acceleration because of inertia. However, even if a sensor is
stationary, the pendulum will still displace due to the effects of gravity. Specifically, the pen-
dulum will displace downward just as it would have if the device were actually accelerating
upward. Accelerometers thus measure the combination of Newtonian acceleration and the
reaction force to gravity:

f=a-g (1.3)

where f is the measured specific force vector, a is the Newtonian acceleration vector, and g is
the earth’s gravity vector. This is the so-called accelerometer sensing equation. The desired
Newtonian acceleration vector is thus given by the following equation:

i=f+g (1.4)

Although the equation is quite simple, it reveals a fundamental concept in inertial navigation.
In order to determine acceleration from specific force, the inertial system needs to determine
the value of the gravity vector at its current position because the value of this gravity vector
varies significantly with position and especially with altitude. A variety of gravity models
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have been developed over the past 60 years, and the ones typically utilized in inertial navigation
have accuracies on the order of 5-10 g (i.e., five to ten one-millionths the average magnitude
of gravity at the earth’s surface) (Hsu, 1998).

1.3 Reference Frames

A variety of coordinate (or reference) frames are utilized in INSs (Britting, 1971).
Accelerometers and gyros form their measurements with respect to inertial space (i.e., the
inertial frame), but they output their data with respect to frames that are fixed to the vehicle.
Furthermore, velocity is typically expressed in east/north/up components (i.e., a local-level
reference frame), and position is frequently expressed in terms of latitude and longitude (i.e.,
a reference frame fixed to the Earth). It is therefore important to understand these various
reference frames and then to understand how to take quantities expressed in one frame and
convert them to another.

1.3.1 True Inertial Frame

The true inertial frame is given by any reference frame that does not accelerate with respect to
the stars in the galaxy in which Earth resides—the Milky Way. Classical physics has established
these “fixed stars” as an acceptable inertial reference frame (i.e., a frame in which Newton’s
laws are valid).

1.3.2 Earth-Centered Inertial Frame or i-Frame

The Earth-Centered Inertial Frame (ECI), or i-frame, is a frame that is centered in the Earth
but does not rotate with it—its orientation with respect to the stars remains fixed. This frame
is not truly inertial since the Earth revolves around the Sun, and hence the i-frame undergoes
nonzero acceleration with respect to the stars. However, for navigation tasks on or near the
surface of the Earth, this acceleration can be considered negligible.

1.3.3  Earth-Centered Earth-Fixed Frame or e-Frame

The Earth-Centered Earth-Fixed (ECEF) frame, or e-frame, is also a frame that is centered in
the Earth, but is also fixed to it. Hence, it rotates along with the Earth. Two of the axes are in
the equatorial plane, and the third axis is aligned with the nominal pole of rotation of the
Earth. Although the choice for the equatorial plane axes is arbitrary, one of the most common
specifies an x-axis that intersects the prime meridian (through Greenwich, UK).

1.3.4 Navigation Frame

The navigation frame, or n-frame, is centered in the vehicle, but it does not rotate with the
vehicle—it remains at a local level. The choice of the horizontal plane axes is arbitrary, but
one of the most common specifies an x-axis that points north, a y-axis that points east, and a
z-axis that points “down” (i.e., approximately along the gravity vector). This particular
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Figure 1.1 Depiction of i-frame, e-frame, and n-frame

Figure 1.2 Depiction of b-frame (reprinted, with permission from Depiction of b-frame reprinted by
permission of Nebylov, A. V., chapter 1, p. 7, “Introduction,” Aerospace Sensors, Momentum Press,
LLC, New York, 2013)

convention is sometimes referred to as the “north—east—down” or “NED” frame. However, in
some cases it is desirable not to force the local-level frame to have an axis pointing north.
When the local-level frame is permitted to rotate (around the vertical) away from north, the
resulting frame is sometimes referred to as a “wander frame.” The angle of rotation around the
vertical is known as the “wander angle” and is typically denoted by a. The i-, e-, and n-frames
are depicted in Figure 1.1.

1.3.5 Body Frame

The body frame, or b-frame, is centered in the vehicle and is fixed to it (Figure 1.2) (Nebylov,
2013). It is typically specified to coincide with the principal axes of the vehicle. For an aircraft,
the convention is chosen such that the x-axis aligns with the longitudinal axis of the vehicle
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(positive out of the nose), the y-axis points out of the right wing, and the z-axis points out of the
bottom of the vehicle (i.e., “down” if the vehicle is level). This convention is therefore such that
positive rotations about these axes correspond to positive Euler angles (roll, pitch, and yaw).

1.3.6  Sensor Frames (a-Frame, g-Frame)

The sensor frames are specified by orthogonal sensor triads. An orthogonal set of three
accelerometers forms the a-frame, and an orthogonal set of gyroscopes forms the g-frame.
The a- and g-frames are not coincident since it is physically impossible to mount both the
accelerometers and the gyros in exactly the same space. Furthermore, the sensor triads are
typically not mounted in perfect alignment with the b-frame. In fact, for installation
convenience, it is not uncommon to have large angular offsets between the sensor frames and
the b-frame. For the remainder of this chapter, however, it will be assumed that the offsets
have been determined during installation and that the sensor outputs have been converted to
their b-frame equivalents.

1.4 Direction Cosine Matrices and Quaternions

A variety of coordinate frame conversions are utilized in inertial navigation. For example,
accelerometer outputs expressed in the b-frame need to be converted to the n-frame before
velocity and position can be computed. It is assumed the reader is already familiar with the
concept of rotation matrices, so only the key relationships for inertial navigation will be sum-
marized here. For a more detailed discussion of the fundamental concepts, the reader is
directed to Kuipers (2002).

A vector expressed in the b-frame may be converted to the n-frame as follows:

fr=cf (1.5)

where the so-called body-to-navigation direction cosine matrix (DCM) is given by the follow-
ing equation:

cosfcosy —cos¢siny +singsinfcosy  singsiny +cos@sinb cosy

C =| cosOsiny  cosgcosy +singsinfsiny  —singcosy +cos¢gsinfsiny | (1.6)

—sin@ sin¢g cos@O cos¢cos6

where:
¢ =roll angle
0 = pitch angle
v =yaw angle

This DCM defines the orientation (attitude) of the vehicle by specifying the rotational
difference between the local-level n-frame and the fixed-to-the-vehicle b-frame; and the
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initialization and updating of this matrix will be discussed later in this chapter. Although there
are nine elements in the matrix, only six of them need to be updated (the other three can be
derived from the orthonormality property of the matrix). As discussed in Kuipers (2002), an
equivalent attitude representation is given by the quaternion. Quaternions have only four ele-
ments and thus are more efficient than DCMs that need at least six elements to be specified
uniquely. Again, both representations are equivalent and the remainder of this chapter will
consider only DCMs for attitude representation.

The rotational differences between the Earth frame and the n-frame are given by the lati-
tude, longitude, and (optionally) the wander angle and are expressed in the Earth-to-nav DCM:

—cosasinLatcosLon —sina sinLon —cosa sinLatsinLon +sina cosLon  coso cosLat
C! =| sinasinLatcosLon—cosasinLon  sinasinLatsinLon+cosocosLon  —sina cosLat
—cosLatcosLon —cosLatsinLon —sinLat

(1.7)

where:
o = wander angle
Lat = latitude

Lon = longitude

Since DCMs are orthonormal matrices, their inverse is equal to their transpose:

1.5 Attitude Update

The accelerometer outputs expressed in the b-frame need to be resolved into a frame of interest
for subsequent updating of the vehicle velocity and position states. For aircraft applications,
the frame of interest is usually the n-frame. As described in the previous section, the body-
to-nav DCM can be used to perform this conversion. However, this DCM needs to be updated
continuously to account for rotations of both the b-frame and the n-frame.

The two rotations are driven by two corresponding angular rates:

c?)f,’) = angular rate of the b-frame, relative to the i-frame, expressed in b-coordinates

&; = angular rate of the n-frame, relative to the i-frame, expressed in n-coordinates

The differential equation governing the rate of change of the body-to-nav DCM is given by the
following equation (Titterton and Weston, 2005):

ég =Cy[ @y < |-[ @y x]c (1.8)
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where:

[c?)l'; XJ = skew symmetric matrix form of the body-rate vector @,
0 _wi: (Z) will)) (y) |
a0 -eb(y)
__wi: (y) Coi: (x) 0

[c?)," x] = skew symmetric matrix form of the n-frame-rate vector @;,
0 _wi: (Z) wi: (y) 1
=| o, (Z) 0 -0, (x)
__wi: (y) wi‘; (x) 0

Since the angular rate of the body can be very high (e.g., hundreds of degrees per second for
aerobatic aircraft) and the n-frame rate is very low (as will be discussed later), the DCM update
is performed in two parts: one for the b-frame update and the other for the n-frame update.

1.5.1 Body Frame Update

The rotation of the b-frame relative to the inertial frame is measured by the gyros. The discrete-
time update of the body-to-nav DCM accounting for body rotation is given by the following
equation (Titterton and Weston, 2005):

Clleoy = Cipgel” (1.9)
where:

k = time index

[6 x] = skew symmetric matrix form of the rotation vector &

0 -o, o,
=l o 0 -o,
-o. O 0

The components of the rotation vector are computed from the gyro outputs. If the body angular
rate vector had a fixed orientation, the rotation vector could be computed very simply as follows:

— Lt Ly

ox|, w, dt (1.10)
However, in practice the body angular-rate vector changes orientation, at least in part, because of
vibration. On a larger scale, this change can also occur when an aircraft is performing so-called
S-turns (Kayton and Fried, 1997). The change of angular rate vector orientation is referred to as
“coning.” The term refers to the geometric figure of a cone being swept out by the axis of rotation.
When this occurs during the interval in which the angular rate is being integrated, an erroneous
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angular displacement will be computed. As a result, a coning compensation algorithm is applied
in the computation of the rotation vector (Ignagni, 1996).

Before continuing, it should be noted that the matrix exponential in Equation 1.9 is typically
approximated using the first few terms of a Taylor series expansion.

1.5.2 Navigation Frame Update

The rotation of the n-frame, relative to the inertial frame, is a function of two rotations: Earth
rate and transport rate:

a;, = O + 0, (1.11)

en

This rotation rate of the n-frame is also known as “spatial rate.” The two components will now
be described.

1.5.2.1 Earth Rate

Even if the vehicle is stationary relative to the Earth, the n-frame must rotate relative to the
i-frame, at the earth’s rotation rate, in order for it to stay locally level.

—n

. :C:CT);
@ =[0 0 o]
o,, =7.292115¢ -5 rad/s

1.5.2.2 Transport Rate

Furthermore, if the vehicle is moving relative to the Earth, then to stay at a local level the n-
frame must also rotate to account for the motion of the vehicle over the surface of the curved
Earth. This is obviously a function of the horizontal velocity components. For north-pointing
mechanizations, the transport-rate vector is given by (Kayton and Fried, 1997; Titterton and
Weston, 2005):

(1.12)

en

L[ v v VanLa|
R,+h  Ry+h R, +h
where:
V, = east component of velocity
V = north component of velocity
h = altitudue
R,, = radii of curvature of the earth in the north-south direction (also known as the meridian
radius of curvature)

a(l—ez)

(1 —e’sin’ Lalt)3/2
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R = radii of curvature of the earth in the east-west direction (also known as the prime radius
of curvature)

a

(l —e’sin’ Lat)l/2

a = semi-major axis of the earth ellipsoid (i.e., Equatorial radius)
e = eccentricity of the earth ellipsoid

It should be noted that the vertical component of transport rate has a singularity at the
earth’s poles. Specifically, the term “tan(Lat)” approaches infinity as latitude approaches
+90°. This is not an issue for vehicles that stay in mid-latitude or equatorial regions. For polar
or near-polar crossings, however, north-pointing mechanizations must be replaced with a
wander-azimuth mechanization that does not force one of the n-frame axes to point in the
north direction (Jekeli, 2000).

1.5.2.3 Navigation-Frame Update Algorithm

The magnitude of the spatial rate vector is very small. Even for commercial jets traveling at
500 knots, it can be shown that the magnitude of transport-rate is approximately half of Earth
rate. As a result, a simple trapezoidal approximation of the discrete-time update is generally
acceptable:

colke) { ,_%([@; () x]+[ @5 (1., )x])m}qlk] (1.13)

where:

in

[cf)." (1, )x} = skew symmetric matrix form of @ at time ¢,
At =1, —1,

1.5.3 Euler Angle Extraction

Once the body-to-nav DCM has been updated for both b-frame and n-frame rotations, it may
be used to convert accelerometer outputs as shown in Equation 1.5. It should also be noted that
the updated DCM inherently contains the updated representation of the attitude of the vehicle
or inertial system. From Equation 1.6, it follows that the Euler angles can be extracted from
the updated DCM as follows:

¢ =arctan2(C} (3,2),C; (3.3))
0 =arcsin(-C; (3.1)) (1.14)
y =arctan2(C; (21),C} (L1))
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Note: the four-quadrant arc-tangent functions are needed to preserve the full range of roll and
yaw angles.

1.6 Navigation Mechanization

The differential equation governing the rate of change of the velocity vector is given by

V=Gt [ 28] + @), | X + gl (1.15)
where the cross-product term accounts for the effects of Coriolis on the rotating Earth and
n-frames and where

—n —

n —n —n D
Ber =8 — 0, XD, XR

29

is known as “effective gravity,” “apparent gravity,” “local gravity,” or “plumb-bob gravity.”
It is the combination of the earth’s mass attraction (first term) and centripetal acceleration
due to Earth rotation (vector triple-product term R is the position vector with origin at the
center of the Earth). To the first order, effective gravity is aligned with the local vertical
(note that since the Earth is ellipsoidal, extension of the local vertical down to the equatorial
plane does not intersect the mass center of the Earth, unless one is located at the poles or on
the equator).

Conceptually, the Coriolis term may be understood as follows: Consider a vehicle that
starts at the North Pole and travels due south along a meridian (path of constant longi-
tude). Relative to the Earth, the horizontal path is “straight” (i.e., no east—west motion).
However, relative to the i-frame, the path is clearly curved due to the rotation of the Earth.
The inertial sensors detect the actual curved path in space, but the Coriolis term allows the
overall equation to compute a velocity relative to the Earth, not relative to the inertial
frame.

The discrete-time update associated with 1.14 is very straightforward:

v [k 1] =2 [K]+ Co AV +{-[ 20+, <2 [K]+ 82 [K]) A (1.16)
where:
EE ~ J':M ‘]‘[-bdt

The integration of the specific force vector can be performed numerically if necessary,
but some accelerometers perform this integration as part of their normal operation. For
high-accuracy applications, two corrections need to be included in this specific force
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integration: sculling and size effect. Sculling error arises when an accelerometer is
swinging back and forth at the end of a pendulum. This combination of rotation and
acceleration results in a nonzero net sensed acceleration even though the average dis-
placement of the accelerometer is zero. In practice, this motion occurs due to vibration.
Sculling error can be corrected with a compensation algorithm that utilizes both the
accelerometers’ outputs and the coning-compensated gyro outputs (Mark and Tazartes,
1996; Savage, 1998). Alternatively, sculling error may be avoided by transforming the
accelerometer outputs to the n-frame at a rate significantly higher than the highest antic-
ipated vibration frequencies (Kayton and Fried, 1997).

Size-effect errors result from the nonzero lever arms between the three orthogonal accelerom-
eters. Since the three sensors are not physically located in exactly the same point, they will sense
different accelerations when the vehicle is rotating as well as accelerating. For high accuracy
applications, a size-effect correction must be applied to the accelerometer outputs (Savage, 2009).

1.7 Position Update

The nav-to-Earth DCM is the transpose (also inverse) of the Earth-to-nav DCM. The
differential equation governing the rate of change of the nav-to-Earth DCM is given by the
following equation:

C;=C:la x| (1.17)
The discrete-time update is then given by the following equation:

Ce [k+1]=CE [k] el (1.18)

[f x} = skew — symmetric matrix form of

0 £ ¢
-l¢. 0
<, ¢ 0

Z_ Tis and
C - p C()en 4
k

Again, the matrix exponential is typically approximated using the first few terms of the Taylor
series expansion. The integration of the transport rate vector is typically performed either with
rectangular or trapezoidal integration.

Once the DCM has been updated, the transpose is taken:

cr=(ct)
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Finally, based on Equation 1.7, the position angles may be extracted as follows:

Lon =arctan2(—C? (3,2),~C! (31))
Lat =arcsin(~C! (33)) (1.19)
o= arctan2(—C: (23).c! (1,3))

Over short intervals of time, altitude may be determined by the following equation:

by =hy +I —v!(z)dt (1.20)

As will be discussed later, however, the vertical channel of an INS is inherently unstable and
hence is unusable over long periods of time.

1.8 INS Initialization

The discrete-time updates for attitude, velocity, and position were given in Equations 1.9,
1.13, 1.16, 1.17, and 1.19. Each equation assumes that the quantity to be updated was known
at the previous time step. Hence, these equations do not explain how attitude, velocity, and
position are initialized.

Initial position is generally determined in one of two ways. For stationary vehicles, initial
position can be determined by parking the vehicle at a known, surveyed location. At international
airports, for example, travelers may see signs (visible to pilots from the cockpit) specifying the
latitude, longitude, and altitude of a given gate. For vehicles that are in motion, initial position
typically is provided through the use of a radio navigation aid such as GPS or GLONASS. For
stationary vehicles, initial velocity may be specified as zero and, again, for vehicles in motion,
external radio navigation aids may be utilized.

The most challenging aspect of initialization lies in the determination of the body-to-nav
DCM. This amounts to the determination of the local level plane (from which roll and pitch
are determined) and the determination of the direction of north (from which yaw or heading is
determined).

Conceptually, the process of attitude determination is most easily understood in the
context of a gimbaled INS. For a stationary vehicle, the only force sensed by the acceler-
ometers is the force of gravity and, to first order, the gravity vector lies along the local
vertical. The leveling process in a gimbaled system involves rotating the platform until the
two accelerometers with sensitive axes in the platform plane are outputting zero (and thus
are orthogonal to the gravity vector). In practice, all accelerometers output noise regardless
of the value of the true sensed specific force, which is therefore averaged over a finite
interval of time. For strapdown inertial systems, leveling is performed in two parts: coarse
leveling and fine leveling.
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Coarse leveling amounts to the estimation of pitch and roll by processing accelerometer
outputs that have been averaged over a brief interval of time (i.e., a few seconds) (Kayton and

Fried, 1997):
Ab
¢ ~atan {A—Lj

0 ~ atan

(1.21)
A®

() +(ar)

where “A” is the averaged accelerometer output.

Given an initial estimate of level, the direction of north (or equivalently, platform heading
or yaw angle) can be achieved by exploiting the fact that a stationary vehicle only experiences
rotation due to the rotation of the Earth, that is, the gyros will only sense Earth rate. This is
significant because Earth rate only has north and vertical components (i.e., there is no east
component of Earth rate). The procedure works as follows. With the coarse estimation of roll
and pitch, a coarse body-to-local-level DCM can be formed:

cosf singsinf cos¢sin®
0 cos¢ —sin¢

—sin@ singcosf cos¢cosO

Cr(0.9))

v =0 B

With this coarse body-to-local-level DCM, the gyro outputs (which are only sensing Earth
rate) can be transformed from the b-frame to the local-level frame:

—~LL LL —b
;. _Ch Wy,

The level components of the sensed Earth rate are actually components of the north compo-
nent of Earth rate (there being no east component of Earth rate). Thus, heading or yaw can be
determined by (Kayton and Fried, 1997):

__LL
I/ arctanZ(wie—(y)j (1.22)

o (x)

Again, the gyro outputs are very noisy, so averaging is necessary before Equation 1.24 is
computed.

The aforementioned procedure provides coarse initialization of roll, pitch, and yaw (or
equivalently, the body-to-nav DCM). Fine leveling and yaw/azimuth determination typically
involve the use of a Kalman filter and the exploitation of the knowledge that the velocity (of a
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stationary vehicle) is zero. The fine initialization Kalman filter is generally of the same type
as that used to integrate external radio navigation aid information while the vehicle is in
motion.

1.9 INS Error Characterization

INSs are subject to a wide variety of errors. These include mounting errors, initialization
errors, sensor errors, gravity model errors, and computational errors, all of which are briefly
described in the following text.

1.9.1 Mounting Errors

These include nonorthogonality of the sensor triads, unknown angular offsets between the sensor
triads and reference points on the system case (that houses the sensors), and unknown angular off-
sets between the system case and the vehicle in which it is installed. The bulk of the nonorthogonal-
ity of the sensor triads and the angular offsets between the triads and the system case are determined
during factory calibration, and the raw sensor outputs are compensated accordingly. Determination
of the angular offsets between the inertial system case and the vehicle (i.e., the b-frame) is referred
to as “boresighting” and is performed when the inertial system is initially mounted in the vehicle.
Boresighting errors affect the accuracy of the Euler angles (roll, pitch, and yaw).

1.9.2 Initialization Errors

Initialization errors are the errors in the determination of initial position, velocity, and attitude.
In the absence of external aiding, navigation-grade inertial systems (i.e., inertial systems
capable of stand-alone positioning with drift rates on the order of 1 nautical mile per hour of
operation) require accuracy of initial pitch and roll to be better than 0.1 mrad, initial azimuth
better than 1 mrad, and initial velocity better than 0.5 m/s.

1.9.3 Sensor Errors

A variety of errors affect the performances of accelerometers and gyros and are discussed
more fully in Konovalov and Branets (chapters 5 and 6 of Aerospace Sensors 2013). The pri-
mary sensor errors affecting INS performance are residual biases. These are the bias errors
that remain after calibration/compensation and are different each time a given sensor is pow-
ered on. A secondary effect is scale factor error. The inherent noise in the sensors primarily
drives the amount of filtering/averaging required during initialization.

1.9.4  Gravity Model Errors

A variety of closed-form gravity models exist (Hsu, 1998), which provide accuracies on the
order of 5-10ug. However, none is able to characterize the so-called deflection of the vertical
because the actual direction of the gravity vector at the surface of the Earth is not perfectly
orthogonal to the surface of the reference ellipsoid (i.e., the imaginary surface that defines
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zero altitude). The true gravity vector has nonzero horizontal components with magnitudes on
the order of a few micro-gs. These values are position-dependent and vary greatly, for example,
in mountainous regions. Though precise characterization of the gravity field can be accom-
plished using extensive look-up tables, for the vast majority of inertial navigation applications
the closed-form models are sufficiently accurate.

1.9.5 Computational Errors

As discussed earlier in this chapter, inertial navigation algorithms require a variety of numerical
methods including transcendental function approximation and numerical integration. When
strapdown systems were being developed in the 1970s, computational power was limited, and
the approximations needed to achieve real-time operation had a nontrivial impact on system
performance. With the capabilities of modern processors, however, computational errors can
be made negligible.

1.9.6  Simulation Examples

A detailed analysis of error sources may be found in Titterton and Weston (2005). Simulation
results will be presented in this section to illustrate the impact of key error sources. The INS
is simulated in a vehicle located at 45° North latitude, is level, and is pointed northward.

1.9.6.1 Accelerometer Bias Simulation

In this example, a 100 ug bias is simulated on the body x-axis accelerometer. Since the vehicle
is level and is pointed northward, this accelerometer is sensitive in the north direction
(Figures 1.3 and 1.4).

As would be expected with a bias on an accelerometer that is pointed north, the dominant
errors are north position error and north velocity error along with pitch (since the vehicle is
level and is also pointed north). The periodicity of the errors is known as the “Schuler period”
and is approximately 84.4min long. It is named after Maximilian Schuler (Pitman, 1962). In
1923, Schuler published a paper regarding the properties of a mechanical system (the specific
example was a gyrocompass) tuned to maintain a local-level/locally vertical frame of refer-
ence regardless of external applied forces. Schuler’s work was later shown to apply to INSs
since they also implement a local-level/locally vertical frame of reference (e.g., the n-frame).

As the simulation goes on, errors start to build up in the east—west direction. This cross-
coupling results from incorrect application of Earth rate (which results from an erroneous
computation of latitude) in the n-frame update. If the simulation is extended, the magnitudes
(i.e., envelope) of the east—west and north—south errors will slowly oscillate with a period that
is inversely proportional to the sine of the latitude (Titterton and Weston, 2005). This is known
as the Foucault oscillation.

1.9.6.2 Horizontal Gyroscope Bias Simulation

In this example a 0.01°/h bias is simulated on the body y-axis gyroscope. Since the vehicle is
level and pointed north, the gyro is sensitive in the east direction (Figures 1.5 and 1.6).
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Figure 1.3 Position/velocity errors resulting from a 100 ug north accelerometer bias
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Figure 1.5 Position/velocity errors resulting from a 0.01°/h east gyroscope bias
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Figure 1.6 Euler angle errors resulting from a 0.01°/h east gyroscope bias

In this case, the Schuler periodicity is still present in the position error, but the dominant
effect is a longer-term growth trend that is approximately linear over the first few hours.
Although somewhat counterintuitive, the horizontal gyro bias induces a longer-term error
growth trend in the yaw angle, whereas the bounded Schuler oscillations are present in the roll
and pitch angles.
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1.9.6.3 Vertical Gyroscope Bias Simulation

In this example, a 0.01°/h bias is simulated on the body z-axis gyroscope. Since the vehicle is
level, the gyro is sensitive to yaw motion in the vertical direction (Figures 1.7 and 1.8).

In this case, the linear error growth trend is observed on the velocity components, and the
position error growth is then quadratic. Nevertheless, the position error growth is still slower
for the vertical gyro bias than was the case for the horizontal gyro bias.

1.9.6.4 Azimuth Initialization Error Simulation

In this example, a I mrad error in the initial azimuth (yaw) determination is simulated
(Figures 1.9 and 1.10).

It is noted that the position, velocity, and attitude error characteristics for an initial azimuth
error are very similar to those for a horizontal gyro bias.

1.9.6.5 Velocity Initialization Error Simulation

In this example, a 0.1m/s error in the initial north velocity determination is simulated
(Figures 1.11 and 1.12).

Virtually pure Schuler oscillations are present, and it is noted that all the errors in this case
are zero mean over the long term. The magnitudes of the errors scale with the magnitude of
the initial velocity error. An initial velocity error of 1 m/s would therefore result in a peak posi-
tion error of approximately 0.8 km.
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Figure 1.7 Position/velocity errors resulting from a 0.01°/h vertical gyroscope bias
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Figure 1.12 Euler angle errors resulting from a 0.1 m/s initial north velocity error

1.9.6.6 Combination Simulation of All Error Sources

In this example, all the previously simulated single error sources are simulated simultaneously:
100 pug north accelerometer bias, 0.01°/h east gyro bias, 0.01°/h vertical gyro bias, 1 mrad
initial azimuth error, and 0.1 m/s initial north velocity error (Figures 1.13 and 1.14).

The error characteristics for the combination appear to be similar to those for the horizontal
gyro bias and initial azimuth error cases. To show that this is not a coincidence, the next plot
depicts the north component of position error for each error source along with the combination
(Figure 1.15).

Although the long-term error is clearly dominated by the horizontal gyro bias and initial
azimuth error, it would appear that the accelerometer bias plays a more significant role in the
first few minutes after initialization. Figure 1.16 is a zoomed view of Figure 1.15 to show that
this is indeed the case.

The figure clearly illustrates that initial short-term error growth is dominated by the
horizontal accelerometer bias along with initial velocity error.

1.9.6.7 Vertical Instability

At this point, the reader may have noted that all of the simulation results presented in this
chapter depict only horizontal position and velocity errors. This was not an accident. It can be
shown that the so-called vertical channel of an INS has an inherent instability. That is, any
perturbation in the vertical position and/or velocity determination will result in a positive
feedback and thus an unbounded error growth. Thus, altitude determination cannot be per-
formed by a stand-alone INS over long periods of time (i.e., more than a couple of minutes).
In practice, the vertical channel of an inertial system is always integrated with an external
source of altitude information. Historically, this external source has been a barometric altim-
eter (Ausman, 1991) although modern satellite-based navigation systems are now also used
(Groves, 2008; Grewal et al., 2013).
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Figure 1.13  Position/velocity errors resulting from combination of error sources
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Figure 1.14 Euler angle errors resulting from combination of error sources
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Figure 1.16 Zoom view: North position error resulting from various error sources

1.10 Calibration and Compensation

Although the details of sensor calibration and compensation are beyond the scope of this chapter,
it must be noted that such procedures and algorithms are essential to provide the most accurate
system performance (Rogers, 2007). A top quality gyroscope with a specified bias error of less than
0.01°/h will only achieve this specification after the repeatable component of the bias error has been
calibrated and after the sensor output has been compensated for temperature-dependent variation.



24 Aerospace Navigation Systems

1.11 Production Example

Navigation-grade INSs are produced by several companies around the world. Examples
include Thales and Sagem in France; iMAR in Germany; and Honeywell, Kearfott, L-3, and
Northrop-Grumman in the United States. Unit prices are generally negotiated with individual
customers and are a function of the volume of the production. At the time of writing, unit
prices were on the order of US$50000-US$100 000.

Figure 1.17 Northrop Grumman LN-251 INS/GPS (courtesy of Northrop Grumman)
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Figure 1.18 Exploded view of Northrop Grumman LN-251 (courtesy of Northrop Grumman)
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An example of navigation-grade product offered by Northrop Grumman is the LN-251,
which is a fiber-optic-gyro-based INS with an integrated GPS (Volk, Lincoln, and Tazartes,
2006). This unit is shown in Figure 1.17, and its dimensions are approximately 26 x 19 x 14 cm.
The weight is approximately 5.8kg, and it has an MTBF that exceeds that exceeds 20,000 h.
Figure 1.18 shows an exploded view of the unit.
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